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Àííîòàöèÿ. Â ðàáîòå íà êîíêðåòíûõ ïðèìåðàõ ìåòîäàìè êîìïüþòåðíîé ãåîìåòðèè äàþòñÿ
ñïîñîáû ïîñòðîåíèÿ ðàçâåðòîê ëèíåé÷àòûõ ïîâåðõíîñòåé. Ïðèâåäåíû îðèãèíàëüíûå àëãîðèò-
ìû ïîëó÷åíèÿ ðàçâåðòîê äëÿ âñåõ âîçìîæíûõ ñëó÷àåâ.

Algorithms for construction of ruled surfaces
Mityushov E.A., Mityushova L.L.

Abstract. This work, by concrete examples using computer geometry, o�ers methods of
constructing and developing ruled surfaces. It gives original algorithms for obtaining developments
for all possible cases.

Àííîòàöèÿ. Èçó÷åíèå ðàçâ¼ðòûâàþùèõñÿ ïîâåðõíîñòåé, òðàäèöèîííî, îòíîñèòñÿ ê íà÷åðòà-
òåëüíîé è äèôôåðåíöèàëüíîé ãåîìåòðèÿì. Â êàæäîì èç ýòèõ ðàçäåëîâ ãåîìåòðèè, èñõîäÿ èç
ñîáñòâåííûõ öåëåé, ðàññìàòðèâàþòñÿ ñïåöèàëüíûå ïðîáëåìû, èçëîæåíèå êîòîðûõ íå ïîçâîëÿ-
åò ñ äîñòàòî÷íîé ýôôåêòèâíîñòüþ âûïîëíèòü ñèíòåç ïîëó÷åííûõ çíàíèé. Îáúåäèíåíèå ýòèõ
çíàíèé íà êà÷åñòâåííî íîâîì óðîâíå ïðîèñõîäèò â íîâîé áóðíî ðàçâèâàþùåéñÿ îáëàñòè ïðè-
êëàäíîé ìàòåìàòèêè - êîìïüþòåðíîé ãåîìåòðèè, êîòîðàÿ, îðèåíòèðóÿñü íà èñïîëüçîâàíèå ïåð-
ñîíàëüíûõ êîìïüþòåðîâ, ïîçâîëÿåò ïðîâîäèòü ìîäåëèðîâàíèå ïðîñòðàíñòâåííûõ îáúåêòîâ è
ñîçäàâàòü èõ èçîáðàæåíèå íåïîñðåäñòâåííî íà ýêðàíå êîìïüþòåðà. Â ðàáîòå íà êîíêðåòíûõ
ïðèìåðàõ èëëþñòðèðóþòñÿ ïðåèìóùåñòâà òàêîãî ïîäõîäà ïðè ïîëó÷åíèè ëþáûõ ðàçâåðòîê
ëèíåé÷àòûõ ïîâåðõíîñòåé.

Ðàçâåðòûâàåìûå ïîâåðõíîñòè
Ðàçâåðòûâàåìîé íà ïëîñêîñòü íàçûâàåòñÿ òàêàÿ ïîâåðõíîñòü, êîòîðàÿ ïóòåì èçãèáàíèÿ (áåç ðàçðûâîâ è
ñêëàäîê) âñåìè ñâîèìè òî÷êàìè ìîæåò áûòü ñîâìåùåíà ñ ïëîñêîñòüþ. Ïðè ýòîì êàæäîé òî÷êå íà ðàçâåðò-
êå ñîîòâåòñòâóåò åäèíñòâåííàÿ òî÷êà ïîâåðõíîñòè; ïðèíàäëåæàùèå ïîâåðõíîñòè ïðÿìûå ëèíèè îñòàþòñÿ
ïðÿìûìè; îòðåçêè ëèíèé ñîõðàíÿþò ñâîþ äëèíó; óãîë, îáðàçîâàííûé ëèíèÿìè íà ïîâåðõíîñòè, îñòàåòñÿ
ðàâíûì óãëó ìåæäó ñîîòâåòñòâóþùèìè ëèíèÿìè íà ðàçâåðòêå; ïëîùàäü êàêîé ëèáî çàìêíóòîé îáëàñòè íà
ïîâåðõíîñòè ñîõðàíÿåò ñâîþ âåëè÷èíó âíóòðè ñîîòâåòñòâóþùåé çàìêíóòîé îáëàñòè íà ðàçâåðòêå.

