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We consider a planar cantilever truss, the mass of which is distributed over the nodes. The
solution of the problem using the induction method is found in the Maple computer mathematics
system. To determine the forces in the rods, the method of cutting out the nodes is used. The main
frequency of oscillation is determined by the method of Dunkerley. The error of the obtained
dependence is compared with the numerical solution of the problem of the oscillation of the cargo
system and turns out to be very small, decreasing to 1% with an increase in the number of panels.
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Statement of the problem

Numerical calculations controlled by some analytical estimates acquire greater
reliability, especially in cases where the complexity of the design model may inevitably lead
to the accumulation of rounding errors. Obtaining analytical estimates that contain not only
loads, dimensions, and properties of materials as problem parameters, but also integer
parameters that determine the proportions of the structure, became possible with the use of
symbolic mathematics systems and the development of the induction method. This method is
used to find formulas for the deflection of some flat trusses [1-4] and the oscillation frequency
[5,6]. In this paper, we consider a cantilever truss with masses distributed over the nodes

(Fig.1).
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Fig. 1. The truss, n =7
Dunkerley's approximation

To derive the required dependence in an analytical form, we will use the approximate
lower approximation of Dunkerley [7]. The number of all nodes of the truss (except for the
fixed hinge) endowed with mass is equal to N = 3n + 1, the number of rods, including the
support rods, K = 6n + 4. Dunkerley's formula is as follows:

N
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where @,,i=1,2,...,3n+1 is the frequency of the mass m, oscillation in the absence of all

other masses (partial frequency). We write down the differential equation of vertical
oscillations of one mass placed in the truss node (the other masses are absent):

my, + di,nyi =0,

where y, — is the vertical displacement of the mass, d,, is the stiffness coefficient (i — mass

number, # — number of panels). The oscillation frequency of the load
©, =[d,, I m=1/(5,,m). )

The compliance coefficient J, , is calculated in terms of the stiffness coefficient and is

determined by the Maxwell-Mohr's formula:
K-3

(si) 0 /( 3)
k=1
Summation is carried out over all deformable bars of the structure, except for three
rigid support bars. To determine the efforts in analytical form, the program [1-4] is used,
written in the language of the Maple computer mathematics system. The coordinates of the
nodes of the truss are entered into the program. Here is the corresponding fragment of the
program:

for i to n+1 do x[i]:=a*i-a; yli]:=0;x[i+n+1]:=a*i-a; y[i+tn+1]:=2*h; end:
foritondo x[i+2*n+2]:=a*i; y[i+2*n+2]:=h; end:

The lattice structure is specified by conditional vectors containing the numbers of the
ends of the corresponding bars:

for i to n do N[i]:=[i,i+1]; N[i+n]:=[i+n+1,i+n+2];
N[i+2*n]:=[i,i+2*n+2]; N[i+3*n]:=[i+n+1,i+2*n+2];
N[i+4*n]:=[i+1,i+2*n+2];N[i+5*n]:=[i+n+2,i+2*n+2];end:
N[6*n+1]:=[1,n+2]:

Based on these data, a matrix of the system of equations for the equilibrium of nodes
is constructed, which consists of the direction cosines of the forces applied to the nodes.
External forces (in this case, these are unit forces applied to the nodes containing masses) are
taken into account in the vector of the right side of this system. The solution of the system of
equations by the inverse matrix method gives the values of the forces included in the Maxwell
— Mohr's formula (3).

Placing the mass alternately in the console nodes i =1,2,...,3n+1, we obtain in each
case the same expression

5, =(Ca’+C,c* +Ci*)/ (EFR?), 4)

where ¢=+/a’>+h* . The coefficients C,(n)....C5(n) in this formula are determined by

induction. First, the sequences of the coefficients obtained from the solution of the problem
for individual trusses are written out, and their common members are found. The length of
such sequences should be sufficient to determine the common term. The special operator
rgf findrecur of the Maple system gives a recurrence equation from which the desired
dependence can be found. The recurrent equation has the form



C

. =5C,,—10C, ,+10C, ,-5C, ,+C,,
Its solution is given by the rsolve operator
C, =n(n—1)(3n* —n+2)/24, (5)
Other coefficients are found in the same way:
C,=4(8+3n" +9n%), C, =n(3n+1)/4. (6)

Hence, taking into account (1) and (2), we obtain the final formula for the lower bound
of the first natural frequency of vibrations of the truss:

©p = EF | (Ca* + C,&* +CJ). (7)

Formula (6) with coefficients (7), (8) gives a solution to the problem — the expression
of the lower bound o, depending on the number of panels and the size of the truss.

