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AHHOTALUA

Haxonurces 3aBHCUMOCTD TOPH30HTAIIBHOIO CMEIEHMS ONOPBI OT YHCIIa MaHeNen
CTaTUYECKU ONPEACTUMON CUMMETPUYHON (epMbl, pPABHOMEPHO 3arpy>K€HHOH 10
y3J1aM BEpXHETO Iosica. Penmenue noyrygaercst METOI0M MHIAYKIMU HA OCHOBE pPsiia
pemieHui 18 QepM C pa3iMuYHBIM YHCIOM MaHeNed. YCUIUs B CTEP)KHAX B
CUMBOJILHOM (hopMe HaXOASATCSI METOJIOM BBIPE3aHUS Y3JIOB U3 PELICHUS CUCTEMBI
JUHEWHBIX YypaBHEHMH B MarpuuHoM Buje. Jlisg BbIYMCIEHUS Mporuoda
ucIosb3yercst uurerpai Mopa. Bee crepkHu pepMbl peInonaraiTcs yupyrumMu
C OJMHAKOBOH IJomaapi0 ceueHus. [lonmyyeHa acMMNTOTUKA PEIICHUs N0 YHCILY
IIaHEJIEH.
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Abstract

The dependence of the horizontal displacement of the support on the number of
panels of a statically definable symmetric truss, uniformly loaded over the nodes of
the upper belt, is found. The solution is obtained by induction on the basis of a
number of solutions for trusses with different numbers of panels. The forces in the
rods in symbolic form are found by cutting the nodes from solving a system of
linear equations in a matrix form. The Mohr integral is used to calculate the
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deflection. All truss rods are assumed to be elastic with the same cross-sectional
area. The asymptotics of the solution is obtained by the number of panels.
Keywords: asymptotics, truss, Mohr's integral, deflection, induction, Maple

The exact solution of the problem on deformation of regular (periodic)
trusses for various numbers of panels are required to assess the accuracy and
reliability of numerical methods for the analysis of the theoretical characteristics of
deformability of the structures. Typically, these solutions are designed for beam [1-
9], truss [9-12], arched [13-14], and lattice trusses [15-27] with regard to the
problem of the deflection of the trusses under the load. In [28] the solution of the
mast deflection problem is found, in [29-31] the exact formulas for the deflection
of frame-type trusses are derived. No less interesting and important is the problem
of shifting the movable support of the truss [32], especially with regard to the
continuous arched truss (Fig. 1). In such structures, even small vertical loads cause
significant displacement of the support, which must be taken into account in
practice.
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Figure 1 — Truss under load, n=m=2, k=3

The investigated truss in each half of the span consists of three parts.
Vertical trusses have m panels, inclined parts contain n and k panels. To obtain an
analytical solution, we will use a fairly universal and well-tested program for
calculating the forces in the rods, written in the language of the computer
mathematics system Maple [33]. To enter data, you must specify the coordinates of
all the truss joints, including the three reference ones. All these coordinates are
specified in cycles with parametrically specified length:

>for i to m do x[i]:=a; y[i]:=h*i;end:

>for i to n do

> x[i+m] :=a+a*i; y[i+m] :=m*h+b*ji;

> x[i+m+n+2*k] :=a* (1+n+2*k+i) ; y[i+n+m+2*k] :=m*h+b*n-i*b;
> end:
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>for i to k do
>x[i+m+n] :=n*ata*i+a; y[i+n+m] :=m*h+b*n+i*c;
>x[i+m+n+k] :=a* (1+n+k+i) ; y[i+n+m+tk] :=m*h+b*nt+k*c-i*c;
>end:
>for i to m-1 do x[i+m+2*n+2*k]:=2*a* (n+k)+a;
> y[i+2*n+m+2*k] :=h* (m-1i) ; end:
>x[2* (n+m+k) ] :=0:y[2* (n+m+k) ] :=0:
>for i to m+n+k do
>x[2* (n+m+k) +i] :=x[i]-a:y[2* (n+m+k) +i] :=y[i]:
>x[3* (n+m+k) +1+i] :=x[n+m+k+i-1]+a:
y[3* (n+m+k) +1+i] :=y[n+m+k+i-1]:
> end:
>x[3* (n+m+k) +1] :=a* (1+n+k) :y[3* (n+m+k) +1] :=y [m+n+k] +c:
>x[4* (n+m+k) +2] :=2*x [m+n+k] :y[4* (n+m+k) +2] :=0:
>x[m3-2]:=0: y[m3-2]:=-1:#neBass onopa
>x[m3-1] :=x[4* (m+n+k)+2] : y[m3-1]:=-1:
>x[m3] :=x[4* (m+n+k)+2]+1: y[m3]:=0:

