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0 < r <∞, z > 0

1

r

∂

∂r

(
r
∂u

∂r

)
+
∂2u

∂z2
− 1

a2
∂u

∂t
= 0, 0 < r <∞, z > 0, t > 0;

@¤£�B
¥ �X���_�_���_¦B�������_�����X���
u|r→0 §

� ¥ �X���_�_�_���	� � u|√
r2+z2→∞ §

� ¥ �_�[�_���X���X�GÔ

u|z=+0 = f (r, t)
@`úKB

�¨�	���	���_©��X�4�3�T�����X�[�4�_�

u|t=+0 = g (r, z) .
@ ^dB
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ϕ (r)
�	�[��¦±���[������¢�_�_��� ¥ �_�[�R²³£�´ � ² ú[´

Φ(ν) =

∞∫

0

ϕ (r) rJ0 (νr) dr, 0 < ν < +∞. @Æa�B

à �4���<�[�X�H�4®4�_���v�����X�

ϕ (r) =

∞∫

0

Φ(ν) νJ0 (νr) dν, 0 < r < +∞.

´ �X����©
J0 (x) §

���G�_�����X�A�,���������X�T�X������� ¥ �������(�H�o���[�X����¦B�µ�_���X���G�����

J0 (x) =
∞∑

k=0

(−1)k
(
x
2

)2k

(k!)2
, |x| <∞.

´ ���<���4�_� � �X�4���������¡�°���_�����X�
ϕ (r)

�������[� � �_��� ϕ (r) = O (rα)
�X���

r → 0, α > −2 �
ϕ (r) = O

(
rβ
) �X���

r →∞, β < − 3
2
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U (ν, z, t) =

∞∫

0

u (r, z, t) rJ0 (νr) dr, 0 < ν < +∞.

w��[�_�G���X�

1

a2
∂U (ν, z, t)

∂t
=
∂2U (ν, z, t)

∂z2
− ν2U (ν, z, t) ,

@p}KB
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U |z=+0 = F (ν, t)
@ ÞfB

U |t=+0 = G (ν, z) .
@�·KB

¥ �X�

F (ν, t) =

∞∫

0

f (r, t) rJ0 (νr) dr, 0 < ν < +∞, @c¸dB

G (ν, z) =

∞∫

0

g (r, z) rJ0 (νr) dr, 0 < ν < +∞. @ ÛdB
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W (ν, s, t) =

√
2√
π

∞∫

0

U (ν, z, t) sin (sz) dz, 0 < s < +∞.

à �4���<�[�X�H�4®4�_���v�����X�

U (ν, z, t) =

√
2√
π

∞∫

0

W (ν, s, t) sin (sz) ds, 0 < z < +∞. @¤£�ÓdB

w��[�_�G���X�

1

a2
dW (ν, s, t)

dt
+
(
ν2 + s2

)
W (ν, s, t) =

√
2√
π
sF (ν, t) .
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W |t=+0 = Ḡ (ν, s) ,
@¤£XúfB

�_�����X���

Ḡ (ν, s) =

√
2√
π

∞∫

0

G (ν, z) sin (sz) dz, 0 < s < +∞. @¤£�^dB

øF®��v���v�_�5ö$���_�X�o���_�[�4�_���_�_��@¤£�£�B,�X� ¥ �G�N�X�[¶����_�X����

W (ν, s, t) = C (ν, s) e−(ν
2+s2)a2t +W ∗ (ν, s, t) ,

¥ �X� W ∗ (ν, s, t) §
���[�G�4��¯c���X®����_©N�	�[���4�_�4�o�_�#öv�����X�o�X�����_�X�4�����X�_� ¥ �N���_�[�4�_���_�_��@¤£4£�B � C (ν, s) §

�_�_���_�����[�_©��	���T�X�������[¯
�G���	���$�_�_��� ¥ ���X�_�[�����_�X� � �G�4�4�4�X�[�N�½��¾v���$�b�[���X�����4©$�4���X���X�[�<�����_�[� ν, s ³H÷g���G�4�B�_�5ö$���_�_�°�<�[¾$�X�v�_���_�G���X�4© � �X�[�_���_�½��� ��<�������	�4�µ���[���X�[�_���¨�_�_�[�X���4���_©��_¦±¶T�_�4�������G�_��¦±¶

W ∗ (ν, s, t) =

√
2√
π
sa2e−(ν

2+s2)a2t
∫
F (ν, t) e(ν

2+s2)a2tdt.
@¤£1a�B

¿����X�[�_©������0�	���X�[�_©��X�4�F�����_���4�_��@¤£XúfB � �X�[¶����_�X���X�����_�����[�_©4�����¡�_�4���4�������_���
C (ν, s)

C (ν, s) = Ḡ (ν, s)−W ∗ (ν, s, 0) .

÷g�����X�µ�4®��X�[���4� � �_�5ö$���_�_�����_�[�4�_���_�_��@¤£�£�B � ���X���4�_���4�4�4�G���F�v���F�	���	���_©��X�4�3�T�����X�[�4�_� @¤£1úKB � �X�<�����N�4���

W (ν, s, t) =
[
Ḡ (ν, s)−W ∗ (ν, s, 0)

]
e−(ν

2+s2)a2t +W ∗ (ν, s, t) .
@¤£�}fB
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øF���4�[������H���[�_©��G�F�X�����X���X������������©4�_�v��®4�_���4�_�4©v�F�4���<�[��¦8�±�X���<�4��©��{�4®��X�����_¦±¶H�X�����4®��X�[�������[�_���
§
��®4�X�[�4�X� ¥ �v���_�_����¯

�X�_���4®4�_�����[���[���X� à ����©4��@¤£�ÓdB,�À�4®��X�����X� ¥ �L�_�_���4®4�_�����[���[���X� à ����©���¯·� ���������X�

u (r, z, t) =

∞∫

0

U (ν, z, t) νJ0 (νr) dν, 0 < r < +∞. @¤£�ÞfB

¿��4�[� � �X�[�_�G�X���X�N�F�4��� ���_©��X�4�v���#öv���_�_���b���	���_�Ë@¤£�ÓfB � @¤£�}fB,�Ë@¤£�ÞdB � �G�����4���4�o�½��¾$�X���b�[���X�����4©L�b�_�X�[�O�F�4���3���_���

u (r, z, t) =

√
2√
π

∞∫

0

νJ0 (νr) dν

∞∫

0

W (ν, s, t) sin (sz) ds, 0 < r < +∞, 0 < z < +∞, t > 0.

Á$� àâï�ì$Â,éWï
wo�����4©H�X�b�X�[��©4�	�[�

g (r, z)
� ¥ �X���_���_�X��� f (r, t) ���G�X���_���¨�b�b�(�[��¦ ��¦B�X�[¾$���_�X���3�

g (r, z) = T0e
− r
R

@¤£b·fB

f (r, t) =

{
T1, r < ρ;
0, r > ρ.

.
@¤£�¸dB

¥ �X� T0 � T1 §
�G�[�X�����[�_�4¦�³Xø��X���4���_�X� � ���G�_�����_��@¤£�}fB	��@¤£�ÞdB	���	�[�4�_���4�����G�����,�������¢�����_���4�_���¢�����v�������������[���X�o���X��� ¥ �X���X���@c¸dB,�Ë@ ÛfB�³_¿��<�����

F (ν, t) =

ρ∫

0

T1rJ0 (νr) dr =
T1ρJ1 (νρ)

ν
,

G (ν, z) =

∞∫

0

T0e
− r
R rJ0 (νr) dr =

T0R
2

(1 + ν2R2)3/2
,

Ḡ (ν, s) =

√
2√
π

∞∫

0

G (ν, z) sin (sz) dz =

√
2√
π
· T0R

2

s (1 + ν2R2)3/2
.

´ �X����©
J1 (x) §

���G�_�����X�A�,���������X�T�X������� ¥ �������(�H�����_�_���_���_¦B�������X���G���4�

J1 (x) =

∞∑

k=0

(−1)k
(
x
2

)2k+1

k! (k + 1)!
, |x| <∞.

n¡��� ¥ �	�

W ∗ (ν, s, t) =

√
2√
π
sa2e−(ν

2+s2)a2t
∫
F (ν, t) e(ν

2+s2)a2tdt =

√
2T1ρ√
π
· sJ1 (νρ)

ν (s2 + ν2)
.

¿ � ���X��	������������©4�_� �

W (ν, s, t) =

[√
2√
π
· T0R

2

s (1 + ν2R2)3/2
−
√
2T1ρ√
π
· sJ1 (νρ)

ν (s2 + ν2)

]
e−(ν

2+s2)a2t +

√
2T1ρ√
π
· sJ1 (νρ)

ν (s2 + ν2)
.

U (ν, z, t) =
T0R

2e−ν
2a2t

s (1 + ν2R2)3/2
Φ

(
z

2a
√
t

)
− 2T1ρe

−ν2a2t

πν

∞∫

0

e−s
2a2tsJ1 (νρ) sin (sz)

(s2 + ν2)
ds+

T1ρJ1 (νρ)

ν
e−νz.

øF���[�_�X��������©4�_�H�_�������X�����

u (r, z, t) = T0R
2Φ

(
z

2a
√
t

) ∞∫

0

e−ν
2a2tνJ0 (νr)

(1 + ν2R2)3/2
dν−

−2T1ρ

π

∞∫

0

J1 (νρ) J0 (νr) dν

∞∫

0

e−(s
2+ν2)a2ts sin (sz)

(s2 + ν2)
ds+

+T1ρ

∞∫

0

e−νzJ1 (νρ) J0 (νr) dν.

´ �X����©
Φ(x) §

���X��� ¥ �X�[�T�����������4�_�4�����

Φ(x) =
2√
π

x∫

0

e−t
2

dt.
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Φ(ν) =

∞∫

0

ϕ (r)
√
νrJ0 (νr) dr, 0 < ν < +∞,

�_�����X��� � �F���_�3�[�	�N��®4�X�[�v���_�_�

ϕ (r) =

∞∫

0

Φ(ν)
√
νrJ0 (νr) dν, 0 < r < +∞.

ÄÇ�X�[®4�����>�_���_���_©4�������[�X�µ�_�_����®4�X�[�������[���X�À@Æa�B�³°È,�����_�_����®4�X�[�������[���X�>�X���_�4�b�_�X���É®4���_���>�_�_�4���4¦B�Å�F�4���<�[�X���Ê�X���
��¦±�_�_���X���_���À�G���_�_�����4��¦±¶��_�_��� ¥ �_�[�_���3³

øF�4�_�4���_������©4�X���������3�_�X�[�X� ¥ �_� §
�3¦y�X�����X���G¾H�����[���X��©T���X�����	���X�����_� � �_���_�4���X���_��¦±¶À�¢����� ¥ �[¶Ë² ^�´ � ² a�´ ³dw������4®��X�[¯���������_�_�r@ÆadB

§
�X�����4®��X�[���������_�_� à ����©4��¯��,���������X�

§
�	�[���4�_¦±�O���_�G�X�[�O�4®��$� ¥ �T�X�����4®��X�����������_�_�m_o���X�G���_�¨�$�����_�����X���� ���������X�T�X������� ¥ �������(�H�o�_�[�_���4¦B�µ�����X���G����� J0 (νr) ³
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:/;�D dLA·E*M�J4qZD4H C?@�=µ÷vø(XìF�J?KLM�[�I�>�=�dm=4WyJ"H�JB_BR�oÝ>�ML=4W�ALE*J"H CBSeM�=)F�;�=BO�C?A�O�D]F�;�A�JB_B;�D KL=]ø�>4=7dm=7W�=UJe;�=?M�V�D
ë
f
� F�;�D
dmH C�=?@BK�D�M�M�JB��H C�=?C?S"D�;�="H�H�E*J"C?;�D�ML=-F�;�A�O�KL=�dLM�=�Y�>�=7dm=7W�=+k)Y�@?K�Y�o�aZ=?Y�H8YtWL=BH CBM�[1E�H K�R�W�=?D4E�øÀ>�=�dm=7W�AtJ
;�=?M�V�D ëpXÚ;�=?V�A�JBM�=?K�SBM�J"Dp;�=B>�E*D�aZD�M�A�D�N�;�R�>4=ZML=�H R�dmM�DBf

& ="H�H�E*JBC?;�ALE�F�J"H�C?;�J"D�M�A�D-F�;�J"D�O�V�A���H�R�dLM�=UdLK�YGJBF�;�D dLD K�D�M�A�Y·J�H M�J"@BM�[�I�C?JBW�D�OGM�=?F�;L=?@?KLD�M�M�J"N�Je@BJB> dLD���X
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• dLA�=BE*D�C?;�=?K�SBM�=?Y�F�K�J�H O�J�H C?Sbs ¸ ��|LkpF�K�J"H�O�J�H C?SLP ;�="H�H�D�O�=Bo�aZ=?Y�H R4dLM�J1@�dLJBK�S�P ¸ �·k�Y�@?K�Y�D�CBH~Y�F�;�J�dLJBK�SBM�JB�
F�K�J"H�O�J�H C?S"o�H A�E(E*D�CB;�A�A<�

• F�K�J"H�O�J�H C?STE*A�dLD K�SBXÛcZF�=?M�N�JBR�C7=tsv���Sù�|1k);�=BH�H D�O�=?D�CTH R�dmM�J-F�J"F�D�;�D�OQP{F�D�;�F�D�M�dLA�O�R7K�Y�;�M�J ¸ �ÝM�=-H�D�;�D�X
dLA�M�D�;�="H W�D�C?M�JB�-d�K�A�M�[¬H R4dLM�=(�

• J"H M�JB@BML=�YtF�K�J"H�O�J�H C?SmsÛ����|1kjF�K�J�H O�J�H C?SLPiF�D�;�F�D�M�dLA�O�R7K�Y�;�M�=?Y ¸ � Ay���µùwP³F�;�J7I"J�d�Y�a}=�Y^W�D�;�D�>%C?J�H O�R
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AeO�="H�=?CBD K�SBM�[1E*AUOeO�JB;�F�R"H RTH�R�dLM�=%@+O�;�=B��M�A�IUD�N�J%C?J"W�O�=?I3��JB_"[\W�M�J%M�=?A�_"J?K�D�D�cbA�;�J"O�A�E�Y�@BK�Y�D�C"H8YeE*A�dLD�K�S%X
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H
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T
k�H�;�D
dLM�Y�Y�J�H�=7dmO�=1H R4dLM�=�k�@"D K�A�W�A�M�=1R�N5K�R�_?K�D�M�A�YbH R�dmM�=�P�J"F�;�D dLD K�Y�D�CBH8YbO�=BObH D�W�D�M�A�DBP4F�;�J4I"J4d�Y�abD�D�W�D�;�D�>

V�D�M�C?;)C�Y�qZD4H C?A)F�K�J"aZ=7dmA-@�=?C?D�;�K�A�M�A�A½�

T ÿ kbR�N~KLR�_BK�D�M�A�D1H R�dLML=�P?A�>4E*D�;�Y�D�CBH~Y%M�=�E*A�dmD K�SBXÛcbFL=?M�N�JBR�C?D��?F�;�A%J"H�=�dLO�D1H R4dLM�=�M�=�;�JB@BM�[\�}O�A�K�S
T = T ÿ �

F
k+@B[1H�JBC�=ZM�=7dm@BJ4dLM�JBN�JZ_BJ";�C7=ZX

F = H − T ÿ �

D
k]E(="H�H�=�H R4dLM�=�f

��R"H CBSeM�=jH�R�dLM�D-M�D�O�J"C?JB;�[\�·N�;�R�>
P

E(=BH�H J"��� F�D�;�D�M�D4H D�MGC7=?O³PW�C?JjV�D�M�C?;�C�Y�qZD�H�C?A©s�� Ù | l C?JBN�JeN�;�R�>�=
F�D�;�D4E*D�H CBA�KLH8YtA�>ZCBJBW�O�A

A0{x0, y0, z0}
@-C?JBW�O�R

A1{x1, y1, z1}
f Ù JBN~dm=-E(=BH�H�=+@�H D�N�J]H�R�dLM�=]M�DZA�>�E*D�M�A�CBH~YQP{M�J

A�>�E*D�M�A�CBH~Y)F�J?K�J7qZD�M�A�D�D�N�J�� Ù f & =?>�KL=?N =�Y)��=?O�CBA�W�D�H�O�JBD�F�D�;�D4E*D�abD�M�A�DbM�=%C?;�Ae@B>�=BA�E*M�J%J";�C?JBN�JBM�=?K�SBM�[�I-F�D X
;�D�E*D�aZD�M�A�Y}F�=B;�=�K�KLD K�S"M�JpJ"H~Y�EeO�J"JB;"dLA�M�=?C7P�;�="H�H�E*J"C?;�A�EjF�D�;�D�E*D�aZD�M�A�D\F�;�J4dLJ?K�S"M�JBD

lx = x1−x0
P�F�JBF�D�;�D�W�M�JBD

ly = y1 − y0
AT@"D�;�CBA�O�=?K�SBM�J"D

lz = z1 − z0
f

��D�;�D4E*D�aZD�M�A�D�� Ù H�R�dLML=-E*J4q%M�J-ML=?��C?A^HZF�J�E*JBabS"o�CBD�JB;�D�E*[�C?D�J";�D�C?A�W�D�H�O�JB�^E*D�I�=?M�A�O�AtJTH�C7=BC?A�W�D�H�O�A�I
E*J�E*D�M�C�=�IiP�H J"N~KL="H M�J}O�JBC?J";�JB�QÞ

δxg = Plx/D
δyg = Ply/D
δzg = Plz/D

s I |

� ;�D�>�R4K�S�C7=?CBD�F�D�;�D�E*D�aZD�M�A�Y+F�J7Y�@?Y�C"H8Y�dL@BD\dmJBF�JBK�M�A�C?D�K�SBM�[\DpF�=?;�[�H�A�K³f��1dLM�=�A�>pM�A�I%_"R�dLD�C�dLD���H�C?@BJ"@"=BC?S
@ ¸ ��P?@"[\>�[\@"=?Y�dLAL����D�;�D�M�C7f"��K�D�W�D\D�D\_"R�dLD�C�;�=B@BM�J

δxg cosψ+δzg sinψ
P"N8dLD

ψ
X2R�N�JBK}dLA�����D�;�D�M�C�=�f ¸ ;�R�N
=?Y

q}D-_"R�dLD�CedLD���H�C?@BJ"@"=BC?Sj@tF�JBF�D�;�D�W�M�JB�GF�K�J�H O�J"H CBAQPFL=?;�=?K�K�D KLSBM�JB�����µù P*@"[\>�[\@"=?YyO�;�D�MQf(��K�D�W�JtD�D-_"R�dLD�C
;L=?@BM�J

δyg cos θ + δyg sin θ
sv;�A�H?f Ã |
f
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�)J"E*D�M�C?[ l C?A�ITF�=?;T;L=?@BM�[�Þ
dLA�����D�;�D�M�CBR�o�abA��

δM 
��� = D(δxg cosψ + δzg sinψ);O�;�D�M�Y�abA��
δM ��� = D(δyg cos θ + δzg sin θ).��J4dmH C�=?@?K�Y�Y]@ l C?A)��JB;�E*R7K�[¦@"[\;�=�qZD�M�A�Y�s I |

δM 
��� = P (lx cosψ + ly sinψ);
δM ��� = P (ly cos θ + lz sin θ).

} s Ã |

��;�A}dLJ"H�C7=BC?JBW�M�J�E(=?K�[�I}R�N5KL=�I}M�=BO�K�JBML=
sinψ ≈ ψ; cosψ ≈ 1; sin θ ≈ θ; cos θ ≈ 1. g/C?J�dmJBF�R"H�C?A�E(=�P"D�H K�A+H�A�KL=

C�Y�qZD�H�C?A)A�K�AUF�D�;�D�E*D�aZD�M�A�YUN�;�R�>4=�dmJ"H C�=?C?J"W�M�J%E(=�KL[�f Ù JBN~dm=%��JB;�E*R4KL[`s Ã |�F�;�A�M�ALE(=?o�C%@"A�d2Þ

δM 
��� = P (lx + lyψ);
δM ��� = P (ly + lzθ).

} s á |
:/JBN~Km=BH M�J�R"H
KLJB@BA�Y�Et;L=?@BM�JB@BD4H A�YQP�dLD���H�C?@BA�D l C?A�I+E*J�E*D�M�CBJB@bR�;�=?@"M�JB@"D�H A�C"H8YZdLD���H C?@"A�D�Ey@BJ"H�H C�=?M�=B@?K�A�@"=?opabA�I
EJ�E*D�M�CBJB@�f

��;�A<;�=B@BM�J"JB_BhQD�E*M�J"E�M�=BO�K�JBM�D�M�A�A�� Ù H R4dLM�=yM�DtE*D�M�Y�D�CGH @"JBD�N�J�F�JBK�J7qZD�M�A�Y<F�J·J"C?M�J"cbD�M�A�o O¦H A�H CBD X
ED�O�J"JB;"dLA�M�=BC�� ����� P�H @?Y�>4=?M�M�J"�-H�H�R�dLM�J�E�P�=}V�D�M�CB;T@"D K�A�W�A�M�[�s�� � k+C?J"W�O�=}F�;�A�K�J4qZD�M�A�YUF�;�A�@BD dLD�M�M�JB�UH A�K
F�KL=?@"R�W�D�H CBAL|2F�D�;�D4E*D�H CBA�CBH~Y�@�H�C?JB;�J"M�R�M�=?O�K�J"M�D�M�A�YTsö@�H
KLR�WL=?DÚdLA�M�=BE*A�W�D4H O�JBN�J�A�H F�JBK�SB>�JB@"=BM�A�YbH�R�dLM�=�P7M�=BF�;�A�X
ED�;QP�@�E*J�ED�M�C�dL@"A�qZD�M�A�YZF�J�O�R�;�H�RBP�@"E*D�H�C?J�� � A�H�F�J?K�S">�RBD�CBH8YZV�D�M�CB;}@B;L=?abD�M�A�Y-s�� ��& |ik�CBJBW�O�=pF�D�;�D4H D�W�D�M�A�Y
O�JBJ";BdLA�ML=?C?M�[�I-J"H�D��T@B;�=BabD�M�A�YTH R4dLM�="| f � D4H�H R�dmM�=}AUH�A�KL=}F�J4d�dLD�;"q}=?M�A�Y

pgV
J"_B;�=B>�R�o�C}F�=?;�Rtsö;�ALH?f � |
f

f
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��K�D�W�J l C?JB��F�=?;�[
GK = l

M�=B>�[\@�=?D�C"H8YtF�KLD�W�J"E©H C�=?CBA�W�D�H�O�JB��J�H C?J"��W�A�@"J"H CBAQf2�pF�;�D
dLD KLA�E�@BD KLA�W�A�M�RjF�K�D�W�=
H C7=BC?A�W�D4H O�J"��J�H C?J"��W�A�@"J"H�C?A}A�>

∆MGK
Þ
GK =MG sin θ.

� J�H�H C�=?M�=B@?K�A�@"=?o�abA��}E*J"E*D�M�C�F�JBK�R�W�A�CBH~Y�;L=?@BM�[1E

M  = Dh0 sin θ
s í |

� D�K�A�W�A�ML=
MG

JB_"JB>�M�=4W�ALE"! J k l C?JZF�JBF�D�;�D�W�M�=�Y]E*D�C7=?V�D�M�C?;�A�W�D�H�O�=�Y-@B[1H�JBC�=�f_��=BO%_"[�K�JZH O�=?>�=BM�Jb;�=?M�D�DBÞBd�K�Y
E*=?K�[�I-R�N~K�J"@�E*J7q�M�J�F�;�D
dmF�J?K�J7q%A�C?S

sin θ ≈ θ
P�=���JB;LER7KL=Ts í |�F�D�;�D�F�A�cZD�CBH~YU@�@BA�dLD

M  = Dh0θ
s � |
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dLD�K�A�E©F�;�J4dLJ?KLSBM�R�oÒE*D�C7=BV�D�M�C?;�A�W�D�H�O�R�o @"[1H J"C?R
µ1G = H0

sö;�A�H?f C |
fm�pF�;�D dLD K�D�M�A�D�F�JBF�D�;�D�W�M�JB�UE*D�C�=?V�D�M�C?;�A�W�D�H O�JB�)@B[1H�JBC?[
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� l C?J"EÔH
K�R�W�=BD�F�;�J�dmJ?K�S"M�[\�-@"J"H�H�C7=BM�=?@BK�A�@"=?o�aZA��-E*J�E*D�M�C�@"[\;�=�q}=BD�CBH~Y-@�@"A�dLDBÞ

µ  = DH0ψ.
s 9 |

��;�A�;�=?@"M�Y�@}F�J?KLR�W�D�M�M�[\D�@B[\;�=?qZD�M�A�Y]d�K�Y-dLA�����D�;�D�M�V�A�;�R�opabD�N�J}AUO�;�D�M�Y�abD�N�J%E*J"E*D�M�C?JB@LP�F�J?K�R�W�A�E�Þ

P (lx + lzψ) = DH0ψ;P (ly + lzθ) = Dh0θ
s C |

��CBH o�dm=}R�N�JBK]dmA�����D�;�D�M�C7=�P�@BJ">�M�A�O�=?opabA��T@"H
KLD
dmH CB@BA�D�F�D�;�D�M�J"H�=}N�;�R�>4=�P�;�=B@BD�M³Þ

ψ =
Plx

D
(
H0 − P

D lz
) , s�'"|

=}R�N�J?KUO�;�D�ML=�Þ

θ =
Ply

D
(
h0 − P

D lz
) , s  |

:/J"N~Km=BH M�J���JB;�E*R7K�D�s I |
P?@B[\W�A�C�=?D4E*JBDBP?H CBJ4Y�aZD�D�@�>�M�="E*D�M�=BC?D K�Y�I l C?A�I}��J";�E*R4Kbk l C?J�@"D�;�C?A�O�=�K�S"M�JBD�H�E*D�abD�M�A�D
� Ù H R4dLM�=�P(O�JBC?J";�JBDUF�;�A�@BJ4dLA�C�O«H�E*D�abD�M�A�o E*D�C�=?V�D�M�C?;�A�W�D4H O�A�IÔ@B[1H�JBC7f/:ÚK�D
dmJB@"=BC?D KLSBM�J�P*@B[\;L=�qZD�M�A�Y·d�K�Y
E*D�C7=BV�D�M�CB;�A�W�D�H�O�A�IU@B[1H J"C7P�A�>�E*D�M�D�M�M�[�I-@"H K�D
d{H C?@"A�D�F�D�;�D4E*D�aZD�M�A�YUN�;�R�>4=�P�F�;�ALE*R�C%@BA�d2Þ

H1 = H0 + δH;
h1 = h0 + δh,

s IKJ |

��JBF�;�=B@BO�Abd�K�Y%O%E*D�C7=?V�D�M�C?;�A�W�D�H�O�A�E�@"[1H JBC�=BEjJ4dLA�M�=BO�J"@B[\DBP�C7f DBf
δH = δh = − P

D lz.
¸ K�Y�_BJBK�SBcZA�M�H CB@"=�H�R�dLJ"@

ML=pF�;�=?O�CBA�O�D\F�;�J4dLJBK�SBM�=?Yb@B[1H�JBC�=�E*M�JBN�J�_BJBK�SBcZD/F�J"F�D�;�D�W�M�JB�³P�JBCBH�o/d{=�E*J4q%M�J�F�;�D dLF�J?KLJ4q%A�C?SLP�W�CBJ
H1 ≈ H0

f
��J�dmH�C7=B@?K�Y�Y^s IfJ |/@)s�'"|�A�s  |
P�F�JBK�R�W�A�E�Þ

ψ =
Plx
DH0

; θ =
Ply
Dh1

s IGI |

& =BH�H�E*JBCB;�A�E�@BJ">�E*J7q%M�[\D�@"=B;�A�=?M�C?[¦F�D�;�D�M�J�H�=}N�;�R�>�=}M�=�H�R�dLM�D"Þ�ªÚH K�AUA�E*D�D4E�F�D�;�D4E*D�aZD�M�A�D�N�;�R�>�=Z@�M�J�H J"@BR�o
WL=BH CBS�P�CBJ

x1 Â x0, lx Â 0, ψ Â 0,
s IfÃ |

>�M�=7W�A�C7P�H�R�dLM�J�F�JBK�R�W�=?D�CbdLA�����D�;�D�M�C}@�M�J"H?f�ªÚH
K�AUqZD�N�;�R�>�F�D�;�D�M�J�H A�CBH~YT@�O�JB;�E*R"P�C?J

x1 ≺ x0, lx ≺ 0, ψ ≺ 0,
s IKá |

C7f DBfLH R�dmM�JZdLA�����D�;�D�M�C?R"D�C}ML=}O�J";�E*RBf�ªÚH K�AUF�D�;�D�M�J�H�N�;�R�>�=}J�H R�abD�H�C?@?K�Y�D�CBH~Y-M�=}F�;�=?@"[\�-_"JB;�C7P�C?J

y1 Â y0, ly Â 0, θ Â 0.
s I�í |

ª/H
K�AUALE*D�D�E�F�D�;�D�M�J�H�N�;�R�>4=ZML=ZK�D�@"[\�T_BJ";�C7P�C?J

y1 ≺ y0, ly ≺ 0, θ Â 0.
s I4� |
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K�AUN�;�R�>�F�D�;�D�M�J�H A�C"H8YU@BM�A�>"P�C?J

z1 ≺ z0, lz ≺ 0, δh Â 0,
s I�9 |

C4f DBf�M�=7W�=�K�S"M�=�Y-J"H CBJB��W�A�@BJ"H�C?S}R�@BD�K�A�W�A�C"H8YQf�ªÚH K�AUN�;�R�>�F�D�;�D�M�J"H�A�CBH~YT@"M�A�>BP�C?J

z1 Â z0, lz Â 0,
s I�C |

C4f DBf7M�=7W�=�K�S"M�=�Y�J"H CBJB��W�A�@"J"H�C?S�H M�A�q}=BD�CBH~YQf7ÿ�H F�J?K�S">�R?Y�C?D�JB;�D4E*Rbg/��K�D�;L=�P�J"F�;�D
dmD K�A�E)A�>�E*D�M�D�M�A�D/J"H�=�dLJBO�M�J�H J"E
AeO�J";�E*JB�³f ¸ K�Y l CBJBN�J]F�;�J"@BD dLD�E«W�D�;�D�>bCBJBW�O�R-,�k.� Ù F�K�J"aZ=�dLA)@�=?C?D�;�K�A�M�A�AGs � �b|1H R4dLM�=�PLML=�I"J4d�Y�abD�N�J"H~YU@
F�;"Y�E*J"E�F�JBK�J7qZD�M�A�A]k+ML=?O�K�J"M�M�R�o � � I F�J4d)R�N~KLJ"EydLA�����D�;�D�M�C�=

ψ
f

f
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¸ K�Y-A�>�E*D�M�D�M�A�YUJ�H�=7dLJ"O-M�J"H�J"E
δT 2 AUO�JB;�E*J"�

δT � E*J7q%M�J�>4=?F�A�H�=?C?S

δT 2 =
(
L

2
− xf

)
ψ; δT � = −

(
L

2
+ xf

)
ψ,

s I '�|
N~dLD�F�J?KLJ4q%A�C?D�K�SBM�[\D1>�M�=7W�D�M�A�Y

δT 2 A
δT � H�JBJ"C?@BD�CBH C?@"R�o�C�R�@"D K�A�W�D�M�A�o�J"H�=7dLJ"O�M�J�H J"E

δT 2 A+O�JB;LE*JB�
δT � P=}JBC?;�A�V�=?C?D�K�SBM�[\D�k+A�I-R�E*D�M�S"cbD�M�A�obf ¸ A�����D�;�D�M�CUsö@+E*D�C?;L=�I�|�JBF�;�D
dLD�K�Y�D�CBH~YT@"[\;�=�qZD�M�A�D�E�Þ

∆ = δT = δT 2 − δT � = PLlx
DH0

s I  |
Ù =?O�A�EÔJB_";�=?>�J�E�P�M�D�J"_4I"J4dLA�E*J�H J"_?K�o�dLD�M�A�D�C?;�D�_BJ"@"=?M�A�Y

∆→ min .
s ÃkJ |

��R"H C?S
v1, v2, ..., vi, ..., vk

X*E(=BH�H [«O�J"M�C?D���M�D�;�J"@�P�H
K�D dLJB@"=BC?D KLSBM�JLP7d�K�Y+E(="H�H�[ÔF�D�;�D�M�J"H ALE*JBN�J�N�;�R�>4=
m =

i∑
k=1

vk
ATF�;�J4dLJBK�SBM�J"N�JZF�D�;�D4ED�abD�M�A�Y

lx
dLJ?K�q%M�[©@B[\F�JBK�M�Y�C?S�H8Y-R"H K�JB@"A�YQÞ

lx → min,
i∑

k=1

vk → min





s Ã�I |

� ;�D�>�R4K�S�C7=BC?D%F�JBK�R�W�=?D4E�E(=?CBD�E(=?CBA�W�D�H�O�R�o E*J4dLD K�SLPQF�;�D dmH C�=?@?K�Y�o�abR�o H A�H�C?D�E*RtJ�H M�J"@BM�[�It��A�>�A�O�JUXpE(=BC?D X
E*=BC?A�W�D4H O�A�I�JBN�;L=?M�A�W�D�M�A��QP2H�JB_BK�o/dmD�M�A�D+O�JBCBJB;�[�I^F�J">�@"J?K�A�CUJ"_BD�H�F�D�W�A�C?S)_BD�>�JBFL=BH M�R�o l O�H�F�K�R"=BC7=?V�A�o H R4dLM�=
H�CBJBW�O�A)>�;�D�M�A�Y)H JB_BK�o/dmD�M�A�YTCB;�D�_"JB@"=BM�A�Y-J�H C?J"��W�A�@"J"H CBAQÞ & =BH W�D�C�R�N5K�JB@�O�;�D�ML=}A-dLAL����D�;�D�M�C7=�P�F�;�A)F�D�;�D4E*D X
abD�M�A�AeN�;�R�>�=�kU��JB;LER7K�[Òs�'"| P*s  |
f � JB>4E*J4q%M�[\DbJBCBO�K�JBM�D�M�A�YtH R�dLML=+JBC+F�J?K�J7qZD�M�A�Y);L=?@BM�J"@BD4H A�Y-kU��J";�E*R4K�[
s IfÃ |ìX5s I�C |
f & =BH W�D�C?M�=?YT��JB;�E*R4Km=�dLK�Y+dLA�����D�;�D�M�C�=ZH�R�dLM�=ZF�;�A-F�D�;�D�E*D�abD�M�A�A-N�;�R�>�=�kes I  |ÚATH A�H�C?D�E(=}F�;�=?O�CBA�X
W�D�H O�A�I-C?;�D�_BJB@�=?M�A��-F�J l O�H F�K�R"=BC7=BV�A�AUH�R�dLM�=bk]��J";�E*R4K�[�s ÃGJ |
P³s Ã¸I |
f

Ó =\F�;�=?O�C?A�O�D�H
K�D dLRBD�C1A�>�_BD�N
=BC?S1H K�R�W�=?D�@1F�D�;�D�M�J�H�=\N�;�R�>4=�P�F�;�A�O�JBCBJB;�[�I�E*D�C7=BV�D�M�C?;�A�W�D4H O�=?Y�@"[1H JBC�=\H�C7=?M�D�C
;�=?@BM�JB�UM�R7K�o�A�K�Ae_BR�dLD�C%JBCB;�A�V�=?CBD K�S"M�JB�QPLC7=BO)O�=BO l C?J]F�;�J"C?A�@BJ";�D�W�A�C%F�;�=B@BA�Km=BE�_"D�>�JBF�=BH�M�JB� l O�H�F�K�R"=?C�=?V�A�A
H R�dLJ"@�f ¸ K�YyJ"_BD�H�F�D�W�D�M�A�Yy_BD�>�JBF�="H M�J"N�J)H R4dLJ4I"J4dmH�C?@"=UA·JBF�D�;�=?CBA�@BM�J"N�J);�D�=BN�A�;�JB@"=BM�A�Y�M�=)W�;�D�>�@B[\W�=?��M�[\D]H A�X
C?R"=?V�A�AQP*H @?Y�>4=?M�M�[\D]H+A�>�E*D�M�D�M�A�D4E�J"H�=�dLO�AyAGR�N5KL=eM�=?O�KLJBM�=eH�R�dLM�=GsöO�;�D�M�=�PQdmA�����D�;�D�M�C7=eA·R�I"J4d�H+O�R�;�H�="|
P
dLJ"H C�=?CBJBW�M�J�W�="H C?J�CB;�D�_"RBD�CBH~YÔ;�D�cbA�C?S�J"_B;�=BC?M�R�o >�=�dm=7W�R{Þ*J"F�;�D
dmD K�D�M�A�D)@BJB>4E*J4q%M�J"N�JtF�D�;�D4ED�abD�M�A�Y«N�;�R�>�=�P
>�M�=�YTR�N5K�[�O�;�D�ML=}A]dmA�����D�;�D�M�C7=UsvF�J�F�JBO�=B>�=?M�A�Y�E·O�;�D�M�J"E*D�C?;�=�A-dLA�����D�;�D�M�C?J�E*D�C?;�=�P�H�JBJ"C?@BD�CBH C?@"D�M�M�J�|
f