Numerical calculation of the natural frequency spectrum of the console

We check the obtained solution by comparing it with the lowest frequency of natural
oscillations of the system N masses. The dynamic equations for a system of massive loads are
written in matrix form:

M, Y +D\Y =0, (®)
where Y =[y,,7,,...yy]" is the vector of vertical displacements of masses 1,.., N,
M, =ml, — is the inertia matrix of size, D, is the stiffness matrix, Y is the acceleration

vector. The pliability matrix B, the inverse of the stiffness matrix D, , is defined using the
Mohr's integral

K-3
Zs IsU /(EF) )

where S'” is the force in the rod o from the action of a single vertical force applied to the
node i, [, — is the length of the rod o, EF is the stiffness of the rods. In the number,
multiplying equation (2) on the left by the malleability matrix B, gives the equation:
mB, Y +Y =0. (10)
The representation of the waveform in the form y, =u, sin(wf+¢,), where o is the
natural frequency of the oscillations, gives the relation Y = -»’Y . Hence from (3) it follows
B,Y =LY, where the oscillation frequency is expressed in terms of the eigenvalues of the
matrix B, : A=1/(mw’). The problem is reduced to the eigenvalues problem of the

flexibility matrix. The eigenvalues of a matrix in the Maple system can be obtained using the
special operator Eigenvalues from the linear algebra package LinearAlgebra. The oscillation

frequencies correspond to the eigenvalues: ®=./1/(mA) . The lowest frequency is the first

frequency, the lower value of which must be found.
The graph in Figure 2 is plotted at EF =1.0-10°kH ,a =3m.
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Fig. 2. Dependence of the oscillation frequency (071 ) on the number of panels z at a=3 m

The numerical value @,, of the natural frequency of the system with N =3n+1

degrees of freedom, found as the minimum frequency of the full frequency spectrum, almost
completely coincides with the Dunkerley approximation, the curves completely merge. For a
refined estimate of the degree of the obtained approximation, we introduce the value of the

relative error & =(0y,, —®p )/ Oy,
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Fig. 3. The error of the Donkerley approximation as a function of the number
of panels at /=4m, a=3m.

Calculations using formula (7) show that the oscillation frequency depends non-
linearly on the height of the panel 4 (Fig. 4). The graphs are constructed according to the
analytical solution with the same values of the masses and stiffness of the rods as the previous
graphs. The curves detect maxima, which allows us to use the obtained solution in
optimization problems for choosing the lower frequency of natural oscillations. As the
number of panels increases, the maximum shifts towards higher truss heights.



0.20+

0.151

0.10+4

005+t 1+ 11tk
1 2 3 4 5 6 T 8 9 W

Fig. 4. Oscillation frequency (c_1 ) as a function of height / (m)
Conclusion

For a planar cantilever truss, an estimate of the lowest natural oscillation frequency is
obtained. The accuracy of the solution from the comparison with the numerical one turned out
to be quite acceptable. As the number of panels increases, the error tends to zero. The solution
has the form of a simple formula and can be used to quickly evaluate the frequency
characteristics of the structure. A separate result of the work is the given algorithm for
allocating the frequency estimate, which allows its application in other similar problems for
statically definable rod systems.
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Paccmotpena miiockast KOHconbHas (epma, Macca KOTOPOH pacnpezeneHa rno ysiam. Pemenue 3agaqu ¢

MOMOIIBI0 METOJa MHAYKIMM HAXOIUTCS B CHCTEME KOMIIBIOTEpHOW MmarteMaTuku Maple. [{ns onpeneneHus
YCHIIUI B CTEpIKHAX HCIIONB3YeTCS METOJ BhIpe3aHus y3ioB. OCHOBHAs 4acTOTa KoJeOaHUIl ompenenseTcs 1mo
merony Joukepnes. [lorpemHocTs Mony4eHHON 3aBUCUMOCTH CPABHHBAETCS C YHCIEHHBIM PEIICHUEM 3a/1a4u O
KOJIe0aHUH CHCTEMBI TPY30B M OKa3bIBAaeTCS BEChbMa HEOOJBIIOW, YMEHbIIAsICh 10 1% ¢ yBenuueHHeM 4ucia
MaHeJeH.
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