The truss contains x#=8(m+n+Kk)+4 rods. To specify the order of

connection of the rods, special vectors Rr are introduced containing the numbers of
the ends of the rods in their coordinates:

>for i to 2* (n+m+k-1) do R[i]:=[i,i+1l];o0d:
>for i to 2* (n+m+k+1l) do
R[i+2* (n+m+k-1)] :=[i+2* (n+m+k)-1,i+2* (n+m+k) ] ;od:
>for i to m do R[i+2* (n+m+k-1)+2* (n+m+k+1)]:=[1i,i+2* (n+m+k)-1];
>R[i+7* (n+m+k) +n+k] :=[i+m+2*n+2*k-1,i+4* (n+k) +3*m+2] ;
>od:
>for i to n+m+k do
R[i+4* (n+m+k)+m] :=[1i,i+2* (n+m+k) ] ;
R[i+6* (n+m+k) +n+k] :=[i+m+n+k-1,i+3* (n+m+k)+1];
>od:
>for i to n+k do
> R[i+5* (n+m+k)+m] :=[i4+m-1,i+2* (n+m+k)+m] ;
> R[i+6* (n+m+k) ] :=[i+m+n+k,i+3* (n+m+k)+1];
>od:
> R[8* (n+m+k)+1] :=[m+n+k,3* (n+m+k) +1] :

To calculate the deflection, the Mohr's integral is used:

u-3
A=Y SsPI [ (EF).
i=1

Here it is indicated S —forces in the rends from the given load, I, —

lengths of rends, Si‘” — forces from the unit force applied to the middle of the

lower belt, EF— stiffness of the rends. Paccmorpum cmywaii k=m, b=h=2c.
Induction on ten trusses for load from above (Fig. 1) showed that the formula for
deflection has the same form
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5=Ph(@’A +d°D, +h°H )/ (128ac’*EF), (1)

whered =va*+h?. If m=1, the coefficients at a® form the following
sequence: 1280, 2752, 5056, 8384, 12928, 18880, 26432, 35776, 47104, 60608.
To identify the General term of this sequence, we use the operator rgf_findrecur
from genfunc, which gives a homogeneous recurrent equation of the fourth order

A =4A 1 —6A , +4A 3 - Ay
The rsolve operator gives a solution to this equation
A, =32(n°+7n*+18n+14).

()

Similarly, we obtain solutions for m=2 and m=3, respectively
A= 32(n® +10n” + 36n + 43),

A, =32(n+4)(n* +9n+22).
We find also that the coefficient D, satisfies the homogeneous equation
D,=5C ,-10D, ,+10D, ,-5D, ,+D,
For m=1,2,3 we have solutions
D,, =16n(n+1)(5n° +21n +19) /3
D,,=16n(n+1)(5n* +37n+63)/3 . (4)

D, , =16n(n+1)(5n° +53n +131) /3
Coefficient H, satisfies the homogeneous equation
H =4H ,-6H ,+4H ,—-H_,.
For the coefficient H_, the solution is as follows
H, , =38n° + 240n* +532n + 355,

H,, =42n° +406n” +1442n +1691, (5)

H,, = 46n° +598n° + 2872n + 4678.

The analytical form of the obtained solution allows us to find its asymptotic
approximation for a large number of panels. We introduce a dimensionless
displacement 6'=6EF / (P.L) related to the total load P.=P(2n+ 2k +3) and span

length L=2(1+n+k)a . The next limit shows that the displacement growth in
such a setting has a fourth order in the number of panels:

(3)

lims'/ n* =5h* / (48¢%L?).

N—o0

In [34-35] the described method provides solutions for statically defined
spatial trusses, in [36] this method is used for the sliding mechanism of
parallelogram (scissor) type. The oscillation of the load on a beam truss with an
arbitrary number of panels is analyzed in [37,38].
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A review of some works based on the method of induction using the Maple

system is given in [13, 39,40]. Previously, a similar problem (the problem of the
deflection of the cantilever truss with a cross-shaped lattice under the action of a
uniform load) was solved in the analytical form by Prof. V.A. Ignatiev.
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