�	��
����� � ����������� � ��U�� � S �����%P5O���� L � LW����������� �����$#�� Ã��
3 N�J?K-dLAL����D�;�D�M�C7=�P�@BJ">�M�A�O�=?o�aZA��-@�H
K�D dmH CB@BA�D�F�D�;�D�M�J�H�=}N�;�R�>�=�P�;�=?@"D�MQÞ

ψ =
Plx

D
(
H0 − P

D lz
) , s ÃGÃ |

=}R�N�J?KUO�;�D�ML=�Þ

θ =
Ply

D
(
h0 − P

D lz
) , s Ãká |

& =BH�F�J?K�J7q%A�EUML=4W�=?K�J�O�J"JB;BdmA�M�=?C�@4� � sö@�H K�R�W�=?D(dmA�M�=BE*A�W�D�H O�JBN�Jp��R�M�O�V�A�J"M�A�;�J"@"=BM�A�Y�k�� �F& |³H�R�dLM�=�f4��o�_BJ"D
F�D�;�D4E*D�abD�M�A�D]N�;�R�>�=eE*J7q�M�Je;�=B> K�J7q%A�C?SeF�JjJ"H~Y�E5�76ZP8�:9ZP8�1;f Ó =4WL=�K�S"M�[\D%O�JBJ";BdLA�ML=?C?[�N�;�R�>�=)M�=jH R�dmM�DBÞ
{x0, y0, z0}

P�O�JBM�D�W�M�[\D�O�J"JB;BdLA�M�=?C?[�Þ {x1, y1, z1}
f

f
ã �*�('=<<' UT+)þ +�ý°+>�O+�õ¸ü?+H.1þ�û	�KúZ�À2¸ÿGÿ�þûCüáõyúXú[õ�ÿ��
/¸ù�ÿ_W�2¶ÿ_W�ú�ü|WsûKû3õyú

f
ã �*�('=?<' ��ý°+>�À+bõ¸ü?+ÉW�ü3W�ú�+�ý�ô 2¸ÿÿ�þ3ûCü(õyúXú|/þCü
/?+½þ½+�ý°+>�O+�õ¸ü¶ü8Wsû�û3õbú

�pF�;�D
dmD K�A�E·d�K�A�M�R]F�D�;�D�E*D�aZD�M�A�YTN�;�R�>�=}@�F�;�J"H�C?;�=BM�H C?@"D�M�M�[�I]O�JBJB;"dLA�M�=BC7=�IiÞ

d =
√
(x1 − x0)2 + (y1 − y0)2 + (z1 − z0)2

s Ã�í |
Ó =TF�;�=?O�C?A�O�D]JBC?O�KLJBM�D�M�A�D%F�J)J�H A@�76 svC7f D"f³JBCBO�K�JBM�D�M�A�D+JBCU>4=7dm=BM�M�JBN�JTO�R�;�H�="|
P³A�E*D�D�C)M�D�_"J?K�S"cbJ"D}F�J)@BD KLA�X
W�A�M�De>�M�=7W�D�M�A�DBPÚF�J l C?J"E*R�A�E�E*J7q�M�JyF�;�D�M�D�_B;�D�W�SyA«J�H M�J"@BM�[1E*AÔF�J?XìF�;�D q%M�D4E*R�J"H C�=?opCBH8Y«>�M�=7W�D�M�A�Y«O�;�D�M�=
dmA�����D�;�D�M�C7=�f

��;�A�F�D�;�D�E*D�abD�M�A�AbN�;�R�>4=\>4=7dm=BM�M�=�Y�F�;�J�H C?;L=?M�H�C?@BD�M�M�=�YbH A�H�C?D�E(=�O�JBJB;"dLA�M�=BC1F�JB@"JB;�=7W�A�@�=?D�CBH~Y�JBC?M�J"H A�C?D K�SBX
M�JU@"H�D IjC?;�D�ItJ�H D��^AyH�=BE¦N�;�R�>�A�>�E*D�M�Y�D�CeH @"JBD}F�JBK�J7qZD�M�A�D"f Ù JBW�O�R"� � s�� ��& |�M�=?>�JB@BD�C-C?J"W�O�J"�

O
PQ=TV�D�M�C?;

M�JB@BJ"�)H�A�H C?D4E*[�O�JBJB;"dLA�M�=BC�X
O
′ fm��D�;�@"=?Y)H A�H�C?D�E(=]O�JBJ";BdLA�ML=?C+_BR�dLD�C%J"F�;�D dLD K�Y�CBS"H8Ye_"=B>�A�H�M�[1E*A)@BD�O�C?J";�=BE*AQÞ

i, j, k
P�=}@BC?J";�=�Y]X

i1, j1, k1
fm�p_BJB>�M�=7W�A�E·W�D�;�D�>

a, b, c
O�JBJB;"dLA�M�=BC?[�V�D�M�CB;�=�@BC?J";�JB�UH A�H�C?D�E*[�P�C?J"N8dm=

OO′ = ai+ bj + ck.
s Ã�� |

� [\;�=?>�A�EÒE*D�H CBJBF�J?KLJ4qZD�M�A�DtN�;�R�>4=¦sèdLJ�F�D�;�D�E*D�abD�M�A�YL|]@BJ�@BC?J";�JB��H A�H�C?D�E*D^O�JBJB;"dLA�M�=BC7P�_BD�;"Y¦>�=GC?JBW�O�R
V�D�M�C?;^C�Y�qZD4H C?A^N�;�R�>�=%k

T
f�AQ=BE*D�CBA�E�P{W�C?JTO�J"JB;BdmA�M�=?CB[

x0, y0, z0
H J"@BF�=�dm=?opC]HZO�JBJ";BdLA�M�=?C�=BE*Aj@"D�O�C?J";�=

OT@·;�=B> K�J7qZD�M�A�A«D�N�J·F�J·_"=?>�A�H R
ijk

P�=yO�JBJ";BdLA�M�=?C?[
x1, y1, z1

H JB@"F�=7dm=Bo�CyH)O�JBJB;"dLA�M�=BC7=BE*A<@"D�O�C?J";�=
O1T

@
;L=?> KLJ4qZD�M�A�ATF�J�_�=?>�ALH R

i1j1k1
P�C7f D"f

OT = x0i+ y0j + z0k
s ÃG9 |

O1T = x1i1 + y1j1 + z1k1.
s Ã�C |

Ù =?OtO�=?OeK�op_BJB�j@BD�O�C?JB;tE*J7q�M�J-;�=?>�K�J4q%A�CBS]F�J]_�=?>�A�H R
ijk

P{C?JTM�=?��dmD�CBH~Y)dLD�@BY�C?S-W�A�H�D K
αlm(l = 1, 2, 3;m =

1, 2, 3)
C�=?O�A�IiP�W�C?J

i1 = α11i+ α12j + α13k
j1 = α21i+ α22j + α23k
k1 = α31i+ α32j + α33k



 .

s Ã '�|

� H�A�K�R]F�;�=B@BA�KUC?;�D�R�N�J?KLSBM�A�O�=}H K�J7qZD�M�A�YT@"D�O�CBJB;�J"@

OT = OO1 +O1T .
s Ã  |



ÃG9 (ML ���*)+#GN�O L �QPR�R� LTS �VUW� � S �
� H�C7=B@?K�Y�Y�@�F�;�=?@"R�oGW�=BH�C?Sp��JB;LE*R4K�[�s Ã_C |i>�M�=4W�D�M�A�Y

i1, j1, k1
P4J"F�;�D
dmD K�Y�D4E[\D���J";�E*R4KL="E*A]s ÃG9 |
P4A�F�J"H
KLD l C?J"N�J

F�J�dmH�C7=B@?K�Y�Y�@«s Ã  |b>�M�=7W�D�M�A�Y
OT,OO1, O1T

P(J"F�;�D
dmD K�Y�D�E*[\D)��JB;�E*R7KL=BE*A©s ÃG9 |
P1s Ã_C |bA¬s Ã '"|
P(A�N�;�R�F�F�A�;�R?Y
JBC?M�J�H A�C?D�K�SBM�J

i, j, k
F�J?K�R�W�A�E

x0i+ y0j + z0k = (a+ α11x1 + α12y1 + α13z1)i+ (b+ α12x1+
α22y1 + α32z1)j + (c+ α13x1 + α23y1 + α33z1)k

s áGJ |

� H�A�K�RjD dLA�M�H CB@BD�M�M�J"H�C?A�;�=?>�K�J7qZD�M�A�Y^@BD�O�C?J";�=-F�JU_"=B>�A�H�R)A�>%;�=B@BD�M�H C?@�=^s áJ |pF�JBK�R�W�A�E�A�H O�J�E*[\D%��J";�E*R4K�[
F�;�D�J"_B;�=B>�JB@"=?M�A�Y]O�J"JB;BdLA�M�=?C�Þ

x0 = a+ α11x1 + α21y1 + α31z1,
y0 = b+ α12x1 + α22y1 + α32z1,
z0 = c+ α13x1 + α23y1 + α33z1.

s á¸I |

�1dLM�=?O�J�H�="EGN�;�R�>�F�D�;�D�E*D�aZ=BD�CBH~YT@�F�;�J�H C?;L=?M�H CB@BDBP�C7f DBf

x1 = x0 + lx
y1 = y0 + ly
z1 = z0 + lz



 .

s áÃ |

Ù =?O�A�E�J"_B;�=B>�J"E�P�F�J4dmH�C7=?@BK�Y�Y�s á¸I |/@)s á3Ã |
P�F�J?K�R�W�ALE

x1 = a+ α11x1 + α21y1 + α31z1 + lx
y1 = b+ α12x1 + α22y1 + α32z1 + ly
z1 = c+ α13x1 + α23y1 + α33z1 + lz





s áGá |

& =BH�H�E(=?CB;�A�@"=BD�E*[\D�R�N~K�[�JBCBO�K�JBM�D�M�A�Y�H R4dLM�=\JBC\F�JBK�J7qZD�M�A�Y�;�=?@"M�JB@"D�H A�Y�@�=?M�=?K�A�C?A�W�D�H O�JB��N�D�J"E*D�CB;�A�A�M�=?>�[\@�=�X
o�CBH~Y}R�N5KL="E*A%g/��K�D�;�=�P7A�Ib>�M�=4W�D�M�A�Y}E*JBN�R�Cp_B[\CBSpA�H�F�J?KLSB>�J"@"=?M�[yF�;�A}M�=?I"J4q}dLD�M�A�AZO�J l ����A�V�A�D�M�C?J"@p��J";�E*R4K�[
s IGI |
Þ

αlm(l = 1, 2, 3;m = 1, 2, 3)
f

α11 = cosψ cosϕ− sinψ cos θ sinϕ,
α12 = sinψ cosϕ+ cosψ cos θ sinϕ,

α13 = sin θ sinϕ,
α21 = − cosψ sinϕ− sinψ cos θ cosϕ,
α22 = − sinψ sinϕ+ cosψ cos θ cosϕ,

α23 = sin θ cosϕ,
α31 = sinϕ sin θ,

α32 = − cosϕ sin θ,
α33 = − cos θ.





s á?í |

��=?OZ_B[�K�J�H�O�=B>�=?M�Jp;�=BM�D�D"P�R�N5K�J�EeJBC?O�K�JBM�D�M�A�Y�H R4dLM�=pJ"C�O�R�;�H�=�P�@�H A�K�R�D�N�J�M�D�_BJBK�SBcZJB�b@BD�K�A�W�A�M�[ÔE*J7q%M�J�F�;�D X
M�D�_B;�D�W�SLPLC7f D"f

sinϕ ≈ ϕ, cosϕ ≈ 1 f � ;�D�>�R4K�S�C7=BC?DZ��J";�E*R4K�[�;�="H W�D�C7=+O�JBJ";BdLA�M�=BC+@"JB>�E*J7q%M�JBN�J%F�D�;�D�E*D�aZD�M�A�Y
N�;�R�>�=�P�>�M�=?Y-R�N5K�[�JBC?O�K�JBM�D�M�A�YUH�R�dLM�=}J"C}F�JBK�J4qZD�M�A�YT;�=?@"M�JB@"D�H�A�Y]_BR4dLR�CZ@"[\N~K�Y�dLD�C?S%H K�D
dLR�opabA�E�JB_";�=?>�J"E�Þ

x1 = a+ (cosψ − ϕ sinψ cos θ)x1 + (−ϕ cosψ − sinψ cos θ)y1 + ()z1 + lx
y1 = b+ (sinψ + ϕ cosψ cos θ)x1 + (−ϕ sinψ)y1 + (− cosψ sin θ)z1 + ly

z1 = c+ (ϕ sin θ)x1 + (sin θ)y1 + (cos θ)z1 + lz





s á�� |

��J?K�R�W�D�M�M�[\D�>4=?@"A�H A�E*J�H C?A)E*J"N�R�C�_"[\C?S%A�H F�J?K�S">�JB@�=?M�[¦M�=�F�;�=?O�C?A�O�D�dLK�YUF�;�JBN�M�JB>�A�;�JB@�=?M�A�YQP�F�;�D dLR�F�;�D�qZdLD�X
M�A�YQP�JBF�D�;�=BC?A�@BM�JBN�J};�D�=BN�A�;�JB@"=BM�A�Y]ATK�A�O�@"A�dm=BV�A�ATF�J"H
KLD
dmH CB@BA��U@BM�D�cZC7=BC?M�[�IT=?@�=?;�A���M�[�I]H�A�C?R"=BV�A��Qf

ÕÍÌËÎ ÊoÏ Í�ÎjÜ Ï Í

� I�� �e=BC?D�E(=BC?A�O�=]AeDCBbF�;�A�K�J4qZD�M�A�YQÞ3�)D q%@BR�>�JB@"H�O�A��eH _"JB;�M�A�OeM�=4R�W�M�[�I)C?;�R4dLJB@�����J4dj;�D
dm=BO�V�A�D�� ¸ f ��f?ý�J?X
K�J�H O�JBO�J"@"=�P°!�f & fFù`O�=7dmJB@BJ"�Qf*k � [\F�R"H O Ã s ÃGJGJ  |�k<:���_�f Þ�:���ý 3p� ��P ÃkJGJ  fk¬n Ù ;�D�I�E*D�;�M�=�Y�E*J�dLD�K�S
;�=BV�A�J"M�=�K�S"M�JBN�JZ;�=?>�E*D�abD�M�A�YTN�;�R�>�JB@}M�=%H O�KL=�dmH O�A�I]F�K�JBaZ=�d�Y�Ii�bX I ' � HBf

� Ã�� & f � f���JB;�A�H�JB@�P � f � f���R�N�JB@�H O�A��³P��pf � fX�)A�;�J4I�A�MQP � f � f & J4q}dLD4H C?@"D�M�H�O�A��Qf"k]:/C�=?C?A�O�=ZO�JB;�Y�_?K�YQÞ 3 W�D�_"M�JBD
F�J�H J"_BA�D���f"k Ã XìD�A�> dLobP�F�D�;�D�;�=?_Lf�A]dLJ"FQfL:���_Lf ÞL:/R4dLJ"H CB;�JBD�M�A�DBP ÃkJGJ_� f"k Ã��G9 HBf
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1 ¾ ¢½» ¡ ¤fªbµ×¢

Ó =�F�;�J"C�Y�qZD�M�A�A+@"D�O�J"@�E(=BC?D�E(=BC?A�O�=bA]E(=?C?D4E(=?C?A�W�D�H O�A�D�E*D�C?J4dL[<_"[�K�A%J�H M�J"@BJB��_BJBK�SBcZJB��M�=7R�O�AQf���D�>1M�A�I
M�D�@BJ">�E*J7q%M�J�;L=?>�@"A�C?A�D���A�>�A�O�AZAbI�A�E*A�A³P?=BH�C?;�JBM�J"E*A�AZAZO�J"H�E*J"M�=?@"C?A�O�AQP7@"[\W�A�H
K�A�C?D K�S"M�JB�ZC?D�I�M�A�O�AQP?C?D I�M�A�O�A
H�@?Y�>�AQP l M�D�;�N�D�C?A�O�A}A�E(=?cZA�M�J"H�C?;�JBD�M�A�YZA}A�M�[�IbJ"_?KL="H C?D��bM�=7R�O�AZA}C?D�I�M�A�O�AQfB��JB;�JBo·d{=�qZD�M�D�ALE*D�o�aZA�IZJBC?M�JBX
cZD�M�A�Y}O}CBD I�M�A�W�D4H O�A�E^M�=7R�O�=BE)k�M�=?F�;�A�E*D�;QPB_BA�J?K�J"N�A�AZA%E*D
dLA�V�A�M�[�f�g/C?J�F�;�A�@"D K�J�O�M�=?O�JBF�K�D�M�A�o<JBN�;�J"E*M�J"N�J
_�=?N =�q}=}>�ML=?M�A��)@+JB_?Km=BH CBA)E(=?C?D4E(=?C?A�W�D4H O�A�I)E*D�CBJ�dLJ"@%A)F�J";�JBoÕ>�=BC?;�R�dLM�A�K�J+A�IUF�;�A�E*D�M�D�M�A�D"f Ó D�O�JBC?J";�[\D�A�>
l C?A�IyE*D�C?J�dmJB@eH�C7=?K�AyJ"H�M�JB@"JB�^O�;�R�F�M�[�I�JBCB;�=BH K�D��yM�=4R�O�AyAyC?D�I�M�A�O�AQf Ó =?F�;�A�E*D�;QP³C?D�JB;�A�Y�F�J?K�YyAyF�;�D�J"_B;�=?X
>�JB@�=?M�A�YGF�R�;�S"D]K�D�N~K�AÔ@tJ�H M�J"@BR�;�=7dLA�J"C?D I�M�A�O�A�AÔH ;�D dmH CB@�H @BY�>�AQP(E(=?C?;�A�W�M�[\D)E*D�CBJ�dL[�P(N�;�=B��[ÒAÔE*D�C?J4dL[
W�A�H
K�D�M�M�JBN�Jy;�D�cbD�M�A�Y�dLA�����D�;�D�M�V�A�=�KLSBM�[�I�R�;�=?@"M�D�M�A��«H�C7=?K�A<J"H M�JB@BJ"�ÔE(=BC?D�E(=BC?A�W�D4H O�J"N�JGEJ4dLD�K�A�;�J"@"=?M�A�Y
H�=BE*[�I-;�=?>�K�A�W�M�[�I-F�;�J"V�D�H�H JB@LP�H�A�H C?D4E�ATC?D�I�M�A�W�D4H O�A�ITR"H C?;�JB��H�C?@�f

Ó J)@eF�J�H
K�D dLM�D�D]@B;�D4EYyM�=BE*D�CBA�K�A�H�SeCB;�D�@"J4q%M�[\D%Y�@BK�D�M�A�Y�@e;L=?>�@"A�C?A�AG��R�M�dm=BE*D�M�C7=�KLSBM�[�I^M�=7R�OQf � F�D X
;�A�J�dtE*A�;�J"@BJBN�J�O�;�A�>�A�H�=+��A�M�=?MLH A�;�J"@"=BM�A�D�M�=4R�W�M�[�I-A�H�H
K�D
dmJB@"=BM�A��U>�=BE*D�C?M�J]H JBO�;�=?C?A�KLJ"H S%@BJ%@"H�D�EÔE*A�;�DBfmÿ
l C?J-R�qZDbdm=?D�C]JTH D�_BDZ>�M�=BC?S]X\H�JBO�;�=BabD�M�[ÕE*M�JBN�A�DZO�J"H�E*A�W�D�H O�A�D}F�;�JBN�;�=BE(E*[ svM�=?F�;�A�E*D�;QPiJ�H @BJ"D�M�A�Ye��R�M�[�A
H�JB> dm=?M�A�YTO�J�H�E*A�W�D4H O�A�IUW�D K�M�JBO�J"@�| P�@BJB>�M�A�O�K�AUO�;�R�F�M�[\D�C?D I�M�J"N�D�M�M�[\D�O�=?C�=BH CB;�J"��[�ML=�JB_"hQD�O�C�=�IT=?C?J�E*M�JB�UA
N�A�dL;�JBX l M�D�;�N�D�C?A�O�A)A)M�=�;"Y�dmD�cZ=?I�C7P�>�=BN�;"Y�>�M�D�M�A�D�M�D���C?S"oÕE*D�O�H A�O�=?M�H�O�JBN�J�>4=�K�A�@�=}A�> Xì>�=%=?@"=B;�A�ATM�=�M�D���C�Y�X
M�JB�yF�KL=?C"��JB;�E*D+AyC7f d2f(:�;�=B>�@"=?K�J"E¬:\:\: & @eM�=4WL=�K�D  J XÛIjN�J�dmJB@UR�cbD dLcbD�N�J ÃkJ XÛN�JT@"D�O�=UM�=7R�O�=U@ & J�H�H A�AyA
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SIV (ξ) =
(
SIII(ξ)

)2
S3(ξ) + S′(ξ) + sin ξ. m $ q

¿�O�dSe�]LO�h�J�P�^�d�ebM0O���^NPXh�h�^LK�P�R��LP�OXj&QSJ�h�a%^La%R%^khXP�J�[cO�f�\%aSJ�W%Q%RSM0^NQ
\SikO�QSM0^ r
¦ æ�çn·
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[[
4, S, ξ,D

]
,
[
X2, Y2, Z2, U2

]
,
[
S(ξ) = X2(t), D(S)(ξ) = Y2(t), (D

(2))(S)(ξ) = U2(t), ξ = t
]
,

[ d
dt
X2(t) = Y2(t),

d

dt
Y2(t) = U2(t),

d

dt
U2(t) = U2(t)

2X2(t)
3 + Y2(t) + sin(t)

]]
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i (t)
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1, .., nN )
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d2F

dx2
= Φ

d2Z

dx2
;
d3Z

dx3
= −F 2; dΦ

dx
= F 3 = sinx m ¤ q

KkaSJ��SJvdSe�a%�2M0Rgj�K�dSO�h�R�YSM0R r
F (π) = 1;F ′(π) = 0;Z(π) = 1;Z ′(π) = −1;Z ′′(π) = −1/3;Φ(π) = 0. m ¥�q
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"7[&J�]LJ�aSaSJvY�]>J�ZwJ��SJb|kO�_�R�P�O��%a%OXQS^N_�J�^NP�KºY r
y(x) = x; z(x) =

√
1− x2; m � ≥ ø�q \ m,ØWØ�q
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[
[2, 1], [[X1(t), X2(t)]], [], [y(x) = X1(t), z(x) = X2(t)],
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d

dt
X1(t) =

X1(t)

t
,

d

dt
X2(t) = −

X1(t)

X2(t)

]
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r = [y(x), z(x)] =
[X1(t), X2(t)]
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L(t) = lg |Z(t)− Z0(t)|. m2Ø>£�q
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f(x)
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f(x) = sin(x)
aSJ*O�P�QS^N]N[&^

[0, 2π]
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f(S, t)
O�P4K�W%d�J�f%aSJ
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W%Q%^LO���Q�J�]NO�h�J�a%R%^Xikj&a%[Sl%R%f{KNW%RSK�[�J�R{[cO�aSh�^NQSP�R%Q%O�h�J�aSR%^X�NP�O U O�K�WSRSK�[&J4h[Sj�K�O��Sa%O T ]LJvZwJ�a%a%j&� ikj&a%[%lSR%� � ¿kO�dSj&�%^La%aSJ�Y�h�P�O�Q%�2M¼K�W%OcK�O���O�M¯ikj&a%[%l%R%Y4jc��^`a%^`Y%h�d%Y%^LP�K'Y�\�K�P�Q%O U O U O�h�O�QcY�\KNW�d�J�f%a%O�M!x T U OHW%O�QcY&Z�[&JS\�PvJ�[Ï[&J�[�aSJH[&Jv�bZ�OcM�R%a%P�^NQ%h�J�dS^7W%Q%^�Z�K�P�J�h�d%Y%^LP�KºY�jc��^7a%^ M0a%O U O���dS^La%O�M�x T U OHWSO�Q�Y&Z T[�J%\�Jãikj&a%[Sl%R%^NfbO�Pã�NP�O U O�M0a%O U O���d�^NaSJ �W! ZwaSJ�[&OS\�WSQ%Rb�LP�O�M�K�O���QSJ�a�Y%^LP�KºY�W%Q%R%aSJvZSdS^���a%OcK�P�e�[%j�K�O��%a%O T ]LJvZwJ�a%a%O�fi�jcaS[%l%R%R

f(S)
[�d�J�KLK�j - n \L^LK�dSRHKNJ�M�J(ikj&a%[%l%R�Y f(x) W%Q%R%aSJvZSdS^���R%P7�NP�OcM.jã[�d�J�KNKNj � ¿k^NQ%hcJvYãR%]¨j&[&J�]>J�a%a%���ãW%Q%O TlS^�Z�j&QFÄ T ��WSJ�QSJ�M0^NP�QSR%�%^LKN[&JvYFW%Q%O�l%^�Z�j&QSJ âWñ å�Ý%à�æ�ß�� â�ñ å�Ý�à�æ�Á�Â*à�¬�°�Ýv«Wà	4�«�Ý�à&°&�w�=& Z�^LKNe�W%^NQ%h��(f{WSJ�QSJ�M0^NP�QF^LK�P�eKNW�d�J�f%a�\�h�P�O�Q%O�fd9`^ U O�aS^N]LJ�h�RSKNRSM�JvYXW%^NQS^LM0^Na%a�JvY�\�P�Q%^NP�RSf�9bikjcaS[%l%R�Y�O�PHK�W�dwJ�f%aSJS\��%^NP�h�^NQ%P��(fo9�W%Q%RSKNh�O�^La%a%O�^aSO�h�O�^ãRSM.Y�a%^N]LJ�h�RSKNRSM0O�fgW%^NQ%^>M0^Na%a%O�f �S� P�O�QSJvYgR%]�jc[�J�]LJ�a%a%���¢W%Q%O�l%^�Z�j&Q�KkP�J�[%RSM0Rg��^�WSJ�QSJ�M0^NP�QSJ�M0R r

âWñ å�Ý%à�æ�ß0� â�ñ å�Ý�à�æ�Á�Â*à�¬�°�Ý�«�à�����ß ñ Þ�°ZÞ,ãZÞ�Æ��=´
ò P�O�PbQ%^L]Nj>d�e�PvJ�P�\�[&J�[�R�M0a%O U R%^ Z�Q%j U R%^�\�aSJ U d%Y&Z�aSObW%O�[�J�]L�(h�J�� P`W%QSJ�[%P�R%�S^LK�[%R�W%O�dSa%O�^kKNO�h�W�J�Z�^La%R%^ QS^N]Nj�dSe�PvJ TP�O�h�R%a%P�^LQ%W%O�d%Y%l%R%Ryikj&a%[Sl%R%RFK�W%d�J�f%a%O�h�K�W%OcM0O��`e��ÎW%QSO�l%^�ZwjcQS� â�ñ å�Ý%à�æ�ß0� âWñ å�Ý�à�æ�Á�Â	àw¬�°�Ý�«�à�� KÏikj&a%[Sl%R%^Nf TO�Q%R U R%aSJvd�O�MÍZwJ���^2WSQ%RÏa%^L��O�dSe�_�O�M*�%RSK�dS^7R%aSP�^NQ%hcJvdSO�hHRÏ]NaSJ��%R%P�^NdSe�aSO�^2Q�J�Kº��O>�bZ�^La%R%^2Q%^L]Nj�dSe�PvJ�P�O�hHW%Q%RÏWSQ%R TM0^La%^NaSR%R�W%Q%O�l%^�Z�j&Q%� âWñ å�Ý%à�æ�ß0� âWñ å�Ý�à�æ�Á�Â	àw¬�°�Ý�«�à	4%«�Ý�à&°��%¯v�
°�± ��Û(�#Õ�ÚvÛ�²���Õ�Ö>�HáLà��µØvÚ����	��Ú���Û³��Ú��µØ*��Ú���Õ�#Ù�à�ºØvÖ�àx��Ù�Ö�´�� Ò áLÙ���µ¦¶�·�¸¨¹�º�»l¼½µ¦¶�·�¸¨¹�º¦¾¿�¹�À¦Á�¸|Â¦¹Ã�Â�¸¨¹ÁÄ¢Õ�� Ü çs�q������Ú������#Õ Ò ��à��Õ�å���	�>ØvÖ|ÅLÚ��¨Ù���ÝµáºØ�åºÕ���Õ�æ��
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Ækõ��,`�Ç�` º�È�É�Ê hFg�h,ËFgÌj � h,�,¡,Ë n>Í e4Î�Ï	e�Ëq� � d Í t*h,¢Ì�>d o(Ð�É�n h Í�Ê r oFÍ�Ð�� tlg�h,h,¢Ì� o%È�Í Ï
¡Fg	Ñ �%È�É*Ò Ë�Ó�Ô�Õ(Ö�×�Ø�ÙFÚ�×�Û%Ü%Ö�Ý�×�ÞFÝlÖ�×�Ü�Ï Ð Ë,h,Ë�v�rlËxÓ�Ô�Õ(Ö�×UØ�ÙUÚ�×�Û%ÜlÖlÝ�×ªÏ�� È����ßÍ t*�(Ë Í e�Ï
h Í d|Ë�e�g Ð f%h Í j � h(�,¡,Ë,Ë

f(z) = z · sin2 z ��àáË È h É v Ð Ë,h,Ë�v�ÏUi È�É j�Ë,�âd É*ÒsÍ�n j � h,��Ï
¡,Ë(Ë

f(z)
� �

ó�ô.þ��.÷�øQ�nô.û*ö�
Xü.õ�����÷�ù.õ������nù����¾õ��¼þ��4ø0ö��P��� � �0û��¾ù0þSö
�©ãFä*å(æ�ç,è�é,êqè�ëBç(ä%ëíì,î�ç(ä�ã�î ��ï,ð�ñ¦ï�ikj ç,ò l,ó,ó î ð ã�ô jc�§ñ ì�åFä*é,ç,î%ô(õ â · ó â ´�õ�ö�ã�� â ·~Þ â ´�Þ�°w�c��� � ä ñð ç(î ñð�ó õ ð ä�öò ó è ikj ç,ò l(ó,ó���j ã j�ð ì,î�å(è�÷�ç � ë ó ì,ø ó ô �(�,ó�ñ å(è�ç ó,ó î�ì(ø,è�ã�è�å(è�ç,ç ����ó ç ð è�ù�ø(ä*å(î�ô�õ�òlî�ù¦ãFäßì(î i î%ø(ë j å�è v æ �<ð î*öç(äßç,è�î ��� î�ã ó ëIîßô �(�,ó(ñ å ó,ð æ�ø(ä�÷�ç,î ñð æ>ã�ô jc�Jñ ì�å�ä�é,ç,î�ô�� z î�÷�ãUä�ã ó ë³ì,ø(î l èã j ø j ô �(�,ó(ñ å(è�ç ó,ïJð ä�ò ó��4ikj ç,ò l,ó é��¿ ø ó!��ð î%ëNôlä � ç,î(õ �,ð î ���úñ ì�å�ä*é(ç �úñ î�ô�ì�ä�ãFä*å ó ò�ä*ò£ô�ç,è�êqç ó ë ó õ ð ä*ò ó ô�ç j�ð ø,è�ç,ç ó ë ó£ó ç ð è�ø,ôlä�å�ä%ë ó � �}j ã�è�ëì,ø,è�ã�ì(î*å�ä�ù�ä ð æ ñ ì�åFä*é,ç � ø(ä�ô�ç,îlëIè�ø,ç � ë ó � u å ï ô�ô�î�ãFäûì(ø,î l èã j ø � ô �(�,ó(ñ å(è�ç ó,ï�ikj ç,ò l,ó,ó î ð ì(ä*ø �íñ ì,å�ä*é,ç,î%ô(õ
â�ñ å�Ý%à�æ�ß0�ÊóPÝ â�ñ å�Ý�à�æ�Á�Â*àw¬v°�Ýv«WàUõ ó(ñ ì,î�å(æ�÷ j è�ë.ø�ä ñ�ñ ëIî ð ø(è�ç,ç � éüô � êªèûô ð î%ø,î�éüëIè ð î�ãýì,î ñð ø,î%è�ç ó�ï ì,ø,î�ù�ø(ä�ë�ëIç,î%éì,ø,î l èã j ø � ô �(�(ó(ñ å(è�ç ó�ï�ikj ç,ò l,ó(ó î ðßñ ì�å�ä�é,ç(äS� z î�÷ãFä*ç,ç(ä ï ì,ø,î�ù�ø(ä�ë�ëIç(ä ï ì,ø,î l è�ã j ø(ä
â�ñ å�Ý%à�æ�ß0�ÊóPÝ â�ñ å�Ý�à�æ�Á�Â*àw¬v°�Ýv«Wà��0� â ·~Þ â ´�Þ#°��üä�ô ð îlë�ä ð*óS� è ñ ò ó ø�ä ñ ì(î�÷�ç�ä*è ð ô%ô�î�ã ó ë � èJì(î*å(æ�÷�î�ôlä ð èå(è�ë ñ ì�å�ä*é(ç �
â ·PÞ â ´ ó ì(ø ó�ó�� ç,è ñ î�î ð ô�è ð�ñð ô ó,ó ãFø j ù j ô � ãFä*è ð ì,î�å(æ�÷�î�ôlä ð èå �þñ î�î ��� è�ç ó èRî �X��ð îlë ó ì,ø,è�ò,ø(ä � ä*è ð ô � ì,î*å,öç,è�ç ó è�î%ì,è�ø(ä l,ó é��
ó�ô.þ��.÷�øQ�nô.û*ö�
Xü.õ�����÷�ù.õ��Ìþ � ô0÷�ø�÷W��÷cù¾ù0þ���þ*õ.ù=�%÷*��ô0û	��û�þ������nù=���.õ¾õ�� � �0û��¾ù0û
z î�÷�ãFä�ã ó ë ð è�ì,è�ø,æªì,ø,î l è�ã j ø j ô �(�,ó�ñ å(è�ç ó�ï î�ì,ø,èã�èå(è�ç,ç,î�ù�î ó ç ð è�ù�ø(ä*å�äqî ð�ikj ç,ò l,ó,ó

f
õ�÷�ä�ãFä*ç,ç,î%éxô ñ ì�å�ä*é,ç(î*ö

ô�î�é ó ç ð è�ø,ì,î*å ï%l,ó,ó õ(ô ó ãFä
b∫

a

f(S, t)dt,

ù|ã�è â �'°w� 9 ø(ä�ô�ç,îlëIè�ø,ç � é
N
ö�ò j%ñ î � ç � é ñ ì�åFä*é,ç�õ�î%ì,ø,è�ã�è�å(è�ç(ç � é>ç(ä�ç,è�ò�î ð î%ø,î%ëýî ð ø,è�÷�òlè Ã > Ø õ >'x Å õ ó

Ã �(õ � Å 9 ì,ø,î�öó ÷�ô�î�å(æ�ç � é�ô�è � è ñ�ð ô�è�ç,ç � éÿî ð ø,è�÷�î�ò�� ¿ ø,è�ãFô%ä*ø ó,ð èå�æ�ç,îªô%ô�èã�è�ë ì,ø,î l è�ã j ø j ô �(�,ó(ñ å�è�ç ó�ï�ñð�j ì,è�ç � ä ð î�é ikj ç,ò�öl,ó,ó õ,ò�î ð î%ø(ä ï ô>î ð å ó%�,ó è�î ð>ñ�ð ä*ç�ãFä*ø ð ç ����I ��£ L � ö ikj ç,ò l(ó é � î%ø,î�êªîªî%ì,ø,è�ãFèå(è�ç�äuç(äuù�ø(ä�ç ó%l ä ��ó ç ð è�ø,ô%ä*å(î�ô r
¦�âWñ å�Ý�à�æ�ß��('c� � æ ò ®~Ý_ß	Ýcõ6æ��¨§#©0���ZÞ ò Þ0èn�c½ ¦
ñ Ý�æS¬Wæ�öPÝ_ß�æ0����÷ ò «�ª±� ¦ è Þº²�Þ��&© ò Þ>·~Þ#��©WèHÞL·PÞ#� ¦*ò�ò à�õ¼��÷�è ÞL·��¾§
ç(äâî ñ ç,î%ô�èuò�î ð î%ø,î�é§î%ì,ø,è�ãFèå ó ë Ä ö � ì(ä*ø(ä%ëIè ð ø ó%� è ñ ò j&� ì,ø(î�ù�ø(ä%ë�ëIç j&� ì,ø,î l è�ã j ø j ô �(�,ó(ñ å(è�ç ó,ï î%ì,ø,è�ãFèå(è�ç,öç,î�ù�î ó ç ð è�ù�ø(ä*å�äuç�äuî ð ø(è�÷�ò�è

[a, b]
î ðXikj ç,ò l,ó(ó

f
ñ ì�å�ä�é,ç(äyß ñ ��°��&�z î�÷ãFä*ç,ç�ä ï ì(ø,î l èã j ø(äJä*ô ð î%ë�ä ð�ó%� è ñ ò ó ø(ä ñ ì,î�÷�ç(ä*è ð ì(ä*ø(ä%ëIè ð ø �úñ ì�å�ä�é,ç(ä ó ô ñ å j&� ä ï�� õ�ò�î�ù¦ãFäâù�ø(ä*ç óSl%�î ð ø,è�÷�ò�ä

