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Òàòàðñêèé ãîñóäàðñòâåííûé ãóìàíèòàðíî-ïåäàãîãè÷åñêèé óíèâåðñèòåò, Êàçàíü

Àííîòàöèÿ. Ïîñòðîåíà äèíàìè÷åñêàÿ ìîäåëü ñôåðè÷åñêèõ âîçìóùåíèé ìèðà Ôðèäìàíà ïðè
ïðîèçâîëüíîì óðàâíåíèè ñîñòîÿíèÿ è ñîçäàíû àíèìàöèîííûå ìîäåëè ýâîëþöèè ïëîòíîñòè âîç-
ìóùåíèé ñðåäñòâàìè ïàêåòà Maple.

The research of the spherical perturbations' dynamic model in Friedmann Universe by means of
Maple package

Ignatyev Ty., Elmahi N.

Abstract. It is constructed the dynamic model of Friedmann world's spherical perturbations at
random equation of state and created animation models of perturbations density's evolution by
means of Maple package.

Ââåäåíèå
Â ðÿäå ðàáîò îäíîãî èç Àâòîðîâ ñîâìåñòíî ñ À.À.Ïîïîâûì [1]-[3] ñòðîèëàñü òåîðèÿ ñôåðè÷åñêèõ âîçìóùåíèé
ìèðà Ôðèäìàíà â ñâÿçè ñ íåîáõîäèìîñòüþ ðàçâèòèÿ ðåëÿòèâèñòñêîé êèíåòè÷åñêîé òåîðèè ñ ó÷åòîì ãðàâèòà-
öèîííûõ âçàèìîäåéñòâèé. Ïðèìåíåííàÿ äëÿ âûâîäà êèíåòè÷åñêèõ óðàâíåíèé ïðîöåäóðà îäíîãî èç Àâòîðîâ
óñðåäíåíèÿ ëîêàëüíûõ ôëóêòóàöèé ãðàâèòàöèîííîãî ïîëÿ âûÿâèëà èíòåðåñíûé ôàêò: ñðåäíèå êâàäðàòè÷-
íûå ôëóêòóàöèè ãðàâèòàöèîííîãî ïîëÿ âûñòóïàþ â ðîëè òåíçîðà ýíåðãèè-èìïóëüñà èäåàëüíîé æèäêîñòè ñ
ïðåäåëüíî-æåñòêèì óðàâíåíèåì ñîñòîÿíèÿ [3]. Â ðàáîòå îäíîãî èç Àâòîðîâ ñîâìåñòíî ñ À.À.Ïîïîâûì áûëè
ïîëó÷åíû òî÷íûå ðåøåíèÿ óðàâíåíèé äëÿ ñôåðè÷åñêè-ñèììåòðè÷íûõ âîçìóùåíèé óëüòðàðåëÿòèâèñòñêîãî
ìèðà Ôðèäìàíà ñ ïðîèçâîëüíûì èíäåêñîì êðèâèçíû [4].

Ñèììåòðèÿ ïðîñòðàíñòâà è òåíçîð ýíåðãèè-èìïóëüñà
Ðàññìîòðèì ïðîñòðàíñòâî-âðåìÿ ñî ñôåðè÷åñêîé ñèììåòðèåé, ìåòðèêó êîòîðîãî â èçîòðîïíîé ñèñòåìå êî-
îðäèíàò1 (r, θ, ϕ, η), ãäå η - âðåìåííàÿ, r - ðàäèàëüíàÿ ïåðåìåííûå, ìîæíî çàïèñàòü â âèäå:

ds2 = eνdη2 − eλ[dr2 + r2(dθ2 + sin2 θdϕ2)], (1)

ãäå λ = λ(r, η); ν = ν(r, η) -ïðîèçâîëüíûå ñêàëÿðíûå ôóíêöèè ñâîèõ àðãóìåíòîâ.
Â óñëîâèÿõ ñôåðè÷åñêîé ñèììåòðèè ïðîñòðàíñòâà-âðåìåíè òåíçîð ýíåðãèè-èìïóëüñà, êàê èçâåñòíî, ïðè-

íèìàåò âèä òåíçîðà ýíåðãèè-èìïóëüñà èäåàëüíîé èçîòðîïíîé æèäêîñòè:

T ik = (ε + p)uiuk − pgik, (2)

ãäå ñêàëÿðû ε(r, η) è p(r, η) - ïëîòíîñòü ýíåðãèè è äàâëåíèå æèäêîñòè, ñîîòâåòñòâåííî, à ui - åäèíè÷íûé
âðåìåíèïîäîáíûé âåêòîð äèíàìè÷åñêîé ñêîðîñòè ýòîé æèäêîñòè:

gikuiuk = 1. (3)

Òàêèì îáðàçîì, íàéäåì íåíóëåâûå êîìïîíåíòû ÒÝÈ:

T 1
4 = (ε + p)e(ν−λ)/2 v

1− v2
; T 4

4 =
ε + v2p

1− v2
;

T 1
1 = −εv2 + p

1− v2
; T 2

2 = T 3
3 = −p. (4)

