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Àííîòàöèÿ. Ïðåäñòàâëåíà ïðîãðàììà ïîëíîãî àíàëèòè÷åñêîãî èññëåäîâàíèÿ ôóíêöèè è ïî-
ñòðîåíèÿ åå ãðàôèêà íà îñíîâå ïàêåòà Maple.

The program of function's complete researching and plotting on the basis of the maple package
Adiyatullina G.

Abstract. The program of function's complete researching and plotting is represented here.

Ðàçâèòèå ïðîöåññà îáó÷åíèÿ, ââåäåíèå íîâûõ äèñöèïëèí â ïðîãðàììó ïîäãîòîâêè ñïåöèàëèñòîâ ñ âûñ-
øèì îáðàçîâàíèåì ïî âñåì ñïåöèàëüíîñòÿì ïðèâîäÿò ê òîìó, ÷òî âñå áîëüøå ðàáîòà ñòóäåíòîâ ïåðåíîñèòñÿ
ñ àóäèòîðíîé íà ñàìîñòîÿòåëüíóþ. Ïîíÿòíî, ÷òî ýòî êàñàåòñÿ è ìàòåìàòè÷åñêèõ äèñöèïëèí.

Â óñëîâèÿõ íàó÷íî-òåõíè÷åñêîé ðåâîëþöèè ñðåäñòâàìè ïðåïîäàâàíèÿ ìàòåìàòè÷åñêèõ äèñöèïëèí, è íå
òîëüêî èõ, ñòàíîâÿòñÿ èíôîðìàöèîííûå òåõíîëîãèè. Â êîíöå ÕÕ âåêà âîçíèêëà è áûñòðî ðàçâèëàñü òàê
íàçûâàåìàÿ ñèìâîëüíàÿ (êîìïüþòåðíàÿ) ìàòåìàòèêà. Â íàñòîÿùåå âðåìÿ íàèáîëåå ïîïóëÿðíûìè ñðåäè ñïå-
öèàëèñòîâ ÿâëÿþòñÿ ïàêåòû ñèìâîëüíîé ìàòåìàòèêè �Mathematica�, �Maple�, �MatLab�, �MatCad�. Â ëàáî-
ðàòîðèè èíôîðìàöèîííûõ òåõíîëîãèé â ìàòåìàòè÷åñêîì îáðàçîâàíèè ÒÃÃÏÓ ïðîâîäÿòñÿ ñèñòåìàòè÷åñêèå
èññëåäîâàíèÿ ïî âíåäðåíèþ â ñòðóêòóðó ó÷åáíîãî ïðîöåññà ñèñòåì ñèìâîëüíîé ìàòåìàòèêè, êîòîðûå ïîç-
âîëÿò åãî îáëåã÷èòü è óñêîðèòü.

Óâåëè÷åíèå îáúåìà èíäèâèäóàëüíîé ðàáîòû ñòóäåíòîâ òðåáóåò ñîîòâåòñòâåííîãî îáåñïå÷åíèÿ ó÷åáíî-
ìåòîäè÷åñêèìè ìàòåðèàëàìè. Â ïåðâóþ î÷åðåäü ýòî êàñàåòñÿ èíäèâèäóàëüíûõ ñåìåñòðîâûõ çàäàíèé äëÿ
ñòóäåíòîâ. Âñåì èçâåñòíû òðóäíîñòè, êîòîðûå âîçíèêàþò ïðè ñîñòàâëåíèè òàêèõ çàäàíèé. Îñîáåííî ýòî êà-
ñàåòñÿ ìàòåìàòè÷åñêèõ äèñöèïëèí, êîãäà òðåáóåòñÿ ïîäãîòîâèòü áîëüøîå êîëè÷åñòâî ðàçëè÷íûõ çàäàíèé ïî
èçó÷àåìîé òåìå, ïðè÷åì áåç ïîòåðè èõ êà÷åñòâà. Íåòðóäíî, êîíå÷íî, íàáðîñàòü çàäàíèÿ, à ïîòîì ðàçáèðàòü-
ñÿ â ãðîìîçäêèõ è ìàëîöåííûõ âû÷èñëåíèÿõ ñòóäåíòîâ, ïûòàÿñü âûÿñíèòü ïðàâèëüíîñòü îòâåòà. Áîëüøîãî
óìà òàêàÿ ïîäãîòîâêà çàäàíèé íå òðåáóåò. Çàäà÷ó ãåíåðàöèè çàâåäîìî êðàñèâûõ îòâåòîâ ïîçâîëÿþò ðåøèòü
ïàêåòû ñèìâîëüíîé ìàòåìàòèêè.

