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Àííîòàöèÿ. Íà îñíîâå ïðåäëîæåííûõ Èãíàòüåâûì íåðàâíîâåñíîé ìîäåëè Âñåëåííîé è êè-
íåòè÷åñêîãî óðàâíåíèÿ òèïà Ôîêêåðà-Ïëàíêà èçó÷àåòñÿ ýâîëþöèÿ ñâåðõòåïëîâîé ðåëèêòîâîé
êîìïîíåíòû.

Research of processes kinetics with elementary particles in the early universe in computer system
maple

Ziatdinov R. A.
Abstract. Evolution of superthermal relict component is research on basis of non-equilibrium
model of Universe and kinetic equation of Fokker-Planck type o�ered by Ignatyev.

Èíòåãðàë óïðóãèõ ïàðíûõ ñòîëêíîâåíèé äëÿ ÷åòûðåõ÷àñòè÷íûõ ðåàêöèé äëÿ èçîòðîïíûõ ðàñïðåäåëåíèé
fa(p, xi) , çàâèñÿùèõ ëèøü îò àáñîëþòíîé âåëè÷èíû èìïóëüñà, ìîæíî ïðèâåñòè ê âèäó [1]:
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êóäà íåîáõîäèìî ïîäñòàâèòü ñëåäóþùèå âûðàæåíèÿ äëÿ p′, q′ è ∆p :

p′ = p−∆p; q′ = q + ∆p,

∆p = x(p− q)− cos ϕ
p

x(1− x)(4pq − s).

Áóäåì ïðåäïîëàãàòü, êàê ýòî ÷àñòî äåëàåòñÿ, ÷òî ïðè ñòîëêíîâåíèÿõ ÷àñòèöâ ñðåäíåì ïåðåäàåòñÿ íåáîëü-
øîé èìïóëüñ, ò.å.,

(pa − pc)2 ¿ p2, (2)
÷åìó ñîîòâåòñòâóþò çíà÷åíèÿ ïåðåìåííîé x → 1 . Ïîëàãàÿ

x = 1− ξ2, (3)
ðàçëîæèì â ðÿä Òåéëîðà èíòåãðàë ñòîëêíîâåíèé ïî ìàëîñòè ïåðåäàâàåìîãî èìïóëüñà, ò.å., ïî ìàëîñòè

ïàðàìåòðà ξ2 ¿ 1 .
Óäåðæèâàÿ ÷ëåíû ïîðÿäêà ξ2 , çàïèøåì ðàçëîæåíèÿ ôóíêöèé ðàñïðåäåëåíèÿ:
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Ïðè èíòåãðèðîâàíèè ïî óãëîâîé ïåðåìåííîé èíòåãðàëû, ëèíåéíûå ïî ξ , èñ÷åçíóò, ïîýòîìó äëÿ âíóò-
ðåííåãî èíòåãðàëà ïîëó÷èì âûðàæåíèå:

1

2π

Z 2π

0

dϕ
�
f(p′)f(q′)− f(p)f(q)

�
=

f(p)f(q) + (p− q)ξ2

�
f(p)

df(q)

dq
− f(q)

df(p)

dp

�
+ (6)

1

4
ξ2(4pq − s)

�
f(p)

d2f(q)

dq2
− 2

df(p)

dp

df(q)

dq
+ f(q)

d2f(p)

dp2

�
.

Ïðîâîäÿ èíòåãðèðîâàíèå ïî ïåðåìåííîé x , ïîëîæèì:
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x|F (s, x)|2dx. (7)
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Â äàëüíåéøåì áóäåì ó÷èòûâàòü òîò ôàêò, ïðè ñâåðõâûñîêèõ ýíåðãèÿõ âîññòàíàâëèâàåòñÿ ñêåéëèíã, ò.å.,
âûïîëíÿåòñÿ ñîîòíîøåíèå, ñîãëàñíî êîòîðîìó F (s, x) ≈ F (x) , òàê ÷òî A ≈ Const, B ≈ Const . Òîãäà,
ïðîèçâåäÿ èíòåãðèðîâàíèå ïî ïåðåìåííîé s â ïîëó÷åííîì âûðàæåíèè, íàéäåì:
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Ïðîèçâåäåì èíòåãðèðîâàíèå ïî ÷àñòÿì â ÷àñòè èíòåãðàëà, ñîäåðæàùåãî âòîðûå ïðîèçâîäíûå ïî ïåðå-
ìåííîé q , ïðè ýòîì:
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ãäå ìû ó÷ëè:

lim
q→∞

qnf(q) = 0, (0 ≤ n ≤ 3), (10)

óñëîâèå, íåîáõîäèìîå äëÿ ñõîäèìîñòè âûðàæåíèé äëÿ ïëîòíîñòè ÷èñëà ÷àñòèö è ýíåðãèè.
Òàêèì îáðàçîì, ïðîâîäÿ èíòåãðèðîâàíèå ïî ÷àñòÿì, ïîëó÷èì îêîí÷àòåëüíî èíòåãðàë ñòîëêíîâåíèé â

