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Àííîòàöèÿ. Èçó÷àåòñÿ ñëó÷àè âûðîæäåíèÿ ñâÿçè íèçøèõ è âûñøèõ ïðîèçâîäíûõ, îïðåäå-
ëåííîé äèôôåðåíöèàëüíûì óðàâíåíèåì. Íàéäåíû ñëó÷àè ñãóùåíèÿ êðèâûõ íåñòàáèëüíîñòè.

Stability of the linear partial di�erential equation of the �rst order
Kirsanov M.N.

Abstract. The cases of degeneration of communication of the lowest and high derivatives
determined by the di�erential equation is studied. The condensation of curves of instability is
found.

Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå

L = u′,x + u′,y + uf(x, y) = 0 (1)

äëÿ ôóíêöèè u = u(x, y), äèôôåðåíöèðóåìîé â íåêîòîðîé îáëàñòè Ω äîñòàòî÷íîå ÷èñëî ðàç. Íàéäåì ñâÿçü
ìåæäó ôóíêöèåé u, åå ïåðâûìè ÷àñòíûìè ïðîèçâîäíûìè u′,x, u′,y è ïðîèçâîäíûìè âòîðîãî ïîðÿäêà. Ïðåä-
ïîëàãàÿ, ÷òî ôóíêöèÿ f(x, y) òàêæå äèôôåðåíöèðóåìà äîñòàòî÷íîå ÷èñëî ðàç, çàïèøåì (1), ïðîäèôôåðåí-
öèðîâàííîå ïî x è y:

L′,x = u′′,xx + u′′,yx + u′,x f + u f,x
′ = 0,

L′,y = u′′,xy + u′′,yy + u′,y f + u f,y
′ = 0.

(2)

Ñèñòåìó (1�2) ïðåäñòàâèì â ìàòðè÷íîé ôîðìå, îòíåñÿ â ïðàâóþ ÷àñòü âûñøèå ïðîèçâîäíûå

A~U = ~B, (3)
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Ïðè detA → 0 ñâÿçü ôóíêöèè è åå ïðîèçâîäíûõ ~U è âòîðûõ ÷àñòíûõ ïðîèçâîäíûõ ~B âûðîæäàåòñÿ. Ýòî
âûðîæäåíèå ìîæíî òàêæå òðàêòîâàòü êàê íåîãðàíè÷åííîå âîçðàñòàíèå ôóíêöèè è åå ïðîèçâîäíûõ òàì,
ãäå detA → 0. Ïðè ýòîì, âåëè÷èíà âòîðûõ ïðîèçâîäíûõ (åñëè îíè îòëè÷íû îò íóëÿ) íåñóùåñòâåííà. Èìå-
åì detA = Φ2(x, y) = f(f2 − f ′,x − f ′,y). Òàì, ãäå Φ2(x, y) = 0, ñâÿçü ïðîèçâîäíûõ âûðîæäàåòñÿ. Êðèâûå
Φ2(x, y) = 0 â îáëàñòè Ω áóäåì íàçûâàòü êðèâûìè íåñòàáèëüíîñòè âòîðîãî ïîðÿäêà [1]. Ïðîäîëæèì ïðîöåññ
äèôôåðåíöèðîâàíèÿ L. Äëÿ ïîëó÷åíèÿ êðèâûõ íåñòàáèëüíîñòè ïîðÿäêà 3, çàïèøåì ñèñòåìó, ñîäåðæàùóþ
÷àñòíûå ïðîèçâîäíûå òðåòüåãî ïîðÿäêà

L = 0, L′,x = 0, L′,y = 0, L′,xx = 0, L′,xy = 0, L′,yy = 0,

êîòîðóþ òàêæå ïðåäñòàâèì â ìàòðè÷íîì âèäå (3), ãäå ~UT = {u, u′,x, u′,y, u′′,xx, u′′,yx, u′′,yy}, à âåêòîð ïðàâûõ
÷àñòåé ñîäåðæèò ïðîèçâîäíûå òðåòüåãî ïîðÿäêà. Îïðåäåëèòåëü ñèñòåìû èìååò âèä

detA = Φ3(x, y) = f(f2 − f ′,x − f ′,y) (f3 − 3 f ′,y f + f ′′,yy + 2 f ′′,xy − 3 f ′,x f + f ′′,xx)

Â îáùåì ñëó÷àå, äëÿ êðèâûõ íåñòàáèëüíîñòè ïîðÿäêà n èìååì

detA =

nY

k=1

Φk, (5)

ãäå
Φ1 = f, Φk+1 = Φkf − Φ′k,x − Φ′k,y.

Îòñþäà ñëåäóåò, ÷òî âñå êðèâûå íåñòàáèëüíîñòè ïîðÿäêà n1 ÿâëÿþòñÿ êðèâûìè íåñòàáèëüíîñòè äëÿ âñåõ
ïîðÿäêîâ n2 > n1. Ñ ïîâûøåíèåì ïîðÿäêà íåñòàáèëüíîñòè ðàñòåò ÷èñëî ñîìíîæèòåëåé â (5).

Â ÷àñòíîñòè, äëÿ f = x2 + y2, êðèâûå íåñòàáèëüíîñòè äî ïÿòîãî ïîðÿäêà âêëþ÷èòåëüíî èçîáðàæåíû íà
Ðèñ. ??, à äëÿ f = xy - íà Ðèñ. ??.

1Àííîòàöèÿ íà àíãëèéñêîì ÿçûêå Àâòîðîì íå ïðåäñòàâëåíà.
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Ðèñ.1. Êðèâûå íåñòàáèëüíîñòè äëÿ f = x2 +
y2, n = 5.
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Ðèñ.2. Êðèâûå íåñòàáèëüíîñòè äëÿ f = xy,
n = 5.