Ïðîâåðêà ðåçóëüòàòîâ èíäèâèäóàëüíûõ çàäàíèé ñòóäåíòîâ - òîæå çàäà÷à íå èç ëåãêèõ, îñîáåííî åñëè
îíè íå ñãåíåðèðîâàíû ñ ïîìîùüþ Maple, è ïðåïîäàâàòåëþ íå èçâåñòåí ïðàâèëüíûé îòâåò. Ïðîöåññ ïðîâåðêè
òàêæå ìîæíî àâòîìàòèçèðîâàòü, èñïîëüçóÿ ñðåäñòâà ïàêåòà Maple.

Èññëåäîâàíèå ãðàôèêîâ ôóíêöèé, êàê èçâåñòíî, ÿâëÿåòñÿ âàæíåéøèì ïðèëîæåíèåì äèôôåðåíöèàëüíî-
ãî èñ÷èñëåíèÿ è îáÿçàòåëüíî èçó÷àåòñÿ â êóðñå âûñøåé ìàòåìàòèêè íå òîëüêî íà ôèçèêî-ìàòåìàòè÷åñêèõ
îòäåëåíèÿõ, íî è íà âñåõ îòäåëåíèÿõ âûñøèõ ó÷åáíûõ çàâåäåíèé. Ýòà òåìà ÿâëÿåòñÿ òàêæå âàæíåéøåé è
â ñòàðøèõ êëàññàõ ñðåäíåé øêîëû. Ïîýòîìó âîçíèêàåò íåîáõîäèìîñòü ñîçäàíèÿ ïðîãðàìì àíàëèòè÷åñêî-
ãî ñàìîòåñòèðîâàíèÿ ïî ýòîé òåìå ñòóäåíòîâ ðàçëè÷íûõ ôàêóëüòåòîâ, â òîì ÷èñëå è âåñüìà äàëåêèõ îò
åñòåñòâåííî-íàó÷íûõ ïðîôèëåé. Ïðîãðàììà äîëæíà áûòü ïîñòðîåíà òàêèì îáðàçîâ, ÷òîáû ñòóäåíò (øêîëü-
íèê) ìîã áû ïðîêîíòðîëèðîâàòü ñâîå ñîáñòâåííîå ðåøåíèå. Ïîäîáíàÿ ïðîãðàììà óæå áûëà ðàññìîòðåíà
ðàíåå[3]. Íèæå ïðèâîäèòñÿ äîïîëíåííàÿ äëÿ ïîëíîãî èññëåäîâàíèÿ ïðîãðàììà è ðåçóëüòàò åå èñïîëíåíèÿ
äëÿ ôóíêöèè:

> restart:
with(linalg):
> researchfunc:=proc(g)
local y,F,dy,X,n,SY,SY1,SY2,SX,SX1,SX2,delta,i,Y,df,
x_1,x_2,y_1,y_2,m1,m2,m3,j,Mi,Ma,Ne,KT,KT1,
J_1,J_2,X_1,X_2,Y_1,Y_2,XV,YV,XN,YN,
d2f,TPx1,TPx2,TPy1,TPy2,X1,m,Y1,TP,d,
P,P1,P2,T,H,H1,k,k1,NTP:
F:=(x)- > g:y:=(x)- > F(x):
dy:=(x)- > di�(y(x),x):
X:= { solve(dy(x)=0,x) } :
n:=LinearAlgebra[Dimension]( < op(X) > ):
print("×èñëî òî÷åê, ïîäîçðèòåëüíûõ íà ýêñòðåìóì-n);
SY:=matrix(1,0,[]): SY1:=matrix(1,0,[]):
SX:=matrix(1,0,[]): SX1:=matrix(1,0,[]):
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SX2:=matrix(1,0,[]): SY2:=matrix(1,0,[]):
delta:=0.00001: for i from 1 to n do
Y[i]:=simplify(subs(x=X[i],F(x))); od:
for i from 1 to n do df:=di�(y(x),x);
x_1:=evalf(X[i]-delta): x_2:=evalf(X[i]+delta):
y_1:=evalf(subs(x=x_1,df(x))): y_2:=evalf(subs(x=x_2,df(x))):
if y_1 < 0 and y_2 > 0 then
SY:=extend(SY,0,1,Y[i]); SX:=extend(SX,0,1,X[i]);
print(`X[`,i,`]- ÿâëÿåòñÿ òî÷êîé ìèíèìóìà`);
elif y_1 > 0 and y_2 < 0 then
SY1:=extend(SY1,0,1,Y[i]); SX1:=extend(SX1,0,1,X[i]);
print(`X[`,i,`]- ÿâëÿåòñÿ òî÷êîé ìàêñèìóìà`);
else SY2:=extend(SY2,0,1,Y[i]);
SX2:=extend(SX2,0,1,X[i]);
print(`X[`,i,`]- íå ÿâëÿåòñÿ òî÷êîé ýêñòðåìóìà`);�;od:
SY:=extend(SY,0,0,1): SX:=extend(SX,0,0,1):
SY1:=extend(SY1,0,0,1): SX1:=extend(SX1,0,0,1):
SY2:=extend(SY2,0,0,1): SX2:=extend(SX2,0,0,1):
m1:=LinearAlgebra[ColumnDimension]( < op(SY) > ):
print("×èñëî ìèíèìóìîâ-m1);
m2:=LinearAlgebra[ColumnDimension]( < op(SY1) > ):
print("×èñëî ìàêñèìóìîâ-m2);
m3:=LinearAlgebra[ColumnDimension]( < op(SY2) > ):
print("×èñëî òî÷åê, íå ÿâëÿþùèõñÿ ýêñòðåìóìàìè-m3);
i:=1:for j from 1 to m1 do
[SX[i,j],SY[i,j]];od:
Mi:= { seq([evalf(SX[i,j]),evalf(SY[i,j])],j=1..m1) } :
print(`Êîîðäèíàòû ìèí`,Mi);
for j from 1 to m2 do
[SX1[i,j],SY1[i,j]];od:
Ma:= { seq([evalf(SX1[i,j]),evalf(SY1[i,j])],j=1..m2) } :
print(`Êîîðäèíàòû ìàêñ`,Ma);
for j from 1 to m3 do
[SX2[i,j],SY2[i,j]];od:
Ne:= { seq([evalf(SX2[i,j]),evalf(SY2[i,j])],j=1..m3) } :
print(`Êîîðäèíàòû òî÷åê, íå ÿâëÿþùèõñÿ ýêñòðåìóìàìè`,Ne);
KT:= { seq([op(Mi[i]),`ìèíèìóì`],i=1..m1) } :
KT1:= { seq([op(Ma[i]),`ìàêñèìóì`],i=1..m2) } :
for i from 1 to n do
Y[i]:=simplify(subs(x=X[i],F(x)));od:
J_1:=seq(Y[i],i=1..n): Y_1:=evalf(max(J_1)):
Y_2:=evalf(min(J_1)): J_2:=seq(X[i],i=1..n):
X_1:=evalf(max(J_2)): X_2:=evalf(min(J_2)):
if X_1 < 0 then XV:=evalf(X_1/1.2):
elif X_1 > 0 then XV:=evalf(1.2*X_1):
else XV:=1: �:
if X_2 > 0 then XN:=evalf(X_2/1.2):
elif X_2=0 then XN:=-1:
else XN:=evalf(1.2*X_2):�:
if Y_1 < 0 then YV:=evalf(Y_1/1.2):
elif Y_1 > 0 then YV:=evalf(1.2*Y_1):
else YV:=1: �:
if Y_2 > 0 then YN:=evalf(Y_2/1.2):
elif Y_2 < 0 then YN:=evalf(1.2*Y_2):
else YN:=-1: �:
d2f:=(x)- > di�(y(x),x$2):
TPx1:=matrix(1,0,[]): TPx2:=matrix(1,0,[]):
TPy1:=matrix(1,0,[]): TPy2:=matrix(1,0,[]):
X1:= { solve(d2f(x)=0,x) } :
m:=LinearAlgebra[Dimension]( < op(X1) > ):
print("×èñëî òî÷åê, ïîäîçðèòåëüíûõ íà òî÷êè ïåðåãèáà-m);
for i from 1 to m do
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Y1[i]:=evalf(subs(x=X1[i],F(x)));od:
print(`ôóíêöèÿ âîãíóòà:`, (solve(di�(y(x),x$2) > 0,x)));
print(`ôóíêöèÿ âûïóêëà:`, (solve(di�(y(x),x$2) < 0,x)));
delta:=0.0001:TP:=([]):
if m=1 then
x_1:=evalf(X1[1]+delta); x_2:=evalf(X1[1]-delta);
y_1:=evalf(subs(x=x_1,d2f(x))); y_2:=evalf(subs(x=x_2,d2f(x)));
d:=simplify(evalf(y_1*y_2));
if d < 0 then print(`X1[1]- ÿâëÿåòñÿ òî÷êîé ïåðåãèáà`);
TP:=([X1[1],Y1[1]]):
else print(`X1[1]- íå ÿâëÿåòñÿ òî÷êîé ïåðåãèáà`);�;
P:=plots[pointplot](Ma,symbol=CIRCLE,symbolsize=18,color=red, legend=`Òî÷êè ìàêñèìóìà`):
P1:=plots[pointplot](Mi,symbol=CIRCLE,symbolsize=18, color=COLOR(RGB, 0.4960, 0.0000, 0.8000),