Ã �,õ � Å ô ��� î�ã ï,ð ÷�äRù�ø(ä*ç ó%l%� î�ì,ø,èã�èå(è�ç ó�ïßñ ì�åFä*é,ç(ä(õ*ô � ãFä�è ð ì,î�å(æ�÷�î�ôlä ð èå � ñ î�î ��� è�ç ó è ó ì,ø,è�ò,ø(ä � ä*è ðô � ì,î*å�ç,è�ç ó èâî�ì,è�ø�ä l,ó,ó � z î%÷�ãFä*ç(ç(ä ï ì,ø,î l è�ã j ø(ä ó(ñ ì,î*å�æ�÷ j è ð ì,ø,î%ëIè �Xj�ð î � ç j&� ì,ø,î l è�ã j ø j ì,ø ó%� å ó�� è�ç,ç,î%ù�î
ó ç ð è�ù�ø ó ø,î%ô%ä�ç ó�ï ëIè ð î�ã�îlëLì,ø ï ëIî j ù�î�å(æ�ç ó ò�î�ô�õ â�ñ å�Ý%à�æ�ß0���%à&°6æ�6&ª ò å����



j=µu¶_·e¸¹µ�nmºkº�»m¼½º�¾on¿¼87 ¾�n¿Àm¸ Ï º9� � »�èmiMµPi é2ë2ì�í(î(ï(Ïtð6Ácñ�Á Ä s

0

2

4

6

8

10

1 2 3 4 5 6

z�
Ækõ��,` ��`���¢�t�Ë�d Ð g�h,ËFg Í�o%È g	Ñ�g Ð g�h,h Í i Í Ë,h�e�g�i È�É*Ð�É

J(z) =
∫ z
0
x sin2(x)dx

�
º9o,ÐUÍ pqh É v Ð Ë(h,Ë�vüÏ

J(z)
r(� È����ßÍ t��,ËJÏEÓ�Ô�Õ(Ö�×UØ��FØ��	��×�Ü�
�ÞlÞ�Ó�����,� �

�4@��BA<CEDFA4GIHJH���� KNM A4CEO KFP�� A�� C M4K A<G9O X�� �4G P�� ��SUM�V G � �4GIH X
^ ö ñ ì�åFä*é,ç,îlë m � ä*÷ ó(ñ ç � ë ñ ì�å�ä�é,ç,î%ë q ç(ä*÷ � ôlä �<ð§ñ ì�å�ä*é(ç�ö ikj ç,ò l,ó%� õ ó ëIè �7��jc� ç(ä ó ëIè�ç,æ%ê ó é_ç,î ñó(ð èå(æ§ã(å ï÷�ä�ãFä�ç,ç,î%é ñð è�ì,è�ç ó õsì,î%ø ï ã�ò�ä§ù�å�ä�ã�ò�î ñð�ó³ó ø�ä*÷ �%ó è�ç ó,ï î � å�ä ñð*ó î%ì,ø,è�ãFèå(è�ç ó�ï �"! j ç�ãFä%ëIè�ç ð ä�å(æ�ç�ä ï³ð è�î�ø,è�ëIäjlñð ä�ç(ä*ô�å ó ô%ä�è ð õ �(ð î�å �7� ä ï ñ ì�åFä*é,ç�ö ikj ç,ò l,ó�ï ã(å ï ÷�ä�ãFä�ç,ç,î�é ñð è�ö�ì,è�ç ó õ�ù¦å�ä�ã�òlî ñð*ó ó î � å�ä ñð*ó î�ì(ø,è�ã�è�å(è�ç ó,ïëIî � è ðg���0ð æÿì(ø,è�ã ñ�ð ä�ô*å(è�ç�ä�ò�ä�òüå ó ç,è�é,ç(ä ï òlîlë ��ó ö ç(ä l,ó�ï:^ ö ñ ì�åFä*é,ç,î%ô ð î�é � è ñð è�ì,è�ç óýó ù¦åFä�ã�ò�î ñð�ó ç(ä ð î�é� èýî � å�ä ñð*ó î%ì,ø,è�ã�è�å(è�ç ó�ï m ñ ë���õ0ç(ä*ì�ö ø ó ëIè�ø�õ Ã £�ø õ £�Ø Å �}� z}|�~ I �W£ L � ikj ç,ò l,ó�ï ô �(�,ó(ñ å(è�ç ó�ïí^ ö ñ ì�å�ä�é,ç,î�ô�õó âWñ å�Ý�à�æ_V�Â&ª&®6æ(õ ñ î�ã�è�ø �ßó,ð%ñ|ï õ�ò�ä*ò óFikj ç,ò l,ó,ï â�ñ å�Ý%à�æ�õ�ôüì(ä*òlè ð èyV�Â�ª&®�æ�Á~Ý>°c°~Ý�à�6w� ¿ ø,î�ù�ø(ä�ë�ëIç(ä ï ì(ø,î l èã j ø(ä
^kt £ L A x � - ; 5$# � ó ëIè�è ð�i î%ø(ë�ä ð ô%ô�î�ãFä,õ�ä*ç(ä*å(î�ù ó%� ç � é i î�ø(ë�ä ð�j ô�ô%î�ãUäqì,ø,î l è�ã j ø � â�ñ å�Ý%à�æ r

ó â�ñ å�Ý%à�æ_V�Â�ªc®6æ0���c�	õ ò ° ò Þ#®ZÞº« ñ °�ß��&%('(%�ó âWñ å�Ý%à�æ_V�Â&ªc®�æ.���	õ ò ° ò Þ��6õ ò ° ò Þ#®ZÞº« ñ °�ß��lõ
ù¦ã�è ð è�ì,è�ø,æ(õEç,è�î ��ï ÷�ä ð èå(æ%ç � èÿì(ä�ø(ä�ëIè ð ø � ó ë9è �4ðFi î�ø(ë�ä ð «�ª6õ6æ�ª&©c» ó å ó »_àS«�°�ßy©c»*àS«�°�å�Ý*ß�°Fõ�ä�»_àS«Wö�å�Ý*ß�° 9
ñ ì ó(ñ î�ò j ÷å(î%ôS�P!�ã�ç(ä�òlî(õ i î�ø�ë�ä ð ô � ô%î�ãUä>ì,ø,î l è�ã j ø � ó âWñ å�Ý�à�æ_V�Â�ªc®6æ ñNj&� è ñ�ð ô�è�ç,ç,î�î ð å ó%� ä*è ð�ñ¦ï î ð�i î�ø�ë�ä ð äô � ô�î�ãFä�ì(ø,î l èã j ø � âWñ å�Ý%à�æ 9 ô%ëIè ñð îýò j%ñ î � ç,î 9 ÷�ä�ãFä�ç,ç,î%é£ç(äüî ð ø,è�÷�òlè

Ã �(õ � Å ikj ç,ò l,ó(ó S(x) ó âWñ å�Ý�à�æ*V�Â&ªc®
ô � ô�î�ã ó,ð ã�ô%ä ñ ì ó(ñ ò�äâò j%ñ î � ç,î�ö0÷�ä�ãFä*ç(ç ���*ikj ç(ò l,ó é

S(t)
ó
x(t)

ô�ô�è�ø ð*ó ò�ä�å(æ%ç,î%ë i î�ø(ë�ä ð è�õ�ù¦ã�è >�9 ç,î%ô � éì�ä*ø(ä%ëIè ð ø�õ�òlî ð î�ø � é ì,ø ó ç ó ë�ä*è ð ÷�ç(ä � è�ç ó�ï ç(äâç(è�òlî ð î�ø(î%ë ó ç ð è�ø,ôlä�å(è
[k, n], n > k

õ�ù¦ã�è
k, n ∈ Z

õ�ì,ø ó{��ð îlëî ð ø,è�÷�î�ò
[k, n]

ø(ä*÷ ��ó ôlä*è ð%ñ|ï ç(ä l èå�î �,ó(ñ å(è�ç,ç � è î ð ø,è�÷�ò ó r
[i, i+ 1], i = k, n.

!ªä�ò ð*ó%� è ñ ò ó õ i î�ø(ë�ä ð ô � ô�î�ãFä ^ ö ñ ì�å�ä*é(ç(ä � ò,ô ó ô%ä*å(è�ç ð è�çûô � ô�î�ã j ò j%ñ î � ç,î*ö ì(ä�ø(ä�ëIè ð ø ó%� è ñ ò ó ö ÷�ä�ãFä*ç,ç(î�é ikj ç,ò�öl(ó,ó r
x = x(t); S = S(t)⇒ r = [x(t), S(t)], m,ØLscq� î ð�ï ó ç,è ñ î�ô%ì(ä�ãUä*è ðüñ ç,è�é�õ �(ð î ñ î�÷�ãUä*è ð�� î�å(æ�ê ó èßç,è j ã�î �%ñð ô%äÿã(å ï ì,î*å�æ�÷�î%ô%ä ð è�å ï � u å ï{j%ñ�ð ø(ä�ç,è�ç ó�ïyj ò�ä�ö÷�ä*ç,ç(î�ù�îÿç,è�ãFî ñð ä ð ò�ä z}|�~ I �W£ L � ô%ô�èã�è�ë�$�ö ð*ó ì(ä�ø(ä�ëIè ð ø ó%� è ñ ò j&� ì,ø,î l è�ã j ø jpt £ L A x � ¯

Ã
^kt £ L A x �*)�m C õ o õ �,õ � õ x õ � qù�è�ç,è�ø(ä l(ó,óyx ö�ò j%ñ î � ç(î�ù�î ^ ö ñ ì�åFä*é,ç(äüç(ä:î ñ ç,î�ô%èx÷�ä�ãFä*ç(ç,î�é ç(ä ó ç ð è�ø,ô%ä*å(è

[a, b]
ikj ç,ò l,ó,ó

f(x)
ó ì(î ñ å�è�ã j&� ö� è�ù�î�ò�î�ç,ô%è�ø ð*ó ø,î�ôlä*ç ó�ï ì,î�å j&� è�ç,ç(î�ù�î ^ ö ñ ì�åFä*é,ç(ä�ôÿò j%ñ î � ç,î 9 ì(ä*ø(ä%ëIè ð ø óS� è ñ ò ó ÷�ä�ãUä*ç,ç j&�êikj ç,ò l,óS� ô ó ãFäm £�øcq � Ê ä*ò � è ñ î%÷�ãFä�ã ó ë ð ø(è � ì(ä*ø�ä�ëIè ð ø ó%� è ñ ò j&� ì,ø,î l è�ã j ø j âWñ å�Ý%à�æ�ß0�{V�«�à&®*ó â�ñ å�Ý�à�æ6U�4�Ý�æ%¬�æ�� �2ó â Þ��ZÞ'Æ���òlî%ç�ö

ô%è�ø ð�ó ø,î�ôlä*ç ó,ïü^ ö ñ ì�å�ä�é,ç(ä�ó â �'���ªô�ò j%ñ î � ç(î 9 ì(ä�ø(ä�ëIè ð ø ó%� è ñ ò ó ÷�ä�ãUä*ç,ç j&� ikj ç,ò l,ó%� ñqó ëIè�ç,è�ë � ì(ä*ø(ä%ëIè ð öø�ä%� z î%÷�ãFä�ç,ç � è4ì(ø,î l èã j ø � òlî�ç(ô�è�ø ð*ó ø,î�ôlä*ç ó,ï�j%ñ�ð ä�ç(ä*ô�å ó ô%ä �4ðqñ ô ï ÷�æªëIè � ã j�^ ö ñ ì�å�ä*é,ç(î�ô � ë óÿñ ì�å�ä*é(ç,î�ô � ëì(ø,è�ã ñ�ð ä�ô*å(è�ç ó�ï ë ó ó ç ð è�ø,ì,î*å ï%l,ó,ó ó ì,î%÷�ô�î�å ï%�4ðâó(ñ ì,î*å(æ%÷�î�ôlä ð æâëIî � ç � é£ä*ì,ì(ä�ø(ä ð�^ ö ñ ì�å�ä*é(ç,î�ô Í�Ç�ÍªÒ�Ä�ÈoÄ	ûWÍ�+
)�Ä�Ä ì,ø,î l è ñ�ñ ä �(ó(ñ å(è�ç,ç,î�ù�î ó ç ð è�ù�ø ó ø(î�ô%ä�ç ó�ï ç,èå ó ç,è�é(ç ���âñ�ó(ñð è�ë�! u#" �
,0@��íA4CsD�A<G9HJH���� KíM A4CEO KFP�� A�� SUM�V G��<CEWECEDFC M A KFP�S.- G9W V<K � X0/21<X<SFVRK ���<CEDFC A K43 K � X�/
� K�VRX � K5� �4C � SUXRS.-9K H��7698;:
« ç ð è�ù�ø ó ø j è�ëÌõ4ç(ä*ò�î�ç,è l õ�ì,ø,î%ù�ø(ä%ë�ëIç � è£ì(ø,î l èã j ø � î�ì ó(ñ ä*ç,ç(î�ù�î_÷�ã�è ñ æ ì(ä�òlè ð ä_ì,ø,î%ù�ø(ä%ë�ë t £ L A x � ¯:ñ ì,ø,î�öù�ø(ä�ë�ëIç � ë ó ì,ø,î l è�ã j ø(ä%ë ó ì(ä*ò�è ð äuÚ~Ý�ã*Û6äûô � å(î%òlèg��Ýc��<0ò�î�ç,ô%è�ø ð*ó ø,î�ôlä*ç ó�ï��,ó(ñ å(è�ç,ç ��� ø,è�êªè�ç ó é�ç,èå ó ç,è�é(ç,î�é
=?> Û���@�Ú�����A��
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ñó(ñð è�ë � ! u#" ô§ò j%ñ î � ç,î*ö ÷�ä�ãUä*ç,ç � è ikj ç,ò l(ó,ó �}ò ð î ð!� å(î%ò ñ î�ã�è�ø �ßó,ð!� è ð�� ø(èJì,ø,î�ù�ø(ä�ë�ëIç � èJì,ø,î l è�ã j ø � rÚ�Ý�ã*Û6ä�����Ú*Û â�ñ å�Ý%à�æ��ZÞyÚ~Ýcã*Û6ä}�#��Ú*Û*ó â�ñ å�Ý�à�æc�QÞyÚ~Ý�ã*Û6ä��(��æ&��Ú	Û â�ñ å�Ý�à�æc�QÞyÚ~Ý�ã*Û	ä}�(�6æ���Ú*Û*ó â�ñ å�Ý�à�æc��� ¿ ø,î l è�ã j ø(ä�ä*ô�ö
ð î%ë�ä ð*ó ÷ ó ø(î�ô%ä�ç,ç,î%é ñ ì�åFä*é,ç,î%ô�î�é�î � ø(ä � î ð ò ó��,ó�ñ å(è�ç(ç,î�ù�îßø(è�êqè�ç ó�ï ÷�ä�ãFä �,ó�| î�ê ó ã(å ï ç,èå ó ç(è�é,ç,î%é ñ�ó(ñð è�ë �ì,ø,î ó ÷�ô�î�å(æ�ç,î%ù�î �,ó(ñ åFä½! u#" ì,ø,î ó ÷�ô%î*å(æ%ç,î�ù�îqì,î%ø ï ã�ò�ä
Ú�Ý�ã*Û6ä�����Ú*Û â�ñ å�Ý%à�æ����,Û	ä�ß=Þ���àPÝ>°�ßçÞ,'6æ�°*Ü%«_õZÞ#�n·~Þ2àHÞ�ÝçÞ#»ZÞ#��� ñ î�ãFè�ø �ßó,ð ¥ ì�ä*ø(ä�ëIè ð ø,î%ô r E G ¯ ö j ì,î�ø ï ã�î � è�ç,ç � é ñ ì ó ö
ñ î�ò ñ�ó(ñð è�ë � ! u#" õ��%àPÝ�°�ß 9 j ì,î�ø ï ãFî � è�ç,ç � é ñ ì ó(ñ î%ò ç(ä � ä�å�æ�ç ��� j%ñ å(î�ô ó é�õ I � >. �¡6¢�9ã~ è ð î�ã ó ç ð è�ù�ø ó ø,î�ôlä*ç ó�ï õo~Ø 9 òlî%ç,è � ç(ä ïÿð î � ò�ä ó ç ð è�ø(ô%ä�åFä ó ç ð è�ù�ø ó ø,î�ôlä*ç ó,ï õ xe9Ï�,ó(ñ å(î ó ç ð è�ø,ôlä�å(î%ô ñ ì�å�ä�é,ç(ä(õ A 9 ì,î%ø ï ã�ò�î�ô � éâç,î%ëIè�øô � ô�î�ã ó ëIî%é ikj ç,ò l,ó,ó	B õ f�9 ì,î%ø ï ã�î%ò ì,ø,î ó ÷�ô%î�ã�ç,î%é ��ð î�é ikj ç,ò l,ó(ó õ

x
ö ì,ø ó(ñ ôlä ó ô%ä�è�ëIî%è ó ë ï ç,è�÷�ä*ô ó�ñó ëIî�éì,è�ø,è�ëIè�ç,ç,î%é��

s ç�ä�å(î%ù ó%� ç,î ñ�ð ø,î ó(ð�ñ|ïâó ¥ ö¨ë ó ì(ä*ø�ä�ëIè ð ø ó%� è ñ ò�ä ï ì,ø,î l è�ã j ø(ädÚ~Ý�ã_Û6ä}�#��Ú	Û_ó âWñ å�Ý�à�æ���õlç,îuôuôuç(è�é ó(ñ ì,î�å(æ�÷�î*öô%ä*ç(äRì,ø,î l è�ã j ø(ä âWñ å�Ý%à�æ�ß��{V&«Wà&®_ó âWñ å�Ý%à�æ	UW4�Ý�æ%¬Wæ���õ ì,î�÷�ô�î*å ï%� � ä ï ä*ô ð î%ë�ä ð*ó%� è ñ ò ó î ñ�j&� è ñð ô*å ï,ð æ ô � ô%î�ã>ø(è�êqè�öç ó é�ô0ô ó ã�è�ò j%ñ î � ç,î ö�ì(ä*ø(ä%ëIè ð ø óS� è ñ ò ó�9 ÷�ä�ãUä*ç,ç ���ãikj ç,ò l(ó é mt£�¤�q � s ç�ä�å(î�ù ó%� ç,î ñð ø,î ï,ð%ñ|ï�ó Ø%ø ö ì(ä*ø(ä%ëIè ð ø ó%� è ñ ò ó èì,ø,î�ù�ø(ä�ë�ëIç � è<ì,ø,î l è�ã j ø � Ú�Ý�ã*Û6ä��{�6æ&�WÚ*Û â�ñ å�Ý�à�æ��C%wÚ~Ýcã*Û6ä �{��æ��WÚ*Û_ó â�ñ å�Ý�à�æc� ñ ì,è�ø,è�÷�ä*ù�ø j ÷�òlî%éxëIè ð î�ãFä ó ç ð è�öù�ø ó ø,î%ô%ä�ç ó�ï ô ð î � òlèX�%´S��&�ä%ë9è ð*ó ëÌõ �,ð îâô ñ èªø(ä ñ�ñ ë9î ð ø,è�ç,ç � èuô ��ð îlë�ø(ä*÷ã�èå�èªì,ø(î l èã j ø �þï ô�å ï%�4ð%ñ|ï ò�î�ç,è � öç � ë ó�ó ç(è ð ø,è ��j&�4ð î ð ì,î�å(æ�÷�î�ôlä ð èå ï ì(ø ó ëIè�ç,è�ç ó�ï ò�ä�ò ó�� ö�å ó%� î�ã�ø j ù ó%� ì,ø,î l è�ã j øßã(å ï ì,î*å j&� è�ç ó�ï ø,è�êqè�ç ó éô ñó�ñð è�ë � ç,è�å ó ç,è�é,ç ��� ! u#" ô i î%ø(ëIè ñ ì�å�ä�é,ç,î�ô ó å ó_^ ö ñ ì�å�ä*é(ç,î�ô�� | ø,îlëIè ð î�ù�î�õIø(è�êqè�ç ó�ï ô � ô%î�ã ï,ð�ñ|ï ôi î�ø(ë�ä ð è�ä*ç(ä*å ó,ð*ó%� è ñ ò�î�é ikj ç,ò l(ó,óâó å ó�j ì,î%ø ï ã�î � è�ç,ç,î%éÿì(ä�ø � ikj ç,ò l,ó é�ô ñ å j&� ä�è ^ ö ñ ì�åFä*é,ç(äS�

DÌ@��BA X H K A \ CEH M�EGFC-IK A��4CsD�C XRS�SFV<KUP CEWEG�� X0/¤SUXRS.-IK H��H� K�V<X � K4� ���JIK698;:
u å ï ã�è�ëIî%ç ñð ø(ä l,ó,ó ò�î%ëIì�å(è�ò ñ ä�ì,ø,î%ù�ø(ä%ë�ë�ø(ä ñ�ñ ëIî ð ø ó ëJì,ø,î ñð î%éûì,ø ó ëIè�øªì,î*å j&� è�ç ó�ï ø,è�êqè�ç ó�ïqñ�ó(ñð è�ë � ! u#"ô>ô ó ã�è ñ ì�å�ä�é,ç,î�ô�����ò�ä � è ñð ô%è ñó(ñ�ð è�ë � ! u#" ø(ä ñ�ñ ë9î ð ø ó ë ñ�ó(ñð è�ë j

ç,è�å ó ç,è�é(ç j&�íñ�ó(ñð è�ë j î�ã j Ø ö ù�î�ì,î%ø ï ã�ò�ä m ¥cq ö m& cq �6! ð ëIè ð�ó ëÌõ �,ð îûô �(� î%øuì(ø,î ñ�ð î�é ñó(ñð è�ë � õ�ä ð ä�ò � è<ë�ä�å�î�èòlî*å óS� è ñ�ð ô�î ó ç ð è�ø,ô%ä*å(î�ô ñ ì�å�ä�é,ç(ä,õlò�î ð î%ø,î�èRë �Bñ î �%ó ø(ä*è�ë ñ|ï ô�ô%è ñð�ó õlì,ø,î�ã ó ò ð î%ô%ä�ç � å ó êªæªç,è�î �>� î�ã ó ö¨ëIî ñ�ð æ �ò,ø(ä ð ò�î ñ�ð*óBó ÷�å(î � è�ç ó�ï � Ê è ñ�ð*ó ø,î%ô%ä*ç ó èýì,î�ò�ä*÷ � ôlä*è ð ô%è ñ æ%ë�ä � î%ø,î�ê ó èüø,è�÷ j å�æ ð ä ð��Yó ì,ø ó�� î*å�æ�êqîlë �,ó�ñ å(èj ø�ä*ô�ç,è�ç ó é ñó(ñ�ð è�ë � m ã�è ñ¦ï,ð ò ó q õ�ô ��ñ î�òlî%ù�î�ì,î%ø ï ã�ò�ä j ø(ä*ô%ç,è�ç ó é ñó(ñ�ð è�ë � m ã�î�$*ö�ù�î q ó�� î*å�æ�êqîlë_òlî�å ó%� è ñð ô%èó ç ð è�ø(ô%ä�å�î�ô ñ ì�å�ä�é,ç,î�ô m ã�è ñ¦ï,ð ò ó q �k!�ãFç(ä*òlî�õEô � ô%î�ã ð ä*ò ó�� ø,è�÷ j å(æ ð ä ð î�ô£÷�ä*ç ó ë�ä*è ð ô%è ñ ælë�ä � î�å(æ�êªî�è�ëIè ñð î�õç,è ñ î%ô%ëIè ñ�ð*ó ëIî%è ñ*i î�ø�ë�ä ð îlë ñð ä ð æ ó ��� ñ¦ï î�ì,è�ø(ä l(ó�ï@�,ó(ñ å(è�ç,ç(î�ù�î.ø,è�êªè�ç ó�ïíñ�ó(ñð è�ë � ñ è�ù�î ñ ì�å�ä*é(ç,î�ô � ëì,ø,è�ã ñ�ð ä�ô*å(è�ç ó è�ë.ì,ø,î ó ÷�ô%î�ã ó,ð%ñ|ï ì,ø,î ñð î%éâòlîlëIä�ç�ã�î%é r
¦_âWñ ê¨§µ©�����Ý&�c½ ¦_âWñ å�Ý%à�æ�ß0����Ú*Û â�ñ å�Ý%à�æ����S�{õ�Ýcã*ã0�'��������Þ#�w�v©����'�w��á��HÞ
õ�Ýcã	ã��ºÆ0������Þ#�w�v©�½>�����w��á�Æ0�������QÞ�V���L½%·�á�´S�v©�½�·các´�Þ�Æ��N½�·các´S��©�ß�ä�ªc°���[	ác´S���ZÞ#À6é�Þ>·~Þ.êQÞL·~Þ'´QÞ#��Ý&�¾§
� l è�å ï��Ì� òlî%ç,î%ë ó,ó ëIè ñð ä i î%ø(ë�ä ð ô � ô%î�ãFäýø,è�÷ j å(æ ð ä ð ä ó ç ð è�ù�ø ó ø,î%ô%ä�ç ó�ï ë � ð ä�ò � è j ì(ø,î ñ�ð*ó ëÌõ ñ î�ò,ø(ä ð*ó ô�,ó(ñ å(îßô � ô%î�ã ó ë ��� ÷�ç�ä � ä �qó��¢l,ó�i ø ñ Ø%ø ã�î Ä r

¦ æ�® ò åWã���Á6ê0����Ýc�çÞ#Àw�
¶
� �(�,ó�ñ å ó ëÌõ(ç(ä*ì(ø ó ëIè�ø�õ(ô ð î�ø j&� ì,ø,î ó ÷�ô%î�ãFç j&� î ð ì,î�å j&� è�ç,ç,î%ù�îuø(è�êqè�ç ó�ï ô ð î � òlè

ξ = 1/8 r
¦_âWñ å�Ý�à�æ�ß0� â�ñ å�Ý%à�æWÚ~Ýcã*ãc��� â�ñ ê.��°w�çÞ#°ZÞ>·cá_ëQÞ'´S��¶

ö Ø � £�Ø�øWø�s Ä ¤ ¤ £
� �(�,ó�ñ å ó ëÌõ(ç(ä*ì(ø ó ëIè�ø�õ(î�ì,ø(è�ã�è�å(è�ç,ç � é ó ç ð è�ù�ø(ä*åJî ð ì(î*å j&� è�ç,ç,î�ù�îuø,è�êªè�ç ó�ï 1∫

0

sin z(ξ)dξ r
¦_âWñ å�Ý�à�æ�ß0� â�ñ å�Ý%à�æWÚ�æ_ã���à�°&�0� â�ñ ê.�'��Ýc�çÞ#��ÝçÞ�ß	Ý�à¨����Ý&��Þ'²�Þ>·���¶

ø � Ä ¤* $  �¥W¥ ¤W¤  N
LM> Ö�à���� Ò ���#Õ��I��Ö�Ù�
 ÒvÜ Ö�à�æ
Û��>Ö�Û(�#Ù�Ö�Û�áLÙ���à����	��Ú�
kàÌ�#Ú��#Õ��Û(�GN4O � �
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Ækõ��,` ��`���¢ Ê�Í Ñ t*Ë�d Ð g�h,h Í i Í§È g�p>g�h,Ë�v©w É Ñ É t*Ë ¾qÍ pªË �½�� �Ï��!¥� üh É Í e È g�w��,g&P�ÏñRQcð�rpñTS Ò g�e Í Ñ Í*Ò�µI� h,i�gÏ ¾<� e*e É }%Ï¨~ oUÍÈ v�Ñ�� Í�ÊÿÊÿÊ Ë�Ñ�gû� � k�Ë�tlg�d|� Í i Í Î�Ï½� � d Í t*h Í i Í
d o,Ð�É�n h É d0h É w�h É t�g�h,ËFg Ò Ë Ò g�h,ËâhFgw É�Ê Ë�d|Ë ÒsÍ�n�o g È g Ò g�h(h Í�n

ξ
�U��¢ Ê g¨Ñ�g�h É j � h,��Ï

¡,Ë,v
z(x) = X2(ξ)

� �
ð ø(ä i ó%� è ñ òlî%è4ì,ø,è�ã ñ�ð ä�ô*å(è�ç ó è<ø(è�êqè�ç ó�ï�ó ç ð è�ø,ôlä�å(è

[−1/2, 1] � è�ø,ç � ë l ô%è ð îlë£ôqç(è�ø(ä ñ�ð�ï��ßó ëIîlë i î%ø(ë�ä ð èì(ø,î ó ÷�ô�î�ã ó,ð�ñ¦ï�ñð ä�ç�ãFä*ø ð ç,î�é�òlîlë�ä*ç�ã�î%é I ��£ L ��r
¦�ñ åc«�°�� â�ñ ê.�'°w��Þ�°&©�½�·�á�´Z´	´�·~Þ�¬�«	å�«�ª&©Wè�å ò ¬�»HÞ�ßc¬ ò å�Ý�à�6&©*V%��X â 5	�*)��cX*Û*Ú���¶
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Ækõ��,`WV�` µ g�p>g�h,ËUg �%È�É*Ê hFg�h,Ë n �½��  d0h É t É*Ð f�h,¢4ÏÒ Ë � d ÐFÍ�Ê Ë�v Ò Ë§�&¥�  Ê j ÍÈ�ÒEÉ e�g4Î�Ï¨e�Ëß� � d Í t*h Í i Í
d o,Ð�É�n h É �

�
Ækõ��,`YX�` µ g�pßg�h,ËFg �%È�É*Ê hFg�h(Ë n �b��  d0h É t É*Ð f�h,¢4ÏÒ Ë � d ÐFÍ�Ê Ë�v Ò Ë£�!¥�  Ê j ÍÈ�ÒEÉ e�g4}	Á�Ï&� É � � d Í t�h Í Ï
i Í d o,Ð�É�n h É �

Z G \�V�F[14K � X4K
¿ î�ã�ô%î�ã ï ø(è�÷ j å(æ ð ä ð�� õ�î ð ë9è ð*ó ëÌõ �(ð îJç(ä%ë ó£ñ î�÷�ãUä*ç§ô ñó(ñ�ð è�ëIèxò�î%ëIì,æ �4ð è�ø,ç,î�é ë�ä ð è�ë�ä ð*ó ò ó:I �W£ L � ñ�ó(ñð è�ë�ää*å(ù�î%ø ó,ð ëIî%ô ó òlîlëIì�å(è�ò ñ ì,ø(î�ù�ø�ä�ë�ëBä*ô ð î%ë�ä ð*ó ÷ ó ø(î�ô%ä�ç,ç,î�ù�î �,ó(ñ å(è�ç,ç(î�ù�îâø,è�êªè�ç ó�ï ÷�ä�ãFä �,ó*| î%ê ó ã(å ï ç,è�å ó öç(è�é,ç,î%é ñó(ñ�ð è�ë � ì,ø,î ó ÷�ô�î�å(æ�ç(î�ù�î �,ó(ñ å�äRî ��� ò,ç(î�ô�è�ç,ç ��� ã óSi�i è�ø,è�ç l,ó ä*å(æ�ç ���`j ø�ä*ô�ç(è�ç ó éªì(ø,î ó ÷�ô�î�å(æ�ç,î%ù�î4ì,î�öø ï ã�ò�ä(õFø(ä�÷�ø,è�êªè�ç,ç ��� î ð ç,î ñó,ð è�å(æ�ç,î ñð ä�ø,ê ó%� ì,ø,î ó ÷�ô%î�ã�ç ����ó è�ù�îâä*ç(ä*å ó,ð*ó%� è ñ ò�î�ù�î�ì(ø,è�ã ñ�ð ä*ô�å(è�ç ó�ï ôÿô ó ãFè
ñ ì�å�ä�é,ç,î�ô óL^ ö ñ ì�åFä*é,ç,î%ôS��!�ã�ç,î�ô%ø,è�ëIè�ç,ç,î ñ î%÷�ãFä�ç£òlî%ëIì,å(è�ò ñ ì,ø,î%ù�ø(ä%ë�ëÌõ�ì,î%÷�ô�î�å ï%�7�ªó é£î ñNjc� è ñð ô*å ï,ð æ:ä*ç(ä�ö
å ó,ð*ó%� è ñ ò ó èªä�å(ù�è � ø�ä ó%� è ñ ò ó è ó�ó ç ð è�ù�ø,îßö�ã óSi�i è�ø(è�ç l,ó ä*å(æ�ç � èRî%ì,è�ø(ä l,ó,ó ç(ä�ã ñ ì�å�ä�é,ç(ä�ë ó � Ê ä�ò ó ë³î � ø(ä*÷�î%ëÌõò�î%ëIì�å�è�ò ñ ì,ø,èã ñð ä*ô*å�è�ç,ç � éýì,ø,î�ù�ø(ä�ë�ë�ëIî � ç,îÿø(ä ñ�ñ ë�ä ð ø ó ô%ä ð æ�ò�ä*ò ó ç ñ�ð ø j ëIè�ç ðg�,ó�ñ å(è�ç,ç,î*ö¨ä*ç(ä*å ó,ð*óS� è ñ òlî�ù�î
ó�ñ�ñ å�è�ã�î%ô%ä*ç ó,ï ëIä ð è�ë�ä ð*ó%� è ñ ò ó%� ëIî�ã�è�å(è�é�ç,èå ó ç(è�é,ç ��� î � î ��� è�ç,ç,î*ö¨ëIè � ä*ç ó%� è ñ ò ó���ñ�ó(ñð è�ë��� ÷�ä�ò�å � � è�ç ó è s ô ð î�ø � ô � ø(ä � ä �4ð ì,ø ó ÷�ç(ä ð è�å(æ�ç,î ñð æüì,ø,î i �
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ADET := λ→ det(AL(λ))
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Eq := (λ, A, X)→
matadd(multiply(A, X), op(convert(transpose(convert(X, Matrix)), listlist)), 1, −λ)
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[8.032493195x+ 2 y + 3 z, 2x+ 1.032493195 y + 8 z, 3x+ 8 y + 6.032493195 z]
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v�W�S"U�wrO�alP	Uij	\"R	a3O�\O*�bO�W%\"R�Rrj	W�cbO�\�Z/P	W�V��bOQXxq�V�S/W�TY«pf`[I[+O�SY�%Rc%P�Wpa3W�_�yr�Fj	\R�a3OQP	dr��«%V]dpR�P	[pW%\anU�^�R�W�PP�hiOp�bO&Z/P	W�T	W�_�R�R
P	UsW%VQP�W�cbOrS/W�atjY«����bO�\"P	W�X�VQR	V&�bO�athz476/8:9-;2<�6/8:=?>�6gj�\R�R�V�VQT	O2Y-W�cbU�PR�R{_`OQW%a3O��b\"R�N�O�V�SR�ZDW%e%|�O�S��bW�c 8

}gy/PY-U�a3OQPY�%U�TY«�P�h~X	�%O�W%\O��%R�N�O�V�S"R�X�a�U��bO�\"R-U�T	�bO�W�\R�R�j	W�c%O�\�Z/P	W�V��bOQXxq�OQV��bO�V&�%cbOQPP	W"qP	OpY-W�j�ybV�S"U�O��oPR	S"U�S"W�_`WsY-\"y/m
_�W�_`W�V]j	W%VQW%ebU�R	MQT�W�wrOQP�R�d�q	S�\W%a3O��b\	U`Y	R^�R	W�P�P�W�_�W7��M`UuR�V�STY�+N	O]P�R�O�aGRT�TY�pV��%\R�\"yr�+��RYZ�OQ_�WDj�\R	a3O�\W�c�� 8�� j	\W��%RcbW�m
j�W�T�W�wsP	W�V���«uf��bW�a3yDV�W�W��%c%O��bV��%c�yr�p��R�X�j	\�U�SY��R�N	OQV�SRX�anU��bO�\"R-U�T�P	Opa3W�wrO���e�h��$«uf`[I[pO�S��%R�c�P	WsR�j�W�T�P�Wgj	\O]Y-V���U�c%T	O]P
e�O�MIj�\R	a3O]P	OQPR	duR�P-[+W%\�anU�^�R	W�P�Ph[Z¹�%O&Z/P	W�T�W�_QR�X 8� e�|xd"VQP	d"O��bV2d�f��bWs_`\W%a3W%M2Y-S/W%V&��«��zVQR�atcbW�T�«%Ph[Z�c%h~NR	VQT�OQP�RX�Y�U�wrO
cuV`U�ath[Z�j�\�W�V��%h[ZDVQT�y/N-U�drZuR{V�W�cbOQ\��rOQPP	W�XZP�OQcbW�M�a3W�wsP	W%V��$«��zc%R�MQy/U�TR	M]R	\�W�c�U$�$«��b\�&Z"a3O�\PhiO+_`O�W�a3O��b\RN	O�VQSR�OIW�e%\�U�m
M]h�e%OQMpS/W%atj�«����bO�\	U 8�� cg^�OQT�drZo\�O��rOQPR	d�f���RYZoj�\�W�e�T�O�aµ��U�SR	O~j	\W�_`\�U�a3atP�hiOFj	\�W�Y�y"SY�%h�q%S"U�S�476/8:9-;2<�6/8:=?>�6IR{476��-��;�q
VQW�cbOQ\��rOQPP	WuP	OQM`U�a3OQPR	ath 8

���DADCI�	�ZHL�D�+�gJ��L�pAu�7�I��HKHL��C��Ì�����D�+�g�L��HL�F�oADCIH�H��������KJLAD���

�� ,¡3¢i£3¤s¥&¦§¢i &¨ª©B«s¬n-®°¯s±i¢i¬3¤p²�³g±Ft¥,«�´o±iµi¤s ,¡3±i¢i &³g³s¦§¬·¶p ~� &¥&¬t¸s¹F³g¦§º»«
\ T�d�j�\�W%V&�b\	U�P	V��%c%OQP�P�W�X»S�\"R�c%W�X�q�M`U�Y-U�PP	W�X(j	U�\�U�a3O��b\"R�N	OQV�SR�a5y"\�U�c%P�OQP�R�O�a