Ìàòåìàòè÷åñêè ýòî îçíà÷àåò, ÷òî ðàçâåðòûâàåìàÿ ïîâåðõíîñòü èçîìåòðè÷íà ïëîñêîñòè. Èçâåñòíî, ÷òî
ëèíåé÷àòàÿ ïîâåðõíîñòü òîãäà è òîëüêî òîãäà ÿâëÿåòñÿ ðàçâåðòûâàåìîé, êîãäà åå ïîëíàÿ (ãàóññîâà) êðèâèçíà
ðàâíà íóëþ. Ýòî ýêâèâàëåíòíî óñëîâèþ

LN −M2 = 0,

ãäå L, M è N � êîýôôèöèåíòû âòîðîé äèôôåðåíöèàëüíîé ôîðìû ïîâåðõíîñòè, îïðåäåëÿåìûå ðàâåíñòâàìè

L(u, v) = ~r
′′

uu · ~r
′

u × ~r
′

v

|~r ′
u × ~r ′

v |
, N(u, v) = ~r

′′
vv · ~r

′
u × ~r

′
v

|~r ′
u × ~r ′

v |
, M(u, v) = ~r

′′
uv · ~r

′
u × ~r

′
v

|~r ′
u × ~r ′

v |
.

Íåïîñðåäñòâåííàÿ ïðîâåðêà ïîêàçûâàåò, ÷òî ýòîìó óñëîâèþ óäîâëåòâîðÿþò óðàâíåíèÿ

~r = ~rH(u) + v~l,

è
~r = (1− v)~rH(u) + v~rS ,

, à òàê æå óðàâíåíèå ïîâåðõíîñòè êàñàòåëüíûõ ê ãëàäêîé ïðîñòðàíñòâåííîé êðèâîé

~r = ~rH(u) + (~ρ(u, v) · ~τ(u)))~τ(u),

ãäå ~ρ(u, v)� ëèíåéíàÿ ïî ïàðàìåòðó v âåêòîð-ôóíêöèÿ.
Äðóãèõ ðàçâåðòûâàåìûõ ïîâåðõíîñòåé íå ñóùåñòâóåò.

Ðàçâåðòêà öèëèíäðè÷åñêîé ïîâåðõíîñòè
Ðàññìîòðèì ïîëó÷åíèå ðàçâåðòêè ëèíèè ~r = ~r(t) (t1 ≤ t ≤ t2) ëåæàùåé íà öèëèíäðè÷åñêîé ïîâåðõíîñòè.

Äëÿ ïîëó÷åíèÿ ðàçâåðòêè íåîáõîäèìî çàïèñàòü óðàâíåíèå ëèíèè â ñèñòåìå êîîðäèíàò Oxyz, îäíà èç îñåé
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êîòîðîé, íàïðèìåð îñü Oy, ïàðàëëåëüíà îáðàçóþùåé. Òîãäà óðàâíåíèÿ ëèíèè â ïëîñêîñòè Oξη ðàçâåðòêè
èìåþò âèä

8
><
>:

ξ =
t2R
t1

p
(ẋ)2 + (ż)2dt,

η = y(t),

(t1 ≤ t ≤ t2). (1)

Ïðèìåð 1
Íàéòè ðàçâåðòêó öèëèíäðè÷åñêèõ ïîâåðõíîñòåé, îáðàçóþùèõ n-êëèííûé òðåõïàðàìåòðè÷åñêèõ êóïîë âû-
ñîòû h ñ ðàäèóñîì îñíîâàíèÿ R. Ýëåìåíò êóïîëà ìîäåëèðóåòñÿ ïîâåðõíîñòüþ ýëëèïòè÷åñêîãî öèëèíäðà

�
z − h

H

�2

+

�
x−R cos α

R cos α

�2

= 1, α =
π

n
,

îãðàíè÷åííîãî ïëîñêîñòÿìè
z = 0 è y = ±xtgα.