legend=`Òî÷êè ìèíèìóìà`):
P2:=plots[pointplot](TP,symbol=DIAMOND,symbolsize=18,color=blue, legend=`Òî÷êè ïåðåãèáà`):
T:=plot(F(x),x=XN..XV,F=YN..YV,color=black):
H:=plots[textplot](KT,align= { BELOW,RIGHT } ):
H1:=plots[textplot](KT1,align= { ABOVE,RIGHT } ):
plots[display](T,P,P1,P2,H,H1);
elif m=0 then
P:=plots[pointplot](Ma,symbol=CIRCLE,symbolsize=18,color=red,

legend=`Òî÷êè ìàêñèìóìà`):
P1:=plots[pointplot](Mi,symbol=CIRCLE,symbolsize=18, color=COLOR(RGB, 0.4960, 0.0000, 0.8000),

legend=`Òî÷êè ìèíèìóìà`):
P2:=plots[pointplot](TP,symbol=DIAMOND,symbolsize=18,color=blue, legend=`Òî÷êè ïåðåãèáà`):
T:=plot(F(x),x=XN..XV,F=YN..YV,color=black):
H:=plots[textplot](KT,align= { BELOW,RIGHT } ):
H1:=plots[textplot](KT1,align= { ABOVE,RIGHT } ):
plots[display](T,P,P1,H,H1);
else for i from 1 to m do
x_1:=evalf(X1[i]+delta); x_2:=evalf(X1[i]-delta);
y_1:=evalf(subs(x=x_1,d2f(x))); y_2:=evalf(subs(x=x_2,d2f(x)));
if (y_1*y_2) < 0 then
TPx1:=extend(TPx1,0,1,X1[i]); TPy1:=extend(TPy1,0,1,Y1[i]);
print(`X1[`,i,`]- ÿâëÿåòñÿ òî÷êîé ïåðåãèáà`);
else TPx2:=extend(TPx2,0,1,X1[i]);
TPy2:=extend(TPy2,0,1,Y1[i]);
print(`X1[`,i,`]- íå ÿâëÿåòñÿ òî÷êîé ïåðåãèáà`);�;od;
TPx1:=extend(TPx1,0,0,1); TPx2:=extend(TPx2,0,0,1);
TPy1:=extend(TPy1,0,0,1); TPy2:=extend(TPy2,0,0,1);
k:=LinearAlgebra[ColumnDimension]( < op(TPx1) > ):
k1:=LinearAlgebra[ColumnDimension]( < op(TPx2) > ):
print("×èñëî òî÷åê ïåðåãèáà-k);
print("×èñëî òî÷åê, íå ÿâëÿþùèõñÿ òî÷êàìè ïåðåãèáà-k1);
i:=1:for j from 1 to k do
[TPx1[i,j],TPy1[i,j]]:od:
TP:= { seq([evalf(TPx1[i,j]),evalf(TPy1[i,j])],j=1..k) } :
print(`êîîð-òû òî÷åê ïåðåãèáà`,TP);
for j from 1 to k1 do
[TPx2[i,j],TPy2[i,j]]:od:
NTP:= { seq([evalf(TPx2[i,j]),evalf(TPy2[i,j])],j=1..k1) } ;
print(`Êîîðäèíàòû òî÷åê íå ÿâëÿþùèõñÿ òî÷êàìè ïåðåãèáà`,NTP):
P:=plots[pointplot](Ma,symbol=CIRCLE,symbolsize=18,color=red, legend=`Òî÷êè ìàêñèìóìà`):
P1:=plots[pointplot](Mi,symbol=CIRCLE,symbolsize=18, color=COLOR(RGB, 0.4960, 0.0000, 0.8000),

