
1

ÏÅÐÅÍÎÐÌÈÐÎÂÊÀ ÒÅÍÇÎÐÀ ÝÍÅÐÃÈÈ-ÈÌÏÓËÜÑÀ ÊÂÀÍÒÎÂÀÍÍÎÃÎ
ÑÊÀËßÐÍÎÃÎ ÏÎËß Â ÏÀÊÅÒÅ MAPLE

Ïîïîâ À.À.
E-mail: apopov@kzn.ru

Òàòàðñêèé ãîñóäàðñòâåííûé ãóìàíèòàðíî-ïåäàãîãè÷åñêèé óíèâåðñèòåò, Òàòàðñòàí 2, Êàçàíü 420021, Ðîññèÿ

Àííîòàöèÿ. Â ðàáîòå âû÷èñëåíû ÿâíûå âûðàæåíèÿ äëÿ êîíòð÷ëåíîâ ÄåÂèòòà-Øâèíãåðà,
íåîáõîäèìûå äëÿ ðåàëèçàöèè ïðîöåäóðû ïåðåíîðìèðîâêè âàêóóìíîãî ñðåäíåãî îïåðàòîðà òåí-
çîðà ýíåðãèè-èìïóëüñà êâàíòîâàííîãî ñêàëÿðíîãî ïîëÿ ìåòîäîì ðàçäâèæêè òî÷åê. Çàäà÷à ðå-
øåíà íà ôîíå ïðîèçâîëüíîãî ãðàâèòàöèîííîãî ôîíà è ïðîèçâîëüíîé ðàçíîñòè êîîðäèíàò ðàç-
äâèíóòûõ òî÷åê.

A.A.Popov
Renormalization of stress-energy tensor of quantized scalar �eld

Abstract. It is evaluated the explicit expressions for the expansion of DeWitt-Schwinger's
counterterms in terms of di�erence of coordinates of the separated points. These counterterms
are needed for the renormalization of vacuum expectation value of the stress-energy tensor for a
quantized scalar �eld. The result is valid in an arbitrary gravitational �eld and for the arbitrary
di�erence of coordinates of the separated points.

Äëÿ îïèñàíèÿ âàêóóìíûõ ýôôåêòîâ êâàíòîâàííûõ ïîëåé â èñêðèâëåííûõ ïðîñòðàíñòâàõ-âðåìåíàõ èñ-
ïîëüçóþò ðÿä âåëè÷èí òàêèõ, íàïðèìåð, êàê âàêóóìíîå ñðåäíåå êâàäðàòà êâàíòîâàííîãî ïîëÿ è 〈T µ

ν 〉 - âàêó-
óìíîå ñðåäíåå îïåðàòîðà òåíçîðà ýíåðãèè-èìïóëüñà êâàíòîâàííîãî ïîëÿ. Ýòè âåëè÷èíû äàþò èíôîðìàöèþ
î ïîëÿðèçàöèè âàêóóìà ïîëÿ, ðîæäåíèè ÷àñòèö, ñïîíòàííîì íàðóøåíèè ñèììåòðèè è îáðàòíîì âëèÿíèè
êâàíòîâàííûõ ïîëåé íà ãåîìåòðèþ ïðîñòðàíñòâà-âðåìåíè.

Êàê èçâåñòíî, âåëè÷èíû 〈T µ
ν 〉 ÿâëÿþòñÿ ðàñõîäÿùèìèñÿ, ÷òî ñîîòâåòñòâóåò ó÷åòó áåñêîíå÷íî áîëüøîãî