Çàïèñûâàÿ óðàâíåíèå ïîâåðõíîñòè â ïàðàìåòðè÷åñêîé ôîðìå

R cos α− x = R cos α sin t,

h− z = h cos t,
0 ≤ t ≤ π

2
,

ñ ïîìîùüþ ðàâåíñòâ (1) íàõîäèì óðàâíåíèÿ ëèíèé ñå÷åíèÿ öèëèíäðà â ðàçâåðòêå
8
><
>:

ξ =
tR
0

p
h2 + (R2 cos2 α− h2) cos2 t dt,

η = ±R sin α(1− sin t),

0 ≤ t ≤ π

2
.

Ïðè çíà÷åíèÿõ R = 10, h = 10, n = 8 ñîîòâåòñòâóþùàÿ ïîâåðõíîñòü è åå ðàçâåðòêà ïðèâåäåíû íà
ðèñ.1à,1á.

Ðèñ. 1a Ðèñ. 1á

Ïðèìåð 2
Íàéòè ðàçâåðòêó öèëèíäðè÷åñêèõ ïîâåðõíîñòåé, îáðàçóþùèõ n-êëèííûé òðåõïàðàìåòðè÷åñêèé êóïîë âû-
ñîòû h ñ ðàäèóñîì îñíîâàíèÿ R. Ýëåìåíò êóïîëà ìîäåëèðóåòñÿ ïîâåðõíîñòüþ ýëëèïòè÷åñêîãî öèëèíäðà

� z

h

�2

+
� x

R cos α

�2

= 1, α =
π

n
,

îãðàíè÷åííîãî ïëîñêîñòÿìè
z = 0 è y = ±xtgα.

Çàïèñûâàÿ óðàâíåíèå ïîâåðõíîñòè â ïàðàìåòðè÷åñêîé ôîðìå

x = R cos α sin t,

z = h cos t,
(0 ≤ t ≤ π

2
),
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íàõîäèì óðàâíåíèÿ ëèíèé ñå÷åíèÿ öèëèíäðà â ðàçâåðòêå
8
><
>:

ξ =
tR
0

p
h2 + (R2 cos2 α− h2) cos2 t dt,

η = ±R sin α sin t,

0 ≤ t ≤ π

2
.

Ïðè çíà÷åíèÿõ R = 10, h = 5, n = 8 ñîîòâåòñòâóþùàÿ ïîâåðõíîñòü è åå ðàçâåðòêà ïðèâåäåíû íà ðèñ.2à,2á.

Ðèñ. 2a Ðèñ. 2á

Ðàçâåðòêà êîíè÷åñêîé ïîâåðõíîñòè
Ðàçâåðòêó ëèíèè ~r = ~r(t) (t1 6 t 6 t2), ëåæàùåé íà êîíè÷åñêîé ïîâåðõíîñòè áóäåì çàäàâàòü íà ïëîñêîñòè
ðàçâåðòêè â ïîëÿðíûõ êîîðäèíàòàõ

R = R(ψ).

Ïðè ýòîì ýëåìåíòàðíûé ïîëÿðíûé óãîë dψ íàõîäèì êàê îòíîøåíèå ýëåìåíòàðíîé äóãè ds ê ðàññòîÿíèþ
R îò ýòîé äóãè äî âåðøèíû ~rS = {xS , yS , zS} êîíè÷åñêîé ïîâåðõíîñòè

dψ =
ds

R
èëè dψ =

p
(ẋ)2 + (ẏ)2 + (ż)2 dtp

(x− xS)2 + (y − yS)2 + (z − zS)2
.