1Ò.å., â ñèñòåìå êîîðäèíàò, â êîòîðîé ìåòðèêà òðåõìåðíîãî ïðîñòðàíñòâà ïðèíèìàåò êîíôîðìíî-ïëîñêèé âèä
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Óðàâíåíèÿ Ýéíøòåéíà
Íåòðèâèàëüíûå óðàâíåíèÿ Ýéíøòåéíà îòíîñèòåëüíî ìåòðèêè (1) èìåþò âèä:

1

2
e−λ

�
λ′2

2
+ λ′ν′ +

2

r
(λ′ + ν′)

�
− e−ν

�
λ̈− 1

2
λ̇ν̇ +

3

4
λ̇2

�
= 8π

εv2 + p

1− v2
; (5)

1

4
e−λ

�
2(λ′′ + ν′′) + ν′2 +

2

r
(λ′ + ν′)

�
− e−ν

�
λ̈− 1

2
λ̇ν̇ +

3

4
λ̇2

�
= 8πp; (6)

−e−λ

�
λ′′ +

1

4
λ′2 +

2

r
λ′
�

+
3

4
e−ν λ̇2 = 8π

ε + v2p

1− v2
(= 8πT 4

4 ); (7)

1

2
e−λ(2λ̇′ − ν′λ̇) = 8π(ε + p)e(ν−λ)/2 v

1− v2
(= 8πT 1

4 ); (8)

ãäå f ′ îçíà÷àåò ïðîèçâîäíóþ îò ôóíêöèè f ïî ðàäèàëüíîé ïåðåìåííîé r, à ḟ - ïðîèçâîäíóþ ïî âðåìåííîé
ïåðåìåííîé η è âñþäó ïðèíÿòà óíèâåðñàëüíàÿ ñèñòåìà åäèíèö, â êîòîðîé G = c = ~ = 1. Âû÷èòàÿ èç îáåèõ
÷àñòåé óðàâíåíèÿ (5) ñîîòâåòñòâóþùèå ÷àñòè óðàâíåíèÿ (6), ïîëó÷èì ñ ó÷åòîì (4) ñëåäñòâèå:

1

2
e−λ

�
1

2
λ′2 + λ′ν′ − 1

2
ν′2 +

1

r
(λ′ + ν′)− (λ′′ + ν′′)

�
= 8π(ε + p)

v2

1− v2
. (9)

Ôîíîâîå ïðîñòðàíñòâî-âðåìÿ
Â èçîòðîïíûõ ñôåðè÷åñêèõ êîîðäèíàòàõ íåâîçìóùåííîå ãðàâèòàöèîííîå ïîëå îïèñûâàåòñÿ ìåòðèêîé îäíî-
ðîäíîé èçîòðîïíîé âñåëåííîé:

ds2 = a2(η)

�
dη2 − 1

ρ2(r)
[dr2 + r2(dθ2 + sin2 θdϕ2)]

�
, (10)

ãäå:
ρ(r) = 1 +

1

4
kr2, (11)

à èíäåêñ êðèâèçíû k = 0 - äëÿ ïðîñòðàíñòâåííî-ïëîñêîé âñåëåííîé è k = ±1 - äëÿ âñåëåííîé ñ ïîëîæè-
òåëüíîé è îòðèöàòåëüíîé êðèâèçíîé 3-õ ìåðíîãî ïðîñòðàíñòâà, ñîîòâåòñòâåííî. Ïðè ýòîì r è η ÿâëÿþòñÿ
áåçðàçìåðíûìè ïåðåìåííûìè, à ìàñøòàáíûé ôàêòîð a(η) èìååò ðàçìåðíîñòü äëèíû. Òàêèì îáðàçîì â
íåâîçìóùåííîì ñîñòîÿíèè ââåäåííûå ñêàëÿðíûå ìåòðè÷åñêèå ôóíêöèè λ è ν ðàâíû:

ν0 = ln a2(η); λ0 = ln

�
a(η)

ρ(r)

�2

, (12)

ïðè ýòîì âñëåäñòâèå îäíîðîäíîñòè ïðîñòðàíñòâà âðåìåíè:

p = p0(η); ε = ε0(η); v0 = 0. (13)

Ïîäñòàâëÿÿ (12), (13) â óðàâíåíèÿ Ýéíøòåéíà (5)-(9), ïîëó÷èì ñèñòåìó óðàâíåíèé, îïèñûâàþùóþ äèíàìèêó
âñåëåííîé Ôðèäìàíà:

1

a2

�
ȧ2

a2
+ k

�
=

8π

3
ε; (14)

1

a2

�
2
ä

a
− ȧ2

a2
+ k

�
= −8πp. (15)

Êàê èçâåñòíî, âòîðîå èç ýòèõ óðàâíåíèé, (15), ìîæíî çàìåíèòü íà àëãåáðàè÷åñêè-äèôôåðåíöèàëüíîå ñëåä-
ñòâèå ïåðâîãî è âòîðîãî (ñì., íàïðèìåð, [?]):

ε̇ + 3
ȧ

a
(ε + p) = 0. (16)

Åñëè íàì èçâåñòíî óðàâíåíèå ñîñòîÿíèÿ, ò.å., çàâèñèìîñòü âèäà:

p = p(ε), (17)

òî óðàâíåíèå (16) èíòåãðèðóåòñÿ â êâàäðàòóðàõ:

−3 ln a =

Z
dε

ε + p(ε)
+ Const. (18)
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Ïîäñòàâëÿÿ ðåøåíèå (18) â óðàâíåíèå (14), ïîëó÷èì çàìêíóòîå äèôôåðåíöèàëüíîå óðàâíåíèå ïåðâîãî ïî-
ðÿäêà îòíîñèòåëüíî ε(η). Â ñëó÷àå áàðîòðîïíîãî óðàâíåíèÿ ñîñòîÿíèÿ:

p = κε (19)

óðàâíåíèå (16) ëåãêî èíòåãðèðóåòñÿ:
ε = c1a

−3(κ+1), (20)
à óðàâíåíèå (14) èíòåãðèðóåòñÿ â êâàäðàòóðàõ. Óêàçàííûå óðàâíåíèÿ èíòåãðèðóþòñÿ â ýëåìåíòàðíûõ ôóíê-
öèÿõ äëÿ ðàííåé Âñåëåííîé (t → 0). Êàê èçâåñòíî â ýòîì ñëó÷àå ïîâåäåíèå ðåøåíèé íå çàâèñèò îò èíäåêñà
êðèâèçíû k è íå îòëè÷àåòñÿ îò ïîâåäåíèÿ ðåøåíèé äëÿ ïðîñòðàíñòâåííî ïëîñêîé Âñåëåííîé (k = 0):

a = a1η

2

3κ + 1 ; ε = c1a
−3(1+κ)
1 η

−6(1 + κ)

3κ + 1 , κ + 1 6= 0, (21)

ãäå ïîñòîÿííûå a1 è c1 ñâÿçàíû ñîîòíîøåíèåì:

a1 =

 
(3κ + 1)

r
2πc1

3

! 2

3κ + 1
, 1 + 3κ 6= 0. (22)

Ïðè κ = −1 ïîëó÷àåì èç (21) òàê íàçûâàåìîå èíôëÿöèîííîå ðåøåíèå:

a = − 1

Λη
, t = − ln η;

a = a1e
Λt; ε =

3Λ2

8π
= const. (23)

Ðåøåíèÿ (22), ñîîòâåòñòâóþùèå çíà÷åíèÿì κ < −1, îïèñûâàþò òàê íàçûâàåìóþ òåìíóþ ìàòåðèþ.

Óðàâíåíèÿ äëÿ ñôåðè÷åñêè-ñèììåòðè÷íûõ âîçìóùåíèé
Ðàññìîòðèì òåïåðü ìàëûå ñôåðè÷åñêè ñèììåòðè÷íûå âîçìóùåíèÿ îäíîðîäíîãî èçîòðîïíîãî êîñìîëîãè÷å-
ñêîãî ðåøåíèÿ (12), ïîëàãàÿ:

λ = ln a2(η) + δλ; ν = ln a2(η) + δν;

p = p0(η) +
dp

dε

����
ε0

δε; ε = ε0(η) + δε,
(24)

ãäå ñêàëÿðíûå ôóíêöèè δλ(r, η), δν(r, η), δε(r, η), v(r, η) áóäåì ïîëàãàòü ìàëûìè îäíîãî ïîðÿäêà ìàëîñòè.
Ïîäñòàâëÿÿ (24) â óðàâíåíèå (9) â ïåðâîì ïðèáëèæåíèè ïî ìàëîñòè âîçìóùåíèé δλ, δν, δε, v ïîëó÷èì îäíî
çàìêíóòîå óðàâíåíèå îòíîñèòåëüíî ôóíêöèè δλ + δν:

∂

∂r

�
ρ(r)

r
(λ + ν)′

�
= 0. (25)

Èíòåãðèðóÿ óðàâíåíèå (25), íàéäåì (ñì. [4]): åãî ðåøåíèÿ, âûðàæåííûå ÷åðåç ïàðó ïðîèçâîëüíûõ ôóíêöèé
C1(η), C2(η). Áóäåì â äàëüíåéøåì èñêàòü ëèøü òàêèå ðåøåíèÿ óðàâíåíèé Ýéíøòåéíà êëàññà C1, êîòîðûå çà
íåêîòîðîé ñôåðîé ñîâïàäàþò ñ îäíîðîäíûì èçîòðîïíûì íåâîçìóùåííûì ðåøåíèåì. Òàêèå ðåøåíèÿ ñîîò-
âåòñòâóþò çàïàçäûâàþùèì ðåøåíèÿì óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà. Òîãäà ñîãëàñíî äîëæíî áûòü (ñì.
[4]):

δλ + δν = 0,⇒ δλ = −δν. (26)
Â ðàáîòå [4] èññëåäîâàíû ñôåðè÷åñêè ñèììåòðè÷íûå âîçìóùåíèÿ òîëüêî â óëüòðàðåëÿòèâèñòñêîé âñåëåí-
íîé (κ = 1/3), íî ïðè ýòîì ïîëó÷åíû ðåøåíèÿ ëèíåàðèçèðîâàííûõ óðàâíåíèé Ýéíøòåéíà äëÿ âñåõ òèïîâ
âñåëåííîé Ôðèäìàíà. Â ýòîé ñòàòüå ìû îãðàíè÷èìñÿ ñëó÷àåì ïðîñòðàíñòâåííî-ïëîñêîé âñåëåííîé (k = 0),
íî êîýôôèöèåíò áàðîòðîïû κ áóäåì ñ÷èòàòü ïðîèçâîëüíûì. Òàêèì îáðàçîì, ñ ó÷åòîì ôîíîâûõ óðàâíåíèé
Ýéíøòåéíà (14)-(15), êîòîðûå â ñëó÷àå k = 0 èìåþò ñâîèì ñëåäñòâèåì:

2
ä

a
=

ȧ2

a2
(1− 3κ), (27)

ïîëó÷èì çàìêíóòóþ ñèñòåìó òðåõ äèôôåðåíöèàëüíûõ óðàâíåíèé Ýéíøòåéíà, ëèíåàðèçèðîâàííûõ âîêðóã
ôîíîâîãî ðåøåíèÿ (10), îòíîñèòåëüíî òðåõ íåèçâåñòíûõ, δν(r, η), δε(r, η), v(r, η:

δν̈ + 3δν̇
ȧ

a
− 3κδν

ȧ2

a2
= 8πa2δp; (28)
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3δν̇
ȧ

a
+ 3δν

ȧ2

a2
− 1

r2

∂

∂r
r2 ∂

∂r
δν = −8πa2δε; (29)

1

a3

∂

∂η
aδν′ = −8πε0(1 + κ)v. (30)

Ïîñëåäíåå èç ýòîé ñèñòåìû óðàâíåíèé, (30), ÿâëÿåòñÿ îïðåäåëåíèåì ðàäèàëüíîé ñêîðîñòè, v(r, η). Îäíî èç
óðàâíåíèé (28),(29) îïðåäåëÿåò âîçìóùåíèå ïëîòíîñòè ýíåðãèè, δε(r, η.

Âûäåëåíèå ÷àñòèöåïîäîáíûõ ðåøåíèé
Èìåÿ ââèäó â äàëüíåéøåì ðàññìîòðåíèå è ÷àñòèöåïîäîáíûõ ðåøåíèé óðàâíåíèé äëÿ âîçìóùåíèé, ðàññìîò-
ðèì êàíîíè÷åñêèå óðàâíåíèÿ äâèæåíèÿ êëàññè÷åñêîé ãðàâèòèðóþùåé òî÷å÷íîé ÷àñòèöû â ãðàâèòàöèîííîì
ïîëå, êîòîðîé ñîîòâåòñòâóåò δ-îáðàçíîå ðàñïðåäåëåíèå ïëîòíîñòè ýíåðãèè. Â ðåçóëüòàòå äâóõ êîíêóðèðóþ-
ùèõ ïðîöåññîâ - àêêðåöèè îêðóæàþùåé ìàòåðèàëüíîé ñðåäû è îáðàòíîãî ïðîöåññà - èñïàðåíèÿ âåùåñòâà
ìàññà êëàññè÷åñêîé òî÷å÷íîé ÷àñòèöû â ìàòåðèàëüíîé ñðåäå íå ìîæåò áûòü ïîñòîÿííîé. Ïîýòîìó çàïèøåì
èíâàðèàíòíóþ ôóíêöèþ Ãàìèëüòîíà êëàññè÷åñêîé ìàññèâíîé ÷àñòèöû â âèäå2:

H(x, P ) =
p

gikPiPk −m, (= 0),

ãäå m = m(s) - ñêàëÿðíàÿ ôóíêöèÿ. Â ñôåðè÷åñêè-ñèììåòðè÷íîé ìåòðèêå ðåøåíèåì óðàâíåíèé äâèæåíèÿ,
íå íàðóøàþùèì ñôåðè÷åñêîé ñèììåòðèè, ÿâëÿåòñÿ ëèíèÿ âðåìåíè, êîòîðàÿ ñîîòâåòñòâóåò ñîñòîÿíèþ ïîêîÿ
÷àñòèöû â íà÷àëå êîîðäèíàò, ïðè ýòîì ìàññà ïîêîÿ ìîæåò ÿâëÿòüñÿ ïðîèçâîëüíîé ôóíêöèåé êîîðäèíàòíîãî
âðåìåíè:

m = m(η). (31)
Â [7], [8] ïîêàçàíî, ÷òî äëÿ âûäåëåíèÿ ÷àñòèöåïîäîáíîé, ñèíãóëÿðíîé, ÷àñòè ðåøåíèÿ â äàëüíåéøåì óäîáíî
ââåñòè íîâóþ ïîëåâóþ ôóíêöèþ ψ(r, η), òàêóþ ÷òî [7]:

δν = −δλ = 2
ψ(r, η)−m(η)

ar
≡ 2

Φ(r, η)

ar
, (32)

ïðè÷åì äîëæíî âûïîëíÿòüñÿ ñîîòíîøåíèå:
���� limr→0

ψ

r

���� < ∞. (33)

Âûäåëÿÿ â ïðàâîé ÷àñòè óðàâíåíèÿ (28) ñèíãóëÿðíóþ ÷àñòü ïëîòíîñòè ýíåðãèè, ïîäñòàâëÿÿ â óðàâíåíèÿ
(27)-(29) ôóíêöèþ δν â ôîðìå (32) è èñêëþ÷àÿ ñèíãóëÿðíóþ ÷àñòü, ïîëó÷èì ñèñòåìó ëèíåéíûõ óðàâíåíèé
îòíîñèòåëüíî ôóíêöèè Φ è âîçìóùåíèé ïëîòíîñòè ýíåðãèè è ñêîðîñòè:

Φ̈ +
ȧ

a
Φ̇− 3

2
(1 + κ)

ȧ2

a2
Φ = 4πra3κδε, (34)

3
ȧ

a
Φ̇− ψ′′ = −4πra3δε, (35)

∂

∂r

Φ̇

r
= −4πra3(1 + κ)ε0v. (36)

Óìíîæàÿ óðàâíåíèå (35) íà κ è ñêëàäûâàÿ îáå åãî ÷àñòè ñ ñîîòâåòñòâóþùèìè ÷àñòÿìè óðàâíåíèÿ (34),
ïîëó÷èì çàìêíóòîå óðàâíåíèå:

Φ̈ +
ȧ

a
(1 + 3κ)Φ̇− 3

2
(1 + κ)

ȧ2

a2
Φ− κψ′′ = 0. (37)

Â [8] äîêàçàíà ñëåäóþùàÿ òåîðåìà:

Òåîðåìà. Ëèíåéíûå ñôåðè÷åñêè - ñèììåòðè÷íûå âîçìóùåíèÿ ìåòðèêè Ôðèäìàíà îïèñûâàþòñÿ ñèñòå-
ìîé äâóõ íåçàâèñèìûõ ëèíåéíûõ îäíîðîäíûõ óðàâíåíèé (38)

Ψ̈ +
ȧ

a
(1 + 3κ)Ψ̇− 3

2
(1 + κ)

ȧ2

a2
Ψ− κΨ′′ = 0 (38)

è (39)

µ̈ +
ȧ

a
(1 + 3κ)µ̇− 3

2
(1 + κ)

ȧ2

a2
µ = 0 (39)

2Ïîäðîáíîñòè ñì. â [6]
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îòíîñèòåëüíî äâóõ ôóíêöèé µ(η) è ψ(r, η), íåñèíãóëÿðíûõ â íà÷àëå êîîðäèíàò. Ñôåðè÷åñêè - ñèììåòðè÷-
íûå âîçìóùåíèÿ ïëîòíîñòè ýíåðãèè è ñêîðîñòè îïðåäåëÿþòñÿ ÷åðåç âîçìóùåíèÿ ìåòðèêè ñîîòíîøåíèÿ-
ìè (40)-(41):

δε = − 1

4πra3

�
3
ȧ

a
(Ψ̇− µ̇)−Ψ′′

�
, (40)

∂

∂r

Ψ̇− µ̇

r
= −4πra3(1 + κ)ε0v. (41)

Ýâîëþöèÿ ìàññû ÷àñòèöåïîäîáíîãî èñòî÷íèêà
Èññëåäóåì êîñìîëîãè÷åñêóþ ýâîëþöèþ ìàññû ÷àñòèöåïîäîáíîãî èñòî÷íèêà. Ïåðåõîäÿ â óðàâíåíèè ýâîëþ-
öèè ìàññû (39) îò ïåðåìåííîé η ê ïåðåìåííîé a(η) ñ ó÷åòîì ñîîòíîøåíèÿ (27) ïðèâåäåì åãî ê âèäó:

d2µ

da2
+

3

2

1 + κ

a

dµ

da
− 3

2
(1 + κ)

µ

a2
= 0. (42)

Îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ íàõîäèòñÿ áåç òðóäà:

µ = C+a + C−a−
3
2 (1+κ), (43)

ãäå C+ è C− - ïðîèçâîëüíûå êîíñòàíòû. ×ëåí ñ êîýôôèöèåíòîì C+ â ýòîì ðåøåíèè ñîîòâåòñòâóåò àêêðåöè-
îííûì ïðîöåññàì, ÷ëåí ñ êîýôôèöèåíòîì C− - ïðîöåññàì èñïàðåíèÿ. Èç ðåøåíèÿ (43) âèäíî, ÷òî êîíå÷íîé
ìàññå ÷àñòèöû â ìîìåíò âðåìåíè t = 0 ñîîòâåòñòâóåò C− = C̃− = 0. Ðåøåíèÿ (43) îáîáùàþò ðåøåíèÿ,
ïîëó÷åííûå ðàíåå â [3]- [4] äëÿ äâóõ ÷àñòíûõ çíà÷åíèé êîýôôèöèåíòà àäèàáàòû κ = 0 è κ = 1/3, ñîîòâåò-
ñòâóþùèõ íåðåëÿòèâèñòñêîìó è óëüòðàðåëÿòèâèñòñêîìó óðàâíåíèÿ ñîñòîÿíèÿ, ñîîòâåòñòâåííî. Ðàññìîòðèì
÷èñëåííûé ïðèìåð. Ïóñòü íà ïëàíêîâñêèé ìîìåíò âðåìåíè t = tPl ìàññà ÷àñòèöåïîäîáíîãî èñòî÷íèêà ðàâ-
íà ïëàíêîâñêîé ìàññå, òîãäà íà ñîâðåìåííûé ìîìåíò âðåìåíè t ∼ 1060tPl ñîãëàñíî (43) ñîâðåìåííàÿ ìàññà
�÷àñòèöû� èçìåíÿåòñÿ â ïðåäåëàõ îò 10−18M¯ ïðè κ = 1 äî 102M¯ ïðè κ = 0.