÷èñëà ñòåïåíåé ñâîáîäû âàêóóìà êâàíòîâàííîãî ïîëÿ. Òàêèå âåëè÷èíû íå ìîãóò áûòü èçìåðåíû (ïîýòî-
ìó ôèçè÷åñêîãî ñìûñëà íå èìåþò). Îäíîé èç âîçìîæíûõ ïðîöåäóð âûäåëåíèÿ êîíå÷íîé èëè èçìåðÿåìîé
÷àñòè òàêèõ âåëè÷èí (ïåðåíîðìèðîâêè) ÿâëÿåòñÿ ïðîöåäóðà âû÷èòàíèÿ èç íèõ òàê íàçûâàåìûõ êîíòð÷ëå-
íîâ ÄåÂèòòà-Øâèíãåðà. Ïðîöåäóðå âû÷èòàíèÿ ïðè ýòîì äîëæíà ïðåäøåñòâîâàòü ïðîöåäóðà ðåãóëÿðèçàöèè
〈T µ

ν 〉 ðàçäâèæêîé òî÷åê, ò.å. ïðåäñòàâëåíèÿ 〈T µ
ν 〉 â âèäå îïåðàòîðà, äåéñòâóþùåãî íà äâóõòî÷å÷íóþ ôóíê-

öèþ Ãðèíà êâàíòîâàííîãî ïîëÿ. Êàê è êîíòð÷ëåíû ÄåÂèòòà-Øâèíãåðà (êîòîðûå òàêæå ÿâëÿþòñÿ äâóõòî-
÷å÷íûìè ôóíêöèÿìè) ðåãóëÿðèçîâàííûå âåëè÷èíû 〈T µ

ν (x, ex)〉unren ÿâëÿþòñÿ êîíå÷íûìè (îíè ðàñõîäÿòñÿ
ëèøü ïðè x → ex), ïîýòîìó ïðîöåäóðà ïåðåíîðìèðîâêè ïðåäñòàâëÿåò ñîáîé âû÷èòàíèå êîíå÷íûõ âåëè÷èí. À
ïîëó÷àþùàÿñÿ â ðåçóëüòàòå ðàçíîñòü 〈T µ

ν (x)〉ren òàêæå ÿâëÿåòñÿ êîíå÷íîé, ïîñêîëüêó êîíòð÷ëåíû ÄåÂèòòà-
Øâèíãåðà 〈T µ

ν (x, ex)〉DS ñîäåðæàò âñå ðàñõîäèìîñòè ðåãóëÿðèçîâàííûõ âåëè÷èí 〈T µ
ν (x, ex)〉unren [1]

〈T µ
ν (x)〉ren = lim

ex→x
(〈T µ

ν (x, ex)〉unren − 〈T µ
ν (x, ex)〉DS) . (1)

Êîâàðèàíòíûå âûðàæåíèÿ äëÿ êîíòð÷ëåíîâ ÄåÂèòòà-Øâèíãåðà 〈T µ
ν (x, ex)〉DS â òåðìèíàõ ãåîäåçè÷åñêîãî èí-

òåðâàëà, ñîåäèíÿþùåãî ðàçäâèíóòûå òî÷êè, äëÿ ïîëåé ñïèíà 0, 1/2 è 1 áûëî ïîëó÷åíî â ðàáîòàõ Êðèñòåíñåíà
[2, 3]. Äëÿ ñêàëÿðíîãî ïîëÿ îíè èìåþò âèä

〈T µ
ν (x, ex)〉DS = 〈T µ

ν 〉quartic + 〈T µν〉quadratic + 〈T µ
ν 〉log + 〈T µ

ν 〉linear + 〈T µ
ν 〉finite, (2)
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〈T µν〉linear =
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〈T µν〉finite = − 1
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ãäå m - ìàññà ñêàëÿðíîãî ïîëÿ, ξ-ïîñòîÿííàÿ ñâÿçè ñêàëÿðíîãî ïîëÿ ñ êðèâèçíîé, R(x) - ñêàëÿðíàÿ êðèâèçíà
ïðîñòðàíñòâà âðåìåíè, Rµν(x) - òåíçîð Ðè÷÷è, Rµνρτ (x) - òåíçîð Ðèìàíà, σ(x, ex) - ïîëîâèíà ãåîäåçè÷åñêîãî
èíòåðâàëà, ñîåäèíÿþùåãî ðàçäâèíóòûå òî÷êè, gµν(x) - ìåòðè÷åñêèé òåíçîð, σµ = gµν(∂σ/∂xν), γ - ïîñòîÿí-
íàÿ Ýéëåðà, òî÷êà ñ çàïÿòîé îçíà÷àåò êîâàðèàíòíóþ ïðîèçâîäíóþ.