~r = ~r(t)
q3\�U�MQc%��\��%h~c�U$�+�gU�d"V]d»j�W�cbOQ\mZ/m

P�W%V&��«�q�VQW%V��bW�d"�gU�d�R�Mv�bW�N	O�S�S"U�V`U$�bO]TY«%Ph[ZuSDf��%W�XDS�\"R�cbW�X�qbe�y�Y	O���R	a3O��$«ry"\	U�c�P	O]P�R	O ~R = ~r(t)+ v · ~̇r(t) ��V�a 8 qbP-U�j�\R�anOQ\xq¼ `�½�� 8
v�\�W�_`\	U�a3a�UKY	T�d¾V�W%V���U�c%T	O]P�R	d¾j	U�\�U�a3O��b\"R�N�O�V�SR�Z(y"\	U�c�P	O]P�R�X¿\�U�MQc%��\Y�%h~cbU$�+�gO]X	V2d¿j�W�cbOQ\�Z"P�W%V���R�q,W�e%\�U�M�W�c�U�PP	W�X

S"U�V`U$�%OQTY«�P�hiatR�S�j�\�W�V��b\	U�P	V���cbOQPP	W�X�S�\"R�c%W�XÀ��M2Y-O�V&«sÁ�ÂxÃ�Ä-ÅoÆÇj�\�W�R�MQcbW�TY«�P-U�d�S\Rc�U�d�q�ÈbWrOQV�È�«gVQj�R�V�W%S�j�\	U�c�h[ZuN-U�V�ÈbOQX
OQ�Ij-U�\	U�a3O�È%\RN	O�V�S"RYZuy\�U�c�P	OQPR�X��]ÉËÊ
ÌQÍ Ã�ÎbÏËÁ�ÂxÃ�Ä-Å�ÐoÑ0Ï Ì Ð{Ò�Ä�ÐoÑpÓ�ÔÕÁ�ÂxÃ�Ä	Å�Ï Ì Ñ+ÖÕÄG×KÏËÁ�ÂxÃ�Ä	Å�Ï Ì Ñ�Ò Ì Ñ

Ø U�Y�U���a¾S/W�P�R�N�O�V�S"y"Ù§c%R�P�ÈbW�c�yÙÚTR�PR	Ù
x = t cos t, y = t sin t, z = 3t

É
ÁbÂxÃ�Ä-Å-Û-Ï Ì ÐsÑIÓ�ÔÝÜ Ì�ÞgÍ ÎbÏ Ì ÑßÒ ÌDàxá�â Ï Ì Ñ�Ò�ã Ì%ä

v�W�Ty/N�R	a�j	U�\	U�a3O�Èb\"R�N	OQV�SR�Ooy"\	U�c%P	O]P�R	dÀ\�U�MQc%��\�È%h~cbU�Ù+�gO]X	V2d�j	W�cbO�\�Z/P	W�V�È%RxqxW%e%\�U�M�W�c�U�P�P	W�XGS"U�V�U�ÈbOQT�«%PhiatR(S�S/W�m
PR�N�O�V�S/W�X{c�R�P�ÈbW�c%W�X{T�RP�R�RxÉ
ÌQÍ Ã�ÎbÏËÁ�ÂxÃ�Ä-Å-ÛbÑ0Ï Ì ÒtÄ�Ñ
å�æpç,è%é�¼ æ ½3êzëÀ� ç,è�é�¼ æ ½�m æpì"íËî�¼ æ ½ï�]q æpì/íËîx¼ æ ½�êªël� æ+ç,è%é�¼ æ ½3ê ì"íËîx¼ æ ½��]q_x æ ê xoë�ð

ñ3VQT�R§V�W%VQÈ%U�c%R�È�«(j-U�\	U�a3O�È%\R�N�O�V�S"R	OZy"\	U�c�P	OQPR	dkfQÈbW�X�j	W�cbO�\�Z/P	W�V�È%R¿P	O�V]T	W�wsP�W(R�òóc%\y/N�PyÙFô�q,ÈbWLj	W�V�Èb\W�R	È$«(f�È%y
j�W�c%O�\�Z/P	W%VQÈ�«ue%O�M�S/W%atj�«bÙpÈ%O�\	UrP	OQc%W%M�a3W�wsP�W 8�� R�MQy/U�T�R�MQR	\"y�O�a»f�È%yDj�W�c%O�\�Z/P	W%VQÈ�« 8
õFöÃ�ö-÷KÅ Ì Ã á Á%õrø Í	Ì ã�×KÏïÜ Ì�ÞgÍ ÎbÏ Ì ÑFÖùÄ§ú ÞgÍ ÎbÏ Ì Ñ,û Ì�àxá�â Ï Ì Ñýü�Ò ÌDà�á�â Ï Ì ÑFÖ�Ä§ú ÌDÞgÍ ÎbÏ Ì ÑiÖ à�á�â Ï Ì Ñýü`Ònã Ì Ö°ãlÄ ä Ò�Ü Ì Ò�û�Û�þ?ÿ
õ á Ò���þ?ÿKõ á ä Ò~Ü�Ä3Ò�û2ã�Ò�ã ä Ò�� Í�� Å��(û	��
xö	ø�Î�Å�Ò� � ÅÎgû���
xö	øïÎ�Å�Ñ
Ê��������������������� �!"��#"$�%'&���!�(�)	(���*+&"��,�-/.0%�1����2*4351�%�67)���*8��	�������������9:���	��);,���*<
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8
Z �[ þ�Û	þ]\ñß � ë�)Nìªí��[ë�ß��+*2ß��_ã��9ç-��ëmèhì"!rê-��ã�í�#�ë4é{ë�á	!�ìªß�ä�á�ìªã�ß`! ð

^rUI_tR	V 8 ³pj�W%S"U�M`U�P	UI\	U�MQcb��\È%h~c�U�Ùp�gU�d"V2doj	W�c%O�\�Z/P	W%VQÈ�«�q�W%e%\�U�M�W�c�U�PP-U�d�S"U�V`U�ÈbO]TY«%PhiatRDSoS/W�PR�N	OQV�S/W�Xoc�R�P	È%W�cbW�XuT�RP�RR 8
^rUsj�W�T�y/N�OQP�P�W%a»R�M�W%e�\	U�wgO]P�RRld"VQP�Wsc%RY�P	W"qS"U�S�c%h~_2T�d/Y�R	Èo\�O�e�\�WscbW%M]cb\	U�È%Uo\	U�MQcb��\È%h~cbU�Ùp�rOQX�V2d{j�W�cbOQ\�Z"P�W%V�È�R 8

` ±~¸s®�¤g³g ,® ¯s±i¢i¬3¤p²�³g±+�¥,¹
v�W�T	d"\P�W�Xlj	W�c%O�\�Z/P	W%VQÈ�«bÙÇY�U�P�P�W�X�S\RcbW�XKP-U�MQh~c�U�O�ÈbV2dKW�_�R	e%U�Ùp�gU�d�V�O�a3OQX�V�È%cbU�O��oP�W%\�anU�TY«%Ph[ZljT	W%VQS"W�V�ÈbO]X ¼ `�½ 8 v�W�m
V�S/W�TY«%SysW%e�\	U�MQy"Ùp��R	O~j	W�T	d"\P�W�Xoj�W�cbOQ\mZ/P�W%V�È%RoÆªfQÈbWIj�\/dathiO%q�j�\�W�Z�W�Y	d��R�O&N	O�\O�M&^	OQP�Èb\h(S�\"R�c%R�MQPhGÈbW�N�O�SuS\RcbW�XoR
j-U�\�U�TT	OQT�«%P�hiOne�RP	W%\anU�T	d"a{c+f�È�RYZIÈ%W�N	S"U�Z�q`È%Wij	U�\�U�a3O�Èb\"R�N	OQV�S/W%O3y"\	U�c%P�OQP�R�O3j	W�T	d"\P�W�X�j	W�cbO�\�Z/P�W%V�È%RrS�\"R�c%W�X

~r = ~r(u)anW�wgP	Wuj	W�T�y/N�R�È�«sÈ%U�SxÉ
~R = ~r(u) +

1

k
· ~ν(u) + v ~β(u) .

Ø Y	O�V&«
k
Æ S\R�c�R	MQP	UsS\RcbW�X�q

~ν
Æ O]Y	RP�RN�P�h~X�cbOQS�ÈbW�\�_2T-U�c�P	W�XZP	W�\�anU�TR�q ~β Æ O]Y�R�P�RN�Ph~X�c%O�S�È%W%\{e�RP	W�\�anU�TR 8� Y�P-U�S/W�\�O`U�T�R	M�U�^�R�d{j	\W�_`\�U�a3athªc{[+y/P�S^�R�W�P	U�TY«�P	W�a¿V�È%RT	OIY	T�d{j	W�T�y/N	OQPR	d�j-U�\�U�a3O�Èb\"R�N�O�V�S/W�_�W�y\�U�c%P�OQPR	d{j�W�m

T	d"\P	W�XKj�W�cbOQ\�Z"P�W%V�È�RKj	\�W�R	MQc%W�T�«%P	W�XLS�\RcbW�X�y"wrO�j�\RcbW�Y	R�È{SlY-W�c%W�TY«�P	W{_`\W%a3W%M]Y	SR�a§c%h~N�R�VQT�OQP�R�da 8 v�W%f�ÈbW�aty�q�c%W�m
j	O�\"c%h[Z�qbe�y�Y-O�aÀj�W�T�y/N	U�È�«py\�U�c�P	OQPR	O&j�W�T	d"\P�W�Xoj�W�cbOQ\mZ/P�W%V�È%Roj	WIW�j�\�O]Y	OQT	O]P�R	Ù5��SU�SuW�_�R�ebU�Ùp�rOQX�V�O�a3OQX�V�È%cbUIP�W%\�anU�TY«%m
P�h[Z�jT	W�V�S/W%VQÈbOQX��]q/cbW�m:cbÈbW�\h[Z�qR�MQT�W�wgR	akU�T�_`W�\R�Èba»j	W�Ty/N	OQPR	d�y"\�U�c%P�OQP�R�dDj�W�T�d\"P	W�X�j	W�c%O�\�Z/P	W�V�È%R�P-Ugj	\"R	a3O�\O 8

� c%O]Y-�QaGj-U�\�U�a3O�Èb\"R�N�O�V�S"R	O+y"\	U�c%P	O]P�R	dDS�\"R�c%W�XL��V]j�R	VQS/W%a(j�\	U�c%h[Z�N-U�V�ÈbO]X��]É
Ã�Ã/Ï Â�ÐsÑ�Ó�ÔÝÜ ÞgÍ ÎbÏ Â�Ñ�Ò àxá�â Ï Â�Ñ�Ò&ÛBaW� à�á�â Ïb�LÂ�Ñ ä

crU�V�U�ÈbO]TY«%Ph~XZc%O�S�È%W%\{S\R�c%W�X��ïj	\�W�R	MQc%W�Y	P	U�d�\	U�Y�R�ybVQm:cbO�SÈbW%\�Urj	Wsj-U�\	U�anOQÈb\yDS�\RcbW�X��]É
Ì ö âed Ã�Ã/Ï Â�ÐsÑrÓ?Ô°×ÀÏ Ã�Ã/Ï Â�ÑßÒnÂ�Ñ

¯ OQcbU�d�N-U�V�È�«7y"\	U�c�P	OQPR	dÀP	W%\anU�T�«%P	W�X(jT	W�V�S/W%V�È�R»S�\RcbW�X»clj�\�W�R�MQcbW�TY«�P	W�X(ÈbW�N	S/O7�ïR�T�RLW`Y�P	W�j-U�\�U�a3O�Èb\"R�N�O�V�S/W�_`W
V�O�a3OQX	VQÈ%c�UsP�W%\�anU�TY«%Ph[Z�j�T�W%V�S/W�V�ÈbOQX-�]É
ÅBf â Û-Ï ÂnÐoÑpÓ�Ô Ì ö âUd Ã�Ã"ÏËÂ�Ñ�þóú]Ü � Ò�g�Òh ä û�Ã�Ã/Ï Â�Ñýü'aiakj �ml ö â �

v�\W�R	M]cbW�Y	P	U�d�j�\�O2Y	h&Y	y"�rOQ_`Wsc%hi\�U�wrOQP�R�d�j	Wsj-U�\�U�a3O�Èb\"y�É
ÅBf â �xÏ ÂnÐoÑpÓ�ÔÕ×KÏ Å�f â Û-Ï Â�Ñ�Ò�Â�Ñnaia4j �el ö â �

_�O��rO]P�R	OrV]R	V�È%O�athÚy"\	U�c%P�OQP�RX��ïj	O�\"cbW%OIÆ y"\	U�c�P	OQPR	OIVQO�a3OQX	VQÈ%c�UsP	W%\anU�TY«�P�h[Z�jT	W%VQS/W%V�ÈbO]X�q"c%ÈbW%\W%OIÆ y"\�U�c%P�OQP�R�O%q
j	W�Ty/N	OQPP	W%OFY�R-[I[pOQ\�OQP^�R�\�W�cbU�PR	O�a(j	OQ\cbW�_`Woj	Wsj-U�\	U�a3O�È%\y��]É
à�Í ø�Ä	Å�ÏïÜbÅBf â Û-Ï Â�ÑFÔZÔpoxÒtÅ�f â ��Ï Â�ÑFÔZÔpo ä Ò&Ü � Ò�g ä Ñnaia àxá ÷ l ø árq g
å%å S�m�sut ç,è�æ`¼ v ½têxw ç,è%é�¼ ` v ½ ç,ézy�¼ v ½�m5{�|�® ç,ézy%¼ v ½ ì/í î�¼ ® v ½ïð%ð

g,OQ\���a¾U�j�jT�R�S"U�È%y�M`UscbÈ%W%\�W�X{j-U�\�U�a3O�Èb\�j	W�T	d"\P	W�X�j�W�cbO�\�Z/P�W%V�È%RxÉ
} a�þh{û��ùÄ
å%å S�m�sut ç,è�æ`¼ v ½têzë ç,è�é�¼ ` v ½ ç,ézy%¼ v ½xm~{	|�® ç,ézy�¼ v ½ ì"íËîx¼ ® v ½�ð�ð

v�W�Y-VQÈ%U�c%T�ddÀcba3O�V�ÈbW
x
R
y
RYZKc%hi\�U�wrOQPR	dLR�MDj	U�\�U�a3O�Èb\"R�N�O�V�SR�ZÀy"\�U�c%P�OQP�RX�Y�U�P�P�W�X»S�\RcbW�X�q�j�W�Ty"NR	aÚVQjR	V�W�S

j	\	U�c%h[Z�N	U�V�ÈbO]X{j-U�\	U�anOQÈb\RN	O�VQSRYZuy"\	U�c�P	O]P�R�X�j�W�T�d\"P	W�X�j	W�cbO�\�Z/P	W�V�È%R{f�È%W�XZS\R�c%W�XxÉ
l3Í ø�öÃ/Û	Ï Â�Ð{ÒiÄ�ÐoÑoÓ�Ô Ü�ÛBaW�zú û2ÿ ÞrÍ ÎbÏ ãkÂ�ÑIû�ã ÞgÍ ÎbÏ ÿkÂ�ÑIûH�¿Ä ú�ã àxá�â Ï Â�ÑoÖ àxá�â Ï ã�Â�Ñýü�ü�Ò�ÛBaB�zú û2ãkÄ ÞgÍ ÎbÏ Â�ÑgÖ Ä
ÞgÍ ÎbÏ ã�Â�Ñ+Ö��kúz�LÖ ã ÞgÍ ÎbÏb��Â�Ñýü àxá�â Ï Â�Ñ;�bã-ü�Ò�Ä ä

� R�MQy/U�T�R	M]R	\"y�O�aLj	W�T�y/N	OQPP�y"Ù�j	W�T�d\"P�y"Ù�j	W�c%O�\�Z/P	W%VQÈ�«�É
õ+öÃ�ö-÷KÅ Ì Ã á Á%õrø Í	Ì ã�×KÏïÜ	ÛBa��5ú û2ÿ ÞrÍ ÎbÏ ãkÂ�ÑIûDã ÞgÍ ÎbÏ ÿkÂ�ÑIû'�kÄ úßã àxáïâ Ï Â�ÑsÖ àxá�â Ï ã¿Â�Ñýü�ü�ÒIÛBaW�5ú û2ãGÄ ÞgÍ ÎbÏ Â�ÑgÖ Ä
ÞgÍ ÎbÏ ã�Â�Ñ+Ö��kú��(Ö ã ÞgÍ ÎbÏb��Â�Ñýü àxá�â Ï Â�Ñ;�bã-ü�ÒtÄ ä Ò&Ü"ÂnÒ2oxÒ2�¾ÏËõ á Ñ ä Ò~Ü�Ä3Ò�û2ã�Ò�ã ä Ò2� Í�� ÅB�(û	��
xö	øïÎ�Å-Ò�� � ÅÎgû	��
xö	øïÎ�Å-Ò
õ�ø Í	Ì õ Í-á�â-Ì Îuû	��ÿWoÑ
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Z �[ þ���þ ��� ��à�ìªß�â�èNêYåªè�ç�ì���ã�í�ìªß�ê¡ã�í�ë�è�êYê-��æ ämì_åYë���æ å�ãQ��ë%1pè2*o)�êYê-��è å � ��à�ìªß�â�è�ê�åªè
� í%��æ9ärìYå_ë���æ9å/è�)�ç���Þ�mìYê���æ¹ç���ëmèNì"!mê��$ã�í�å�ð ð

��� � �@� CIH�JK������ADCI�M�7H����F�sJ�A��L� � CIHKJK�

�¿«g³g¥&±i¢F¦§¬ ¯g±F¢i¬3¤p²I³s±F�¥&«
ñ3VQTRljT	W�V�S"U�dZS\R�cbU�dZ\�U�c�P	W%a3O�\"P	W�cb\�U��gU�O�È%V]dZcbW%S\y/_sW�VQRxq�\�U�V]j	W�T�W�wrOQP�P�W�XÀc�O��rj�T�W%V�S/W�V�È%Rxq�RlW�Y	P	W�cb\O�a3OQP�P�W�Y�c%Rm
wrOQÈbV2d�\	U�c%P	W�a3O�\P�WsR�j�W%V�È%y/j	U�ÈbOQT�«%P�WrcsP	U�j	\�U�c�T	OQPR�R�f�ÈbW�X{W�VQR�q/ÈbWsW�P-UgW�jR	VQh~cbU�O�Èsj	\"R�f�È%W%aLc%R�P�ÈbW�c�y"Ù§j�W�cbOQ\�Z"P�W%V�È$«
¼ `�½ 8��

W�wsP�W+W%e%W�e%�rR�È�«pfQÈbWiW�j�\�O]Y	OQT	O]P�R	O�qQcbM�d/cFcFS"U`N�O�V�È�cbO3j	\Wb[+RT	dpP	O3jT	W�V�Sy"Ùsq�U~j�\�W�V�Èb\	U�P	VQÈ%cbOQPP�y"Ù�S�\"R�c�yÙ 8	� W�_0Y�U/q
OQVQT�Rlj	U�\�U�a3O�Èb\"R�N�O�V�SR�O�y"\	U�c�P	OQPR	d{f�ÈbW�XÀS�\"R�cbW�X

x = x(u), y = y(u), z = z(u)
q-ÈbWq	j�\RP�R�a�U�dZM�UDW%V&«�cb\�U��rOQP�R�d

Oz
q

j�W�Ty/N�R	aLj-U�\	U�anOQÈb\RN	O�V�S/W�Opy"\	U�c%P	O]P�R�dDc%RP	ÈbW�cbW�XZj�W�c%O�\�Z"P�W%V�È�R�cuc%R"Y-O
~R = x(u)~e(v) + y(u)~g(v) + (z(u) + av)~k .

Ø Y-OQV&« ~k Æ W%\ÈuW%V]R (Oz)
q
~e(v)

R
~g(v)

Æ cbOQS�ÈbW�\PhiO�S\y/_`W�c�hiOr[+y/P	S"^�RR 8
v�\�W�_`\	U�a3a�UgY�T	d�VQW%V�È�U�c�T	OQPR	dDj-U�\�U�a3O�Èb\"R�N�O�V�S"RYZ�y"\�U�c%P�OQP�RX{W%e�W%e%�r�QP�P�W�X7c�R�P�ÈbW�cbW�X{j	W�c%O�\�Z/P	W�V�È%R�É

Ä á�â-Ì Ã/ÏËÁ�Â�Ã�Ä	Å�ÐoÑ0Ï Â�Ð{Ò�ÄnÐoÑ0Ï ö�ÐoÑFÓ�Ô Ü�õ+öÃ Ì ÏËÁ�ÂxÃ�Ä	Å�Ï Â�Ñ�Ò&ÛbÑ ÞgÍ ÎbÏ Ä�Ñ,û
õFö�Ã Ì ÏËÁ�Â�Ã�Ä	Å�Ï Â�Ñ�Ò2�"Ñ àxá�â Ï Ä�Ñ�ÒtõFö�Ã Ì ÏËÁbÂxÃ�Ä-Å�Ï Â�Ñ�Ò&ÛbÑ à�á�â Ï Ä�Ñ+Ö
õFö�Ã Ì ÏËÁ�Â�Ã�Ä	Å�Ï Â�Ñ�Ò2�"Ñ ÞgÍ ÎbÏ Ä�Ñ�Ò�õFö�Ã Ì ÏËÁ�Â�Ã�Ä	Å�Ï Â�Ñ�Ònã"Ñ+ÖÕöKÄ ä_tU�V�V�a3W%Èb\"R	aGS�\"R�c�yÙ �ïj	\W%V�È%\	U�P�V�È%c%OQP�Py"Ù§j�W�TyS"ye�R�N�O�V�S"y"Ù§j	U�\�U�e%W�T�y��

ÁbÂxÃ�Ä-ÅB�xÏ Â�ÐsÑIÓ�ÔÝÜ"ÂnÒnÂ�����Ò3Â��bã ä
R{V�W%V�È�U�c%R	a(j-U�\�U�a3O�Èb\"R�N�O�V�S"R	O+y"\	U�c%P�OQP�R�dDc%RP	ÈbW�cbW�XZj�W�c%O�\�Z/P	W%VQÈ%R�q/c%M�d"c�fQÈ%yDj	U�\	U�e%W�Ty�c�S"U�N	OQV�È%c%OIj�\�Wb[FR�T	d�É
Ä á�â-Ì Ã/ÏËÁ�ÂxÃ�Ä-ÅB�"Ñ0Ï Â3Ò3Ä�Ñ0ÏïÛbÑ
å	v7ç,è%é�¼ ë/½xm v� ` ì"íËîx¼ ë�½:q v� ` ç,è%é�¼ ë�½3ê v7ì"íËîx¼ ë�½:q v� xoêªë�ð

� R�MQy/U�T�R	M]R	\ybO�a»f�È%yDj�W�cbOQ\�Z"P�W%V�È$«�É
õFöÃ�ö-÷KÅ Ì Ã á Á%õrø Í	Ì ã�×KÏïÜ"Â ÞgÍ Î�Ï Ä�Ñ,ûrÂ���� àxá�â Ï Ä�Ñ�Ò?Â àxá�â Ï Ä�Ñ+Ö Â���� ÞgÍ ÎbÏ Ä�Ñ�Ò

Â��bãLÖÕÄ ä Ò,Ü"ÂnÒ�û�Û	þ?ã�Ò&Û	þ?ã ä Ò&Ü�ÄnÒ�û���Ò2� ä Ò�� Í�� Å��Gû	��
xö	øïÎ�Å-Ò� � Å"Îgû	��
�ö�øïÎ�Å�Ñ

8
Z �[ þ?ã�þ ��� ��à�ìªß�â�èNêYåªè��$à%�$à�*u)�ê�ê���æ¦ë$åYê¡í%��ëb��æ9ç���ëmèNì"!mê-��ã�í�å9ë:é{ë�á�!�ì¡ß�ä�áYì¡ã�ß�! ð



=�>@?BA4CD>FEHGIG7JHK+G7LMENKÏwOLPENQHCSR�Gpt s J�>�?T>A?CB@D@E�F4G4HUR�IKJWV�J k��
�L¬t¡3³s¦§¬ ¯g±i¢F¬3¤+²�³s±F�¥&«
_�O�MQP�W�Xoj	W�c%O�\�Z/P	W�V�È�«bÙGP	U�MQh~cbU�O�ÈbV2dsj�W�c%O�\�Z/P	W%VQÈ�«�q�VQW%V�È%W�d"�gU�dsR�M&W%\ÈbW�_`W�P-U�TY«%Ph[ZsÈb\�U�O�SÈbW%\"R�XgW`Y�P	W�j-U�\�U�a3O�Èb\"R�N�O�V�S/W�_`W
V�O�a3OQX	VQÈ%c�U+jT	W�V�S/W%V�È%OQX 8%� \�ÈbW�_`W�P	U�T�«%P�h~O~Èb\�U�O�SÈbW%\"R�RgP	U�MQh~cbU�Ù+ÈbV]dgj	U�\�U�T�T�OQT�datR�q�UpV�OQN�OQPR	drj�W�cbOQ\mZ/P�W%V�È%RsjT	W�V�S/W%VQÈ�d/m
a3R7VQO�a3OQX	VQÈ%c�UoÆ a3O�\"RY�R-U�P-U�atR 8 ñ3VQT�R{P-U�N-U�TY«�P�y"Ù5j-U�\	U�T�T	O]TY«�M�U�Y�U�È�«�j	U�\�U�a3O�Èb\"R�N�O�V�SR�a»y\�U�c�P	OQPR	O�a

~r = ~r(u)
�
u
Æ

P-U�È�y\�U�T�«%P�h~X�j-U�\�U�a3O�Èb\	�]qÈbWsy"\�U�c%P�OQP�R�OI\O�MQP�W�X{j	W�cbO�\�Z/P	W�V�È%R{e�y�Y-O�ÈsR	a3O�È�«oc�RY

~R = ~r(u) + ~η(v)~p(u) + ~ζ(v)~q(u) .

Ø Y	O�V&«Lc%O�S�ÈbW�\h
~p(u)

R
~q(u)

Æ W%\�È�h�q�T�O�wgU���R	O7cLP	W%\anU�TY«�P	W�X¿jT	W%VQS/W%V�È%R¾P-U�N	U�T�«%P	W�Xkj-U�\�U�TT	OQTRkR¿W�e%\�U�MQy"Ùp��R�O
y"_2T�h

θ
R
θ + π/2

��VQW%W%È%c%O�ÈbVQÈ%cbOQPP	Wb�&VIcbO�SÈbW%\W%a
~ν
_2T-U�c%P�W�XZP	W�\�anU�TRZj	U�\�U�T�T�OQT�Rxq�Usy/_`W�T

θ
W�j	\�O2Y-OQT�dOQÈbV2d�[pW�\�aty�T	W�X

θ = −
∫

κ ds
�
κ
Æ S�\"y"N�OQP�R�O�� 8

� W�V�È%U�c%T�dÈ�«�j�\�W�_`\	U�anatyZc%h~c%W�Y�U�y"\�U�c%P�OQP�R�dZ\�O�MQP�W�Xlj	W�cbO�\�Z/P	W�V�È%R7Y�T	d{j	\W�R�MQcbW�TY«%P�W�XKS\RcbW�XlP	O]^	OQT�O�V�W�W%e%\�U�MQP�WB�
T�y/N	�rOI\	U�MQ\	U�e�W%È�U�È�«�U�T�_�W%\"R	Èba(\�O��rO]P�R	d�fQÈbW�XZM�U�Y�U�NR{P-UsS/W�P	S\�OQÈ%P	W�a»j	\"R	a3O�\O 8

_tU�V�V�a3W%Èb\"R	aªj�\�W�V�Èb\�U�P	VQÈ%cbOQPP�y"Ù S\R�c�y"Ù
x = 2 ch t, y = 2 sh t, z = 2t

8 ^rU�X"Y-��azy"\	U�c%P�OQP�R�dL\�O�MQP�W�X(j	W�cbO�\�Z/P	W�m
V�È%R�q"Y	T�d{S/W%È%W%\�W�Xlf�È�UuS�\"R�c�U�dZe�y�Y-O�È�W�Y	P�W�X7R�Mrj	U�\	U�T�T�OQT	O]X 8 v�\�O]Y�c�U�\R	È%OQTY«�P	WoP�y"wgP	WDW�È%P	OQV�È%RZy"\	U�c%P�OQP�R�d{S\R�c%W�X7S
P-U�È�y\�U�T�«%P	W�a3y�j	U�\	U�anOQÈb\y 8� cbO]Y	��aGj	U�\	U�anOQÈb\RN	O�VQSR�O+y\�U�c�P	OQPR	d�fQÈbW�XZS\RcbW�X�É
Ã�Ã/Ï Ì ÐsÑ�Ó�ÔÝÜ�� ÞgÍ Î���Ï Ì Ñ�Ò�� à�á�â ��Ï Ì Ñ�Ò�� Ì%ä

crU�V�U�ÈbO]TY«%Ph~XZc%O�S�È%W%\{S\R�c%W�XxÉ
×KÏ Ã�Ã/Ï Ì Ñ�Ò Ì Ñ
å ` ì"íËîW��¼ æ ½óq_` ç,è�éz�x¼ æ ½:q¡`bð
\ TR�P-UgS"U�V�U�ÈbO]TY«%P�W�_`WocbOQS�ÈbW�\	U/É

à f�Ã Ì Ï���Ã árd 
xö	Á Ì�Í Ã/ÏïÜ�� à�á�â ��Ï Ì Ñ�Ò�� ÞgÍ Î���Ï Ì Ñ�Ò2� ä þ&Ü�� àxá�â �nÏ Ì Ñ�Ò�� ÞgÍ Î��nÏ Ì Ñ�Ò�� ä Ñ�Ñ
` ìB����æ`¼ `�½ ì�����æ`¼ ç,è�éz�x¼ æ ½ � `�½

\ TR�P-U�Y�y"_QRZS"U�SZ[+y/P	S"^�R�dDj	U�\�U�a3O�Èb\�U"É
∫ t
0
2
√
2
ÞgÍ Î���Ï Ì Ñ5� Ì

` ìB����æ`¼ `�½ ì/í îB�x¼ æ ½
� hi\�U�MQRcIj	U�\�U�a3O�Èb\

t
N	OQ\�O�MnY�T�RP�ypY�y/_�RsS"U�S

t = Arshs/(2Sqrt[2])
q�M`U�a3OQPR	alOQ_`W+c+j-U�\	U�a3O�È%\RN	O�V�S"RYZpy"\	U�c�P	O]P�R	dmZ�É

Ã"ÏËÎbÐsÑIÓ�ÔÝÜ à f�Ã Ì Ï:úz�»Ö°Î����-ü�aW�/Ñ�Ò3Î a à f�Ã Ì Ïb�/Ñ�Ò2�¡�DÃ�Á àxá�â ��ÏËÎ axúz� à f�Ã Ì Ïb�"Ñýü0Ñ ä
ñ�Y	RP�R�NP�h~X�cbO�SÈbW%\�S"U�V`U�ÈbOQTY«�P	W�X�É

Ì ö-Â�ÏËÎbÐsÑIÓ�ÔÕ×KÏ Ã/ÏËÎQÑ�Ò�ÎQÑnaia4� Íid Å Ì �xÅ/Ã
Ì ö-Â�ÏËÎQÑ

å�é |/� ìB����æ`¼ `�½ ì�����æ`¼ uê é � `�½��]qU{�| ì�����æ`¼ ``½óqK`/| ìB����æ`¼ �ê é � `�½ïð
¢ ö�ÏËÎbÐsÑpÓ�Ô à f�Ã Ì ÏË×KÏ Ì ö	Â�ÏËÎQÑ�ÒtÎQÑ�þ ×ÀÏ Ì ö	Â�ÏËÎQÑ�Ò�ÎQÑ�ÑnaWak� Íid Å Ì �xÅ/Ã
¢ ö�ÏËÎQÑ
`"|"� �ê é � `%� ½

c�\"R�c%R�MQP-UrRZS�\"y/N	OQPR	O+f�ÈbW�XZS�\"R�c%W�XZ\�U�c%Ph�É
k = κ =

2

8 + s2ñ�Y	RP�R�NP�h~X�cbO�SÈbW%\�_]T	U�c�P	W�X{P	W�\�anU�TR�É
â Â�ÏËÎbÐoÑpÓ�ÔÕ×KÏ Ì ö	Â�ÏËÎQÑ�Ò�ÎQÑ£a ¢ öxÏËÎQÑ~aWak� Íid Å Ì �xÅ/Ã
â Â�ÏËÎQÑ
å �!` ìB����æ`¼ `�½��z| ì�����æ`¼ uê é � `�½:q_a/qm é | ìB����æ`¼ uê é � `�½ïð

ñ�Y	RP�R�NP�h~X�cbO�SÈbW%\�e�R�P�W%\a�U�T�R{P	U�X"Y-��a(S"U�S�cbOQS�ÈbW�\P	W�Opj	\�W�R	MQc%O]Y-O]P�R�OIW%\ÈbW�cuSU�V`U�È%OQTY«�P	W�X{R{_2T	U�c%P�W�X{P	W%\anU�TR�É
Þ Ã Í Î`ÎbÏïÜ/Î axú à f�Ã Ì Ïb�"Ñ à f�Ã Ì Ïb��Ö�Î����"Ñ ü�ÒnÛBa à f�Ã Ì Ïb�"Ñ�Ò�ia à f�Ã Ì Ïb��Ö�Î����"Ñ ä Ò3Ü�úz� à f�Ã Ì Ïb�"Ñýü;axúz��Ö�Î����-ü���ú2ÛBaW�-ü�Ò�o�Òxû0Î axúz��Ö
ÎB���	ü���ú]ÛBaW�	ü ä Ñ
å m é |"� ìB����æ`¼ `�½ ìB����æ`¼ uê é � `�½��]q�� ® ìB����æ`¼ `�½��z|"� �ê é � `%�~ê é � `"|"� ì�����æ`¼ ``½�� �ê é � `%���]q"mP`"| ìB����æ`¼ �ê é � `�½ïð

^ j	\�W�V�È%R�a(f�È%Woc�hi\	U�wrOQP�R�O%É
¤ Ì ÏËÎbÐoÑpÓ�Ô Ü%û0Î axú à f�Ã Ì Ïb�"Ñ à f�Ã Ì Ïb�LÖ°Î����"Ñýü�Ò�ÛBa à f�Ã Ì Ïb�"Ñ�Ò�û��Ya à f�Ã Ì Ïb�(ÖÕÎ����"Ñ ä

^rU�X"Y-�Qa(c%hi\�U�wrOQPR	OIY	T�d
θ
É
θ =

∫ s

0

2 ds

8 + s2
=

1√
2
arctg

s

2
√
2� W�V�È%U�c%R�aGc%hi\	U�wrOQP�R�d�Y	T	d

~p(s)
R
~q(s)

É
l ÏËÎbÐoÑpÓ�Ôp¥�Ï ÞgÍ ÎbÏ��DÃ�Á���ö â ÏËÎ axú�� à f�Ã Ì Ïb�"Ñýü0Ñ£a à f�Ã Ì Ïb�/Ñ�Ñ�Ñ â ÂnÏËÎQÑ&û¥�Ï àxá�â Ï���Ã�Á���ö â ÏËÎ axúz� à f�Ã Ì Ïb�"Ñýü�Ñ£a à f�Ã Ì Ïb�"Ñ�Ñ�Ñ ¤ Ì ÏËÎQÑ
fnÏËÎbÐoÑ+Ó�Ôp¥�Ï àxá�â Ï¦��Ã�Á���ö â ÏËÎ a�úz� à f�Ã Ì Ïb�"Ñýü0Ñ£a à f�Ã Ì Ïb�/Ñ�Ñ�Ñ â ÂnÏËÎQÑ+Ö¥KÏ ÞgÍ ÎbÏ��DÃ�Á"�,ö â ÏËÎ axúz� à f�Ã Ì Ïb�"Ñýü0Ñ£a à f�Ã Ì Ïb�"Ñ�Ñ�Ñ ¤ Ì ÏËÎQÑ

vrU�\�U�a3O�È%\R�N�O�V�S"R	O+y"\	U�c%P	O]P�R�d�\�OQMQP	W�X{j	W�cbO�\�Z/P	W�V�È%RxÉ
Ã"� Í ÏËÎbÐ{ÒtÄnÐoÑpÓ�ÔÝÜ à f�Ã Ì Ï:úz�(ÖÕÎ����-ü�aW�"Ñ�ÒtÎ a à f�Ã Ì Ïb�"Ñ�Ò�k¥�Ï��DÃ�Á àxá�â �nÏËÎ axúz� à f�Ã Ì Ïb�"Ñ ü0Ñ�Ñ ä Ö�¥�Ï ÞrÍ ÎbÏ Ä�Ñ�Ñ l ÏËÎQÑFÖ�¥�Ï àxá�â Ï Ä�Ñ�Ñ�f3ÏËÎQÑ

� R�MQy/U�T�R	M�U�^R	d�\O�MQP�W�X{j	W�cbO�\�Z/P�W%V�È%RxÉ
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8
Z �[ þ���þ]\uè � êKß��cç���ë�èNì"!mê��$ã�í�# ð

¨  &³g ,¸o±i¢i¦§¬·¯g±i¢F¬3¤+²�³s±F�¥&«

crU�P-U�T	W�c%W�XZj�W�cbOQ\�Z"P�W%V�È$«bÙÚP-U�M]h~c�U�OQÈbV]d�W�_�R�ebU�Ù+�gU�dZW�Y�P	W�j	U�\�U�a3O�Èb\"R�N�O�V�S/W�_�WuVQO�a3OQX	VQÈ%c�UoV`[+O�\ 8
v�W�Ty/N�R	È$«sP	OQd"c�P	W%OIy"\�U�c%P�OQP�R�OIS"U�P	U�T	W�cbW�X7j�W�cbOQ\�Z"P�W%V�È�RZa3W�wsP�Wq	\	U�VQV�a3W%Èb\OQc�VQR	VQÈbO�aty�y"\�U�c%P�OQP�RX�q"W�Y	P�WoR	MIS/W%ÈbW�m

\"h[Z�Æ y"\	U�c%P�OQP�R�O�V�O�a3OQX�V�È%cbU�V�[pO�\xqY	\y/_`W%OIj�W�T�y/N�OQP	WgY	R	[I[pO�\OQP�^R	\W�c�U�P�R�O�a¾W%e%OQR�Z�N-U�V�ÈbOQXZj�O�\"cbW�_�W�j�Wuj-U�\	U�anOQÈb\ybq
UÀM`U�ÈbO�aÇR�V�S"T	Ù+NR�clj	U�\	U�a3O�Èb\(R	M{fQÈbW�X¾VQR�V�ÈbO�ath 8,� Y	P	U�S/W7Y	T�d»c�R	MQy�U�TR	M`U�^�R�R(j	W�cbO�\�Z/P�W%V�È%R(P	O�d/c%P�W%O�y"\	U�c%P�OQP�R�O�P�O
j�W�Y_ZbW`Y�R	È�q�j�W%f�È%W%atyKj	\R�Z�W�Y	R�È%V]dlj�O�\�O<Z�W�Y	R�È�«7S�j-U�\	U�anOQÈb\R�M`U�^R�R 8�© j	W%VQS"W�TY«%Sy�VQR�V�ÈbOQa�UZV�W�Y	O�\/wsR�ÈlW`Y�P	WZTR�P�OQX�P�W%O
W�È%P�W%VQR�ÈbOQTY«�P	W

x, y, z
y"\�U�c%P�OQP�R�OiR�W�Y�P	WgScbU�Y-\�U�È%P�W%O�q/ÈbWrcse%W�TY«%�rRP	VQÈ%cbOpVQT�y/N	U�OQcgc%W%MQPR	S"U�Ù+Èrc%h~NR	VQTR	ÈbO]TY«%PhiO+Èb\"y�Y	m

P�W%VQÈ%R�q"S/W%ÈbW�\hiO�VQS"U�MQh~cbU�ÙpÈ%V]d�j�\R�c%R�MQy/U�TR	M�U�^�RR 8 _tU�V�V�a3W%È%\R	a(j�\R	a3O�\ 8
^ \�U�c�P	OQPR	OIW�Y�P	W�j-U�\�U�a3O�Èb\"R�N�O�V�S/W�_�WoV�O�a3OQX�V�È%c�UoV`[+O�\{cbW%M<«ba3��a¾cuc�RY	O%É

(x− 2 cosu)2 + (y − 2 sinu)2 + (z − u)2 = 1 + sin2 u .