Ýâîëþöèîííîå óðàâíåíèå äëÿ íåñèíãóëÿðíîé ìîäû âîçìóùåíèé
Èç îáùåãî íåâîçìóùåííîãî ðåøåíèÿ (21) ïîëó÷èì ïîëåçíûå îòíîøåíèÿ:

ȧ

a
=

2

3κ + 1

1

η
;

ä

a
=

2(1− 3κ)

(3κ + 1)2
1

η2
, (1 + κ 6= 0), (44)

èñïîëüçóÿ êîòîðûå, ïðèâåäåì óðàâíåíèå (38) äëÿ íåñèíãóëÿðíîé ìîäû âîçìóùåíèé ê âèäó:

Ψ̈ +
2

η
Ψ̇− 6(1 + κ)

(1 + 3κ)2
Ψ

η2
− κΨ′′ = 0. (45)

Îáùåå ðåøåíèå ýâîëþöèîííîãî óðàâíåíèÿ â âèäå ñòåïåííîãî ðÿäà äëÿ ñëó÷àÿ κ 6= 0,
1 + κ 6= 0

Ïðåäñòàâèì ðåøåíèå ýâîëþöèîííîãî óðàâíåíèÿ (45), óäîâëåòâîðÿþùåå óñëîâèþ (33), â âèäå ðÿäà ïî ñòåïå-
íÿì ðàäèàëüíîé ïåðåìåííîé r:

Ψ(r, η) =

∞X
n=1

Ψn(η)rn. (46)

Ïîäñòàâëÿÿ ôóíêöèþ Ψ(r, η) â ôîðìå (46) â ýâîëþöèîííîå óðàâíåíèå (45) è ïðèðàâíèâàÿ íóëþ êîýôôèöè-
åíòû ïðè êàæäîé ñòåïåíè r â ïîëó÷åííîì óðàâíåíèè, ïîëó÷èì öåïî÷êó çàöåïëÿþùèõñÿ óðàâíåíèé:

Ψ2m = 0; Ψ̈2m+1 + 2
Ψ̇2m+1

η
− 6(1 + κ)

(1 + 3κ)2
Ψ2m+1

η2
− κ(2m + 3)(2m + 2)Ψ2m+3; m = 0,∞ (47)

Òàêèì îáðàçîì, îáùåå ðåøåíèå ïðåäñòàâëÿåò ñîáîé ðÿä ïî íå÷åòíûì ñòåïåíÿì ðàäèàëüíîé ïåðåìåííîé r.
Äëÿ ÷àñòíûõ ðåøåíèé, îòâå÷àþùèõ ñïåöèàëüíûì ôèçè÷åñêèì óñëîâèÿì, ýòîò ðÿä ìîæíî îáîðâàòü íà ëþáîì
íå÷åòíîì n = N > 3. Â ýòîì ñëó÷àå äëÿ ïîñëåäíåãî ÷ëåíà ðÿäà, ïîëàãàÿ Ψn(η) = 0, n > N , ïîëó÷àåì èç
(47) çàìêíóòîå óðàâíåíèå:

Ψ̈N + 2
Ψ̇N

η
− 6(1 + κ)

(1 + 3κ)2
ΨN

η2
= 0, (N = 2p + 1). (48)

Ïîñêîëüêó ýòî óðàâíåíèå íè÷åì íå îòëè÷àåòñÿ îò ýâîëþöèîííîãî óðàâíåíèÿ äëÿ ìàññû ÷àñòèöåïîäîáíîãî èñ-
òî÷íèêà, åãî îáùåå ðåøåíèå ñ òî÷íîñòüþ äî ïåðåîáîçíà÷åíèé áóäåò ñîâïàäàòü ñ ðåøåíèåì (43)ñ íåêîòîðûìè
ïðîèçâîëüíûìè êîíñòàíòàìè Cp

+ è Cp
−.
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Ïîäñòàâëÿÿ ýòî ðåøåíèå â ïðåäïîñëåäíåå óðàâíåíèå öåïî÷êè (47), ïîëó÷èì óðàâíåíèå äëÿ îïðåäåëåíèÿ
Ψ2p−1:

Ψ̈2p−1 + 2
Ψ̇2p−1

η
− 6(1 + κ)

(1 + 3κ)2
Ψ2p−1

η2
= κ(2p + 3)(2p + 2)!