Ýòè âûðàæåíèÿ ðåøàþò çàäà÷ó î ïåðåíîðìèðîâêå 〈T µ
ν 〉 â ïðèíöèïå, îäíàêî âû÷èñëåíèå ÿâíûõ âûðàæå-

íèé äëÿ 〈T µ
ν (x, ex)〉DS íà ôîíå çàäàííîãî â òîé èëè èíîé ñèñòåìå êîîðäèíàò ãðàâèòàöèîííîãî ôîíà è äëÿ

çàäàííîé ðàçíîñòè êîîðäèíàò ðàçäâèíóòûõ òî÷åê îñòàåòñÿ çàäà÷åé âåñüìà òðóäîåìêîé. Íåìíîãî÷èñëåííûå
ïðèìåðû âû÷èñëåíèÿ 〈T µ

ν (x, ex)〉DS â ïðîñòðàíñòâàõ ñ áîëüøîé ñòåïåíüþ ñèììåòðèè ñóùåñòâóþò [4, 5]. Â
ïðîèçâîëüíîì ñëó÷àå ïîäîáíàÿ çàäà÷à ìîæåò áûòü ðåøåíà ñ èñïîëüçîâàíèåì êîìïüþòåðíûõ ñèñòåì àíàëè-
òè÷åñêèõ âû÷èñëåíèé. Òàêèì âû÷èñëåíèÿì äîëæíà ïðåäøåñòâîâàòü ïðîöåäóðà ðàçëîæåíèÿ âåëè÷èíû

σ(x, ex) =
1

2
gµν(x)

∂σ(x, ex)

∂xµ

∂σ(x, ex)

∂xν
=

1

2
gµν(x)σµ(x, ex)σν(x, ex) (8)

â ðÿä ïî ñòåïåíÿì ðàçíîñòè êîîðäèíàò ðàçäâèíóòûõ òî÷åê

εµ ≡ exµ − xµ. (9)

Òàêîå ðàçëîæåíèå ìîæåò áûòü ïîñòðîåíî, ó÷èòûâàÿ, ÷òî (ñì. [6])

σµ(x, ex) = −uµ(x)ds, (10)

ãäå
uµ =

dxµ

ds
, (11)

ds - äèôôåðåíöèàë äëèíû äóãè ìåæäó òî÷êàìè P (xµ) è eP (exµ) âäîëü ãåîäåçè÷åñêîé ëèíèè, èõ ñîåäèíÿþùåé.
Âåëè÷èíà uµ(x)ds ìîæåò áûòü íàéäåíà èç ðàçëîæåíèÿ ôóíêöèè exµ(ds), îïèñûâàþùèõ ãåîäåçè÷åñêóþ ïðè



4

óñëîâèè, ÷òî exµ(0) ≡ xµ

exµ(ds) = xµ +
dxµ
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Êîýôôèöèåíòû â ýòîì ðàçëîæåíèè ìîãóò áûòü íàéäåíû èç óðàâíåíèÿ ãåîäåçè÷åñêîé
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Ïîýòîìó ðàçëîæåíèå (12) ìîæåò áûòü ïåðåïèñàíî â ôîðìå

exµ(ds) = xµ(0) + uµds− 1
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Ýòè óðàâíåíèÿ ìîãóò áûòü ðåøåíû ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé îòíîñèòåëüíî uµds. Òàê ðåøå-
íèå ïåðâîãî ïîðÿäêà èìååò âèä

uµds = exµ(ds)− xµ(0) + O
�
ds2� = εµ + O(ε2). (16)