Àíàëîãè÷íî, äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ

L = u′,xx + u′,yy + uf(x, y) = 0 (6)

ïîëó÷èì óñëîâèå íåñòàáèëüíîñòè âòîðîãî ïîðÿäêà (n = 2):

detA = (1 + f)((1 + f)f − f ′x − f ′y)

è n = 3:
detA = (2 + f)((2 + f)(1 + f)− f ′,x − f ′,y)((2 + f)(1 + f)f−

−(3f + 2)(f ′,x + f ′,y) + f ′′,xxx2 + 2f ′′,xyxy + f ′′,yyy2).

Î÷åâèäíî äëÿ îïðåäåëèòåëÿ èìååì òîæå ïðåäñòàâëåíèå (5), íî ñ ôóíêöèÿìè âèäà

Φ1 = f + n− 1, Φk+1 = Φk(n− k − 1 + f)− Φ′k,xx− Φ′k,yy.

Òàê êàê Φ1 çàâèñèò îò n, è ñâÿçü Φk+1 è Φk òàêæå çàâèñèò îò ïîðÿäêà n, òî â îòëè÷èå îò óñëîâèÿ íåñòàáèëü-
íîñòè (1) ìíîæåñòâî êðèâûå âûñøèõ ïîðÿäêîâ â îáùåì ñëó÷àå íå âêëþ÷àåò â ñåáÿ êðèâûå íåñòàáèëüíîñòè
íèçøèõ ïîðÿäêîâ. Îäíàêî äëÿ ñëó÷àÿ f = x/y ìîæíî ïîëó÷èòü îáùåå ïðåäñòàâëåíèå äëÿ îïðåäåëèòåëÿ
íåñòàáèëüíîñòè ïîðÿäêà n:

detA = y−n(n+1)/2
nY

k=1

(x + ky)k+1 (7)

îòêóäà âèäíî, ÷òî ñ óâåëè÷åíèåì n äîáàâëÿþòñÿ íîâûå ñîìíîæèòåëè â ïðîèçâåäåíèè, äàþùèå íîâûå ïðÿìûå
x + ky = 0. Ïðè n →∞ ïîëó÷èì ïðåäåëüíóþ ïðÿìóþ y = 0.

Õîòÿ ñàìà ïðÿìàÿ y = 0 íå ïðèíàäëåæèò ìíîæåñòâó òî÷åê íåñòàáèëüíîñòè, òàê êàê y ñîäåðæèòñÿ â
çíàìåíàòåëå (7), ìîæíî çàêëþ÷èòü, ÷òî íàéäåíî ñãóùåíèå êðèòè÷åñêèõ êðèâûõ (â äàííîì ñëó÷àå � ïðÿìûõ),
ïðîáëåìà ñóùåñòâîâàíèÿ êîòîðîãî (â ôîðìå ïñåâäîáèôóðêàöèîííûõ òî÷åê) îáñóæäàëàñü â [2] â ñâÿçè ñ
îòûñêàíèåì êðèòåðèÿ óñòîé÷èâîñòè ðåîëîãè÷åñêèõ êîíñòðóêöèé è ìàòåðèàëîâ ïðè ïîëçó÷åñòè.
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Ïðîöåäóðà âûÿâëåíèÿ êðèâûõ íåñòàáèëüíîñòè ìîæåò áûòü ïðèìåíåíà è äëÿ íåëèíåéíûõ ïðîöåññîâ è
ÿâëåíèé. Â ýòîì ñëó÷àå óðàâíåíèå ëèíåàðèçóåòñÿ è â êà÷åñòâå ïåðåìåííûõ âûñòóïàþò ïðèðàùåíèÿ ôóíê-
öèé. Â ïðîñòåéøåì ñëó÷àå ÿâëåíèå îïèñûâàåòñÿ îáûêíîâåííûì äèôôåðåíöèàëüíûì óðàâíåíèåì ïåðâîãî
ïîðÿäêà (óñòîé÷èâîñòü ïðè ïîëçó÷åñòè). Âìåñòî êðèâûõ íåñòàáèëüíîñòè ðàçûñêèâàþòñÿ êðèòè÷åñêèå òî÷-
êè, ñîîòâåòñòâóþùèå êðèòè÷åñêèì âðåìåíàì. Ýòè òî÷êè èìåþò ïîäòâåðæäåííûé ýêñïåðèìåíòîì ñìûñë �
â òå ìîìåíòû, êîãäà îïðåäåëèòåëü ñèñòåìû îáðàùàåòñÿ â íóëü, ìàëûå âîçìóùåíèÿ âûñøèõ ïðîèçâîäíûõ
ïðèâîäÿò ê áåñêîíå÷íûì ñêà÷êàì ôóíêöèè (â ÷àñòíîñòè, ïðîãèáà) è åå íèçøèõ ñêîðîñòåé, ÷òî ìîæíî òðàê-
òîâàòü êàê ïîòåðÿ óñòîé÷èâîñòè. Òî÷êà íåñòàáèëüíîñòè ïîðÿäêà 1 ñîîòâåòñòâóåò êðèòåðèþ Þ.Ðàáîòíîâà �
Ñ.Øåñòåðèêîâà [3].

Î÷åâèäíî, ÷òî êðèâûå íåñòàáèëüíîñòè ìîæíî òàêæå òðàêòîâàòü êàê ãåîìåòðè÷åñêîå ìåñòî òî÷åê ñ íó-
ëåâûìè êðèâèçíàìè.
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