ôîðìå Ôîêêåðà-Ïëàíêà:
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Ïîäñòàâëÿÿ ïîëó÷åííûé èíòåãðàë ñòîëêíîâåíèé â ôîðìå Ôîêêåðà-Ïëàíêà (11) â êèíåòè÷åñêîå óðàâíåíèå
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ïðèâåäåì åãî ê âèäó ïðè óëüòðàðåëÿòèâèñòñêèõ çíà÷åíèÿõ èìïóëüñà p :
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Ïðîèçâîäÿ åùå ðàç èíòåãðèðîâàíèå ïî ÷àñòÿì â óðàâíåíèè (13) è ó÷èòûâàÿ ñîîòíîøåíèÿ:

n(t) =
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- ïëîòíîñòü ÷èñëà ÷àñòèö,

TS(t) =
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- ñëåä òåíçîðà ýíåðãèè-èìïóëüñà ÷àñòèö, ïðèâåäåì óðàâíåíèå (13) ê âèäó:
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Ñ ïîìîùüþ íåêîòîðûõ ââåäåííûõ îáîçíà÷åíèé ïðèâåäåì óðàâíåíèå (16) ê áîëåå èçÿùíîé ôîðìå îòíî-
ñèòåëüíî ôóíêöèè f(η, P ) (ñì., íàïðèìåð, ðàçëè÷íûå âàðèàíòû [20], [21]):
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ãäå

β(η)n∗ =
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Ýòî è åñòü èñêîìîå êèíåòè÷åñêîå óðàâíåíèå â äèôôóçèîííîì ïðèáëèæåíèè.
Çàìåòèì, ÷òî β(η) ñàìà ÿâëÿåòñÿ èíòåãðàëîì îò ôóíêöèè ðàñïðåäåëåíèÿ. Òàêèì îáðàçîì, íåñìîòðÿ íà

âíåøíþþ ïðîñòîòó, óðàâíåíèå (17) îñòàåòñÿ èíòåãðî-äèôôåðåíöèàëüíûì.
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Ïðîèçâåäÿ çàìåíó ïåðåìåííûõ è ïåðåõîäÿ â äàëüíåéøåì ê íîâîé ôóíêöèè ðàñïðåäåëåíèÿ G(η, x) , çà-
ïèøåì îêîí÷àòåëüíî äèôôóçèîííîå óðàâíåíèå (17) îòíîñèòåëüíî ôóíêöèè G(τ, x) â ôîðìå:
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Óðàâíåíèå (19) äîëæíî ðåøàòüñÿ ñ íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè âèäà:

G(0, x) = G(x); lim
x→∞

G(τ, x)x3 = 0, (20)

ïðè÷åì ôóíêöèÿ G(x) äîëæíà óäîâëåòâîðÿòü èíòåãðàëüíûì óñëîâèÿì:
Z ∞

0
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Z ∞

0

G(x)x3dx = 1. (21)

Â ñëó÷àå b(τ) = 0 óðàâíåíèå ïðèíèìàåò âèä òðåõìåðíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè â ñôåðè÷åñêîé
ñèñòåìå êîîðäèíàò â ñëó÷àå ñôåðè÷åñêîé ñèììåòðèè, íèæåñëåäóþùåå ðåøåíèå êîòîðîãî íà ðàííèõ ñòàäèÿõ
ðàñøèðåíèÿ îïèñûâàåò íîðìèðîâàííóþ ôóíêöèþ ðàñïðåäåëåíèÿ â óíèòàðíîì ïðåäåëå:
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2x
√
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))ydy, (22)

ãäå G(y) - ïðåäïîëàãàåìîå íà÷àëüíîå ðàñïðåäåëåíèå, îïðåäåëÿåìîå èç ñîîòíîøåíèé íîðìèðîâêè. Ïðåä-
ïîëîæèì, ÷òî îíî èìååò ñëåäóþùèé âèä:

> G(0,x):=A*Heaviside(x0-x);
> assume(x0 > 0,A > 0);

G(0, y) := AHeaviside(x0− x), (23)

ãäå A è x0 - ïîëîæèòåëüíûå êîíñòàíòû, Heaviside(x)-ñòóïåí÷àòàÿ ôóíêöèÿ. Ïåðåïèøåì èíòåãðàëüíûå
óñëîâèÿ:

> Eq1:=int(G(0,x)*x�2,x=0..in�nity)=1;

Eq1 :=
A(y0)3

3
= 1. (24)

> Eq2:=int(G(0,x)*x�3,x=0..in�nity)=1;

Eq2 :=
A(y0)4

4
= 1. (25)

