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Àííîòàöèÿ. Ðàññìîòðåíû ïðîáëåìû ñîçäàíèÿ ïîëüçîâàòåëüñêîé áèáëèîòåêè äèôôåðåíöèàëü-
íîé ãåîìåòðèè â ïàêåòå Maple.

Construction of procedures library on di�erential geometry
Ignatyev Yu., Samigullina A.

Abstract. The problems of construction user's library on Di�erential Geometry by tools package
Maple are considered.

Äèôôåðåíöèàëüíàÿ ãåîìåòðèÿ òðàäèöèîííî ñ÷èòàåòñÿ îäíèì èç íàèáîëåå òðóäíûõ ïðåäìåòîâ íà ìàòå-
ìàòè÷åñêèõ ôàêóëüòåòàõ âóçîâ. Â íåé èíòåãðèðóþòñÿ çíàíèÿ, ïîëó÷åííûå ñòóäåíòàìè íà êóðñàõ àëãåáðû,
àíàëèòè÷åñêîé ãåîìåòðèè, ìàòåìàòè÷åñêîãî àíàëèçà îäíîé è íåñêîëüêèõ ïåðåìåííûõ, äèôôåðåíöèàëüíûõ
óðàâíåíèé. Êðîìå òîãî, ãåîìåòðè÷åñêèå îáðàçû, à òàêæå ñîîòâåòñòâóþùèå âû÷èñëèòåëüíûå ïðîöåäóðû, ñî-
ïðîâîæäàþùèå ýòîò êóðñ, ÿâëÿþòñÿ ÷ðåçâû÷àéíî ñëîæíûìè è ãðîìîçäêèìè. Âñå ýòî äåëàåò óêàçàííûé êóðñ
ìàëî íàãëÿäíûì è ñëîæíûì äëÿ óñâîåíèÿ, íåñìîòðÿ íà ÷ðåçâû÷àéíóþ ïðîñòîòó è ïðîçðà÷íîñòü îñíîâíûõ
èäåé äèôôåðåíöèàëüíîé ãåîìåòðèè. Ñ äðóãîé ñòîðîíû, ìåòîäû äèôôåðåíöèàëüíîé ãåîìåòðèè êðèâûõ è
ïîâåðõíîñòåé íàõîäÿò îãðîìíîå êîëè÷åñòâî ïðèëîæåíèé â ñàìûõ ðàçëè÷íûõ îáëàñòÿõ ïðèêëàäíîé ìàòåìà-
òèêè, òåîðèè ïîëÿ, ìåõàíèêè, îïòèêè è ò.ï. Ïîýòîìó, çàäà÷à ïîâûøåíèÿ íàãëÿäíîñòè ýòîãî êóðñà ñòàíîâèòñÿ
÷ðåçâû÷àéíî âàæíîé. Ýòà çàäà÷à ìîæåò áûòü ðåøåíà ãðàôè÷åñêèìè ñðåäñòâàìè ñèìâîëüíîé ìàòåìàòèêè,
â ÷àñòíîñòè, ïàêåòà Maple. Ïðè ïîïûòêå ñîçäàíèÿ äîñòàòî÷íî êà÷åñòâåííûõ äåìîíñòðàöèé ïî òåìàì: ñî-
ïðèêîñíîâåíèå êðèâûõ è ïîâåðõíîñòåé, íàòóðàëüíûé ðåïåð êðèâîé, íàòóðàëüíûé ðåïåð íà ïîâåðõíîñòè,
íîðìàëüíàÿ è ãåîäåçè÷åñêàÿ êðèâèçíà ïîâåðõíîñòåé, ãåîäåçè÷åñêèå ëèíèè íà ïîâåðõíîñòÿõ è äð. ìû ñòàë-
êèâàåìñÿ ñ íåîáõîäèìîñòüþ ñîçäàíèÿ ñïåöèàëüíûõ âû÷èñëèòåëüíûõ è ãðàôè÷åñêèõ ïðîöåäóð, ñîîòâåòñòâó-
þùèõ ââîäèìûì ïîíÿòèÿì, è ñîçäàíèÿ àíèìàöèîííûõ ïðîöåäóð äëÿ äåìîíñòðàöèè îñíîâíûõ ïîëîæåíèé è
ðåçóëüòàòîâ äèôôåðåíöèàëüíîé ãåîìåòðèè.