Îòêóäà

ψ =

tZ

t1

p
(ẋ)2 + (ẏ)2 + (ż)2 dtp

(x− xS)2 + (y − yS)2 + (z − zS)2

Óðàâíåíèå çàäàííîé ëèíèè íà ðàçâåðòêå êîíè÷åñêîé ïîâåðõíîñòè â ïàðàìåòðè÷åñêîé ôîðìå ïðèíèìàåò
âèä 8

>><
>>:

R =
p

(x(t)− xS)2 + (y(t)− yS)2 + (z(t)− zS)2,
t1 6 t 6 t2,

ψ =
t2R
t1

p
(ẋ)2 + (ẏ)2 + (ż)2dtp

(x(t)− xS)2 + (y(t)− yS)2 + (z(t)− zS)2
.

(0.1)

Ïðèìåð 3
Íàéòè ðàçâåðòêó �êîñîé âîðîíêè�, ìîäåëèðóåìîé óðàâíåíèåì

~r = (1− v){a cos t, a sin t, 0}+ v{0, yS zS}, 0 ≤ v ≤ 1, 0 ≤ t ≤ 2π.

Îïðåäåëÿåì óðàâíåíèå ëèíèè ~r = {a cos t, a sin t, 0} íà ðàçâåðòêå êîíè÷åñêîé ïîâåðõíîñòè ñîãëàñíî óðàâ-
íåíèþ (2)

8
<
:

R =
p

(a cos t)2 + (a sin t− yS)2 + (zS)2,

ψ = a
tR
0

dtp
(a cos t)2 + (a sin t− yS)2 + (zS)2

,
0 ≤ t ≤ 2π.

Ïðè a = 1 , yS = 2 , zS = 2 cîîòâåòñòâóþùàÿ �êîñàÿ âîðîíêà� è åå ðàçâåðòêà óêàçàíû íà ðèñ.3à,3á.
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Ðèñ. 3a Ðèñ. 3á

Ðàçâåðòêà ïîâåðõíîñòè êàñàòåëüíûõ

Ðàññìîòðèì âòîðîãî ïîðÿäêà ãëàäêîñòè íàïðàâëÿþùóþ ëèíèþ ~rH = ~rH(t), (t1 ≤ t ≤ t2), ÿâëÿþùóþñÿ ðåáðîì
âîçâðàòà äëÿ ïîâåðõíîñòè êàñàòåëüíûõ, è áóäåì èñêàòü åå ðàçâåðòêó èç óñëîâèÿ, ÷òî âåëè÷èíû ds è p
äëÿ íàïðàâëÿþùåé êðèâîé è åå ðàçâåðòêè â ñîîòâåòñòâóþùèõ òî÷êàõ ñîâïàäàþò. Ââåäåì â ðàññìîòðåíèå
ïëîñêîñòü (ξ, η), îñü Oξ êîòîðîé íàïðàâëåíà ïî êàñàòåëüíîé ê íàïðàâëÿþùåé â åå íà÷àëüíîé òî÷êå. Ñ ó÷åòîì
îïðåäåëåíèÿ êðèâèçíû ïëîñêîé êðèâîé íàõîäèì óðàâíåíèÿ ëèíèè ðàçâåðòêè â ïàðàìåòðè÷åñêîé ôîðìå

8
>>>><
>>>>:

ξ =
tR

t1

|~̇rH(τ)| cos
τR

t1

|~̇rH(t)× ~̈rH(t)|
|~̇rH(t)|2

dtdτ ,

η =
tR

t1

|~̇rH(τ)| sin
τR

t1

|~̇rH(t)× ~̈rH(t)|
|~̇rH(t)|2

dtdτ ,

t1 6 t 6 t2. (0.2)

Ïðèìåð 4

Íàéòè ðàçâåðòêó ïîâåðõíîñòè, çàäàííîé óðàâíåíèåì

~r = {a cos t, a sin t, ct}+ v~τ(t), 0 ≤ v ≤ v∗, 0 ≤ t ≤ 2π.