\ R-[p[pO�\�O]P�^R	\ybO�a»T	OQc�y"Ù5N	U�V�È�«q"j	\�O2Y	c�U�\R�ÈbOQT�«%P	Wgj�\RcbO]Y	dDy"\	U�c�P	OQPR	OpS�c%R"Y	y
F (x, y, z, u) = 0

É
×ÀÏ:ú � û�� ÞgÍ ÎbÏ Â�Ñýü 2 Ö ú£g(û�� àxá�â Ï Â�Ñýü 2 Ö ú£h{ûrÂtü 2 û àxá�â Ï Â�Ñ 2 ûuÛ	ÒnÂ�Ñ
mP`��ïm v êªw���m*® ç,è%é�¼ v ½&�«tDmp` ì/í î�¼ v ½��iê ®Z�TSDmp` ç,è%é�¼ v ½�� ì"íËî�¼ v ½�m%` ç,è%é�¼ v ½ ì"íËîx¼ v ½
} aW�
v m�wImp`�t ç,è%é�¼ v ½3ê `�S ì/íËîx¼ v ½�m ç,è%é�¼ v ½ ì"íËî�¼ v ½

� W%VQÈ%U�c%R�a»R�\�O���R�a(W%È�P	W%V]R	ÈbO]TY«%P�W
x
q
z
VQR	V�È%O�atyuy\�U�c�P	OQPR�X�Y�T	duP	U�ZbW�wrY-OQPR	duj-U�\	U�a3O�È%\R�N�O�V�S"RYZsy\�U�c�P	OQPR�X�W�_�R�m

e%U�Ù+�rOQX7j�W�cbOQ\mZ/P�W%V�È%RxÉ
à�Í ø�Ä	Å�ÏïÜ-ú � û�� ÞgÍ ÎbÏ Â�Ñýü 2 Ö ú£gGû�� àxá�â Ï Â�Ñýü 2 Ö�ú£hZûgÂtü 2 û àxá�â Ï Â�Ñ 2 û�ÛKÔZÔ�oxÒ�ÂGûIhZû��kg ÞrÍ ÎbÏ Â�Ñ+Ö�� �¿àxá�â Ï Â�Ñ~û
ÞrÍ ÎbÏ Â�Ñ àxá�â Ï Â�ÑpÔZÔpo ä Ò&Ü � Òh ä Ñ

� h[ZbW`Y�P�y"Ù�d/N�OQX	S"ysc�c%R"Y	yuO��i_`\W%a3W%M2Y-S/W%VQÈ%RDP�Oij�\RcbW�Y	R�a 8 v�W�T�y/NR�cpY	c�U�\O��rOQP�R�d�q%c%hi\�U�wgU�Ù+�rR	O
x
R
z
N	OQ\�O�M

u
R

y
q�V�W%VQÈ%U�c%T	d"O�a�j-U�\	U�anOQÈb\RN	O�VQSR	O&y\�U�c%P�OQPR	doS"U�P-U�T	W�cbW�X�j�W�c%O�\�Z/P	W%VQÈ%R�cgc%R"Y-OFV�W�cbW%S"y/j�P�W%V�È%RDVQR�V�ÈbO�a

x = x1(u, v), y =
v, z = z1(u, v)

R
x = x2(u, v), y = v, z = z2(u, v)

8� R	M]y/U�TR	MQR�\ybd�W%È`Y-OQT�«%P�WoS"U�wgY�yÙ5VQR�V�ÈbO�aty�R{V�W�c%anOQ�sU�d�R	MQW%e%\�U�wrOQm
PR	d�Vpj	W�anW��4«bÙªcbVQÈb\�W�OQP�P�W�X7[Fy"P�S^R�R à � Í�¬ q"j	W�Ty/N�R	aLc%j�W�TP	Opy�Y-W�c�T	O�È�cbW%\"R	ÈbO]TY«%P�W%O+R	MQW%e%\�U�wrOQPR	O 8
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anOQÈb\RN	O�V�S/W�_`WpV�O�a3OQX�V�È%cbUIV`[+O�\uj�W%V�È%W�d"PP	W�_�WI\�U�Y�R�y�V`U 8 v�\RcbO]Y	��alR�M�W%e�\	U�wgO]P�R�OFÈ%\y"e�N	U�ÈbW�Xgj	W�cbO�\�Z/P	W�V�È%Rxq�W�_�R	e%U�Ùp�rOQX
V�O�a3OQX	VQÈ%cbWuV`[+O�\Z\	U�c�P�h[Z�\�U�Y�R�y�V�W�cuVI^�OQP	Èb\�U�atR�P	UoVQjR	\�U�TR © \�Z/R	a3O]Y-U"É
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Z �[ þ��þ ®�ìmá¡à/�mß�í�ß���ç���ëmèNì"!mê��$ã�í�# ð

¯ J��sCI�L����°Z�L�
¼ {]½ � W%\�W�e$«%�Qc�q�ñ 8

�
8�� cbO]Y	OQPR	Ogc�VQR	VQÈbO�atyZVQR	atcbW�TY«�P�h[Z�q-_`\	U�[+R�N�O�V�S"RYZ{RÀNR	VQT�OQPP�h[Z{c�h~N�R�VQT	OQPR�X²±

�
U�È%O�anU�È%R�S"U'³

´�µ |sñ 8
�
8	� W�\�W%e�«b�Qc 8 ³

�
8 É \ R-U�T	W�_Qm

�
� } � q_`�a�a ´ 8 ³cx�¬$uV 8

¼ ``½H^�W�\bY-OQPxq ©J8 v 8W� OQW%\"R	dDj�W�cbOQ\�Z"P�W%V�È%OQX¶| ©B8 v 8 ^�W�\bY-OQP 8 ³
�
8 Éi· �T�~�*¯ qY{�³ ´ ¬ 8 ³¹`�¬�auV 8

¼ x�½¹¸ ��º tbqB» 8B¼ è�½B¾;�0îÀ¿Ií¦ÁÂ¾;��¾Qî�æ0í�º Ã ¸ ¾�è"ÄH¾Qæz� t è/Å3çÆv�� ë ¾�é�º�îW½{ì�vB�zÅ«º/y�¾�é7Çií æ�� ¼ º�æ��B¾�Ä@º�æ0í�y	º 8 ` îi½@¾	½ |N³ çÆÈFçÊÉ��¾�é�é qU{�³�³�] 8
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c�W%atj�«bÙpÈ%O�\P	U�dKVQR�V�ÈbO�anU ¼ º�æ��B¾�Ä@º�æ0í�y	º j	W�MQcbW�T	d"O�ÈÀU�cbÈbW�a�U�È%R	M]R	\�W�c�U�È�«lc�h~N�R�VQT	O]P�R	dK\	U�MQT�RN�P�h%ZKc�RY	W�c 83� V�W�e%OQPm

P�WLf`[I[pOQS�È%Rc%P	W»fQÈbWKY-W�V�È%R_�U�O�ÈbV2d¾VZj	W�a3W%�4«bÙùj	\�W�_`\	U�a3a3R�\�W�c�U�PR	dGP-U�d"MQhiS/O ¼ º�æ��B¾�Ä@º�æ0í�y	º 8 g�y�Y-OQa R�VQj	W�TY«bMQW�c�U�È�«
[Fy"P�S^R	W�P-U�T�«%P�W%OIj	\�W�_`\	U�a3a3R�\�W�c�U�PR	O%qYZ�U�\�U�S�È%O�\P�W%O�ÈbOQaiqN�ÈbWoj	\W�_`\�U�a3anU�V�W�V�È�U�c%T�dOQÈbV2d�j	Wu�sU�_�U�a�V�R�VQj	W�TY«bMQW�c�U�P�Rm
OQaÚW�e%|�O�S�È�UDò �gU�e�T	W�Pô{��W%e%W�e%�rOQP�R�O�j�W�P	d"È%R�d{òój	O�\O�a3OQP�P	U�d7c%OQT�RN�RP-U�ôý� 8 crU�wgY	h~XL�gU�_DM`U`Y�U��QÈ{P	O�S/W�ÈbW%\"y"Ù c�P	O���P	Ù+Ù
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��R�Z 8
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Y�T	d�V]T�y/N-U�d�Y-\"y"_�W�_`W{�ïP�WuS/W�P	S\�O�È%P�W�_`Wb�,M]P-U�N	OQPR	d�\�U�M�a3O�\"P	W�V�È%R 8

� e%W�MQP-U�NR	aÚN	O�\O�M
x
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È%W�T�«bS/WÀV�W�Y-O�\/wgU�ÈbV2dGW%e�W%MQP	U�N	OQPR	d(S/W%W%\bY�R�P	U�È�qtS/W%ÈbW�\hiO�e�y�Y	y"ÈlR�VQj	W�TY«%M�W�cbU�È�«bV2d(c%WKc%V�O&Z(e%O�M�R	VQST�Ù+N	O]P�R�d�j�W%VQT�O]Y	y/m
Ù+��RYZ¿j�\�W�_�\	U�ananU�Z/móW�Y	P�W%V�È%\�W�NP�R�S"U�Z�q�P	W(R�MÀP�O��KÈ�U�S�wrOKe�y�Y	O�È(j�W�P	d"È%P�Wq&S"U�S/W�cbUG\�U�M�a3O�\"P	W%VQÈ�«¾\	U�V�V�anU�È%\R�cbU�O�a3W�_`W
j�\�W�V�Èb\�U�P	VQÈ%c�U 8�� ZbW�Y	P�hiOId"N�OQX	S"R{e�y�Y-O�a»j	OQN	U�È�U�È�«sj	W�Ty"wsR�\P�hia(�g\"R-[pÈ%W%a~qc%h[Z�W�Y�P�hiO���O�VQTRZW�PRZO�V�È�«��,Æ VQc%O�È�T�hia 8
� Ó�ÔÝÜ � Û	Ò � ��Ò � ã ä
� Ø Y	O�V&«uc�h[Z�W�Y	P�W�XZd/N	OQX�SR�P	O�È�q/j	W�V�S/W�T�«bSyDR�VQj	W�TY«bM]y�O�ÈbV2d�W�È�T	W�wrOQP�P�W%OIj	\"R	VQc%W%OQPR	O 8 �

Ø P-U�N	O]P�R	Op\	U�M�a3O�\P�W%V�È%R�j	\W%V�È%\	U�P�V�È%cbU"É
â Ó�Ôpà�Å âed	Ì ��Ï � Ñ

� e%��RXoc%RYua3O�Èb\R�SR��ïcIS/W�P	S�\O�È%Ph[Z�j�\R�anOQ\	U�Zrf�È�yganU�Èb\R^�y�Py"wsP	Wpe�y�Y-O�È+R�anO]P	W�cbU�È�«pRoc�cbW�Y�R	È�«pcpj	\�U�cbW�XoN-U�V�È%R
c�hi\	U�wrOQP�R�dZS/W�W%\bY�R�P-U�Èsj	W�T�d�anOQÈb\RN	O�VQS"W�_`WoÈbO]P	M�W�\	U

gij
qS/W%È%W%\h~X�j	\O]Y	j�W�T-U�_QU�O�ÈbV2d�VQR�a3anOQÈb\RN�Phia,�]É

d Ï � Û-Ð�Ò � �xÐ�Ò � ãxÐoÑpÓ�ÔÝÜ	Ü d Û	Û-Ï � Û	Ò � ��Ò � ã"Ñ�Ò d Û��xÏ � Û	Ò � ��Ò � ã"Ñ�Ò d Û"ãxÏ � Û�Ò � ��Ò � ã"Ñ ä Ò
Ü d ��Û-Ï � Û	Ò � ��Ò � ã"Ñ�Ò d �i�xÏ � Û	Ò � ��Ò � ã"Ñ�Ò d �	ãxÏ � Û�Ò � ��Ò � ã"Ñ ä Ò
Ü d ã�Û-Ï � Û	Ò � ��Ò � ã"Ñ�Ò d ãi�xÏ � Û	Ò � ��Ò � ã"Ñ�Ò d ã	ãxÏ � Û�Ò � ��Ò � ã"Ñ ä	ä
� e%\�U�È%P	U�d�anU�Èb\"R�^	U���ÈbO]P	M�W�\	U"q"W%e%\�U�È%P�W�_`WuW�VQP	W�c%P	W�aty	�]É

dWd Ï d ÐoÑ0Ï � Û-Ð{Ò � �xÐ{Ò � ãxÐsÑIÓ�Ôpá â Ä-Å/Ã�Î�Å�Ï d Ï � Û�Ò � ��Ò � ã"Ñ�Ñ
c�W%f�[I[+R�^R	OQP�È%hÚVQc%dMQP�W%V�È�R

Γ kij =
1

2
gks(∂igsj + ∂jgis − ∂sgij)

a3O�È%\R	S"R
gij
É

Á�Ã á Î Ì�ÍWâ Åø Ï á Ð{ÒiãbÐ{Ò ¢ ÐoÑ0Ï d ÐoÑ0Ï � Û-Ð{Ò � �xÐ�Ò � ãxÐoÑpÓ�ÔÝÛBaW�Uä
àxá ÷ l ø árq gnÏ à Â�÷GÏ did Ï d Ñ0Ï � Û	Ò � ��Ò � ã"Ñ0Ï�Ï ¢ Ò Ì Ñ�Ñzä�úý×KÏ d Ï � Û	Ò � ��Ò � ã"Ñ0Ï�Ï Ì ÒBã]Ñ�Ñ�Ò � Ï�Ï á Ñ�Ñ�ÑiÖ
×KÏ d Ï � Û	Ò � ��Ò � ã"Ñ0Ï�Ï á Ò Ì Ñ�Ñ�Ò � Ï�Ï ãQÑ�Ñ�Ñnûr×ÀÏ d Ï � Û	Ò � ��Ò � ã"Ñ0Ï�Ï á ÒBã]Ñ�Ñ�Ò � Ï�Ï Ì Ñ�Ñ�Ñýü`Ò Ì Ò â Ñ�Ñ
v�\�W�cbO�\"R	a~qS"U�S{\�U�e�W%È�U�O�Èoj	\W�_`\�U�a3anU"qcbM�d/c�a3O�Èb\"R	S"yDÈb\��<Za3O�\"P	W�_`Wsj�\�W�V�Èb\	U�P	VQÈ%c�U ¯ W%ebU�N�OQcbVQS/W�_`W ¼ x�½:É

d øýÏ � Û	Ð{Ò � �xÐ{Ò � ã�ÐoÑIÓ�ÔÝÜ	Ü	Û�a � ã����Ò�oxÒ�o ä Ò&Ü�o�Ò~Û�a � ã����Ò�o ä Ò~Ü�oxÒ�oxÒ&ÛBa � ã��� ä	ä
� e%\�U�È%P	U�d�anU�Èb\"R�^	U"É

dWd Ï d ø?Ñ0Ï � Û	Ò � ��Ò � ã/Ñ
å�å S�x � `/q_a/q_a�ðbq å a"q�S�x � `�qYa�ðbq å a"q_a"qrSYx � `bð�ð

Ø P-U�N	O]P�R	O
Γ 333

É
Á�Ã á Î Ì�ÍWâ Åø Ï ã�Ò�ã�Ònã"Ñ0Ï d ø?Ñ0Ï � Û	Ò � ��Ò � ã"Ñ
m�{	|�S�x

Ø P-U�N	O]P�R	d�cbV�O<Z�S/W%f`[I[+R^�R�OQP	È%W�c�VQc%dMQP�W%V�È�RZa3O�Èb\"R	SR�j	\W%VQÈb\	U�P	V�È%cbU ¯ W�ebU�N	O]cbV�S/W�_`WÉ
��ö ¤ ø�Å�ÏËÁ%Ã á Î Ì�ÍWâ Å"øýÏ á ÒYã�Ò ¢ Ñ0Ï d ø?Ñ0Ï � Û	Ò � ��Ò � ã/Ñ�Ò,Ü á Ò ânä Ò~Ü�ã%Ò ânä Ò~Ü ¢ Ò ânä Ñ
å�å%å a"qKa"qU{�|�S�x�ðbq å a"q_a"qYa�ð�q å m�{	|�S�x"q_a/q_a�ð�ð�q å�å a"q_a"q_abð�q å a/q_a"qe{	|�S�x�ð�q å a/qm�{	|�S�x"qYa�ð%ðbq

å�å m�{�|�S�x/qKa/q_a�ðbq å a"qm�{�|�SYx/q_abð�q å a"q_a/qm�{�|�S�xbð%ð%ð
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anU�È%R�NP	W"q"j	W�f�ÈbW�a3y�W%VQÈ%U�P	W�c�R	a3V2d�P	UoÈ%OQP	MQW%\�OIÈ�R�j-U (2
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) É
öxÏ � Û-Ð{Ò � �xÐ{Ò � ã�ÐoÑIÓ�Ô

Ü	Ü	Ü�öxÛ�Û	Û-Ï � Û	Ò � ��Ò � ã"Ñ�Ò�ö�Û	Û��xÏ � Û	Ò � ��Ò � ã"Ñ�Ò�ö�Û	Û"ãxÏ � Û	Ò � ��Ò � ã"Ñ ä Ò
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È�h�q�P-U�j	\R�a3O�\xq ¼ `�½ 8�� j�W%V]T	O]Y�P	O�Osc%\�O�a3d7Y�T	d7\�O��rOQPR	dl\	U�M]T�RN�P�h[Z7M`U`Y�U�N�anU�ÈbO�anU�È%R	S"RÀR�O�VQÈbO�V�È%c%W%MQP	U�PR	d7j�W�T�y/NR�T�R
\�U�V]j	\�W�V�Èb\�U�P	O]P�R�O�_�OQP	O�È�R�N	OQV�SR�ODU�T_`W%\"R	Èbath 8 � y"È�«7_`OQP�O�È%R�N�O�V�S/W�_`WlU�T_`W%\"R	ÈbanUZV�W�V�ÈbW�R�È7clj�W�T�y/N�OQP�RR�R	MuY	c�yrZÀj	\Rm
e�T�R�wrOQP�Ph[ZKR Z�W�\�W%��R�ZKc7S"U�S/W%atm È%W{V�athiVQT	OD\O��rOQPR�XLP�W�c%W�_`W"q�Ty/N	�rOQ_`W"q�\O��rOQPR	d 8�� P-U�V�ÈbW�d�rO]X»\	U�e�W%ÈbOoY	OQT-U�O�ÈbV2d
j�W�jhiÈbS"Ugj	\"R	a3OQP�OQP�R�dDÈ�U�S/W�_�W�U�T_`W%\"R	ÈbanUsS{\O��rOQP�R�ÙÚY	R-[p[pO�\�O]P�^R-U�T�«%P�W�_`Woy"\	U�c�P	O]P�R	d 8

�
�� ����� �D�p��� �

� a3OQO�a(Y�R-[I[+O�\�OQP^�R	U�T�«%P	W�OIy\�U�c�P	OQPR	O
y′ = F (y, x),

��{`�
_0Y	O

y′ = dy/dx
8 ^rU`N	U�T�«%P�W%OIy�V]T	W�c�R	O

y(x0) = y0.
���%�

_�O��rOQP�R�OKP-ULR�P�ÈbO�\cbU�T�O
[x0, a]

e�y�Y-O�a R�V�S"U�È$«(cGc%RY	OKV]ya3ath
y =

n∑
k=1

ϕk(x)
q
n
ÆÝY�T�RP-U��\W%a3W%VQW%ath 8 }gy/P	S"^�R�R

ϕk(x)
W%e�\	U�M]yÙ+È7_`O]P�h��\W%a3W%VQW%a

Xi
q
i = 1, ...,m

q�_0Y	O
m
Æ�\�U�M�a3O�\Lj	W�jy�T	d/^�RR 8�� È7j�W%S/W�T�OQP�R�d�SLj�W%S/W�T�OQP�R�Ù f�ÈbW

NR	V]T	Wla3W�wrO�È�a3OQP�dÈ�«%V2d 8 Ø U`Y�U�ÙpÈbV2dLatP	W�wrO�V�È�c�UK[+y/P	S"^�R�X
Φk
q�R�M�S/W�ÈbW%\"h��Lc�hie�R�\	U�Ù+ÈbV2dL_`OQPh

ϕk ∈ Φk
83� W%e��rO�a

V]T�y/N-U�OD[+y/P	S"^�RR
ϕk(x)

a3W�_�y"ÈZRLP�O�y�Y	W�c�T	O�È%c%W%\/d"È�«{P-U�N	U�T�«%P	W�a3yÀy�VQT�W�c�R	Ù 8 vIy�VQÈ�«
ϕk(x0) = fk

8 c�W%\�\O�S"^�R	d7_`OQP	W�c
j�WÀj	\	U�c%RT�y

ψk(x) = ϕk(x) − fk + y0µk
j	\"RGy�VQT�W�c�R�RGP-Ulj	W�j�\	U�cbW�NP�hiOZS/W�f`[I[+R^�R�OQP	È%h n∑

k=1

µk = 1
j	\"R�c%W`Y�R	ÈÀS

c�h~j	W�T�P�OQP�R�ÙzP	U�N-U�TY«%P�W�_`Woy�VQT�W�c%R�dK���%��Y	T�d{[+y/P�S^�RX
ψk(x)

8�� T	dDy/j	\W%�rOQP�R�d�j	W�j	\�U�cbW�N�PhiOrS/W%f�[I[+R�^R	OQP�È%h5a3W�wsP�W
c�hie%\�U�È�«�W�Y	R�P	U�S/W�c%hiatR

µk = 1/n
q
k = 1..n

8
� ÈbOQj�OQP�«�È%W�N�P�W%V�È�R�j	W�Y	W%e%\�U�PP	W�_�W�\O��rOQPR	dK�ï^	O]T	OQcbU�d{[+y/P�S^�R�d	�nW�j�\�O]Y	OQT	d"O�ÈbV2d�j	Wu[pW�\�aty�T	O

Zj =

√(
max
i=1..N

(y′j(xi)− F (yj(xi), xi))
)2

+
(

min
i=1..N

(y′j(xi)− F (yj(xi), xi))
)2
, j = 1..n,

���%�

_0Y	O
yj
Æ [+y/P�S^�RR�m��"\W%a3W�V�W%ath 8

� \y/_`W�X�c�U�\"R-U�P	Èo^�OQT	OQc%W�X7[+y/P	S"^�R�RxÉ

Z =

N∑

i=1

(y′(xi)− F (y(xi), xi))2.
� ®��

� W�N�SR
x0 < xi < a

q�c(S/W%ÈbW�\h��GR	M�a3O�\/d"O�ÈbV2d¾S"c�U�Y	\	U�È»\	U�M]P	W%VQÈ%R�q,a3W�wgP	W(\	U�V]j	W�T�W�wsR	È$«G\�U�c�P	W%a3O�\"P	WLj�W»W%e�T-U�V�È%R
W�j	\O]Y-O]T	OQPR	dD\�O��rOQPR	d 8

ñ3�gOpW�Y	RPDc�U�\"R-U�P	È
Z =

a∫
x0

(y′(xi)−F (y(xi), xi))2dx
8"� f�ÈbW�a»VQTy"N	U�O%qbj�\RDc�h~N�R�VQT	OQPR	d��ocsVQR	VQÈbO�a3O ¼ º��WÃ�¾ q/cb\O�a3d

V]N	O�È�UsMQP	U�N�R	È%OQTY«�P	Wse%W�TY«b�rO 8
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v�\�W�^�O]Y	y"\�U~atyÈ�U�^R�RrVQTy"N	U�XP�hiaZW%e�\	U�MQW%alc�hie�R�\	U�OQÈ<�"\W%a3W%V�W�aty
hi, i = 1..n

RsÈ�R�jr_`O]P-U
Gj , j = 0..3

q�S/W�ÈbW%\"h~Xse�y�Y	O�a
anO]P	d"È�«lc�fQÈbW�X=�"\�W�anW�V�W%a3O 8�� U�SwgO�VQTy"N	U�XP�hiaªW�e%\�U�M�W�a c�hie�R�\	U�OQÈbV2d»_`OQPGR�M�P-U�N	U�T�«%P	W�_`WÀ_�OQP	W�È%R�j	UlU�P-U�T	W�_�R�NP	W�_�W
È%R�j	U

Gj,k, k = 1..n
8
�
y"È�U�^R	d�È�U�SR�azW%e�\	U�MQW%aÇV�W%V�È%W�R	È7cKM`U�anO]P	O�P	OQS/W%ÈbW%\W�_`W7_`O]P-U7c>�\W%a3W%VQW%a3O

hi,j
P-U{Y	\y/_`W�XxÉ

hi,j = Gj,k.
� ÈbW�R�ÈpW�Èba3O�È%R�È�«�q�N	ÈbWFaty"È%U�^�R�d�a3W�wrO�ÈpRsP�O�j	\W�R	V?��W�Y�R	È�«q`O�VQTRoM]P-U�N	O]P�R	O

j = 0
q`j	\RN	O�a{P	UFS"U�wgY	W%aÀfQÈ%U�j	O

\	U�VQV�anU�Èb\"R�c�U�O�ÈbV2d7fQÈ%UocbW%M�a3W�wsP�W%V�È�« 8A@ y�Y	O�È�_`OQPÀaty"È%R�\�W�cbU�È�«�R�TR7P	OQÈ�È�U�SwrOsW�j�\�O]Y	OQT	d"O�ÈbV2d{V]T�y/N-U�X�P�h~akW%e%\�U�M�W�a 8��
Y�U�PP	W�Xl\�O`U�T�R	M�U�^�RRlaty"È�U�^�R�d�P�Orj�\�W�R�V?��W�Y	R�È�VrcbOQ\�W�d"È%P	W�V�È�«bÙ {�|�® 8 � fQÈbW�XlwrOgcbO�\W�dÈ�P	W%VQÈ�«bÙªW�j	\O]Y	OQT	d"O�ÈbV2d�q�S"U�S/W�X
R	a3OQP�P�WoÈ%R�j�_`OQP	Uoe�y�Y-OQÈuaty"È%R	\W�cbU�È�« 8

B 
 � ��J�� CI�

_tU�V�V�a3W�Èb\R�a¾V]T	O]Y�yÙ+�rO�OIP�OQTR�P	O]X�P�W%O+y\�U�c�P	OQPR	O%É
xyx − (2x+ 1) · y + y2 = −x2. � ´ �

� e%�rO�O�\�O��rOQPR	OIf�ÈbW�_`Wsy"\	U�c�P	OQPR	d�É
y(x) = x+

x

x+ C

q
C
Æ P�O�S/W%È%W%\	U�d�S/W�P	V�È�U�P�È%U 8 _�U�V�V�a3W�Èb\R�aGVQT�O]Y	y"Ùp��y"ÙÚM`U`Y�U�N�y

c�W%��R
xyx − (2x+ 1)y + y2 = −x2, y(1) = 1.

� ¬b��
P�W�wrOQV�È%cbWgP-U�N-U�TY«�P�h��u_�OQP	W�csj�\R	a3O�aKcgc%R"Y-O

Φ1,i = i− 10, i = 1..m
q
Φ2,i =

1

xi−10
, i = 1..m Φ3,i =

(−1)i
xi + 1

, i =

1..m,m = 21.c�\W%V�VQRP�_`W�cbO�\�j	\W�R	M]cbW�Y	R�È�«bV2doj	WrVQT	O2Y	y"Ùp�rOQX�V?��OQanO�É�R	M~Y�U�P�P�W�_`WrP	U�e%W�\	U,�\W%a3W%VQW%aLc%hie�R	\�U�ÙpÈ%V]duP�O�S/W%È%W%\hiOFÈb\R
�\W%a3W%V�W�ath�q�R�MpP�RC��c%hid/c%T	d"O�È%V]dDTy/N	�gU�d�q�UrY�U�T	O�Opj�\�W�R	V?��W�Y	R�Ègj	\W�^�O�V�VIV�S\�OQ�rRc�U�P�R	dD_`OQP�W�c 8 � ��O�anUoS\�W�V�VQRP�_`W�cbO�\�U
j	\RcbO]Y	OQP-UrP�R�wrO%É

8
Z �[ þ�Û	þ D�!�è21*ß2ärì���ã�ã�åYê_ï`��ëmèhìªß ð

crU�SZc%R"Y	P	W"qE�\W%a3W%VQW%anUDVrP	U�R	a3OQP�«b��R	a¿M]P-U�N	O]P�R	OQa¾^	O]T	OQc%W�XK[Fy"P�S^R�R»�ïc�h&Y-OQT�OQP-UuN�O�\Phia¾^�c%O�ÈbW�a,�]q	È 8 O 8 T�y/N	�gU�d�R	M
Èb\�OF�gR	a3O�Ù+�rRC��V2d�qbM`U�PR	anU�OQÈrj	\"R�c�R�T	O]_�R	\W�c�U�P�P�W%O~j	W�T	W�wrOQPR	O 8 ñ3OF_�OQP�h¾P-U��bW�Y-d"ÈbV2dscgS"U�wgY	W�XDP	W�c%W�X��"\�W�anW�V�W%a3O%qbj	\Rm
N	O�aLj	W�Y	c�Ur_�OQP-UrcoS"U�wrY-W�X 8W� U�S"R	aLW%e%\�U�MQW%a~q_�OQP�h¿R	MFT�y/N	�rOQXG�"\�W�anW�V�W%ath§ÈbW�NP	Wrj�W�j-U`Y	y"ÈrcoVQT	O2Y	y"Ùp�rO�O+j�W%S/W�T	OQPR	O%É

h′1,j = h1,j , j = 1, 2, h′1,j = h2,j , j = 3, h′2,j = h1,j , j = 1, 2, h′2,j = h3,j , j = 3,

h′3,j = h1,j , j = 1, 3, h′3,j = h2,j , j = 2, h′4,j = h1,j , j = 1, 3, h′4,j = h3,j , j = 2,

h′5,j = h1,j , j = 2, 3, h′5,j = h2,j , j = 1, h′6,j = h1,j , j = 2, 3, h′6,j = h3,j , j = 1.
� M&j	W�T�y/N	O]P�P�h��r�rO�V�È�RH�\W%a3W%VQW%aÀc%hie�R	\�U�O�a�È%\RsT�y/N��rR�O��\W%a3W%VQW%ath 8�� \"RoW%V�È�U�c%��RE��V2dI�"\�W�a3W%V�W�a3h¾W%È%e%\	U�VQh~c�U�ÙpÈbV2d
RZe%W�T	O�OIP�Opy"N	U�V�È�c%y"ÙpÈgc�[pW�\�atR	\W�c�U�P�RRZP�W�c%h���j�W%S/W�T�OQP�RX 8�© P-U�T	W�_�R�NP�h~X�j�\�W�^	O�V�Vpj�\�W�R	MQc%W�Y	R	a»R�Y�T	dDW%V�È�U�c%��RE��V2d
�\W%a3W%V�W�aÀR�M&P	U�N-U�T�«%P�W�_`WpP	U�e%W�\	U 8 v�W�VQT	O&W%VQy"�rO�VQÈ%c%T�OQP�R�dsS�\W%V�VQRP�_�W�cbOQ\	U+j�W�T�y/N	U�O�a7P-U�e%W%\scbW%MQanW�wsPhJ�o\�O��rOQPR�Xoy"wrO
P	W�c%W�_`W+j�W%S/W�T�OQPR	d�q�j	WFS"W�T�RN	O�VQÈ%c%yIV�W�c�j-U`Y�U�Ù+��R�XoV�P-U�N	U�T�«%P	W�Xgj	W�jy�T	d/^�R�OQX 8 v�W%VQT�O�P	OQV�S/W�T�«bSRC��f�È�U�j�W�c+V�S�\O���R�c�U�P�R�d
j	W�Ty/N-U�OQaG\O��rOQP�R�O 8

� T�d�j	W�V�È�U�c%T�OQP�P�W�X�M`U�Y-U�N�R���{`�,\O��rOQP�R�OIe�h~T�WsP-U�X"Y-O]P	WsM`U ´ f�È�U�j	W�c 8 ^rU�XY	OQP�P�W%Op\O��rOQPR	OpR�a3O�O�Èsc%R"Y�É
y(x) = x

R
V�W�c%j	U�Y-U�O�È�VIÈbW�NP�hia 8

_tU�e%W%È�Usc%h~j	W�T�P�OQP-Usj�\R�j	W�YY-O�\/wsS/OT_�}u} � �ï_`\	U�P	ÈHK��m/K�{Qm/K�K�®�³��m Ub� 8

¯ J��sCI�L����°Z�L�
¼ {]½�v�W�T	d/P�RP ©B8L��8 q Ø U�X^	OQc ��8 } 8 � j	\�U�c%W�N�PR	SKj	W{P	O]T�R�P�OQXP�hia�y\�U�c%P�OQPR	d"aÚanU�È%O�anU�È%RN	O�VQS/W�X»[+R	MQR�SRxÉ � W�N�PhiO

\O��rOQPR	d 8 Æ
�
8 É-} � Ø

�
©2�p¯��T� qC��K�K�� 8

¼ �`½ © a3W%V�W�c ©J8 ©B8 q � y"e�RP	V�S"R�XNM 8 ©J8 qÂc�W�jN	OQP�W�cbU@^ 8 ��8�� h~NR	VQTR	ÈbOQT�«%PhiOga3O�ÈbW�Y�h5Y�T	d�R�P	wrO]P	O�\W�c�É1O+N�O�e 8 j	W%VQW%e�R�O 8
Æ
�
8 É � hiVQ� 8 �rS 8 qe{�³�³�® 8

¼ ��½@·bT-U�Y	S/W�c ¯�8 ©J8 q �W8 �W8 cIy"\OQX�NR	S�q ��8
�
8 cIy"\�OQXN�R�S 8 ·/OQP�O�È%R�N�O�V�S"R	OIU�T�_`W�\R�Èbath§Æ

�
8 É-}gR	MQa�U�È�T�R	È�qC�PKPK�¬ 8
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¶¦½µ´�¼@Ê�¼�Æ=¼�ºµ»µ¼OÏÏ¼�Â9¶,Ê#¶¶Ï ¸XW ºYWrìµ´�È Æ�¶7·¹¸ ½µ´�»ëÔcÆ=»=Z ¼�ºµº¿¶¶ÍR¶

½µ¼�´�»¿¶�Ê�»ëÌµ¼�ÁÀì�¶¶ÍR¶ ´,¼Fï ¼�ºµ»íî Ñ�´v¸�·¹ºµ¼�ºµ»íî Ï ¸�Â¹¼FÏ ¸�Â¹»ëÌµ¼�ÁÀì ¶¶Í:¶
ÏÏ¸kî�Â¹ºµ»ëìµ¸

>�T �[TULTðùÛAÙ$Ú�Ö õ Û¡ÜAÙ]\ªÛ_^ 1
D�1,��Þ¡è�êKã<äråYæ	ï��$ãhá�éùß�ìªã�í�ë�è�ê�ê	�%æ,áYêYåYëmèNì¡ãeå¡í�è�í<î�ï<ðAD�1,��Þ¡è�êKã<ä

1 ò_ó�ôYõmö�÷ùø ó

`Ha_bLcedPf_d�f_bLd�g�bLgih�d�cejkc�l�h�dPc�l�h�b_mnlNo�d�gipEc�lrqPs�sHd�m_h�b_oCf_t�u_a_bva_d�wrd�f_b_bvxPl�yzl�{ ó h�a_dP|�}n~[�rb1��oCj,u_t��LfLd�f_b1�
� a_tCcetCx�yAmLb1��gibLceoCt��LpCf_j���o�j,{_bLgi�Ld�f_bL���<��m1l�{_d�gih�oCd=u_a_bLced�aAl�aAl�g�gPcet�h�a_bAc�gi�Ld�yA}n~[�r}n~�x�l�y�l�{_}z��`Ht��Lp�xP}C�
�LgipXced�h�t�yAtEck�G� ��� �Ha_j��LtCoCl8fLl��_h�b�uLa_b_|��Ab1�r��f_f_tCd6u_d�a_b_t�yAb_{LdPgimnt�d>aLd�wGdPf_b_d6}naLl�o�fLd�f_b1��c�l�h�d�c�l�h�bL{_dPgimnt � t
cel��_h�f_b_m1l

x′′ +
g

l
sin[x] = 0 (1)

`Hd�a_d�uLb_wGd�c�q�h�tN}naLl�oCf_d�f_b_dHoNg��Ad�yA}n~[�rdPc�o�bnyAd

x′′ +
g

l
+
g

6l
[6(sinx− x)] = 0 (2)

��}nf_m_�Lb_~
6(sin(x)− x xPlCced�f_bLc�t�h�a_d�x�mntCc�aE�ny�l��<q��_�Lt�aLl�qPh�t��vsH}nf_m_�_b_b f(x) b8o�oCd�yA��c�t�|Ct�xPfLl�{Ld�f_b1�

g

l
= k2,

g

6l
= µ (3)

��t � y�l�}naLl�oCf_d�f_b_dN� X�  u_a_b_|��Ab1�r��f_fLt�xPlCced�f_bLh�g]�vg��Ad�yA}n~[�rbLc�}EaAl�o�fLd�f_b_d�c

x′′ + k2x+ µf(x) = 0 (3)

¡ �Ld�yA}��8�G� ���L�Ha_j��LtCo�} ó a_d�wrd�f_b_d#}naLl�oCf_d�fLb1�¢� �E  u_a_b_|��Ab1�r��f_fLt�|C}PyAdPc�bLg�mnl�h�p�oNg��Ad�yA}n~[�rdPc�o�bnyAd

x(t) = φ(t) +

6∑

k=1

µkφk(t)

p2 = k2 +

6∑

k=1

hkµ
k

� yAd p ��{Ll�g�h�t�h2l£bLgimEtEcet � t£a_dPwGd�fLb1����G}nf_m_�_b_~
x(t)

uLtPy�g�h�l�o��_�_d�c¤o8}naLl�o�f_dPf_b_dv� �C  bYu_a_b_aLl�o�f_b_oEl�d�c¥fL}��L~¦mEt�q�s#sHb_�_b_dPf_h�j§uLa_bYaLl�xi�LbL{_f_j��
gih�d�uLd�f1�1�

µ
��¨vj&u_t��L}n{Ll�d�c¥yL�_��fLl2�Ct��£yAd�fLb1�¢fLd�b_xPo�dPg�h�f_j��YsH}nf_m_�Lb_�

φ(t), φ1(t), . . . , φ6(t)
b�u_tEgih�t��_f_f_j��

h1, h2, . . . h6
g�bLgih�dPce}>yAbLs#sHd�a_dPf_�_bLl��Lp�f_j��6}naLl�oCf_d�fLb_���_`Hd�aLo�t�d©b_x#q�h�b_��}naLl�oCf_d�fLb_��bAced�d�hNo�bny

φ′′ + p2φ = 0

�#l2�£yAt�d(b_xIgi�Ld�yA}n~I�Gb1�ry�bLs#sHd�a_dPf_�_bLl��Lp�f_j��£}naLl�o�f_dPf_b_�>git�yAdPaC�Nb_h�aLd�wGdPf_b1�>u_a_d�y�j<yA}n�Gb1�$�CªIaLl�oCf_d�f_b_�Na_di�
wrl�~Ih�gF��u_a_bvg��LdiyA}n~[�rb1��fLl�{Al2�LpCf_j��>}Cgi�Lt�oCb1�1�

φ(0) = A, φ′(0) = 0

φ1(0) = A, φ′1(0) = 0

.........................