legend=`Òî÷êè ìèíèìóìà`):
P2:=plots[pointplot](TP,symbol=DIAMOND,symbolsize=18,color=blue,

legend=`Òî÷êè ïåðåãèáà`):
T:=plot(F(x),x=XN..XV,F=YN..YV,color=black,legend=`Ãðàôèê ôóíêöèè`):
H:=plots[textplot](KT,align= { BELOW,RIGHT } ):
H1:=plots[textplot](KT1,align= { ABOVE,RIGHT } ):
plots[display](T,P,P1,P2,H,H1):�:
plots[display](T,P,P1,P2,H,H1);end proc:
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> researchfunc(x�6-21*x�5+175*x�4-735*x�3+1624*x�2-1764*x+720);
Ðåçóëüòàòû:
×èñëî òî÷åê, ïîäîçðèòåëüíûõ íà ýêñòðåìóì:=5
×èñëî ìèíèìóìîâ:=3
×èñëî ìàêñèìóìîâ:=2
×èñëî òî÷åê, íå ÿâëÿþùèõñÿ òî÷êàìè ýêñòðåìóìà:=0
Êîîðäèíàòû ìèí, { [1.336553473, -16.90089433], [5.663446527, -16,90089433], [3.500000000, -3.515625000] }
Êîîðäèíàòû ìàêñ, { [2.42629964, 5.049042474], [4.573700359, 5.049042474] }
Êîîðäèíàòû òî÷åê, íå ÿâëÿþùèõñÿ ýêñòðåìóìàìè, { }
×èñëî òî÷åê, ïîäîçðèòåëüíûõ íà òî÷êè ïåðåãèáà:=4
Ôóíêöèÿ âîãíóòà: RealRange
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√
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√
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√
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1.

×èñëî òî÷åê ïåðåãèáà:=4
×èñëî òî÷åê, íå ÿâëÿþùèõñÿ òî÷êàìè ïåðåãèáà:=0
Êîîðäèíàòû òî÷åê ïåðåãèáà, { [5.277163098, -8.167145], [2.915456313, 1.033797], [4.084543687, 1.033796],

[1.722836902, -8.167142] }
Êîðò-òû òî÷åê, íå ÿâëÿþùèõñÿ òî÷êàìè ïåðåãèáà, { } Ïîëüçîâàòåëþ äîñòàòî÷íî ëèøü ââåñòè â ïî-

ñëåäíþþ ñòðîêó èññëåäóåìóþ ôóíêöèþ, äëÿ òîãî, ÷òîáû ïîëó÷èòü ðåçóëüòàòû åå ïîëíîãî èññëåäîâàíèÿ.
Ïðîãðàììà ïîñòðîåíà òàêèì îáðàçîì, ÷òîáû àâòîìàòè÷åñêè âûáèðàëèñü îïòèìàëüíûå ïàðàìåòðû èçîáðà-
æåíèÿ.
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Áîëåå ïîëíîå âîïëîùåíèå èäåè àíàëèòè÷åñêîãî òåñòèðîâàíèÿ ìîæíî îñóùåñòâèòü â ïàêåòå Maple ñ ïî-
ìîùüþ ïðîöåäóðû ñîçäàíèÿ ñîáñòâåííûõ áèáëèîòåê.

Ëèòåðàòóðà

1. À.Ìàòðîñîâ. Maple 6. Ðåøåíèå çàäà÷ âûñøåé ìàòåìàòèêè. ¾ÁÕÂ-Ïåòåðáóðã¿, 2001.
2. Â.À.Äüÿêîíîâ. Maple 7. Ó÷åáíûé êóðñ. ¾Ïèòåð¿, ÑÏá, 2002.
3. Ïðîáëåìû èíôîðìàöèîííûõ òåõíîëîãèé â ìàòåìàòè÷åñêîì îáðàçîâàíèè: Ó÷åáíîå ïîñîáèå ïîä ðåä.

Þ.Ã.Èãíàòüåâà. � Êàçàíü: ÒÃÃÏÓ, 2005.