Â äîêëàäå îïèñàíà ïîëüçîâàòåëüñêàÿ áèáëèîòåêà ïðîöåäóð âû÷èñëåíèÿ è ãðàôè÷åñêîãî îòîáðàæåíèÿ
îñíîâíûõ ïîíÿòèé è ïðîöåäóð äèôôåðåíöèàëüíîé ãåîìåòðèè êðèâûõ è ïîâåðõíîñòåé, ïðèâåäåíû èëëþñòðà-
öèè ïðèìåíåíèÿ ïðîöåäóð íà ïðèìåðàõ ðàçëè÷íûõ êðèâûõ è ïîâåðõíîñòåé. Ïðîäåìîíñòðèðóåì íåêîòîðûå
ïðîöåäóðû ýòîé áèáëèîòåêè.

Áóäåì çàäàâàòü ïàðàìåòðèçîâàííóþ êðèâóþ ïðàâîé ÷àñòüþ åå ïàðàìåòðè÷åñêèõ óðàâíåíèé, ò.å., ðàäèóñîì-
âåêòîðîì [f(t),g(t),h(t)], Line - áóäåò åå óñëîâíîå èìÿ, param - åå ïàðàìåòð.

Çàäàäèì äëÿ óäîáñòâà â äàëüíåéøåì êîìàíäó âû÷èñëåíèÿ äëèíû âåêòîðà, ModVector(x) è êîìàíäó
íîðìèðîâàíèÿ âåêòîðà, NormVector(x):

> restart:
> YuDifGeo[ModVector]:=proc(x):
simplify(sqrt(linalg[innerprod](x,x))):end:
YuDifGeo[NormVector]:=proc(x):
simplify(linalg[scalarmul](x,1/YuDifGeo[ModVector](x))):end:
Îïðåäåëèì êîìàíäó âû÷èñëåíèÿ êàñàòåëüíîãî âåêòîðà ê êðèâîé â òî÷êå ñ ïàðàìåòðîì param0:
> YuDifGeo[TangentLine]:=proc(Line,param,param0):
eval(subs(param=param0,di�(Line,param))):end:
> YuDifGeo[TangentLine]([a*cos(t),a*sin(t),b*t],t,0);
Îïðåäåëèì êîìàíäó âû÷èñëåíèÿ äëèíû äóãè êðèâîé:
> YuDifGeo[LengthLine]:=proc(Line,param,param0,param1)
local t:
simplify(int(YuDifGeo[ModVector](YuDifGeo[TangentLine](Line,param,t1)),
t1=param0..param1)):end:
> YuDifGeo[LengthLine]([a*cos(t),a*sin(t),b*t],t,0,t);
Îïðåäåëèì êîìàíäó âû÷èñëåíèÿ åäèíè÷íîãî êàñàòåëüíîãî âåêòîðà êðèâîé tau â òî÷êå ñ ïàðàìåòðîì

param0:
> YuDifGeo[NormTangentLine]:=proc(Line,param,param0):
YuDifGeo[NormVector](YuDifGeo[TangentLine](Line,param,param0)):end:
> YuDifGeo[NormTangentLine]([a*cos(t),a*sin(t),b*t],t,t);
Îïðåäåëèì êîìàíäó íàõîæäåíèÿ åäèíè÷íîãî âåêòîðà áèíîðìàëè: beta=[r',r�]/ | [r',r�]: |
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> YuDifGeo[BinormLine]:=proc(Line,param,param0):
YuDifGeo[NormVector](linalg[crossprod](eval

(subs(param=param0,di�(Line,param))),
eval(subs(param=param0,di�(Line,param$2))))):end:
> YuDifGeo[BinormLine]([a*cos(t),a*sin(t),b*t],t,t);
Îïðåäåëèì êîìàíäó íàõîæäåíèÿ åäèíè÷íîãî âåêòîðà ãëàâíîé íîðìàëè n=[tau,beta]:
> YuDifGeo[MainNormLine]:=proc(Line,param,param0):
simplify(linalg[crossprod](YuDifGeo[NormTangentLine](Line,param,param0),
YuDifGeo[BinormLine](Line,param,param0))):end:
> YuDifGeo[MainNormLine]([a*cos(t),a*sin(t),b*t],t,t);
Îïðåäåëèì êîìàíäó âû÷èñëåíèÿ êðèâèçíû êðèâîé â òî÷êå param0:
> YuDifGeo[CurvatureLine]:=proc(Line,param,param0) local T1,N1:
T1:=subs(param=param0,di�(Line,param)):N1:=subs