φ6(0) = A, φ′6(0) = 0

A
�«fLl�{Ll2�Ap�f_t�d©t�h�m_�Lt�f_dPf_b_d�c�l2�_h�f_bLmnl_�
`HtCg�h�t��_f_f_j,d

hk
fLl2�Ct�yL�_h�gF��b_xX}Cg��At�o�b1� ó gitEgih�t��_�Gd � t�o�h�tCc ó {Lh�t�a_dPwGdPf_b_d k � � t�}naLl�oCf_d�f_b1�¬f_dXg�tPyAdPa1���b_h�o�d�mnt�o�t � t�{_�Ld�fLlL��`Ht�y�gih2l�o��_�1�8o6o�j,aLl��rd�f_b_d#yL�_� p2 fLl��nyAd�f_fLj,dGx�fLl�{_d�fLb1�=mEt�fLg�h�l�f_h h1, h2, . . . h6 ó ceju_t��L}n{Ll�dPc�}EaAl�o�fLd�f_b_dIyL�_�8t�u_a_diyAdi�LdPf_b1��{Al�gih�t�h�j

p`Ha_b_oCd�yA��c�uLa_t � aLl�c�ce}NyL�_�8a_d�wrd�f_b1�8aLl�gPg�c�l�h�a_b_oCl�dPcet���xPl�y�l�{_b�oNgibLg�h�dPcedG=®2¯F°_±�²N®2¯F³µ´P®_�
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x[t Ü ] = φ[0][t] +
n∑

i=1

φ[i][t]µi

k =

√√√√p2 −
n∑

i=1

µih[i]

Ý QEÞ#ß!à ±iá>´i³µ±�âC¯�ã Ý ó µ ó Q�äÇåæ QEÞ©çHènà�éµê ±�ã Ý QnÞ#ÞIQ ó φ ã Q2ä ã Q2ä�Þ#ÞIë ó φ ã Q2ä«ì ã Q2ä�ÞHÞ©Q ó φ ã Q2ä ã ¯ ä ó ¯ ä«å
φ[0][t Ü ] = φ[0][t]/.R0[[1]];çIà ã Ý X�Þ#ß!à ±�áN´�³í±PâC¯�ã Ý ó µ ó ³ ä«å Ý X2Þ©îUï ³µð�æ(±Pñ1òL´�±�ã Ý Xiä«åó X�Þ#ß!à ±iá>´�³í±PâC¯Pã Ý X ó ß!àCô ã õ6¯ äµäÇå æ X�ÞHè1à�éµê ±�ã ó X�ÞHÞ©Q ó °Uã ³ äíä«å°Uã ³ ä�Þ °�ã ³ ä�ö � æ X ãµã XiäµäÇå æ �CÞ©çHènà�éµê ±�ã Ý X�Þ#ÞIQ ó φ ã ³ ä ã Q�ä�Þ#ÞIQ ó
φ
ã ³ ä«ì ã Q2ä�Þ#Þ©Q ó φ ã ³ ä ã ¯ ä ó ¯ ä«å φ ã ³ ä ã ¯ Ü ä�Þ

φ
ã ³ ä ã ¯ ä�ö � æ � ãµã X�äíä ó ³ ó X ó â ä A = Π

2

å
g = 9.81; l = 2; k =

√
g
l ;µ =

g
6l ;÷ ã ¯ Ü ä�Þ#ß ° à õ�ã øGã îUï ³íðEæ,±Pñ_òL´i±�ã ÷ ã ¯ äµäíä ó 10−7 åæ Þ ø ènàCéíê ±Cã

p2 == k2 +
∑n

i=1 µ
ih[i]õ Þ æ(®2¯F³ à âL® é ³µù�±�ã õ ö � æ#ãµã ��äíä ó 10−4 ä

167

89
÷ ã ¯ Ü ä�Þ æ(®�¯]³ à âL® é ³µù�±Cã ÷ ã ¯ ä ó 10−4 ä

110

69
cos[

167t

89
]− 3

125
cos[

501t

89
] +

cos[ 835t89 ]

1610
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W (x) =




w (x)
θ (x)
M (x)
N (x)


 ,A (x) =




0 1 0 0
0 0 1

E I(x)
0

0 0 0 1
−k (x) 0 T

EK(x)
0


 , B (x) =




0
0
0
q (x)
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K\	U�c%P�hiatRGPy�T�Ù·a3W%a3OQP�ÈÀR(j	O�\O�\�OQMQh~c�U�Ùp��y"Ù V]R�T�y�c
VQOQN	O]P�R	d��

x = 0
R
x = l

qbU�OQVQT�R�S"U�S/W�Xm:T�R	e�WIS/W�P	O]^DwrO�VQÈbS/WrM`U��rO�atT	OQPxq/ÈbWpj	W�T-U�_QU�ÙpÈbV2dsPy�T�Ù¾j	\W�_�R�eIR�y/_`W�T�j�W�c%W%\�W�È�U 8
v�\�O2Y	j�W�T	W�wgR	a~q%N�ÈbWpc%V�OiS/W%f`[I[FR�^�R�OQP	È�hGcrVQR�V�ÈbO�a3O���{��ta3W�_QyÈ�e�hiÈ�
�j	\O]Y-VQÈ%U�c%T�OQP�hGV?��W�Y-d"��R	atR�V]ds\/d�Y�U�atR

�
U�S"T	W�m

\OQP	UsP	Usc%V�OQX�Y	T�RP	OpebU�T	S"R
x ∈ [0, l]

A (x) =

∞∑

i=0

Aix
i, B (x) =

∞∑

i=0

Bix
i.

���%�
Ø Y-O�V�


Ai
d/c%T�dÙ+ÈbV2dKNR	VQT�W�c�hia3RGanU�È%\R�^	U�atR(\	U�M�a3O�\"P	W%VQÈ%R

(4× 4)
q3U

Bi
NR	VQT�W�c%hiatR(cbOQS�ÈbW�\	U�a3R(\	U�MQanOQ\P	W�V�È%R

(4× 1)
q�S/W%atj	W�P	OQP�È%h S/W�ÈbW%\"h��ÀW�j	\�O2Y-OQT�dÙ+ÈbV2dZR	Msc%R"Y�U�VQW%W%È�cbO�ÈbVQÈ%c%y"Ùp��RC�ÀS/W�a3j�W�P�OQP	ÈbW�cZanU�Èb\R^�h

A (x)
RKc%O�S�È%W%\	U

B (x)
8
_�O��rOQPR	O�VQR	VQÈbO�ath�Y	R	[I[pO�\OQP�^R-U�T�
%Ph���y"\	U�c%P	O]P�RX���{��&È�U�SwrOIR	�rO�aGcuc�RY	O�\/d�Y�U

�
U�S"T	W%\OQP-U

W (x) =
∞∑

i=0

Wix
i ���b�

V3P�OQR�MQcbO�VQÈ%P�hiatRrS/W%f`[p[+R�^R	OQP�È%U�atR
Wi

Æ¿N�R	V]T	W�c%hiatRrcbO�SÈbW%\�U�atRr\	U�MQanOQ\P�W%V�È%R
(4× 1)

q�S/W%ÈbW�\hiOnVQT�O]Y	ybO�È~W�j	\O]Y	OQT�R�È�

R�Mpy�VQT�W�c%R�d�y�Y	W�c�T	O�È%c%W%\OQP�R�d�Y�R-[I[pOQ\�OQP^�R	U�T�
�P	W%aty�y"\�U�c%P�OQP�R�Ù5M`U`Y�U�NRZRZM�U�Y�U�P�PhiaG_`\�U�PR�N�Phia»y�VQT�W�c%R�da 8

v�W%V]T	O{j�W�Y-V�È�U�P�W�c%SR¾cLV]R	V�ÈbOQa3yLY�R-[I[+O�\�OQP^�R	U�T�
�P�h��(y"\�U�c%P�OQP�RX5��{��o\�U�MQT�W�wrOQP�R�dGcLV�ÈbO]j	OQPP�hiO{\/d�Y	h cbOQS�ÈbW�\	U
\O��rOQPR	dK���b�,RZS/W%f`[I[+R^�R�OQP	È%W�c�VQR	VQÈbO�athÚcuc�RY	O����%�,R{j	\"R	\	U�c%PR�c�U�P�R�d�S/W%f�[I[+R�^R	OQP�ÈbW�cuj	\"RZW�Y�R�P-U�S/W�c�h��{V�È%OQj	O]P	d��
P�O�M`U�c%R�VQR	a3W�XDj	O�\O�a3OQPP	W�X

x
j�W�Ty"NR	aKVQR�V�ÈbOQa3ysT�RP	OQXP�h��sy"\	U�c%P�OQP�RXDW�È%P	W�VQR	ÈbO]T�
%P�WIP	OQR�MQcbOQV�È%Ph��uS/W%f`[I[FR�^�R�OQP�ÈbW�cgc

\�U�M]T	W�wrOQP�RRD\O��rOQP�R�d
W (x)

8 ^�O]R	MQc%O�V�È%PhiO~cbOQS�ÈbW�\h
Wi

q
i = 1, . . . ,∞ q%f�È%W�X�e%OQV�S/W�P�OQN�P�W�X�VQR�V�ÈbO�ath¾a3W�wsP�Wrj�\�O]Y	V�È�U�mc�R	È�
rN	O�\O�MicbO�SÈbW%\�P	U�N-U�T�
%Ph��uj	U�\�U�a3O�Èb\W�c

W0
j�y"ÈbO�aÀj	W�VQT	O2Y-W�cbU�ÈbO]T�
%Ph��uj	W�Y	V�È�U�P	W�cbW�SDcrj	\	U�c%hiOFN-U�V�È%R�y"\	U�c%P	O]P�R�X

c�hi\	U�wrOQP�RX�Y	T�doc���W�Y	d��RE�ocgP�RC�ocbO�SÈbW%\W�c
Wi

N	O�\O�MFc%O�SÈbW%\�P-U�N	U�T
%P�h��uj	U�\�U�a3O�Èb\W�c 8�� W�_0Y�U�\�OQ�gO]P�R	Os���b�nV]R	V�È%O�ath
Y�R-[p[pO�\�O]P�^�R	U�T
%P�he��y\�U�c�P	OQPR�X�R�MQ_�R�ebUoe%U�T	S"RL��{��&a3W�wrO�È�e�hiÈ�
�M`U�j�R	V�U�P	Wscuc%R"Y-O ¼ {�½

W (x) =

( ∞∑

i=0

W
∗
i x
i

)
W0 +

∞∑

i=0

B
∗
i x
i,

�����
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_2Y	OganU�Èb\"R�^h

W∗
i

\	U�M�a3O�\P�W%V�È%R
(4× 4)

R7cbO�SÈbW%\"h
B∗i

\�U�M�a3OQ\P	W�V�È%R
(4× 1)

j	\O]Y-VQÈ%U�c%T	d"ÙpÈ%V2d�c%hi\�U�wrOQPR	d"a3Rxq-c�S/W�m
ÈbW%\"hiOIc��bW�Y-d"ÈsR	MQc%O�V�È%PhiO�anU�Èb\"R�^h

Ak
R{c%O�S�ÈbW�\h

Bk
R	Mu���%� 8

U e

Z �[ þ&Û	þ�v�\W�_QR	e
w (x)

e%U�T�SRL�:Ub��R{N-U�VQÈ%R�NP�hiOpVQy"anath ��e��,\/d/Y-U���{�K%�,j	\R�j�\�W�d/c%T	O]P�RR�c%h~NR	V]T�R	È%OQT�
�P	W�X
P	OQy�VQÈbW�XN�RcbW%VQÈ%R

Ø U�cbOQ\��gU�OQÈZ\O��rOQPR	OsM`U`Y�U�N�RÀW�j	\�O2Y-OQT�OQP�R�OrN�O�È%hi\OF�ZS/W%atj�W�P	O]P	ÈbW�c�c%O�SÈbW%\�U
W0

R�MgVQR	V�È%O�athzN	O�È�hi\�OF�{TR�P�OQX�Ph��
y\�U�c%P�OQPR�X�q�j	W�T�y/N-U�Ùp�rOQX	V2dZR�MsybVQT	W�c%R�d7y�Y	W�c�T	O�È%c%W%\OQP�R�dZj�W�Ty"N�OQP�P�W�_`WD\�OQ�rOQP�R�d7_`\�U�P�RN�Phia¿ybVQT	W�c%R�da¿M`U`Y�U�N�RG�ïj	W
Y	c�UgP-UsS"U�wgY	W%a¾S/W�P�^�OIebU�T	S"R�� 8

� ���! �"$#	��
"�&%b
��3
�'�
L�[�[�"! (�3��)	
����x� þ � T�d�R	VQVQT	O]Y	W�cbU�P�R�d�c%h~N�R�VQT�R�ÈbOQT
%P�W�XZy�V�È%W�X�NR�c%W%V�È�RlU�T�_`W�\R�ÈbanUuanOQÈbW�Y�U
P-U�N-U�T�
%Ph��»j	U�\�U�a3O�Èb\W�c�\�U�V�VQa�U�Èb\Rc�U�T-U�V*
Le�O�ÈbW�PP-U�d§�

E = 20
·xvrU%�sebU�T	S"U7Y�T�R�P�W�X

l = 25
a~q3��R	\RP	W�X

b = 0, 1
a~q

c%hiV�W�ÈbW�X
h = 0, 15

aiq-T�O�wgU��gU�dÀP	U�y/j	\"y"_�W%akW%VQP�W�c�U�P�RR � R�P	S"T	OQ\	U�Vgj	W�V�ÈbW�d"PP�hiakS"W�f`[I[+R^�R�OQP	È%W%a¿j	W�V�ÈbOQTR
c (x) =

100

�
^�|�a 3 8 ^rU+T	O]cbW%aKS/W�P^	O&ebU�T	SRsY-OQX�V�È%c�y�O�È+P	W�\�anU�T
%P	U�doSoO�O&j	\W`Y	W�T
%P	W�XuW%VQR�VQRT-U N (0) = 1

cI^uq�y/_`W�Toj	W�cbW%\W%È�U
V�OQN	O]P�R	dD\	U�cbOQP{Py�T	Ù

θ (0) = 0
8 v�\	U�c%h~XZS/W�P�OQ^{ebU�T	S"RZVQc%W%e%W�Y	OQP7W%ÈsP-U�_�\y"M�W%S

M (l) = 0
q
N (l) = 0

8�� T�dDR�V�ST�Ù+N�OQP�R�d
W%Èb\"h~c�U�ÈbW�N�O�SÀj�W�Y-W%��c�h e%U�T�SR�W%È{W%VQP�W�cbU�P�R�d�q�SÀP	OQXÀY	W�j	W�T�PR	ÈbO]T�
%P�WDj	\"R�T	W�wrOQP	U�\�U�c%P�W%a3O�\"P	W{\	U�VQj	\O]Y-O]T	OQPP-U�dZj	W
cbV�OQX�Y	T�RP	O+P	U�_`\"yMQS"UgR�P�ÈbOQP�VQR�c�P	W%VQÈ%R

q (x) = 1
cI^�|�a 8

� V�V]T	O]Y	W�c�U�T	W�V�
gc%T�R�d"PR	O,Y	TR�PhkanU�P	È%R�V�VQh¾P-U+Y-W%VQÈbW�c%O�\P�W%OFVQy"a3a3R�\�W�c�U�PR	du\/d�Y-W�cg\O��rOQPR	dZ�����tP-UIj�\	U�cbW%aLS/W�P�^�O
ebU�T�SRL�

x = l)
P-Ugj	\"R	a3O�\OI\/d�Y�U

∞∑

i=0

W
∗
i 1,1l

i � ´ �

cuj	\O]Y-V�È�U�c%T	O]P�R�R�j�\�W�_QR	ebUsebU�T	SR

W1 (x) =

4∑

k=1

( ∞∑

i=0

W
∗
i 1,kx

i

)
W0k +

∞∑

i=0

B
∗
i 1x

i.

+�, '��[�"���� �"!#�� ,  .-�/U[�01 2x�!34 /��� ,{þ�v�\R�\�W�Y�Ugc�h~N�R�VQT�R�ÈbOQT�
�P	W�X{P	OQybV�ÈbW�XN�RcbW%VQÈ%RZU�T_`W%\"R	ÈbanUoa3O�ÈbW�Y-UoP	U�N-U�T
%m
P�h��Lj	U�\�U�a3O�Èb\W�cKV]cbd"M`U�P	UÀVDP-U�S"W�j�T�OQP�R�O�azW%��R	e�SR¾W�S�\y/_2T	O]P�R	dÀj	\R»c�h~N�R	V]T	OQPR�R»N-U�V�È%RN�P�h���VQy"a3aª\/d�Y�U»� ´ � 865 U�m
\	U�SÈbO�\lR	MQanO]P	OQPR	d7RE�7j�\RKy/c%OQT�RN	OQPR�RÀS/W�T�RN	OQV�È%c�UDNT	OQP�W�c{È%U�S/W�cq�N	ÈbW�V]P-U�N-U�T-U�fQÈ%R�VQy"a3ath c%W%M�\�U�V�È�U�Ù+È�Y	W{W�N�OQP�

e%W�T
b�rW�_`WDMQP	U�N	OQPR	dDR{y"e�h~c�U�Ù+ÈucoY-U�T
%P	O]X	�rO�a(Y	WoR�V�È%RP�P	W�X�cbOQTR�N�RP�h 8
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U e
Z �[ þ���þ�v�\�W�_�R	e

w (x)
ebU�T	S"RL�:Ub�,R{N	U�V�È%RN�PhiOIVQy"a3ath ��eb�&\/d�Y�U�� ´ �&e%OQM�j�\�W�d/c%T�OQP�R�dDc�h~N�R�VQT�R�ÈbOQT
%P	W�X

P�OQy�VQÈbW�XN�R�c%W%V�È�R
^rUo\"R	V 8 {�q	Usj	\O]Y-V�È�U�c%T	O]P-UsS\Rc�U�dDj	\�W�_�R�ebU

w (x)
e%U�T�SR{j	\"RZ\�U�VQN�O�È�U���V[���g^�R-[+\	U�atR{c�a�U�P	È%R�V�V�O 8 _3d�Y(� ´ ��Y	T�d

fQÈbW�_�W�VQT�y/N	U�d�c%h~NR	V]T	OQP7V�a�U�S/VQR	anU�T
%P�WucbW%MQanW�wsP�W�XÀÈbW�NP	W�V�È�
bÙ ��Y	W%ebU�c%T�OQP�R�O�N�T�OQP	W�c�\"d�Y�UsV�P�W%a3O�\�U�atR�q�e%W�T
b��R�a3R{ ´�7 q-y"wrOgP�OrR�M�a3OQP�dO�Èuj	W�T�y/N	O]P�PyÙ5VQy"a3atyZ\/d�Y�U%� 8 ^rUu\R�V 8 {�q-e�j	W�S"U�M`U�Pl_`\�U%[+R�SlOQ_�WDN	U�V�È�R�N�Ph���VQy"anaGcDj	W�Ty�T	W�_�U�m
\"R-[+a3RN	O�VQS/W�X��rS"U�T	OoRLW�ÈbW%e�\	U�wrO]P»P�W%a3O�\KNT	OQP	U�\/d/Y-U"q-Y	W%ebU�c%T	O]P�R�O�S/W%È%W%\�W�_`W{SÀc%h~N�R�VQT�OQP�P�W�X�VQy"a3anOoP�OoR	MQanO]P	d"O�È
OQOpMQP	U�N	OQPR	d 8�5 W%È�d�V]ya3anUg\/d�Y�UIRDc%h~NR	VQT�OQP-UrVFj	\O]Y-O]T�
%P�W�cbW%MQanW�wsP�W�X�Y�T	doY-U�PP	W�_�WsV]T�y/N-U�d�ÈbW�N�P�W%V�È�
%ÙsqbW`Y�P-U�S/WgW�P-U
Y-U�T�O�S"UsW%ÈoR	V�È�R�P�P�W�_`WsMQP	U�N	OQPR	d�qUof�ÈbWsR{j	\"R�cbW�Y�R	ÈsS�P	O]Y	W%V�ÈbW�cbO�\"P�hia(c%h~NR	VQT�OQP�R�da»P	Usj�\	U�c%W%aGS"W�P�^�OIebU�T�SRxq"N	ÈbWgR
P	U�e�T	Ù&Y�U�O�ÈbV2duP-Ur\R�V 8 {%qU 8� h~N�R�VQT	O]P�P	U�dDVQy"a3anUg\/d/Y-U

S = 6806030019080498611941 · 1012 q/ÈbW�_0Y-UgS"U�S�ÈbW�N�P�W%O+MQP	U`N�OQmPR	Or�ïc�h~N�R	V]T	OQPP	W�OFVFanU�P	È�R	V�VQW�XuY	TR�P�W�XP{�KPKb�n\	U�c%P�dO�È%V]d
6806030019080479887086655469523254, 9806

8 v�W�_`\O���P	W�V�È�

VQW%V�È�U�c�T	d"O�ÈocbO]T�R�NR�Py�j	W�\"d�Y	SU

1020
8

O+c%OQT�RN	O]P�R	O+Y	TR�Ph5anU�P�È%R�V�VQh§Y-WG� 7 ^�R	[p\{j	\RcbW�Y�R	ÈuS{Y	W%V�È%W�cbOQ\Phiak\�O�MQy�T
�È%U�È�U�a~qN	È%W�a3W�wsP�WDc�RY-OQÈ�
uR	M�_`\�U�m
[FR	S/W�cK\"R	V 8 � 83� f�ÈbW%azVQT�y/N-U�O�Y	T�d�c�h~N�R	V]T	OQPR	dLVQy"a3ath \/d/Y-UZP�O�W%e��bW`Y�R	a3W7y"N�O�V�È�
ë{ 7 �ÀNT	OQP	U7\/d�Y�U{RGO�O�M]P-U�N	O]P�R�O
\�U�c�P	d"O�ÈbV2d

S = 68060300190804798871363998 · 108 8

�
���� :+���KJ��I� � CI�s�IE(�ÝHL���L� ��� HL���98 °ZHK��9KJ�� E � � � � ���F�7�D� �I�sE(����J �sC��;:
�KJ�J °P�K�¡°N:F�D�+�gJ
� V]P	W�c%P	W�OpVQW%W%È�P	W%�rOQPR	O+anOQÈbW�Y�U�P	U�N-U�T�
%Ph��D[+y/P	S"^�RXuY	T�doT�RP	OQXP	W�móy/j�\"y/_`W�_`WrU�P�R�M�W%È%\�W�jP	W�_`WgÈ%OQT-U/qbP-Ui��W�Y-d"�rOQ_`W%V2d�c
ybVQT	W�c%R�d��uj�T�W%V�S/W�X{M`U`Y�U�N�Rxq/coj�\/da3W�y/_`W�T�
�P	W�XDY	O�S"U�\ÈbW�c%W�X{VQR�V�ÈbOQanOpS/W%W�\bY	RP-U�ÈganW�wrO�Èue�hiÈ�
sj	W�Ty/N	OQP�WrcuVQT�O]Y	y"Ùp�rOQa
c�RY	O ¼ ��½

U = LU
0.

� 7 �
Ø Y-O�V�


U = {u, v, σx, σy, τxy}
Æ·cbOQS�ÈbW�\móV�ÈbW�T	e%O]^7j	O�\O�a3O��rOQPR�XlRlP	U�j	\/d"wrOQP�RX7c�j�\�W�R	MQc%W�T�
�P	W�XKÈ%W�N	S/O�y/j	\"y"_�W�_`W

È%OQT-U/q
U0 =

{
u0, v0, σ0x, τ

0
xy

} ÆùcbOQS�ÈbW�\móV�ÈbW�T	e%O]^»P	U�N-U�T�
%Ph��»[+y/P	S"^�RX�q�W�j	\�O2Y-OQT�OQP�Ph��KP-U{_`\	U�P�R
x = 0

q
L = [Lij ]�

i = 1, . . . , 5
q
j = 1, . . . , 4

�,Æ a�U�Èb\R^-UgW�j	OQ\	U�È%W%\�W�c
�
^g} c�RY-U

Lij =
∞∑

k=0

lkij (Aps, ∂y)x
k.

�=<%�
c�W%f�[I[+R�^R	OQP�È%h

lkij (Aps, ∂y)
M`U�c�R	V2dÈ�W%ÈrW�j�O�\�U�ÈbW%\�U+Y	R	[I[pO�\OQP�^R	\W�c�U�P�R�d

∂y
j�WIj	O�\O�a3OQP�P�W�X

y
R�y/j	\"y/_�RE�rj�W%V�È%W�m

d/PP�h���U�P�R�M�W%Èb\W�jP	W�_�WuÈ%OQT-U
Aps

R�M�W�e%W�e%�gOQPP	W�_�WDM`U�S/W�P-U'·�y"S"U

σ = H ε.
�?>%�

Ø Y-O�V�

σ = {σx, σy, τxy}

d/c%T�dOQÈbV2d�cbO�SÈbW%\W%atmóV�ÈbW�T	e�^�W%akS/W%atj	W�P	OQP�ÈbW�c�È%OQP	MQW%\	UoP-U�j�\/dwrO]P�R�Xxq
ε = {εx, εy, γxy}

j�\�O2Y-V�È�U�c�T	d"O�È&cbO�SÈbW%\"m VQÈbW�T�e%OQ^rS/W%atj�W�P	O]P	ÈbW�c+È%OQP	MQW%\	U,Y	O`[pW%\anU�^R�X�q�U
H =



A11 A12 A16
A12 A22 A26
A16 A26 A66


 Æ�a�U�Èb\R^-U,y"j�\y/_�RC�

j�W%VQÈbW�d"PP�h��Da�U�ÈbO�\"R-U�T	U ¼ ��½ 8
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ñ3VQT�R�R	MQc%O�V�È%Ph¾cbV�O+S/W�a3j�W�P�OQP	È%hGcbO�SÈbW%\�UIP-U�N-U�T�
�P�h���[+y/P	S"^�R�Xxq%ÈbWrV�W�W%È%P�W%�rOQPR	Os��{ ´ �3j	W�MQcbW�T	d"O�Èrc%h~NR	V]T�R	È�
rc%V�O

S"W�atj	W�P�OQP�È%h P	U�j	\/d"wrOQPP	W�m�Y	O`[pW%\atR	\�W�c�U�P�P	W�_`WKVQW%V�ÈbW�d/P�R�d�cÀT	Ùpe�W�XGÈbW�N	S/ODy/j	\"y"_�W�_`WlÈ%OQT-U 8�� Y�P-U�S/WlW%e�h~NP	WlP	O�c%V�O
P-U�N-U�T�
%PhiOs[Fy"P�S^R�R{R�MQcbO�VQÈ%P�h�q	È�U�S{SU�S{Y�T	d�T	Ù+e%W�X7jT	W%VQS/W�X7V�È�U�È%RN	O�VQS/W�XZM`U�Y-U�N�RZP-UuS"U�wgY-W�XlR�M�_`\	U�P	OQXZy/j	\"y"_�W�_`W
ÈbOQT-UiR	MQc%O�V�È%PhGW�e�h~N�P�W+Y	c�U+S/W%atj	W�P	OQP�È%UiP-U�j	\/d"wgO]P�P�W�m�Y-O`[+W%\�atR�\�W�cbU�PP	W�_�W�VQW%V�ÈbW�d/P�R�d 8/� U�S"R	alW�e%\	U�M�W%aÀP-UFP-U�N	U�T
%P	W�X
j�T	W�V�S/W%VQÈ%R�q�OQVQT�RKW�P-U�V�W�c%a3O��rO�P	U{VuW�Y	P�W�XÀR	Ms_`\�U�P�OQX�ÈbO]T-U"q-R	MsybVQT	W�c%R�XKM�U�Y�U�NR�W%e�h~N�P	W�R�MQcbOQV�È%P�hzY	cbU�S/W�a3j�W�P�OQP	È�U 8
� V�È%U�T�
�P�hiO~Y	cbUra3W�wsP	WsW�j	\�O2Y-OQTR	È�
IR	Mi_`\	U�P�RN�Ph��oy�V]T	W�c�R�X�P-UIj	\W%È%RcbW�j�W�T�W�wsP	W�X�_`\�U�PR

x = h
8 ^rU�j�\R	a3O�\�qbO�VQTRDP-U

P-U�N-U�T�
%P�W�XlT�R�PR�R
x = 0

M�U�Y�U�P�hªP-U�j	\/d"wrOQP�R�d
σ0x (y)

q
τ0xy (y)

q�UDP	U�_`\	U�P�R
x = h

P-U�j	\/d"wgO]P�R�d
σhx (y)

q
τhxy (y)

q�È%W�Y	T�d
W�j	\O]Y-O]T	OQPR	d�P�O]Y-W�V�È�U�Ùp��RC��Y	c�y���P	U`N	U�T
%P�h��7[+y/P�S^�RX

u0 (y)
R
v0 (y)

anW�wgP	W�j�W�Ty"NR	È�
DV]R	V�È%O�aty�Y	c�y���Y�R-[I[pOQ\�OQPm
^�R-U�T�
�P�h��sy"\	U�c�P	OQPR�X�e�O�V�S/W�P	OQNP	W�_�Wrj�W%\/d�Y-S"U"q�c�h~N�R�VQT�RcgM]P-U�N	O]P�R	dsV�W%W�È%cbO�È%V�È%c%y"Ù+�rRC�oS/W%atj	W�P	OQP�ÈbW�c�P	U�j	\/d"wrOQP�RXuP-U
T�R�PR�R

x = h
P	UoW�VQP	W�cbOrV�W�W%È%P�W%�rOQPR	dK��{ ´ �]É





L31 |x=h u0 + L32 |x=h v0 = σhx − L33 |x=h σ̄0x − L34 |x=h τ0xy

L51 |x=h u0 + L52 |x=h v0 = τhxy − L53 |x=h σ0x − L54 |x=h τ0xy
.