Â äàííîì ñëó÷àå íàïðàâëÿþùåé êðèâîé ~rH = {a cos u, a sin u, cu} ÿâëÿåòñÿ âèíòîâàÿ ëèíèÿ ñ ïîñòîÿí-
íûì ðàäèóñîì êðèâèçíû. Ñëåäîâàòåëüíî, å¼ ðàçâåðòêîé ÿâëÿåòñÿ îêðóæíîñòü. Ïðè ýòîì ñ èñïîëüçîâàíèåì
ïîëÿðíûõ êîîðäèíàò èìååì

ρ =
|

.

~rH |3
|

.

~rH ×
..

~rH |
=

a2 + c2

a
.

Ïîäñòàíîâêà â óðàâíåíèÿ (3) äàåò

ψ =
1

ρ

tZ

0

q
ẋ2

H + ẏ2
H + ż2

H dt ⇒ ψ =
a

a2 + c2

tZ

0

p
a2 + c2 dt, 0 ≤ t ≤ 2π,

èëè
ψ =

at√
a2 + c2

, 0 ≤ t ≤ 2π.

Ðàçâåðòêà ïîâåðõíîñòè (ðèñ.4) ïðè a = 4, c = 1, v∗ = 4 ýòî êîëüöî ñ âíóòðåííèì ðàäèóñîì ðàâíûì 17

4
è

âíåøíèì
s�

17

4

�2

+ 42.
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Ðèñ. 4

Ïðèìåð 5

Íàéòè óðàâíåíèå êóáè÷åñêîãî ñïëàéíà , ïðîõîäÿùåãî ÷åðåç òî÷êè M0(0,−2, 0), M1(1, 0, 0), M2(0,
1

2
,
1

2
),

M3(0, 0,−2), íà ðàçâåðòêå ïîâåðõíîñòè êàñàòåëüíûõ ê ýòîìó ñïëàéíó.
Óðàâíåíèå íàïðàâëÿþùåãî êóáè÷åñêîãî ñïëàéíà â ìàòðè÷íîé ôîðìå çàïèñè èìååò âèä

r̂H = S
3×4

0
BBBB@

t3

t2

t

1

1
CCCCA

, 0 ≤ t ≤
√

5 +

√
6

2
+

3
√

2

2
,

ãäå S
3×4

=

0
B@

0.059 −0.699 1.718 0

−9.31× 10−3 −0.087 1.137 −2

−0.056 0.435 −0.694 0

1
CA .

Ñîîòâåòñòâóþùàÿ êðèâàÿ èçîáðàæåíà íà ðèñ.5à.
Óðàâíåíèå ïîâåðõíîñòè êàñàòåëüíûõ â ìàòðè÷íîé ôîðìå çàïèñûâàåòñÿ â âèäå

r̂ = r̂H + vτ̂(t), −v∗ 6 v 6 v∗, 0 6 t 6
√

5 +

√
6

2
+

3
√

2

2
, ãäå τ̂ =

˙̂rHp
˙̂rH · ˙̂rH

.

Òîãäà óðàâíåíèÿ êóáè÷åñêîãî ñïëàéíà íà ðàçâåðòêå ïîâåðõíîñòè êàñàòåëüíûõ èìååò âèä

8
>>>><
>>>>:

ξ =
tR

t1

|~̇rH(τ)| cos
τR

t1

|~̇rH(t)× ~̈rH(t)|
|~̇rH(t)|2

dtdτ ,

η =
tR

t1

|~̇rH(τ)| sin
τR

t1

|~̇rH(t)× ~̈rH(t)|
|~̇rH(t)|2

dtdτ ,

0 6 t 6 2
√

5 +

√
6

2
+

3
√

2

2
. (0.3)

Ñîîòâåòñòâóþùàÿ ïîâåðõíîñòü êàñàòåëüíûõ è íàïðàâëÿþùàÿ íà ðàçâ¼ðòêå ïîâåðõíîñòè êàñàòåëüíûõ èçîá-
ðàæåíû íà ðèñ.5á, ðèñ.5â.
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Ðèñ. 5a Ðèñ. 5á

Ðèñ. 5â