(param=param0,di�(Line,param$2)):
simplify(YuDifGeo[ModVector](linalg[crossprod]

(T1,N1))/YuDifGeo[ModVector](T1)�3):
end:
> YuDifGeo[CurvatureLine]([a*cos(t),a*sin(t),b*t],t,tau);
Îïðåäåëèì êîìàíäó ñìåøàííîãî ïðîèçâåäåíèÿ òðåõ âåêòîðîâ:
> YuDifGeo[CombProd]:=proc(x,y,z):
simplify(linalg[innerprod](x,linalg[crossprod](y,z))):end:
> YuDifGeo[CombProd]([x,y,z],[1,2,3],[4,5,6]);
Îïðåäåëèì êîìàíäó âû÷èñëåíèÿ êðó÷åíèÿ êðèâîé â òî÷êå param0:
> YuDifGeo[TorsionLine]:=proc(Line,param,param0) local T1,T2,T3,TTT:
T1:=subs(param=param0,di�(Line,param)):T2:=subs

(param=param0,di�(Line,param$2)):
T3:=subs(param=param0,di�(Line,param$3)):TTT:=
simplify(YuDifGeo[ModVector](linalg[crossprod](T1,T2))):
simplify(YuDifGeo[CombProd](T1,T2,T3)/TTT�2):end:
Êîìàíäû èçîáðàæåíèÿ â òåîðèè äèôôåðåíöèàëüíîé ãåîìåòðèè êðèâûõ.
Êîìàíäà èçîáðàæåíèÿ íàòóðàëüíûõ óðàâíåíèé êðèâûõ k=k(s); kappa=kappa(s):
> YuDifGeo[GraphicNaturalCurvature]:=proc

(Line,param,param0,max_param,cc)
local param1:
plot([YuDifGeo[CurvatureLine](Line,param,param1),
YuDifGeo[LengthLine](Line,param,param0,param1),

param1=param0..max_param],color=cc
,labelfont=[TIMES,ROMAN,12],labels=[`s`,�]):end:
YuDifGeo[GraphicNaturalTorsion]:=proc (Line,param,param0,max_param,cc)
local param1:
plot([YuDifGeo[TorsionLine](Line,param,param1),
YuDifGeo[LengthLine](Line,param,param0,param1),

param1=param0..max_param], color=cc,
labelfont=[TIMES,ROMAN,12],labels=[`s`,�]):end:

> YuDifGeo[GraphicNaturalEquations]:= proc (Line,param,param0,max_param,cc1,cc2)
local param1: plot([[YuDifGeo[CurvatureLine](Line,param,param1),
YuDifGeo[LengthLine](Line,param,param0,param1), param1=param0..max_param],
[YuDifGeo[TorsionLine](Line,param,param1),
YuDifGeo[LengthLine](Line,param,param0,param1), param1=param0..max_param]], color =

[cc1,cc2], labelfont = [TIMES,ROMAN,12], labels=[`s`,�], legend=[`k(s) `,`kappa(s)`],
titlefont = [TIMES,ROMAN,BOLD],
title=`Natural Equations of Curve`):end:

> YuDifGeo[GraphicNaturalEquations]([t*cos(t),t*sin(t),t],t,0,4*Pi,blue,red);
(Ðèñ. 1.à.)

Êîìàíäà èçîáðàæåíèÿ îòðåçêà
> YuDifGeo[ParamLine]:=proc(X,q,param,c) local EQ:
EQ:=linalg[matadd](X,linalg[scalarmul](q,param),1,1):
plots[spacecurve](EQ,param=0..1,thickness=2,color=c,scaling=CONSTRAINED):
end:
Êîìàíäû èçîáðàæåíèÿ àäàïòèðîâàííîãî ðåïåðà ñ íà÷àëîì â òî÷êå t0:
> YuDifGeo[NaturalReper]:=proc(Line,param,param0,cc1,cc2,cc3)
local rt1,rt2,rt3,tt,bb,nn,xi,zeta,chi:
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à. Ãðàôè÷åñêîå ïðåäñòàâëåíèå íàòóðàëüíûõ
óðàâíåíèé êðèâîé. Âäîëü îñè àáñöèññ îòëîæå-
íû çíà÷åíèÿ íàòóðàëüíîãî ïàðàìåòðà s.