�
Cp

+η
2

1+3κ + Cp
−η−

3(1+κ)
1+3κ

�
. (49)

Âñëåäñòâèå ëèíåéíîñòè ýòîãî óðàâíåíèÿ åãî îáùåå ðåøåíèå ÿâëÿåòñÿ ñóììîé îáùåãî ðåøåíèÿ ñîîòâåòñòâóþ-
ùåãî îäíîðîäíîãî óðàâíåíèÿ, Ψ0

2p−1, è ÷àñòíîãî ðåøåíèÿ íåîäíîðîäíîãî, Ψ1
2p−1. Íî îáùåå ðåøåíèå îäíîðîä-

íîãî ñîâïàäàåò ñ óæå óïîìèíàâøåìñÿ ðåøåíèåì (39), à ÷àñòíîå ðåøåíèå ìîæíî ïðåäñòàâèòü â âèäå ñóììû
äâóõ ðåøåíèé, ñîîòâåòñòâóþùèõ äâóì ÷ëåíàì â ïðàâîé ÷àñòè (43). Î÷åâèäíî ïîýòîìó, ÷òî ñîîòâåòñòâóþùåå
÷àñòíîå ðåøåíèå èìååò âèä:

Ψ1
2p−1 = Ap−1η

2
1+3κ

+2 + Bp−1η
− 3(1+κ)

1+3κ
+2. (50)

Òàêèì îáðàçîì, íàéäåì êîíñòàíòû A±. Ïîäñòàâëÿÿ ïîëó÷åííûå ðåøåíèÿ â ïðåäûäóùèå óðàâíåíèÿ, ïîâòî-
ðèì àíàëîãè÷íûå âûêëàäêè. Òåì ñàìûì ìû óêàçàëè àëãîðèòì ïîñòðîåíèÿ îáùåãî ðåøåíèÿ ýâîëþöèîííîãî
óðàâíåíèÿ (45), ñâîäÿùèéñÿ ê ïîâòîðåíèþ îïåðàöèé äèôôåðåíöèðîâàíèÿ. Ýòî îáùåå ðåøåíèå, ñîîòâåò-
ñòâóþùåå íàèâûñøåé ñòåïåíè N = (2p + 1) ðàäèàëüíîé ïåðåìåííîé, ñîäåðæèò 2N ïðîèçâîëüíûõ êîíñòàíò,
ïîÿâëÿþùèõñÿ âñÿêèé ðàç ïðè ðåøåíèè ñîîòâåòñòâóþùèõ îäíîðîäíûõ óðàâíåíèé.

Íà÷àëüíûå è ãðàíè÷íûå óñëîâèÿ
Òàêèì îáðàçîì, êàê ìû îòìå÷àëè è â ïðåäûäóùåé ñòàòüå, ïðè κ > 0 ñôåðè÷åñêè-ñèììåòðè÷íûå âîçìóùåíèÿ
ìåòðèêè Ôðèäìàíà îïèñûâàþòñÿ ãèïåðáîëè÷åñêèì óðàâíåíèåì, ïðè κ < 0 - ýëëèïòè÷åñêèì. Õàðàêòåðèñòè-
êàìè ãèïåðáîëè÷åñêîãî óðàâíåíèÿ (45) ÿâëÿþòñÿ:

r ∓√κη = Const, (51)

ò.å. ðàñõîäÿùèåñÿ è ñõîäÿùèåñÿ âîëíû.
Ïóñòü â ìîìåíò �âðåìåíè� η0 ñôåðè÷åñêè-ñèììåòðè÷íîå âîçìóùåíèå ìåòðèêè ñîñðåäîòî÷åíî â ñôåðå

�ðàäèóñà� r. Ò.å., â ýòîò ìîìåíò âûïîëíåíû ñëåäóþùèå ãðàíè÷íûå óñëîâèÿ:

δν(r, η0)|r=r0
= − δλ(r, η0)|r=r0

= 0; (52)

δν′(r, η0)
��
r=r0

= − δλ′(r, η0)
��
r=r0

= 0. (53)
Âíóòðè ýòîé ñôåðû çàäàíû ôóíêöèè δν(r, η0) è δλ(r, η0) âìåñòå ñî ñâîèìè ïåðâûìè ïðîèçâîäíûìè. Òîãäà
ìîæíî ñëåäóþùèì îáðàçîì ñôîðìóëèðîâàòü ãðàíè÷íûå è íà÷àëüíûå óñëîâèÿ çàäà÷è â òåðìèíàõ ââåäåííûõ
ôóíêöèé:

Φ(r, η)|r>r0+
√

κ(η−η0) = 0; Φ′(r, η)
��
r>r0+

√
κ(η−η0)

= 0, (54)

Φ(r, η0) = φ(r);
∂

∂η
Φ(r, η)

����
η0

= f(r). (55)

Ïðè ýòîì âñëåäñòâèå óðàâíåíèé íà âîçìóùåíèÿ çà ãðàíèöåé �çâóêîâîãî� ãîðèçîíòà àâòîìàòè÷åñêè äîëæíû
îáðàùàòüñÿ â íóëü âîçìóùåíèÿ ïëîòíîñòè ýíåðãèè, äàâëåíèÿ è ñêîðîñòè:

δε(r, η)|r>r0+
√

κ(η−η0) = 0; v(r, η)|r>r0+
√

κ(η−η0) = 0. (56)

Ðàññìîòðèì ÷àñòíûå ðåøåíèÿ â âèäå ñòåïåííûõ ðÿäîâ ïî ðàäèàëüíîé ïåðåìåííîé, óäîâëåòâîðÿþùèå íà-
÷àëüíûì (54) è ãðàíè÷íûì (55) óñëîâèÿì. Â ýòîì ñëó÷àå ôóíêöèÿ Φ(r, η) èìååò âèä:

Φ(r, η) = α(η) + β(η)r + γ(η)r3. (57)