Ðåøàÿ ñèñòåìó äâóõ óðàâíåíèé, ïîëó÷èì:
> fsolve( { Eq1,Eq2 } );

A =
81

64
, y0 =

4

3
. (26)

Òàêèì îáðàçîì, ïîëó÷èì íà÷àëüíîå ðàñïðåäåëåíèå âèäà:

G(x) =
81

64
χ(

4

3
− x). (27)

Ïîäñòàâèâ íà÷àëüíîå ðàñïðåäåëåíèå â (22), ïîëó÷èì ðåøåíèå, êîòîðîå ÷èñëåííî ïðîèíòåãðèðîâàíî è
ïðåäñòàâëåíî ñëåäóþùèì ãðàôèêîì:

$>$ G:=(tau,x)-
$>$ 1/(2*x*sqrt(Pi*tau))*int(81/64*Heaviside(4/3-y)*y*(\exp(-1/4*(x-y)\^{}2/tau)-
\exp(-1/4*(x+y)\^{}2/tau)),y =0 .. 4/3):

$>$ plot3d(G(tau,x),x=0..10,tau=0..10,axes=boxed);
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Ðèñ.1. Ôóíêöèÿ ðàñïðåäåëåíèÿ.

Ïðè τ << τeff , ãäå τeff -ýôôåêòèâíîå âðåìÿ ñòîëêíîâåíèé ðàññìàòðèâàåìûõ ÷àñòèö, èíòåãðàë ñòîëê-
íîâåíèé (ïðàâàÿ ÷àñòü êèíåòè÷åñêîãî óðàâíåíèÿ (12)) ðàâåí íóëþ. Òîãäà ðàçëàãàÿ óðàâíåíèå (19) â ðÿä
G = G0 + G1 , ãäå G0 -íà÷àëüíîå ñòóïåí÷àòîå ðàñïðåäåëåíèå, ïîëó÷èì:

> b:=(tau)- > int(G(tau,x)*x,x=0..in�nity);

b := τ →
Z ∞

0

G(τ, x) x dx (28)

> Eq:=di�(G(tau,x),tau)=(1/x�2)*Di�(x�2*(Di�(G(tau,x),
x)+2*b(tau)*G(tau,x)),x);

Eq := ∂
∂τ

G(τ, x) =
∂

∂x
(x2 (( ∂

∂x
G(τ, x)) + 2

R∞
0

G(τ, x) x dx G(τ, x)))

x2
(29)

> eval(subs(G(tau,x)=G0(tau,x)+G1(tau,x),Eq)):
> subs(di�(G0(tau,x),tau)=0,lhs(%))=eval(subs( { di�(G0(tau,x),tau)=0,
G1(tau,x)=0 } ,rhs(%))):
Èíòåãðèðóÿ îáå ÷àñòè óðàâíåíèÿ ïî ïåðåìåííîé τ , ïîëó÷èì
> G1:=(tau,x)- > int(1/x�2*(2*x*(di�(G0(tau,x),x)+2*int(G0(tau,x)*x,x=0..
in�nity)*G0(tau,x))+x�2*(di�(G0(tau,x),`$`(x,2))+2*int(G0(tau,x)*x,x=0.. in�nity)*di�(G0(tau,x),x))),tau);

G1(τ, x) → ∫(2 x (diff(G0(τ, x), x) + 2
R∞
0

G0(τ, x) x dx G0(τ, x))

+x2 (( d2

dx2 G0(τ, x)) + 2
R∞
0

G0(τ, x) x dx diff(G0(τ, x), x)))/x2dτ
(30)

> G1(tau,x);

729

128

Heaviside( 4
3
− x)τ

x
(31)

> G:=(tau,x)- > G0(tau,x)+G1(tau,x):
> plot3d(G(tau,x),tau=0..3,x=0..3,axes=boxed);
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Ðèñ.2. Ôóíêöèÿ ðàñïðåäåëåíèÿ ïðè
τ << τeff .

Çàìåòèì òàêæå, ÷òî óëüòðàðåëÿòèâèñòñêàÿ ðàâíîâåñíàÿ ôóíêöèÿ ðàñïðåäåëåíèÿ:

f0 = C(τ)e−2
β(τ)

x , (32)
ãäå C(τ) - ïðîèçâîëüíàÿ ôóíêöèÿ, îáðàùàåò â íóëü ïîëó÷åííûé èíòåãðàë ñòîëêíîâåíèé. Ýòî îçíà÷àåò,

÷òî ñ òå÷åíèåì âðåìåíè τ → ∞ ðåøåíèå óðàâíåíèÿ (19) ñòðåìèòñÿ ê ðàâíîâåñíîìó ðàñïðåäåëåíèþ (32) ñ
òåìïåðàòóðîé:

T (η) =
β(η)

a(η)
⇒ T∗ = β(η), (33)

ãäå T∗ - êîíôîðìíàÿ òåìïåðàòóðà.
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