á. Âèçóàëèçàöèÿ íàòóðàëüíîãî ðåïåðà â
çàäàííîé òî÷êå êðèâîé.

Ðèñ.1. Ãðàôè÷åñêèå ïðåäñòàâëåíèÿ ðåçóëüòàòîâ èñïîëíåíèÿ ïðîöåäóð.

tt:=YuDifGeo[NormTangentLine](Line,param,param0):
rt1:=YuDifGeo[ParamLine](subs(param=param0,Line),

tt,xi,cc1,scaling=CONSTRAINED):
bb:=YuDifGeo[BinormLine](Line,param,param0):
rt2:=YuDifGeo[ParamLine](subs(param=param0,Line),

bb,zeta,cc2,scaling=CONSTRAINED):
nn:=YuDifGeo[MainNormLine](Line,param,param0):
rt3:=YuDifGeo[ParamLine](subs(param=param0,Line),nn,

chi,cc3,scaling=CONSTRAINED):
plots[display](rt1,rt2,rt3):end:
> YuDifGeo[NaturalReper]([cos(t),sin(t),t],t,Pi/2,red,blue,black);
Êîìàíäà àíèìàöèè íàòóðàëüíîãî ðåïåðà êðèâîé:

> YuDifGeo[AnimNaturalReper]: = proc(Line,param,mini,maxi) local GL,S:
GL:=plots[spacecurve](Line,param=mini..maxi,

thickness=1,color=navy,scaling=CONSTRAINED,
numpoints=2000):
S:=(i)- > plots[display](YuDifGeo[NaturalReper](Line,param,

(maxi-mini)/71*i,black,blue,red),GL):plots[display](seq(S(i),i=0..71), insequence=true):
end:
> YuDifGeo[AnimNaturalReper]

([cos(t),sin(t),0.2*t],t,0,8*Pi);

Ðèñ.2. Âèçóàëèçàöèÿ àíèìàöèîííîé ïðîöåäóðû äâèæåíèÿ íàòóðàëüíîãî ðåïåðà âäîëü âèíòîâîé ëèíèè.

Âîññòàíîâëåíèå êðèâîé ïî íàòóðàëüíûì óðàâíåíèÿì (Ìåòîä Èãíàòüåâà).
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Çàäàäèì åäèíè÷íûé âåêòîð êàñàòåëüíîé ê êðèâîé â ñôåðè÷åñêèõ êîîðäèíàòàõ:
> YuDifGeo[TangentSpher]:=proc(Phi,Theta,natural_param):
[cos(Phi(natural_param))*cos(Theta(natural_param)),
sin(Phi(natural_param))*cos(Theta(natural_param)),sin

(Theta(natural_param))]:end:
> YuDifGeo[TangentSpher](phi,theta,s);
> YuDifGeo[kSpher]:=proc(Phi,Theta,natural_param):
simplify(YuDifGeo[ModVector](di�(YuDifGeo[TangentSpher]

(Phi,Theta,natural_param),
natural_param))):end:
> YuDifGeo[kSpher](phi,theta,s);

Ëèòåðàòóðà

1. Äüÿêîíîâ Â. ¾Maple7:ó÷åáíûé êóðñ¿. � ÑÏá.: Ïèòåð,2002.;
2. Èãíàòüåâ Þ.Ã. ¾Äèôôåðåíöèàëüíàÿ ãåîìåòðèÿ êðèâûõ è ïîâåðõíîñòåé â åâêëèäîâîì ïðîñòðàíñòâå ¿.

- Ó÷åáíîå ïîñîáèå. Êàçàíü: ÒÃÃÏÓ, 2006;
3. Èãíàòüåâ Þ.Ã., Ñàìèãóëëèíà À.Ð. Ìåòîäèêè è òåõíîëîãèè ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ. Ñáîðíèê

òðóäîâ Ìåæäóíàðîäíîé íàó÷íîé êîíôåðåíöèè ¾Ìàòåìàòèêà. Îáðàçîâàíèå. Êóëüòóðà¿ - ã. Òîëüÿòòè,
2005.