Íàïîìíèì, ÷òî ÷ëåí ñ íóëåâîé ñòåïåíüþ ïî r â ôóíêöèè Φ(r, η) îïèñûâàåò ìàññó òî÷å÷íîïîäîáíîãî èñòî÷-
íèêà. Ïîýòîìó ñðàçó ïîëó÷èì: α(η) = µ(η). Âûïèñûâàÿ ãðàíè÷íûå óñëîâèÿ (54) â ìîìåíò âðåìåíè η = η0,
ïîëó÷èì ñâÿçü êîíñòàíò:

α0 ≡ α(η0) = µ0; β(η0) ≡ β0 = −3µ0

2r0
; γ(η0) ≡ γ0 =

µ0

2r3
0

, (58)

ãäå µ0 ≡ µ(η0). Òàêèì îáðàçîì:

Φ(r, η0) = µ0

"
1− 3

2

r

r0
+

1

2

�
r

r0

�3
#

, (r < r0); è Φ(r, .η) = 0, (r > r0). (59)

Ïðè ýòîì èìåþò ìåñòî ñîîòíîøåíèÿ:

β(η) = C0
+η

2
1+3κ + C0

−η−
3(1+κ)
1+3κ +

3κ(1 + 3κ)

7 + 9κ
C1

+η2
(2+3κ)
1+3κ − κ(1 + 3κ)

1− κ
C1
−η−

1−3κ
1+3κ , (60)
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γ(η) = C1
+η

2
1+3κ + C1

−η−
3(1+κ)
1+3κ ; (61)

Òàêèì îáðàçîì, ïîëàãàÿ η = η0 ïîëó÷èì ãðóïïó íà÷àëüíûõ óñëîâèé:

µ0 = C+η
2

1+3κ
0 + C−η

− 3(1+κ)
1+3κ

0 ; (62)

β0 = −3µ0

2r0
= C0

+η
2

1+3κ
0 + C0

−η
− 3(1+κ)

1+3κ
0 +

3κ(1 + 3κ)

7 + 9κ
C1

+η
2

(2+3κ)
1+3κ

0 − κ(1 + 3κ)

1− κ
C1
−η

− 1−3κ
1+3κ

0 ; (63)

γ0 =
µ0

2r3
0

= C1
+η

2
1+3κ
0 + C1

−η
− 3(1+κ)

1+3κ
0 . (64)

Ñîîòíîøåíèÿ (62)-(64) íåîáõîäèìî ðàññìàòðèâàòü êàê ñèñòåìó óðàâíåíèé îòíîñèòåëüíî êîýôôèöèåíòîâ Ci
±.

Êàê âèäèì, ýòî ñèñòåìà òðåõ ëèíåéíûõ íåîäíîðîäíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî 6 íåèçâåñò-
íûõ. Ê ýòîé ñèñòåìå íåîáõîäèìî äîáàâèòü àíàëîãè÷íóþ ñèñòåìó óðàâíåíèé èç íà÷àëüíûõ óñëîâèé (55)
îòíîñèòåëüíî âðåìåííîé ïðîèçâîäíîé ôóíêöèè.

Â ïàêåòå Maple ïîëó÷åííûå ðåøåíèÿ ïðåäñòàâëåíû â âèäå àíèìàöèîííûõ ïðîöåäóð, ïîçâîëÿþùèõ íåïî-
ñðåäñòâåííî íàáëþäàòü äèíàìèêó ðàçâèòèÿ âîçìóùåíèé:

à. á. â. ã.
Ðèñ.1. Êàäðû àíèìàöèè âîçìóùåíèÿ ïëîòíîñòè: à. t = 0, á. t = 0.1, â. t = 1, ã. - t = 2.

Ëèòåðàòóðà
[1] Þ.Ã.Èãíàòüåâ, À.À.Ïîïîâ. Â ñá. �Ïðîáëåìû òåîðèè ãðàâèòàöèè, ðåëÿòèâèñòñêîé êèíåòèêè è ýâîëþöèè

âñåëåííîé�, Êàçàíü, Èçä-âî ÊÃÏÈ, 1988, ñ.5-16
[2] Þ.Ã.Èãíàòüåâ, À.À.Ïîïîâ. Èçâåñòèÿ ÂÓÇîâ, Ôèçèêà,1989, � 5, ñ. 82-87
[3] Yu.G.Ignat'ev and A.A.Popov. Astrophysics and Space Science,1990, Vol 163, pp. 153-174.
[4] Yu.G.Ignat'ev, A.A.Popov. Physics Letters A, 1996, Vol. 220, pp.22-29.
[5] J.L.Synge. Relativity: The General Theory, North-Holland Publishing Company, Amsterdam, 1960.
[6] Þ.Ã.Èãíàòüåâ. Èçâåñòèÿ ÂÓÇîâ, Ôèçèêà, 1983, � 8, ñ. 15-19
[7] Þ.Ã.Èãíàòüåâ. Äèññåðòàöèÿ íà ñîèñêàíèå ó÷.ñòåïåíè äîêòîðà ôèç.-ìàò.íàóê, Ìèíñê, ÈÒÔ ÀÍ ÁÑÑÐ,

1988
[8] Þ.Ã.Èãíàòüåâ, Í.Ýëüìàõè. Èçâåñòèÿ ÂÓÇîâ, Ôèçèêà, â ïå÷àòè.