Ðåøåíèÿ âòîðîãî è òðåòüåãî ïîðÿäêà

uµds = εµ +
1

2
Γµ

kp(ukds)(upds) + O(ds3) = εµ +
1

2
Γµ

kpεkεp + O(ε3), (17)

uµds = εµ +
1

2
Γµ

ab

�
εa +

1

2
Γa

kpεkεp

��
εb +

1

2
Γb

qsε
qεs

�
+

�
1

6
Γµ

kp,q

−1

3
Γµ

kaΓa
pq

�
εkεpεq + O(ε4) = εµ +

1

2
Γµ

kpεkεp +

�
1

6
Γµ

kp,q

+
1

6
Γµ

kaΓa
pq

�
εkεpεq + O(ε4). (18)

Íåîáõîäèìîå äëÿ ïîñòðîåíèÿ 〈T µ
ν (x, ex)〉DS ðåøåíèå ÷åòâåðòîãî ïîðÿäêà åñòü
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kcΓ
c
pl

�
εkεpεl

� �
εb +

1

2
Γb

qsε
qεs

+

�
1

6
Γb

qs,j +
1

6
Γb

qaΓa
sj

�
εqεsεj

�
+

�
1

6
Γµ

ab,c −
1

3
Γµ

adΓd
bc

��
εa +

1

2
Γa

kpεkεp

�

�
εb +

1

2
Γb

qsε
qεs

��
εc +

1

2
Γc

ljε
lεj

�
+

�
1

24
Γµ

kp,qs −
1

6
Γµ

ka,pΓa
qs − 1

24
Γµ

kp,aΓa
qs

− 1

12
Γµ

kaΓa
pq,s +

1

12
Γµ

abΓ
a
kpΓb

qs +
1

6
Γµ

kaΓa
pbΓ

b
qs

�
εkεpεqεs + O(ε5) (19)

èëè

− σµ = uµds = εµ +
1

2
Γµ

kpεkεp +

�
1

6
Γµ

kp,q +
1

6
Γµ

kaΓa
pq

�
εkεpεq +

�
1

24
Γµ

kp,qs

+
1

24
Γµ

kp,aΓa
qs +

1

12
Γµ

kaΓa
pq,s +

1

24
Γµ

abΓ
a
kpΓb

qs

�
εkεpεqεs + O(ε5). (20)
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Ïîäñòàíîâêà ýòèõ âûðàæåíèé (ó÷èòûâàÿ òàêæå (8)) â (2) ñ ïîñëåäóþùèì ðàçëîæåíèåì ðåçóëüòàòà ïî ñòå-
ïåíÿì exµ − xµ è îòáðàñûâàíèåì ÷ëåíîâ, èñ÷åçàþùèõ ïðè x → ex, ïðèâîäèò ê èñêîìûì ÿâíûì âûðàæåíèÿì
äëÿ ðàçëîæåíèÿ 〈T µ

ν (x, ex)〉DS ïî ñòåïåíÿì ðàçíîñòè êîîðäèíàò ðàçäâèíóòûõ òî÷åê.
Îïèñàííàÿ ïðîãðàììà áûëà ðåàëèçîâàíà â ïàêåòå ñèìâîëüíûõ âû÷èñëåíèé MAPLE. Âõîäíûìè ïàðàìåò-

ðàìè ÿâëÿþòñÿ êîýôôèöèåíòû ìåòðè÷åñêîãî òåíçîðà gµν(x), îïèñûâàþùåãî ôîíîâóþ ãåîìåòðèþ ïðîñòðàíñòâà-
âðåìåíè, è ðàçíîñòü êîîðäèíàò ðàçäâèíóòûõ òî÷åê εµ = exµ − xµ. Ðåçóëüòàòû òàêèõ âû÷èñëåíèé ñîâïàäàþò
ñ ðàíåå èçâåñòíûìè [4] äëÿ ñîîòâåòñòâóþùåãî âûáîðà âõîäíûõ ïàðàìåòðîâ.

Ðàáîòà ïîääåðæàíà ãðàíòàìè ÐÔÔÈ � 05-02-17344, 05-02-39023, 06-01-00765.
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