�?@b�

Z  BA� /���1 �'$ B21 �%K��2x�$C%�	����34 /��2x�$'$ �[(/��$ EDGFx�!/x����� þnñ3VQT�RÀy"j�\y/_`W�OoÈ%OQT	WDj	\�O2Y-V�È�U�c�T	d"O�ÈDj	\/d"a3W�y/_`W�T
%PyÙ W�e�m
T-U�VQÈ�
7V�WZV�ÈbW�\�W�P-U�atRxqxj	U�\	U�T�T�OQT�
�P�hiatRLS"W�W%\bY�R�P-U�È%P�h~aÚW�V]d"a~q�ÈbW{c�hie%W�\»c7S"U�N	OQV�È%c%OuP-U�N-U�T�
�P�h���[+y/P	S"^�RX�Èb\R_`W�P�W�m
anOQÈb\RN	O�V�S"RE�Kj	W�MQcbW�T�R�ÈÀy�Y-W�c�T	O�È�cbW%\"R	È�
7_`\	U�P�R�NP�hiazy�V]T	W�c�R	d"azP-UZY	c�y���j	\W%È%RcbW�j�W�T�W�wsP�h��»_�\	U�P�d��LÈbOQT	U

x = 0
R

x = h
q_0Y-O

h
Æ \	U�M�a3O�\{j	\/d"a3W�y/_`W�T�
%P�W�XZW�e�T-U�V�È%R{j	WuS/W%W�\bY	RP-U�È%O

x
8 ^rUgY�c%y��DY	\y/_�RC��_`\	U�P	d��

y = 0
R
y = a

q_0Y-O
a
Æ

\	U�MQanOQ\{j	\/d"a3W�y/_`W�T
%P�W�XZW�e�T	U�V�È%R{j	WoS/W%W%\bY�R�P	U�ÈbO
y
q"_`\	U�P�R�NP�hiOpy�V]T	W�c�R	d�Y	R�S�È%y"Ù+È%V2d�c%h~e%\	U�P�Phia¾c%R"Y-W%a(P-U�N	U�T
%P�h��

[+y"P�S^R�X 8 v�WgVQy"�rO�V�È%c�yDf�È%WgW%MQP	U�N-U�O�È�q�N	ÈbWr\O��gU�O�È%V]dDM�U�Y�U�N	UgWrj�O�\R�W�Y	R�N�O�V�S/W�a�P	U�_`\"y"wrOQP�RR�e%O�V�S/W�P	OQNP	W�_`Wgy/j	\"y"_�W�_`W
VQT	W�d 8

� T�dkÈbOQT�Vlj	\W�R	M]cbW�T
%P�W�XÚVQÈbOQj�OQP�
%ÙÕU�PR	MQW%Èb\W�j�RR�W�j�O�\�U�ÈbW%\"h anU�Èb\"R�^�h
L
cGV�W�W%È%P�W%�rOQP�RR ��{ ´ ��M�U�a3SPyÈ�hBc

VQT�y/N-U�OrjT	W�V�S/W�XlM`U`Y�U�NRÀW%È�P	W%V]R	ÈbOQT
%P�WuT�RP	OQXP	W�X7S/W%a3e�RP-U�^R�RlÈ%\R�_�W�P�W%a3O�Èb\"R�N	OQV�SRC��[+y/P	S"^�R�X
sam = sin (mπy/a)

R
cam = cos (mπy/a)

8Yß ÈbW�W�MQP-U�N	U�O�È�qN�ÈbWuOQVQT�R{cbV�O�P	U�N-U�T
%PhiOg[+y/P	S"^�RRZe�y�Y	y"Èsj	\�O2Y-V�È�U�c�T	OQPh§cuc%RY	O�VQy"a3a3h5È%\R�_�W�P	W�m
anOQÈb\RN	O�V�S"RE��\/d/Y	W�coj�WuV]R�P�ybV`U�a»R{j	WoS/W%V]R�P�ybV`U�a

U0 =
∞∑
m=0

U0,sin
m + U0,cos

m ,

U0,sin
m =

{
b1,sinm sam, b

2,sin
m cam, b

3,sin
m sam, b

4,sin
m cam

}
,

U0,cos
m =

{
b1,cosm cam, b

2,cos
m sam, b

3,cos
m cam, b

4,cos
m sam

}
,

��{ÚKb�

ÈbW�RÀc%V�OuS/W�a3j�W�P�OQP	È%hzcbO�SÈbW%\�UDP	U�j�\"d"wrOQPP	W�m�Y	O`[pW%\atR	\W�c�U�P�P	W�_`W{VQW%V�ÈbW�d/P�R�d
U
È�U�SwrOue�y�Y	y"ÈDj	\O]Y-VQÈ%U�c%T�OQP�hzc�c%R"Y-O

VQy"anathÚÈb\"R�_`W�P	W%a3O�È%\R�N�O�V�S"RE�u\"d�Y	W�coj	WoVQRP�y�V�U�a(R{S/W%VQRP�y�V�U�a

Ui =
∞∑
m=0

Usin
m + Ucos

m ,

Usin
m =

{
L1,sinm sam, L

2,sin
m cam, L

3,sin
m sam, L

4,sin
m sam, L

5,sin
m cam

}
,

Ucos
m =

{
L1,cosm cam, L

2,cos
m sam, L

3,cos
m cam, L

4,cos
m cam, L

5,cos
m sam

}
.c�W%f�[I[+R�^R	O]P	È%h

Li,sinm

R
Li,cosm

�
i = 1, . . . , 5)

OQV�È�
sV�ÈbOQj�OQP�PhiO+\/d�Y	hkj�Wgj�O�\O�a3OQP�P�W�X
x
q�c�h~N�R�VQT	d"O�athiOpS"U�S�\O�MQy�T
%m

È%U�È�c%W%M]Y	OQX	V�È�c%R	d{V�W%W�È%cbOQÈbV�È%c�yÙ+��RE�{W�j�O�\�U�ÈbW�\�W�cDP	U�N-U�T�
%Ph��7[+y/P�S^R�X»��{ 7 �~P-UuV�W�W%È%cbOQÈbV�È%c�yÙ+��R	OrÈb\R_`W�P�W%a3O�Èb\"R�N�OQm
V�SR�Og[Fy"P�S^R�R

sam
R
cam

V�W�_]T	U�VQP�WDVQW%W%È�P	W%�rOQPR	Ù ��{ ´ �&RZj	\O]Y-VQÈ%U�c%T�OQP�R�Ù5P	U�N-U�T
%Ph��Z[+y/P	S"^�RXL��{��%�iV�j�W%V]T	O]Y�yÙ+��R	a
j	\RcbO]Y	OQP�R�O�a»j�W�Y-W%e�P�h���NT	OQP�W�coj	\"R{Èb\R_`W�P�W%a3O�Èb\"R�N�O�V�SRC�D[+y/P�S^�R�d�� 8

� T�dKW%\�È%W%Èb\W�j�Ph���qxÈb\�U�P	V]cbO�\V`U�T
%P�W�m:R	M�W�Èb\�W�j�Ph��ÀR�R	M�W�Èb\�W�j�P�he�KÈbOQTLW�j�O�\	U�ÈbW%\"h a3O�ÈbW�Y�U�P-U�N	U�T�
�P�h���[+y/P	S^R�X
M`U�a3SPy"È%hÚP	OrÈbW�T�
%S"Wuj�\RZj�\�O]Y	V�È�U�c�T	OQPR�R{P-U�N	U�T�
�P�h��Z[+y/P	S"^�R�XZVQy"a3a3W�Xl\/d/Y	W�c�j�WDV]R�P�ybV`U�aGRlS/W�VQR�Py�V`U�aiqP	WuR7j	\"R
j	\�O2Y-V�È�U�c�T	OQPR�RkP	U�N-U�T
%Ph���[+y/P	S"^�RX�È%W�T�
%S/WLj	W»VQRP�y�V�U�a �

U0 =
∞∑
m=0

U0,sin
m )

R�TR�ÈbW�T�
bS/WLj�W»S/W%VQRP�y�V�U�a �
U0 =

∞∑
m=0

U0,cos
m )

8 v�\RGf�ÈbW�aÇS/W%f`[I[FR�^�R�OQP	È�h·cKj�\�O2Y-V�È�U�c�T	OQPR�R(S/W%atj	W�P	OQP�ÈbW�cÀcbO�SÈbW%\�UlP	U�j	\/d"wrOQPP	W�m�Y	O`[pW%\atR	\�W�c�U�P�P	W�_`W
V�W%V�È%W�d/P�R�d

U
j	\O]Y-VQÈ%U�c%T�dÙ+ÈbV2duP-U�atP�W�_`Woj	\W%�rO%qN	OQa(c�VQTy"N	U�OIW�e%�rOQXÀU�PR	MQW%Èb\W�j�RR�É

Li,sinm =
∞∑

k=0

4∑

j=1

bj,sinm l̃k,sinij,m x
k, Li,cosm =

∞∑

k=0

4∑

j=1

bj,cosm l̃k,cosij,m xk.
��{/{��

v�\R�N�O�a�S/W%f`[I[FR�^�R�OQP�È%h
l̃k,sinij,m

R
l̃k,cosij,m

c%h~N�R�VQT	d"ÙpÈ%V]doS"U�SD\�O�M]y�T
�È�U�È�cbW%M2Y-OQX�V�È%c%R�d�W�j�O�\	U�ÈbW%\W�c
lkij (Aps, ∂y)

R	Mg��{ 7 �3P-U
Èb\R_`W�P�W%a3O�Èb\"R�N	OQV�SR�Op[+y/P	S"^�RR�j	\O]Y-VQÈ%U�c%T�OQP�R�d�P-U�N-U�T�
�P�h��{[Fy"P�S^R�X�j�WoVQR�Py�V`U�a(R�TR{S/W%VQRP�y�V�U�a§��{��b� 8

O+\	U�c�P	OQPR	d(È%R�j	U¾��{��%�sY	T�d(c%h~NR	VQT�OQPR	d(P	O]R	MQc%O�V�È%Ph��(P-U�N-U�T�
%Ph��k[+y/P�S^R�X¾cLf�ÈbW�a VQT�y/N-U�O{j	\O�W%e�\	U�MQy"ÙpÈbV2d(c
V�O�\R�Ù V]R	V�ÈbOQaÚT�RP	O]X�P�h��KU�T_`O�e�\	U�R�N	OQV�SRC�Ày\�U�c�P	OQPR�XKY�T	dÀP-Ui��W�wgY	OQPR	dKP�OQR	M]cbO�V�È�P�h��KS/W%f`[I[FR�^�R�OQP�ÈbW�c7c7RC�Àj	\O]Y	m
V�È%U�c%T�OQP�R�d��DÈb\"R�_`W�P	W�anOQÈb\RN	O�VQSR�atR�\/d/Y-U�atR�Æ Y	T�d�S"U�wrY-W�XZ_QU�\a3W�P�R�SR{VQcbW�d{V]R	V�È%O�anU"É
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∞∑
k=0

l̃k,sin31,mx
k |
x=h b

1,sin
m +

∞∑
k=0

l̃k,sin32,mx
k |
x=h b

2,sin
m = σhxm−

−
∞∑
k=0

l̃k,sin33,mx
k |
x=h b

3,sin
m −

∞∑
k=0

l̃k,sin34,mx
k |
x=h b

4,sin
m

∞∑
k=0

l̃k,sin51,mx
k |
x=h b

1,sin
m +

∞∑
k=0

l̃k,sin52,mx
k |
x=h b

2,sin
m = τhxym−

−
∞∑
k=0

l̃k,sin53,mx
k |
x=h b

3,sin
m −

∞∑
k=0

l̃k,sin54,mx
k |
x=h b

4,sin
m

.
��{i���

Ø Y-O�V�
�N�O�\�OQM
σhxm

R
τhxym

W%e%W�MQP-U�N�OQP�h S/W%f`[p[+R�^R	OQP�È%hÇj�\R
m
m��Z_QU�\�a3W�P�R	S"Ui�7c{\	U�M]T	W�wrOQP�RRKcZ\/d�Y	h }gy"\
%OoM`U�m

Y-U�PP�h���[+y/P	S"^�RX�P-U�j	\/d"wrOQP�RX�P-UgP�R�wsP	O]XZ_�\	U�P�R{j�\/da3W�y/_`W�T�
�P	W�X{W%e�T-U�V�È%R 8� y/cbO]T�R�N�OQPR	O�aÚP	W�a3O�\	UZ_QU�\�a3W�P�R	S"R(W%S"U�M]h~c�U�OQÈbV2d»P	OQc%W%M�a3W�wsPhFaÇj�W�Ty"NR	È�
{Y-W%VQÈbW�c%O�\PhiO�MQP	U�N	OQPR	d�S/W%atj	W�P	OQPm
È%W�c@^ � � cDW�e�T-U�V�È%Rxq	W%È`Y�U�T	OQPP	W�X7W�È�P-U�N	U�T
%P	W�X7jT	W�V�S/W%V�È�R 8Yß È%W�VQcbd"M`U�P�WDS"U�S7V�P	U�S/W�j�T	O]P�R	OQa¾W��rR�e%W�Slj�\RZ\	U�VQN	O�È%O
NR	V]T	W�c�h���S/W�f`[I[+R^�R�OQP	È%W�coco\/d�Y�Ui�7��{ 7 �]q"È�U�SDR�V!�/U�\�U�S�È%O�\�W�a»V?��W�Y	R�a3W%V�È�R�V`U�a3RC��fQÈ%RE��\/d�Y-W�c�q�j	\"R�c%W`Y	d��R�a»S�S"U�È%U�m
VQÈb\�W%[+R�N�O�V�S/W�Xrj	W�ÈbO�\�OtcbO�\"P�h��I^R-[p\IcFj	W�T�y/N-U�O�a3W�XgVQy"a3a3O�f�È�RE�p\/d/Y	W�c ¼ ��½óq�R	VQj�W�T
bMQy�OQath��Ic+S"U�N	OQV�È%c%O�S/W%f�[I[+R�^R	O]P	ÈbW�c
V]R	V�È%O�athB��{ ´ �]q�S/W�ÈbW%\�U�dÀV�È�U�P�W�c%R�ÈbV2dljT	W���W�W%e�y�VQT�W�c%T�OQP�P�W�XLVoy/cbOQTR�N�OQP�R�O�a¿P	W%a3OQ\	U�_QU�\�a3W�PR	SR 8e© P-U�T�R�MsRL\�OQ�rOQP�R�O
y"S"U�M`U�PP	W�X�j	\W%e�T�O�athÚj�W%S"U�M`U�PhÚP-Ugj�\R	a3O�\OIa3W�Y-O]T�
%P�W�XZM`U�Y-U�N�R�Y-O�[pW%\a3R�\�W�c�U�PR	d�R	MQW%Èb\W�j�P�W�_`WoÈ%OQT-U 8

� ���! �"$#	��
�H%b
B�3
�'�
5�["[�"! (�3�I)	
����� þ5_tU�VQV�a3W%Èb\"R	aÇM`U`Y�U�N�y»\	U�VQN	OQÈ%U7P	U�j�\/dwrOQPP	W�m:Y	O`[pW�\�atR	\W�c�U�P�P�W�_`WKV�W�V�ÈbW�m
d/PR	d»j	\/d"anW�y/_`W�T
%P	W�_`WKc»V�O]N	OQPR�RkV7\�U�M�a3O�\�U�atR

h × a (h/a = 1)
R	M�W�Èb\�W�j�P�W�_`W�ÈbO]T-U¾�

E = E0
q
ν = 1/3)

qnP-Ui��W�m
Y	d"�gO]_`W%V2dGc�y�VQT�W�c%R�d��Lj�T�W%V�S/W�X¾Y	O`[pW�\�anU�^R�R 8 v�WK_`\�U�P�R

x = 0
�ïP-U�N	U�T�
�P-U�d»j�T	W�V�S/W%VQÈ�
/�sSkÈ%OQT�yLj	\RT	W�wrOQPh ybVQR�m

TR	d
σ0x = q0 sin (mπy/a)

q
τ0xy = τ0 cos (mπy/a)

�
τ0 = 0)

qIUkj	W¿_�\	U�PR
x = h

y�VQRT�R	d
σhx = qh sin (mπy/a)

q
τhxy = τh cos (mπy/a)

�
qh = 0

q
τh = q0)

8 ^�OQR�MQcbOQV�È%PhiODj	O�\O�a3O��rOQPR	dLP	U�N-U�T�
%P�W�X»j�T�W%V�S/W�V�È%R
x = 0

R	��y"ÈbV2dKclc%R�m
Y	O

u0 = u0 sin (mπy/a)
q
v0 = v0 cos (mπy/a)

V�P�O�W�j�\�O2Y-OQT�OQP�PhiatRGS/W%f�[I[+R�^R	OQP�È�U�atR�qtS/W%ÈbW%\"hiO�W�j�\�O2Y-OQT�dÙ+ÈbV2dKR	M
\O��rOQPR	d(VQR	VQÈbO�ath·y"\�U�c%P�OQP�RXÚ��{ ´ �]q3j	W�T-U�_�U�d(cKP	OQX

b1,sinm ≡ u0
q
b2,sinm ≡ v0

q
b3,sinm ≡ q0

q
b4,sinm ≡ τ0

q
σhxm = qh

R
τhxym = τh

8 ^rUgY	c�y���Y-\"y/_�RE��_`\�U�P�d���ÈbOQT	Us_�\	U�P�R�NP�hiOpy�VQT�W�c�R	d�j�\�W�Y	R�S�ÈbW�c�U�P�h�c%hie%\�U�PP�hiatRlÈb\"R�_`W�P	W%a3O�È%\R�N�O�V�S"R�a3R
[Fy"P�S^R	d"atR�j�\�O]Y	V�È�U�c%T�OQP�R�dDS/W%atj�W�P	O]P	ÈbW�cuc%O�S�È%W%\	UgP-U�N	U�T
%P�h���[+y/P	S"^�R�X 8

U e

Z �[ þ�ã�þ @ O�MQ\	U�MQanOQ\PhiO�j	O�\O�a3O��rOQP�R�d
uE0/q0h

Y	T�d�\	U�MQT�RN�Ph��D_QU�\anW�P�R�S�j	\R�c�h~N�R�VQT	O]P�R	d��DV�anU�P�È%R	V�VQW�X�Y�T�R�P�W�X
{ 7 �:U%�,R�Y	TR�P�W�Xk{J>Z��eb�

+K, '��[�"���� �"!#�� ,  L-�/U[�0$ B2��!34 /��� ,{þ�_tU�VQN	OQÈ%h ^ � � V�y�Y	c%W%OQPP	W�X»È%W�N�P�W%V�È�
bÙ j�\�O]Y	V�È�U�c%T�OQP�R�dlcbOQ�rO�V�È%c%OQP�Ph��
NR	VQOQTG��{ 7 ^R-[p\7c{anU�P	È%R�V�V�O��ij�W%S"U�MQh~c�U�ÙpÈ�P	U�TR�N�R�Orc%h~NR	V]T�R	È%OQT�
�P	W�X7P	OQybV�ÈbW�XN�RcbW�V�È%R7j�\R

m ≥ 10
�ï_`\	U�[+R	S"RKe�O�MQm

\�U�MQanOQ\P�h��Dj	O�\O�a3O��rOQP�RX
uE0/q0h

\R	V 8 �"q	Ugc�V�OQN�OQPR	d��
y = a/2m

� 8
v�\�W�V�ÈbW�O~y/cbO]T�R�N�OQPR	O,cr\	U�V]N	O�È�U��sanU�P�È%R	VQVQhGcbOQ�gOQV�È%cbO]P�P�he�uNR	V�O]ToY-WÒ{M>p^�R-[+\uj�W%MQc%W�T�dO�ÈIj	W�T�y/N�R�È�
FY-W%VQÈbW�c%O�\PhiO

\O�MQy�T
�È%U�È%hÚj�\R
m ≤ 11

��\"R	V 8 �"q-eb� 8 ^�Wuj	\"R7e%W�T
b��RC�7MQP-U�N�OQP�R�d���_QU�\a3W�PR	SZc%h~NR	V]T	OQPR	d�j	\W�Y-W�T	wgU�Ù+ÈDW%V�È�U�cbU�È�
%V]d
P�OQy�VQÈbW�XN�Rc%hiatR 8ß ÈbWKVQc%dM�U�P	WKV{S"U�È�U�V�È%\�Wb[FR�N	OQV�S/W�XGj�W%ÈbO�\OQXGc%O�\Ph��»^�R-[+\GcKc%h~NR	VQT�dOQa3h��(VQy"a3anU��(\/d/Y	W�c¾��{J�b�]q�d/c%T�dÙ+��RE��V2d
S/W�f`[I[+R^�R�OQP	È�U�atR¾T�R�P�OQX�P�W�X¾V]R	V�ÈbOQa3hÕ��{ ´ �]qnN�R	V]T	WKW%e�y�VQT�W�c%T�OQPP	W%VQÈ%RkS/W%ÈbW%\W�Xk\�U�V�ÈbOQÈ�V{y/cbOQTR�N�OQP�R�O�aª_QU�\�a3W�P�R	S"R 8^rU�S/W�jT	OQPR	O�W%��R�e%W%SGj	\"R(c%h~NR	VQT�OQP�RRGVQy"a3aÇV�ÈbO]j	OQPP�h��L\/d/Y	W�cÀVQcbd"M`U�P�WKVG�/U�\�U�S�È%O�\�W�aªV?��W�Y	R�a3W%V�È%R»j	W%V]T	O]Y�P�RE�KÆ
RC��N	U�V�È�R�N�PhiO�VQy"a3a3h5VQP-U�N	U�T-Uoc%W%M�\�U�V�È�U�Ù+ÈuY-WuNR	VQOQT7e%W�T
b��RC�Zj	W�\/d/Y	S/W�cq-Uoj�W%ÈbW�a¾y"e�h~cbU�ÙpÈuY	WuP	OrW�N	O]P�
De%W�T
b��RC�
M]P-U�N	O]P�RX(VQy"a3az\/d/Y	W�c 8

�
U�S/VQR�a�U�T�
�P�hiO�MQP	U�N	OQPR	dKN-U�V�È%RN�Ph���VQy"a3aÚY-W�V�È%R_�U�ÙpÈZj�W%\/d/Y	S"U

107
Y	T�dKj	OQ\�O�a3O��rOQPR�X»R

1014
Y�T	dgP-U�j	\/d"wrOQP�RXuy"wrOij�\R

m = 10
q�UIf�ÈbWpR�d"c%T�d"O�ÈbV2dgj�\R�NR�P�W�XoÈbW�_`W"q%N	ÈbWIV]ya3athkVQW%W%È�cbO�ÈbVQÈ%c%y"Ùp��RC�oV�È%OQj	O]P�P�h��
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%Ù �ïP�O,�/cbU�È�U�O�Èu^R-[p\{cDanU�P	È�R	V�VQOIY�T	d�RE��c%h~NR	VQT�OQPR	d�V�P	O�W�e���W�Y	R�a3W�X
ÈbW�NP	W%VQÈ�
bÙI� 8C@ W�T�O�OrÈ%W�_`WuV]ya3atR	\"y�O�athiOI\/d/Y�h§MQP-U�S/W�j	OQ\�O�a3OQPP�h�q�Uof�ÈbWsj	\"R�c%W�Y	R	ÈsS�c%h~N�R�VQT�OQP�R�Ùz\�U�MQP�W%V�È�RZe%W�T�
b��RC�
e�T�R�M�SRC�IcbOQTR�NR�P�q`W�j	\O]Y-O]T	OQPP�h���V&e�W�T�
%�rW�Xuj	W�_`\�OQ�rP�W%VQÈ�
bÙ 8 ^rUF\R	V 8 �q�UFj�\�O2Y-V�È�U�c�T	OQPhLcpT�W�_QU�\"R-[patRN	O�V�S/W�Xu�rS"U�T	O
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u
c�_�W%\R�M�W�P�È�U�T�
�P	W�a

V�OQN	O]P�R�R
x = h

j	\"Rs\	U�M]P�h��r_QU�\�a3W�PR	S"U�� 8�� T�drV�\�U�c�P	OQPR	d�P-UF\"R	V 8 �q�eFj	W�S"U�M`U�P�h(ÈbO,wrO&_`\�U%[+R�SRxq�c%h~N�R�VQT	O]P�PhiO&ÈbW�N�P�W
VIR	V]j	W�T
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M`U�^R�R¾c�h~N�R�VQT�R�ÈbOQT�
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7\	U�c%P�hia
� 7 >R��� ´ ���(>b�oj	WÀVQy"�rO�V�È%c�yGVQPR	anU�OQÈKj�\�W%e�T	O�aty»c�h~N�R�VQT�R�ÈbOQT
%P	W�XGP�OQy�V�È%W�X�NR�c%W%V�È�R(N�R�VQT�OQP�Ph��LRGN�R	V]T	OQPP	W�mýU�P-U�T�R	È�Rm
N	O�V�S"RE��U�T_`W%\"R	Èba3W�c 8-� Y�P-U�S/WoM`UoÈ�U�S/W�Opy�Y	W%e�V�È%cbWsj	\"RE�bW`Y�R	È%V2d�jT-U�È%R	È�
oV�S/W�\�W%VQÈ�
bÙ5c�h~j	W�T�P�OQP�R�d�j�\�W�_`\	U�anaÚ��V]R	V�ÈbOQa3h
U�P-U�T�R�È%R�N�O�V�SRC��c�h~N�R	V]T	OQPR�XlRP	ÈbOQ\j	\O�È�R�\"ybO�ath+�]q�UuY	T�d7OQOsy/cbOQTR�N�OQP�R�d{P�O�W%e��bW`Y�R	a3W�V�È�
bÙÇP-U�T�R�NR	d�P-UDS/W%atj
bÙpÈ%O�\�O
W�j	OQ\	U�È�R�c%P�W�X�j-U�a3d"È%R{e%W�T�
%�gW�_`WDW%e%|�O�anUZ��Y�T	dDP�O�S/W%ÈbW�\h���M`U`Y�U�N�Y-WS��·xeb� 8
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Ú�ç R "HGI=�SOV�T1 ="�=U�~>~J#"FQHCV��LMENQHC
VcÆEWíî�X�W�Y[Z�\^]_\O`&a¶ì�bc\d`eX�YSfg]Ga£Zh`eYKX�WíîgX�\ ì�]�W�Z�ija+Í_]k\+ÐlWëÌ�Y�b¹ìëÑnm

bciNaOfëì�a�bciGo�p^YFïhq	ÐíÑ�Xëì�r�W�f
>�T sHT_ etIuMv�w�xzy 1 ó EHT sHTYJG{�vz| ÷ ò�t 2

1 �~}(���M�4���K�z�����1��*�B����Ý����0!��	1��M���*���4���K�������1��*� ó 2 �4�I�K�z�����1��*�B���
!���16�����$T�(�0!������-�����������*�B���	�����M���z��������*���4���K�z�����1��*�

1 �I���������$����ó 2 �I���������$���
�[dPw��úsH}nf_m_�_b1�

H
ÿ�qPh�t�sH}EfLm_�_b1� ó t�u_aLd�yAdi�Ad�f_fLl��8fAlN|�bLh�t�oCj���g�h�a_t�m1l2�8u_a_t�bLx�o�t��Lp�fLt��6yL�Ab_f_j�git>xPfLl�{Ldi�f_b1�Lceb>o�g�h�a_t�m1l2�£|Cb_h�t�oGsHb_mngibLa_t�oEl�f_f_tC�GyL�Lb_fLj#� Jd[x�fLl�{_d�f_bLd,{Al�gih�t#fLl�x�j,oEl�~[h©�Ed�w��«mEt�yAtCc ó �Cd�w��«x�fAl�{_dPf_b_dPcb1�Lb�y�l��nyL�rd�gih�tEc�� ¡ aLd�yAb£cef_t��rdPg�h�oCl©gi}n�rdPgih�o�}n~[�rb1�H�CdPw��úsH}nf_m_�_b_�GuLa_b_f1�_h�tHo�j<y�di�_�_h�p©m_a_bLu_h�t � aLl�sHb_{LdPgimLb

gih�tC�_m_b_d ó u_aLbLced�f1�_d�cej,d<oIm_a_b_uLh�t � aLl�sHb_b���¡��_�Gh�t � t ó {_h�tC|�j��Cd�w��úsH}nf_m_�_b1� H gi{Lb_h�l��Al�g�p[m_a_bLu_h�t � aLl�sHb_{LdPgimLb
gih�tC�_mEt�� ó tCfLl�y�t��_�NfLl£}�yAt�o��Ld�h�oCt�aE�_h�p£h�a_dPc�tCgifLt�o�f_j(c�h�a_d�|Ct�oCl�f_b1�Lc��
• f_d�tC|�aLl�h�bLcetCg�h�pL�LyL�_� xPl2y�l�f_fLt � t6x�fLl�{_d�fLb1�=�Cd�w��úsH}nf_m_�_bLb m yAt��_�Nf_t�|Cj,h�p�o�j,{_bAg��Lb_h�di�LpCf_t�f_d�tEgi}n�Gd��
gih�oCbLcet�fLl��_h�b8|��At�m6y�l�f_f_j��

X ó yL�L��mEtCh�t�aLt � t H(X) = m
å

• gih�tC�_mEtEgih�p>mvmnt��_�Ab_x�b1�Lc�u_d�a_oCt � t�a_t�y�lL�nyA�_�vxPl2y�l�fLf_t � tNgitCt�|��rd�f_b_� M yAt��_�Nf_t>|�j,h�p>o�j,{LbLg��LbLh�di�LpCf_t
f_d�tEgi}n�GdPg�h�o�bAcet£u_t�yAt�|CaLl�h�p�yAaL} � t�d#gitCt�|C�Gd�f_bLd N ó yL�_�8mEtCh�t�a_t � t H(N) = H(M)

å

• gih�tC�_mEtEgih�p(m�mEt��_�Lb_xPb1�Lc�oCh�t�aLt � t,a_t�y�lL��yAt��_�Nf_t[|�j,h�p(o�j,{LbLg��LbLh�di�LpCf_t(f_dPtCgi}n�rdPgih�o�bLcet,uLtPyAtC|�aLl�h�p,uLl�a_}git�tC|��rd�f_b_�
(M,M ′) ó bLcedP~[�Gb1��t�yAb_fLl�mEt�oCj,�6�Cd�w6�

¡ �Ld�yA}�dPh�t�h�cedPh�b_h�p ó {_h�tNfLdIy�t�mnl�xPl�f_t�gi}n�Gd�gih�oCt�oCl�f_b_d©f_d�tC|�aLl�h�bLcej��>�Ed�w��úsH}nf_m_�_b_� ó yL�_�8mEtCh�t�aLj��6oCj,{_bLg��Ld��f_b_d[m1l�mEt � t��/�LbL|�tHuLa_t�tC|�aLl�xPl©x�l�y�l�f_f_t � t#x�fAl�{_dPf_b1�N�Cd�wG�«sH}nf_m_�_bLbNh�d�tCa_d�h�bL{_dPg�m_b6f_d�oCt�xPcet��Nf_tL�I¢I|Cj,{_f_t�fLl2�Ct��
�ryAdPf_b_d(t�|CaLl�h�f_t � t©x�fAl�{_dPf_b1�£�_o��_�_dPh�g]�£�Lb_wrpHoCj,{_bLg��Ab_h�di�LpCf_t�g��Lt��Nf_t��£x�l�y�l�{_dP����`#l�aLl�yAtCmngJyAfLd���a_t��£yAd�f_b_�
�e}nh�o�dPaC�£yAd�fLb_d ó � �Al�gF�_�GdPd ó {_h�t£dPgi�LbNy�l�fLl � a_}nu_uLlGbLx ��� b1�Lb�|�t��Ld�dI{_di�LtCo�d�m ó h�troCd�a_t��_h�f_tEgih�prh�t � t ó {_h�tr�CtChP�|�j§}=yAoC}E�XbLxNf_b_�=y�f_b�a_t��£yAdPf_b1�¬��{_bLg��Atvb�cedPgF�_�   gitCo�uLl2yA}nh ó u_aLd�o�j,w£l�d�h=3 QI£ ��¤$l�y�l�{Ll ó uLa_d�y�g�h�l�o��LdPf_fLl2�uLl�aLl2yAt�m1gitCc�yAf_d��=aLt��£yAdPf_b1� ó cet��rd�h6|�j,h�p>uLtCgih2l�o��Ld�fLlNo>tC|��Gd�c�oCbnyAdrg��Ld�y�}E~I�GbLc¬t�|�aAl�x�tEc��_dPgi�Lb8y�l�fLj NaLl�o�fLtCced�aLf_t6aLl�g�u_a_d�y�di�L�Pf_f_j��Xg��L}n{Ll��_f_j��v{_bAgidi�¢o>yAbLl�uLl�xPt�f_dGtCh X yAt

D ó h�t�mnl�mEt�oElNoCd�a_t��_h�f_tEgih�p p(N ;D)h�t � t ó {_h�t£�CtChP��|�j¥yAoCl£b_x#q�h�b_��{_bLg�di�=gitCo�uLl�y�}Eh�¥þ dPwGdPf_b_d�cet��rdPh�|�j,h�p�tCu_a_d�y�di�LdPf_tNg��LdiyA}n~[�GbLc�tC|�aLl�x�tCc��

p(n; d) =





1−
N−1∏

k=1

(
1− k

N

)
, N ≤ D;

1, N > D;

p(N ;D) ≈ 1− e
−N(N−1)

2D .¤zfLl�{Ld�f_b_dGqPh�t��=oCd�a_t��_h�f_tEgih�b=u_aLd�o�tEg]�Ct�yAb_h Q � 3�u_a_b
N = 23

b
D = 365

� `#l�aLl2yAt�mng©yAf_dP�=aLt��£yAd�fLb1�=o6t�|��rdPc
g�cej(g��Ld�u_a_bLcedPf_bLc¤m¢m_a_b_u_h�t � aLlCsHb_{_d�gim_bLc¬�CdPw��úsH}nf_m_�_b1�Lc��$��h�l�mnl.¦ÇyAf_d�� aLt��£yAd�fLb1�I¦ru_tCx�oCt��_�_dPh>fAl2�Ct�yAb_h�p
mEt��_�Ab_x�b_b6yL�_���Cd�wG�«sH}nf_m_�Lb_b�g[yL�Lb_fLt���x�fLl�{_d�f_bL�

N
|Cb_h�t�o£o�gia_diyAf_dPc�x�lru_a_bLced�aLf_t

2N/2 o�j,{_bLgi�Ld�fLb_�6�CdPw��sH}EfLm_�_b_b��E`Ht�qPh�tCce}
N
�Ç|Cb_h�fLl��£�Cd�wG�«sH}nf_m_�Lb1�Ngi{_b_h2l�dPh�g]�>m_a_b_uLh�tCg�h�t��_mnt�� ó d�g��LbNoCj,{_bLgi�Lb_h�di�Ap�fLl��Ng��At��Nf_tEgih�pfLl2�Ct��£yAd�f_b1��mEt��_�Lb_x�bL��yL�L��f_dPd�|��LbLx�mnlXm

2N/2 ��¡��_��xPl2y�l�f_f_tC���Cd�wG�«sH}nf_m_�Lb_b H �_d��Lp�~ l�h2l�m_b��_o��_�_d�h�gF�
u_t�bLg�m¢mnt��_�LbLx�b_bYoCh�t�a_t � t8a_tPyzl_�1¡��L�¢q�h�t � tvo�j,{_bLgi�_�_~[h�gF�Yx�fAl�{_dPf_b1� H yL�L��g��L}n{Ll��_f_t8o�j,|CaLl�fLf_j��X|��LtCmEt�o
o��Ct�yAf_j��vy�l�fLf_j��=yAt8h�d�� u_tCa ó u_t�m1l�f_dN|�}�yA}nh�fLl��1yAd�f_j yAoCl�|��Lt�m1l ó bLced�~I�Gb_d>tPyAbLf¢bYh�tCh��rd��Cd�w6�U�ýl�m_bLct�|�aLl�x�tEc ó dPg��Ab H bLcedPd�h

N
aLl�x��Lb_{_f_j��XaLl�o�f_tCo�dPa_t��_h�f_j��=o�j��Ct�yAf_j��=x�fLl�{_d�f_bL� ó b N �_o��_�_d�hCg]�=y�tCgih2l�h�tC{_f_t

|�t��LpCwGbLc ó h�tYb_xvuLl�aLl2yAt�m1g�l tXy�f1�1��aLt��£yAdPf_b1�1��gi�Ld�y�}�d�h ó {_h�t ó o�giaLd�yAf_d�c ó u_tCgi�Ld8u_d�a_dP|�tCaLl u_t�aE�nyAmnl √NaLl�xi�Ab_{_f_j���o��Ct�yAf_j��¢xPfLl�{_d�f_b_� ó |C}PyAd�h=fAl��nyAdPfLl=bLgimEtEc�l2��mEt��_�Ab_x�b1���e�&mnl�{_dPgih�o�d6u_a_bLcedPaLlXbLgiu_t��Lp�xPt�oCl�fLb1�
xi�Lt�}1cej,wG�Ld�f_f_bLmEtCc&mEt��L�Lb_x�b_b¬oCh�t�a_t � tYa_t�y�l�cet��Nf_t�aLlCg�gPcet�h�a_dPh�p�uLa_tCgih�}n~ uLa_t��_diyA}na_}�l�}nh�d�fLh�bLsHb_m1l��_b_b
u_t��LpCx�t�oEl�h�di�L� ó mnt � y�l�m6o�oCd�yAdPf_f_tCce}£uAl�a_t��L~¤uLa_bLced�f1�_dPh�gF�6�Cd�w��úsH}nf_m_�_b_� ó l�a_dPx�}��Lp�h2l�hrgiaLl�o�f_bLoCl�dPh�gF�>g[h�dPc ómEt�h�t�a_j,�8�1aLl�f_b_h�gF�vo6|Cl�xPd©y�l�f_f_j��vgibLg�h�dPcej�l�}nh�d�f_h�bLsHb_mnl��_b_b��1 �g��LbXxi�LtC}ncej,wG�Ld�fLf_b_m=gPcet��rdPh>fLl��Lh�b=mEt��_�
�Lb_x�b_b�yL�_��bLg�u_t��LpCx�}�d�cet����Cd�w��úsH}nf_m_�_b_b ó t�f�fLl��1yAd�hXuLtPy_yAd��Lp�fLj,��uLl�a_t��Lp ó mEtCh�t�a_j,��|�}�yAd�hXbLced�h�p h�tCh=�rdy�l��nyL�rd�gih ó {_h�t>b8uAl�a_t��Lp�u_t��Lp�xPt�oCl�h�di�_���§¢(yAfLbLc�bLx�cedPh�tPy�t�oNxPl��Gb_h�j t�hNl�h�l�m_b^¦ÇyAf_d��va_t��ry�d�f_b1�I¦H�_o��_�_d�h�gF�c�dPh�t�y¨¦ ô ® é ¯�¦¢��g�t��Lp ó x�l�h�aAl�o�m1l   �_¢If�x�l�m1�A~[{Ll�d�h�gF��o yAt�|El�o��Ld�f_b_b�f_d�mnt�h�tCa_t���g��L}n{Ll��_f_t���uLtCg��Ad�yAt�oEl�h�di�Lp�fLt��gih�b�gibLceoCt��LtCo�b1�Lb>�Cd�w��«mEt�y�l#q�h�t��>u_tEg��LdiyAt�oEl�h�d��Lp�f_tEgih�bNmN�1q�wG�ÇmntPyA}�gitCt�|C�Gd�f_b_��b>u_tCo�h�tCa_f_tEc �Cd�wGbLa_t�oEl�f_b1�
a_d�x�}��Lp2h�l�h2l_�z`Ht��£l2�A}E� ó g�lCcej(c¬qPs#sHdPm_h�b_oCf_j(c¬cedPh�tPy�tCc¬x�l��GbLh�j�t�h�l�h�l�m_b�¦ÇyAf_d�� a_t��£yAdPf_b1�I¦ro�fLl�g�h�t��_�rb_�c�tEced�f_h��_o��_�_dPh�g]��bAgiu_t��Lp�xPt�oCl�fLb_d[�CdPw��«s#}EfLm_�_b_� ó tC|��Al2y�l�~I�Gb1��yAtEgih2l�h�tC{_f_t��6yL�LbLf_t����Cd�w��«mEt�y�lL�



=�>@?BA4CD>FEHGIG7JHK+G7LMENK��OLPENQHCSR�G��! íJHå#"T>$"&%('()#*,+,-UR/.10WV20 Ú 4
¯ J��sCI�L����°Z�L�
ã Xiä	© ¢ ¡ � þ ��§ � X�X �ú4 § üHfLsHtCaLc�l��_bLt�f_fLl���h�di�1f_t��Lt � b1���A�Ha_bLu_h�t � aLl�sHbL{_dPgim1l2�8xPl��Gb_h2lNb_fLsHtCaLc�l��_b_bU�z�G}nf_m1�

�_b_���1q�wrb_a_t�oEl�f_b_���zã«ª��LdPm_h�a_tCf_f_j,�8a_d�gi}naLg ä ÿ þ di�NbLc�y�tCgih�}EuAl_�1°E¯ ¯]õU� öCö õ ïFà ¯F±P´�¯�� ð àCô ¯P� ï ò ó gioCt�|CtPyAfLj,���
ã ��ä�¬��®��¯O°!± `#l�aAl�yAtCmngij�oHh�d�t�aLb_b�o�dPa_t��_h�f_tCg�h�d���b�c�l�h�dPc�l�h�b_{_d�gimEtC�Ng�h�l�h�bLgih�b_mEd���ÿr¨��í�CüHfLgih�b_h�}nh#mEtEceu_p�~[�

h�dPa_f_j���bLg�gi�Ld�yAtCoCl�fLb_� ó X 4C4 Q �Cÿ �Bæ�� ´��
ã �2äG²[³1´�¯§¶µl·�± `Ha_b_m1�Al2yAfLl2�Xm_a_b_uLh�t � aLl�sHb1���$`Ha_tCh�t�mnt��Lj ó l2� � t�a_b_hCcej ó bLg]�EtPyAf_j,d£h�d�m1gih�j§fLl>�_x�j,mnd ¡ b=ÿ

¨��µ�L�<a_b_}1c�s ó ��QCQB� �Cÿ çÂX"Ú g��
ã §�äc¸�¹Mº�»�¼4½$»J¾�¿1¼RÀ=¼�¹R±�ß!à òLâC¯]± ï õA®�â_±ÂÁúâC¯F± ï â_±i¯ è ±�´iò ï ³í¯¶ÃSÁúâL´���ÄIõ_³µâ_³ à â�� ß!ï Ãnõ1¯Ú®�âL® é Ã ô ³ ôzàBÅ  ç 3(®�âLñ è�Æ[ë � î ³í²�± Å�à�ï ®

â_±�Ç ô ¯F®�âLñ_® ï ñ=ã«ª��LdPm_h�a_tCf_f_j,��a_dPg�}EaAg ä ÿ þ di�NbLc�yAtEgih�}nuLlL�E°E¯ ¯Fõ�� öCö ÇÈÇÈÇ#� ´ à ²£õLò1¯]± ï Ç àCï]é ñ$� ´ à ² ó g�o�t�|CtPy�f_j,���
ã 3 äGÉ	À=ÊBË�Ì�º�¿HÍjÊ�¿�Î�ÏÑÐc¼R¿�Î�Î�º�ËGÒÑ¼�¿IÎ�ÏÑÉ	º�¼?ÓMÀ=ÊGÔ�Ê�À=±�ß!àCéíé ³ ô ³ à â ô_Å�à�ï�Æ ® ô °^Õ_ò_âA´�¯]³ à â ô  ç�§ ó  ç 3 ó ÆIëÑÖ�ëK× � X"��ç ®�âLñæÈÁ¶Ø_Ù� ç ã«ª��LdPm_h�a_tCf_f_j,�8a_d�gi}naLg ä ÿ þ di�NbLc�y�tCgih�}EuAl_�1°E¯ ¯]õU� öCö ±�õ ï ³µâC¯�� ³ ®�´ ï � à�ï ð ö���Q�Q�§EöiX 4�4_� õzñ Å ó gio�tC|�t�yAf_j,���

iGYSX Ë a.]�X�ÚÛYÜVjÚOÌ�WLbGÝEYSX�Wíî9VÞZ�\kì�YKicY[ßáà����kâÛ`LÝ²î
Z�Ýea^bÀì�ajqMbcWëÏ ÏáYKiG]�WëÌ�XLa¶Í4aãZ�]Ga^bciG]_\^XLbciGVj\åä	ÝEYÒì�iG]Ga.Vc\kìëÑ4ÑkÏá\

 �T QNT  �x�wIt�^ õ ñ�ò 1å	t�v6æ�y ô ^¶ð§v_\Âñ�òiñ�ç!x!u ÷�õUöjè ð2ñIéGTIê T ë$TÂJ;ì�y§tIu öi÷ ò 2
1 ®����R�Jí��*�B���jîï��ð��ñ$�Míz�M�Rò�������óô�Oî���õ��M���z�R�JíI�zïRö Þ��Tñ$����ïR�*�1÷B�*�*����ø$���Iò��¶í������(���*�Ü���ùJ���Iú
2 ®����R�Jí��*�B���jîï��ð��ñ$�Míz�M�Rò�������óô�Oî���õ��M���z�R�JíI�zïRö Þ��Tñ$����ïR�*�1÷B�*�*����ø$���Iò��¶í������(���*�Ü���ùJ���Iú

1 �����������1�û�E� Ø ùMü�ý�� Ù�þM�������$ÿ����Âó 2 �I���������$���Rý/Ù����2� Õ�� þ �Bþ����M���������6ÿ	���


����������������ÀÛ�� �R�����(�����! �"$#�ò�ó�÷��z�*�&%('����)%��(���IùMïMí��Iók���Jï�ï(����ïR�S������%.�N� � í�ï+*K�,'����)%G�í���ò����¶����%n�!�����S�(�������
ñ§�&% � �Iï��*�ï�ö=����õ6õ~�J�MíI�§÷���ïR��ï � í�ï��M�Mí��M�z�J�Rò���-��z���z�MízïRò��������Iõ~���
.0/�132�465�7989:�;�<>=@?BADC&E(F�/+5�;�76;&2�G3HJI�;�K�:�76I�;�/L2�MN79OP:L5�2(Q�R

Rik − 1

2
R gik + Λ gik = κ0 Tik, S ?,T

U Q�7 Rik V 1�<�MXW�<�;�7B;�:�YZ:�76;�49<�F�/\[N2&]�]&2C_^ V 891(/+`�G&Fa[X2�]�]&2C Tik V 1�<�MXW�<+;�76;�:�YZ:�76;�49<�F�/Pb6;�79F U 2&2 V 2�MXW�E,`�
�8!/(C Λ V 1�<�89MN< V`�< U 2�]�76891(/�GcW�<�89:�<,G(;&;d/�GeC κ0 V U F�/+5�2�:�/+f&2�<�;&;d/+GcW�<�89:�<+G�;�;�/�G �eg 79:�F&2�1(/aW�`�<�891�< V 8B2�MNMN79:�F(2�]�;�< U <hb6`�791&:�F�<+5_/�1(E�E&MX;�< U <W�F�<�89:�F�/+;�86:�5_/�4!/,Qd/�79:�8BG�5i5�2&Q�7�R
ds2 = 2e2a(u,v)dudv − L2(u, v)(e2b(u,v)(dx2)2 + e−2b(u,v)(dx3)2) S ��T

U Q�7�j+ClkP2nm V ;�791�<�:�<�F(Yo7apqE�;�1&f&2�2r<�:tsh2vu �xw 4 S ?,Tq5�YyW�2�K�76Mz1�<�MXW�<�;�7B;�:�Y{MN79:�F(2�]�79891�< U <3:�76;�49<�F�/h2|8LW�<�MN<�}È
�O1(<�M�/+;&Q�Y�~6���)j��	�o��2���`&2�<�:�791&2t�	�B�&�6�+�yW�/�1�79:�/L862�MX5�<�`
�;�<�I�M�/�:�79M�/�:�2�1&2��c���&����89<�4�Qe/�76MvM�76:�F&2&]�79891(2�I3:�7B;�49<�F �

� := �Dj�k9���
([ � �d�_�)�!�i~��(j�� = [−1,−1], ~��+�P����� =




0 e2a(u,v) 0 0

e2a(u,v) 0 0 0

0 0 L2(u, v)e2b(u,v) 0

0 0 0 L2(u, v)e−2b(u,v)


]) S ��T

��76;�49<�F�[X2�M�/+;�/(C(:�76;�49<�F�23891(/,`�G(F�[X2�]�]&2C�862�MX5�<+`�Y�.�F&2�89:�<�pPpP76`�GaW�76F&5�< U <�2h5�:�<�F�< U <LF�<9Qd/�5�Yy]�2�86`�G(79M�8�W�<�MN<�}È
�O5�89:�F&<�76;&;�Y��Z1�<�MJ/,;&Q��+2���`&2�<�:�791&2v���6 �¡)¢+£ �l¤ 762�465�7986:�;�YoM¥5|E(F�/+5�;�76;&2�2¦HJI�;�K�:�76I�;�/t<�89:�/�76:�8�Gv76}�7�:�76;�49<�Fvb6;�76F U 2&2 V2�MXW�E+`�
�8!/(C(1�<�:�<�F&YyIc<+W�F�7�Qd76`�G&76:�8�Gh86`�7BQ�E(OP}�2�M§<���F�/�46<�MyR

T ik =
1

4π
(−F ilF kl +

1

4
gikFlmF

lm) S ��T
U Q�7�¨©:�76;�46<�F3b6`�761�:�F&<�M�/ U ;&2�:�;�< U <�W�<�`�GxC gik V 1�<�;�:�F�/,5_/�F(2d/,;�:�;&YyI>MN79:�F&2&]�79891(2�I3:�76;�46<�F �2� `�G�5�Yy]&2�86`�76;�2�G�:�76;�49<�F�/b6`�791&:�F�<�M�/ U ;&2�:�;�< U <�W�<�`�Gh5aW�/�1�79:�7��c�����@��89<�4�Qe/�76MvW�F�<+f�7BQ�E&F(EeR



ª Q R "�«�¬�S®�Td¯§°�¬�±�²�³�°L´�µ·¶¹¸>º\´�µ
» ��¼+½��_¾_¿ÁÀ�¿�¾�¾���Â(ÃÁÄ�Å�ÆR��¾_¿����ZÇ�Ä)ÈÁÄ��ÁÄ�É�É�Ä¶�Ä » �!Ê�ÄÌËXÄ)ÍÄ	ÎNÄ�ÏXÐÇÑ��¼+Ç&¾!½�ÃÁÀ�¿�¾�¾���Â(Ã�ÆeÐË!��¼NÑÌÃ+Ò�ÓXÀ¶�Ä¶��¼�Ôzÿ(ÿÕÇdÆ!ÖXÐÉ�É6��¼�ÀÌÈ(Æ �+×Ø¾,½�À)ÈÁÄ�¿�¾�¾���Â&Ã�ÆeÐ» �!Ê���¼ÀDÊdÆ �+×ÙÑÌÃ�Ò�Ó�À�ÂB�+Ú�ÚXÀ�Å�Ñ�Ê�ÖXÄ�É�ÉXÀ���Æ�Æ(�eÀ�ÂB�+Ú_ÚXÀ�Å�Ñ �+ÖXÄ�É�ÉXÀDÊdÆ�Æ�ÆeÄ���¼�Ôzÿ(ÿÕÇdÆ!ÖXÐÍ1��¼NÑÌÃ+Ò�ÓXÀ » �!Ê�ÀDÊdÆeÄDÊ(¼�Ë�Æ!ÖXÐÎ6��¼�¿�¾!Ç�Û_Ò����XÀ)ÍÄ ��������Ü�ÆeÐÏ!��¼�¿+��Ò(���_Ò�À�Ñ��_ÔdÄ*�_Ô9ÖXÄ)¾,½�À�Î�Æ�ÆÒ,Ç�Âv½��_¾_¿1�
Ý 5�<�I�89:�5�/iW�<�`�G�Þ�/�F�/�1&:�79F&2�46E(Oq:�8BG�� V 5�791&:�<�F&<�M§W�<�:�7B;�f�2�/+`�/ Ai C&1�<�MXW�<�;�76;�:�Yß1�<�:�<�F�< U <aG�5�`�G&Oq:�8�GhpqE�;�1(f�2�G(MX231�<�<�F VQ�2�;�/�:q2a5�F�79MN76;&2 ��à /!Qe/+5�/�GL]�79:�YoF�76Þ(MN79F(;�YyIL5�791&:�<�F(;�YyIiW�<�:�76;&f�2�/+`LW�<+`�GeC

Ai = [ϕ(u), 0, ψ(u)+av+bx2+cx3, ϕ(u)+
ev + dx2 + fx3]

C&8\W�<�MN<�}È
�OáQd/+;&;�<�I3W�F&<�f�7�Q�E(F&Y¦;d/,I&Qd76MZ:�7B;�49<�F>b6`�791�:�F�<�M�/ U ;�2�:�;�< U <LW�<�`�Gc¨ �

�
:=
�Dj�k9���

([ � �d���)�!�i~��&j�� = [−1,−1], ~����P����� =




0 0 −
(
d

du
ψ(u)

)
−
(
d

du
ϕ(u)

)

0 0 −a −e(
d

du
ψ(u)

)
a 0 c− d

(
d

du
ϕ(u)

)
e d− c 0




]) SDâ T

�76;�49<�F§b6;�76F U 2&2 V 2�MXW&E+`
�8!/>;d/+Þ�<9Q�2�Mz2�43F�/+5�7B;�89:�5�/ SÕã T � Ý Q�76`d/+79M{b9:�<r8�W�<�M�<�}È
�O®W�/�1�79:�/t�>�����@� �Xä `�Gnb9:�2&Þ|f�76`�76I;�/+W&2�K079M§W�F�<+f�7BQ�E(F&EeR
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��åÑ��¼�¿,�_Ò(���_Ò�À�Ñ�ÔdÄ6Ô9ÖXÄ)¾,½�À	ÎdÆ�ÆÒ,Ç�Âv½��_¾_¿1�
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ý ����!ÇÑ��¼+½���¾_¿ÁÀ�¿�¾�¾���Â(ÃÁÄ�Ï_Ò�ÔdÄ�Ï_Ò_æÄ�Ï_Ò�þ&ÆR��¾_¿����vÇ�Ä	ËXÄ��ÁÄDÊNÄ)Í�è�Ä)ÍÄ	ÎNÄT��å�Ä��XÐÇÑ��¼+Ç&¾!½�ÃÁÀ�¿�¾�¾���Â(Ã�ÆeÐË!��¼NÑÌÃ+Ò�ÓXÀ��XÄ��_¼�Ôzÿ(ÿÕÇdÆ!ÖXÐÍ�è!��¼�ÀÕÊdÆ(�+×XÑÌÃ�Ò�ÓXÀðý_Ò�� � ¿�¾J�(½��(ÃÁÀ�Ï_Ò�Ô�ÆÁÑ �ÁÄDÊ�Ö��eÀ6Ô,é_æ(Æ�ëRý_Ò�� � ¿�¾J��½��(ÃÁÀ�Ï_Ò�æ(ÆÁÑ �ÁÄDÊ�Ö��
�!ÿ�ë,í��ëRý_Ò�� � ¿�¾J��½��(ÃÁÀ�Ï_Ò�þ&ÆÑ �ÁÄDÊ�ÖXÄ���¼�Ôzÿ(ÿÕÇdÆ!ÖXÐÍ1��¼NÑÌÃ+Ò�ÓXÀ)Í�è�ÀDÊdÆeÄDÊ(¼�Ë�Æ!ÖXÐÎ6��¼(��������ÜXÀ6Ôzÿ(ÿ	êXÄ6Ôzÿ(ÿ	êXÄ�Ñ�¾+½�À)Í(Æ!Ö�ÆeÐ
��åÑ��¼�¿,�_Ò(���_Ò�À�Ñ��_ÔdÄ*�_Ô9ÖXÄ)¾,½JÀ	Î�Æ�ÆÒ,Ç�Âv½��_¾_¿1�

�tú 0�� ú ��ûü
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2 (L (u, v))2
(
∂

∂u
b (u, v)

)2
+ L (u, v)

∂2

∂u2
L (u, v)− 2L (u, v)

(
∂

∂u
a (u, v)

)
∂

∂u
L (u, v)

+e−2 b(u,v)
(
d

du
ψ (u)

)2
+ e2 b(u,v)

(
d

du
φ (u)

)2
/ (L (u, v))2 = 0

−(2 (L (u, v))3
∂2

∂v∂u
L (u, v) + 2 (L (u, v))2

(
∂

∂v
L (u, v)

)
∂

∂u
L (u, v))/ (L (u, v))4 = 0
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2 (L (u, v))2
(
∂

∂v
b (u, v)

)2
+ L (u, v)

∂2

∂v2
L (u, v)− 2L (u, v)

(
∂

∂v
a (u, v)

)
∂

∂v
L (u, v) +

+e−2 b(u,v)a2 + e2 b(u,v)e2/ (L (u, v))2 = 0

2 e−2 a(u,v)
(
a
d

du
φ (u) +

(
d

du
ψ (u)

)
e

)
= 0

−2e(−2a(u,v)−2b(u,v))(( ∂
∂v
L(u, v))L(u, v)(

∂

∂u
b(u, v)) + L(u, v) (

∂

∂v
b(u, v)) (

∂

∂u
L(u, v))−

−L(u, v) ( ∂2

∂v ∂u
L(u, v)) + L(u, v)2 (

∂2

∂v ∂u
b(u, v))− (

∂

∂v
L(u, v)) (

∂

∂u
L(u, v)))

−2e(−2 a(u,v)−2b(u,v))(( ∂2

∂v ∂u
a(u, v))L(u, v)2 + L(u, v)2 (

∂

∂v
b(u, v)) (

∂

∂u
b(u, v))+

+2L(u, v)(
∂2

∂v ∂u
L(u, v)) + (

∂

∂v
L(u, v)) (

∂

∂u
L(u, v)))− e(−4b(u,v))(−2 e(−2a(u,v)+4b(u,v))·

· e ( d
du

φ(u))L(u, v)2 + 2 e(−2a(u,v)) (
d

du
ψ(u)) aL(u, v)2)/L(u, v)2 = 0

2e(−2a(u,v)+2b(u,v))((
∂

∂v
L(u, v))L(u, v) (

∂

∂u
b(u, v)) + L(u, v) (

∂

∂v
b(u, v)) (

∂

∂u
L(u, v))+

+L(u, v) (
∂2

∂v ∂u
L(u, v)) + L(u, v)2 (

∂2

∂v ∂u
b(u, v)) + (

∂

∂v
L(u, v)) (

∂

∂u
L(u, v)))−

−2e(−2a(u,v)+2b(u,v))(( ∂2

∂v ∂u
a(u, v))L(u, v)2 + L(u, v)2 (

∂

∂v
b(u, v)) (

∂

∂u
b(u, v))+

+2L(u, v) (
∂2

∂v ∂u
L(u, v)) + (

∂

∂v
L(u, v))(

∂

∂u
L(u, v)))−

−e(4b(u,v))(−2 e(−2a(u,v)−4b(u,v)) a ( d
du

ψ(u))L(u, v)2+

+2 e(−2a(u,v)) (
d

du
φ(u)) eL(u, v)2) / L(u, v)2 = 0
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−2
e−2 a(u,v)−2 b(u,v)

(
a
∂

∂u
b (u, v) +

(
d

du
ψ (u)

)
∂

∂v
b (u, v)

)

(L (u, v))2
= 0

2

e−2 a(u,v)+2 b(u,v)
(
e
∂

∂u
b (u, v) +

(
d

du
φ (u)

)
∂

∂v
b (u, v)

)

(L (u, v))2
= 0
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L� x=@?6A�R ¹»º«¼x÷�½¿¾dôSÀ¸º3ô�øOÁ²¾ZÂ�óDÁ²¾�ôSÀ ùGÃ ÀÅÄ Ã À Æ ÃÈÇRÇÉ��Ê Â Ê ÆaËGÌ�ÍTÄÎÀÅÆ Ã Í?Æ Ã
Ï¨Ð �!=@?BAT¹ÒÑ<Ñ�Óe= Ô�A V¥Õ S �+Ô?ÖQE_TØ×#4¦ÙÒÚq=@?6A�Û#Û
L� x= 4,A�R ¹»º«¼x÷�½¿¾dôSÀ�Ü�Ä ù�Ý ÀÅÆ ÃdÇ1ÇÞ� ÆaË � Í7Ä ��Ý ÀÅÆ ÃÈÇ1Ç ÌcÆÎß!ÍaÜ�Ä ù ÀÅÆ Ã Í7Ä � ÀÅÆ Ã ß�Í7Æ Ã
Ï¨Ð �!= 4!A�¹ÒÑ<ÑDÓe?�= Ô�A V¥Õ S 4�Ô7Ö ã TØ× ã ÙsÚq=@?6AÕC!Ó!4�= Ô(A VKÕ SÕã Ô?Ö�4�TØ×#4BÙsÚq= 4,A�Û#Û
î�4!/,W�2�8B2>Q�2dpPpP79F�7B;�f�2�/+`� �;&YyÞ3E&F�/+5�;�76;&2�IcMN<,òL;�<h5�5�7989:�2 U F�/+;�2&]�;&Yo7\E_86`�<�5�2�GxC&1�<�:�<�F&Yo7\Q�<�`�òL;�YzE�]&2�:�Yy5�/�:< �8BGW�F&2>F&79K076;�2&2 �&¤ /+W�F&2�M�76FÁR
L� x= ã AÕR ¹Òº1¼x÷�½²¾�ôSÀ�Ü�Ä�àGÀÅÆ ÃÈÇ1Ç Â Ê Ä Ý ÀÅÆ ÃÈá ÄmÀ Æ Ã Í?ÄÎÀ¸â ÃãÇ1Ç ù ÍTÄ Ý À¸â ÃÈÇ1Ç âNß�ÍTÄ�Í7Æ Ã
Ï¨Ð �!= ã A�¹äÑ<ÑDÓ V¥Õæå Ð  �·6�¥¶@¢� Á= Ñ�Ô�Û�Cq?�× S 4)ç�è�£)�!= EfÙ �!Ö�4,A$T S �v= é~Ô(�d¢� &�9 _�¥¶����êéXA Ö S ?D×<4 S � V çZè_£)�!= EfÙ ��Ö�4!A$T¦Ô�T	Ùëç�è�£)�!= EfÙ�!Ö�4,AL= é~Ô(�d¢� &�9 _�¥¶����êéXA Ö S ?D×<4 S � V ç�è�£)�!= EìÙ �!Ö�4,A$TBÔ�T V �Ø= éTÔ&�d¢� ��9 _�¥¶��+�¿éXA Ö S ?�×<4 S �ìÙÞçZè�£)�!= EìÙ ��Ö�4!A$T	Ô�T�Ùäç�è�£)�!= EìÙ ��Ö$4,A= éTÔ(�d¢� ��6 _�¥¶ �+�êéNA Ö S ?�×#4 S �	Ùsç�è�£)�!= E	Ù ��Ö�4,A$T:Ô�T)T	A�Û<ÛÝ W�<�MN<�}� �O 8B2�89:�76MNY �c�+�¥´&��µh�+�¥¶¸·!�tMN<,òL;�<|W�F&<9Qd79MN<�;�89:�F(2�F&<�5_/+:< t89:�E,Qd7B;�:�/�M U 79<�MN79:�F(2�]�79891(2�Iv86MNYo8B`vQ�2�p\pP7 VF&76;&f�2d/,`! �;�YyÞ�E(F�/,5�;�76;�2&I �&w ;�:�7 U F�/+`! �;d/+G31�F(2�5_/+G�Qd/+;&;�< U <iQ�2�p\pP79F&76;�f&2d/+`� �;�< U <aE(F�/,5�;�7B;�2�GhW�79F(5�< U <�W�<�F�G_Qd1(/L804!/ VQd/+;&;�YoM¦;d/9]�/+`� �;�YoM¦E_86`�<�5�2�79MØQd<+`�ò�;d/h5>1(/�ò0Qd<�I|865�<�76I|:�<+]�1�7L1(/�89/�:< �8BG�W�<�`�Gc;d/,W�F�/+5�`�76;�2&ICd<�W�F�7BQ�76`!í6;�;�< U <�b9:�2�MQ�2dpPpP79F�7B;�f�2�/+`� �;�YyM|E(F�/+5�;�76;&2�76M ��¤ 2�ò07oW�<�1(/�4!/,;�<&C_1(/+1aW�<+`�E�]�2�:< P5�2�4BE�/+`&2�4!/,f�2�OØW�<�`�GL;d/+W�F�/,5�`�7B;�2&IaQ�2dp\pq79F�7B;�f�2 V/,`! �;�< U <aE(F�/,5�;�76;�2�G y′ = sin(x− y) �L� x= E�A�R ¹ ¿ î ø�Â!ïTð?Á�ñ�öOò \ ó ½$÷�ó�ôãÁ ô�½²õmö¿÷ ó ½$÷�ó�ø�ôZñ�ó9÷�ø#ôÈÁ$ôZ½�õ:À�Ü ù Ía¼�Á�õmÀÅÆìù�Ä Ã ß�Í:Ü�Æ~Í7ùKúSÍmú�ß�ÍaÜ�Ä!Í7ùKú�ÍÎú�ß Ãî�2�:�< U 7�C989<�89:�/+5�`�G&GPb6`�791�:�F&<�;&;�Yo7X1&;&2 U 2PW�<lQ�2dp\pP76F�76;&f�2d/,`! �;�YoM3E(F�/+5�;�76;&2�G(M38X2�8BW�<+`! �46<�5_/,;�2�79Mc89F&7BQ�Y��c�+�¥´&��µh�+�¥¶¸·!�(CMN<,ò�;�<a;d/ U `�G�Q�;�<�W�<�1(/�4!/+:< �F&79K076;�2�7\;�7\:�<�`� �1�<L5�8B2�MX5�<+`! �;�<�MZ5�2(Qd7�C(;�<i2 U F�/�p�2�]�76891&2 �
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qi
b�NXUGY`_BYqNXPRb

vi =
dqi

dt
> i = 1, . . . , n > QBL8YM~]tMY]cdb<\&Y�NO�4Y`_<\&bB_BYMKMW`PRm5PgWRUBb<L^GiB_dWRKRf<ZBkl["b<L"K`YMJ�cdLOr<NXP`K`b:Z > iB_Bb�UqY`P`Y`_BS�t�^G_<W`K`QBLOQBb:Z N8KRZBJ8LOr fµ(qi, t) = 0 > µ = 1, . . . ,m > fρ(qi, vi, t) = 0 >
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zα > α = 1, . . . ,m+ r > zµ = fµ = (qi, t) > zm+µ = dfµ

dt
> zm+ρ = fρ(qi, vi, t) > iBY`JOK`Y`fBZBL8P"iBYqNXPR_BY`pb<PRm(_dW`NXw�bB_BL8Q<QB^Gk�NXb<N8PRLO\&^ > fdW`h8_<W`Q:y5b<WRQ L = L(qi, vi, zα, t)
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zα = 0
^G_<WRKMQBL8QBb<r5KMY`J]\&^q[�L8QBbBr�N8KRZBJ8LOr dzα

dt
= kαβ z
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�B�¡ �¢�£���¤�¥�¦E¢¡§g¨]©ª¨g�T¦E«]¬�&¬E¨g�¡¨]®¯¢�¤�¢X°4¦E¢�±E±E©¯«X²�³O©��n´�´�µ�¶]¨E¢X·B©ª«4¦]«E¢�©ª³E£��#¸¯¹�º»¹]¸¼º»¹�¹�½�¾]¸�¿
� �'�"À�T�j���z	������Á�f[�	����zÂÁ.6/
	'��	40

N
� À Ã2�(��� �5Ä��Å�zÂ�["�z)Æ��	�ÇÈ,É��Ä�����Ã

ä"À�À����!"��0��(�����5Ä��Ê�c[�	��z�������ÃÈ���¦[(�'��Ä�� ["�(��	Ë���#!'�(�j�5�Ì� �5!��#��Í���	�À��5�

°�Y ¯�YS4ÎBÏ];
C¼Ð�Ñ�9BÒ�=G�!� 1
Ó��<����Ô��K���!�zÕMÖ#�£�X×7�¡Ô��D�8Ø � �!�qÙa�5Õ!�GÚ:�D�!�S�O�¡Ô��:ÖOÛ»Ü � ×7���XÖO�Q�nÝ � �Q������Þ7�!�qØ � ÔS�K��� � �Q���Q³

ß��Oà����Gá
1 �!�K�!�V�<�? Ò�V�8âD�!�+Ç!�OãOä��D�Rå���ÒEä�æçäOè


�����������������é Ô��<�OÖG� � ×nÖO���Oà�ÙxØ�� � �<�)% �£��* � �D�8ØgÖXØ��D�!� � � � ×��!���D�8Ø � �!�:Ö<�D�Xá#Ô �K¤¦� ����%'àD�¯×7�]Ý<�
N
×N��%'Ö¼×S�BÖ��XÖ�ÚT�BÖOÛ

�XÖ8Ú � Ô!�BÖ��XÖ�Ø]ÙaÔBÖ���×?�+'P* � �XÖ<��%�-Q�!�Z� � �D�nÝ � �Q�MÖ��XÖ �MÔ��XØ#� � �!��% ��� Ô:ØgÖ��XÖ�Ô<Ö¼×7�lÚ � �]Ö¼×nÖ8Ú � ÖG� � �!©��S���:Ö8Ø�³
ê"ë�ì /'í�îì-"ï *�í)(
-4ð�ñ(í�ò�*û,)*Tó *�í)&)*

�\E_89:< 
E+p ô W�<�`&E�W�F�<�89:�F�/+;�86:�5�< xp > 0 p V M�76F&;�< U <y765�1(`�2(Qd<+5_/ W�F�<�89:�F�/+;�86:�5_/l:�<�]�791 x = (x

′
, xp), x

′
= (x1, x2, ..., xp−1)

C
D ô 1�<�;�76]�;�/�Gc<��+`d/�86:< 35 E+p

Ce< U F�/,;�2&]�76;&;d/+G�<�:�1�F(Yo:�<�I�]�/�89:< �O Γ0
U 2�W�79F&W&`�<�891�<�89:�2 xp = 0

2 U 2&W�79F(W�<+5�79F_Þ�;�<�89:< �O
Γ õ î

E+p
F�/+8989MN<�:�F(2�Mn5�YoF�<,ò0Qe/+OP}�79798�Gcb6`&`�2&W�:�2&]�79891�<�7�E&F�/+5�;�76;&2�7

L[U(x)] = xmp

p−1∑

j=1

∂2U

∂x2j
+
∂2U

∂x2p
= 0, S ?!T

U Q�7 m > 0, p ≥ 3 õ PJE,Qd79Mn2�891(/+:< aF�76K�7B;�2�7\E(F�/+5�;�76;&2�G S ?!Tl5a5�2&Qd7
U(x) = (ρ21)

−( p−22 +β)ω(σ), S 4�T
U Q�7 σ = ρ2

ρ21

C
β = m

2(m+2)

C

ρ2 =

p−1∑

j=1

(xj − xj0)2 +
4

(m+ 2)2

(
x
m+2
2

p − x
m+2
2

p0

)2
,
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ρ21 =

p−1∑

j=1

(xj − xj0)2 +
4

(m+ 2)2

(
x
m+2
2

p + x
m+2
2

p0

)2
.
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σ(1− σ)ω′′ +
[p
2
−
(p
2
+ 2β

)
σ
]
ω′ − β

(
p− 2

2
+ β

)
ω = 0. SÕã T

w 4B5�7986:�;�< S = 4+AÕC 89:�F õ EG;�TBC S = ã AÕC U ` õ ÷ C W�W õ ?�;<;(C@?D;(?,TBC_]�:�<P5�<�1�F&7989:�;�<�89:�2a:�<�]�1&2 σ = 1
<9Q�;�<\2�4oF�76K�7B;�2&IhE(F�/+5�;�76;&2�G SÕã TX2�M�7679:5�2&QR

ω(x, x0) = F

(
β,
p− 2

2
+ β, 2β; 1− σ

)
, S E_T

��<9Q�89:�/+5�`�G(G S E_Tl5 S 4�TBC(W�<�`&E�]d/�76MZF&79K076;�2�7\E(F�/+5�;�76;&2�G S ?,T

E(x, x0) = a
(
ρ21
)−( p−22 +β)

F

(
β,
p− 2

2
+ β, 2β; 1− σ

)
, SDâ T

U Q�7 a ü ;�791�<�:�<�F�/�GqW�<�89:�<,G�;�;�/�GeC F (a, b, c; z) ü U 2&W�79F U 79<�MN79:�F&2&]�79861(/�GPpqE�;�1&f&2�G õ îñ862&`�Eq2�465�7689:�;�<�I�pP<�F�MXE+`�Y S =@?6AÕC 86:�F õ 4#F#;�T

F (a, b; c; z) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)F (a, b; a+ b− c+ 1; 1− z)+

+ (1− z)c−a−bΓ(c)Γ(a+ b− c)
Γ(a)Γ(b)

F (c− a, c− b; c− a− b+ 1; 1− z)

F&79K076;&2�7 SDâ TlM�<,ò079:���Yo:< aW�F�7BQ�89:�/+5�`�76;�<L5a5�2&Qd7

E(x, x0) = a
(
ρ21
)−( p−22 +β)

[
Γ(2β)Γ

(
− p−2

2

)

Γ(β)Γ
(
β − p−2

2

)F
(
β,
p− 2

2
+ β,

p

2
;σ

)
+

+σ−
p−2
2

Γ(2β)Γ
(
p−2
2

)

Γ(β)Γ
(
p−2
2

+ β
)F
(
β, β − p− 2

2
, 2− p

2
;σ

)]
=

= a
(
ρ21
)−( p−22 +β)

[
Γ(2β)Γ

(
− p−2

2

)

Γ(β)Γ
(
β − p−2

2

)F
(
β,
p− 2

2
+ β,

p

2
;σ

)
+

Γ(2β)Γ
(
p−2
2

)

Γ(β)Γ
(
p−2
2

+ β
)×

×
(
β
(
β − p−2

2

)

2− p
2

σ2−
p
2 +

1

2!

β(1 + β)
(
β − p−2

2

) (
β − p−2

2
+ 1
)

(
2− p

2

) (
1− p

2

) σ3−
p
2 + ...

)]
+

+ aρ2−pρ−2β1

Γ(2β)Γ
(
p−2
2

)

Γ(β)Γ
(
p−2
2

+ β
) .
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M :�89O Qe/h86`�7BQ�E�79:+Cd]�:�<�F�79K076;&2�7 S =�Tq2�M�7679:>89:�76W�76;�;&E(O <�89<���76;�;�<�89:# c5�2(Qe/
ρ2−p
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(
1 +

(m+ 2)2ρ2

16 (xpxp0)
m+2
2

)−β

W�F&2>M�/+`&YyÞ346;d/9]�76;�2�G(Þ
ρ
5�86:�76W�7B;�;�<+I>F�G�QC&pqE�;&Qd/�MN76;�:�/+`� �;�<�7\F�79K076;&2�7 S =�T 4!/+W&2�K079MZ5a5�2&Q�7

E(x, x0) = Ẽ(x, x0) + E∗(x, x0), S I�T
U Q�7

Ẽ(x, x0) = a
Γ(2β)Γ

(
p−2
2

)

Γ(β)Γ
(
p−2
2

+ β
) (m+ 2)2β(xpxp0)

−m
4

24β
(
ρ2
)− p−2

2 ,

E∗(x, x0) ü F�7 U E�`�G(F&;d/+G�]d/+89:< �pqE�;&Qd/�MN76;�:�/,`! �;�< U <iF�79K07B;�2�G E(x, x0) õ ¤ 79:�F&E,Q�;�<0W�F&<�5�76F&2�:# �C(]�:�<
E(ξ, x) = O(1)

W�F(2
xp → 0,

∂E(ξ, x)
∂xp

= O(x
m
2
p )

W�F&2
xp → 0,

∂E(ξ, x)
∂xp

= O(1)
W�F(2

ξp → 0, S F�T

E(x, x0) = O

((
ρ20
)−( p−22 +β)

) W�F(2
r =

√
x21 + . . .+ x2p →∞,



¬J²����rµ ²Lº�«�« ³	�ñ« ¸>º
�ï¶®¸cº\´�µ��B«l±q¯§³	�°0²X°������	�������������� ªRø

A[E(x, x0)] = O
(
ρ−p−2β0

) W�F&2
r =

√
x21 + . . .+ x2p →∞,

U Q�7 ρ20 = p−1∑
j=1

x2j +
4

(m+2)2
xm+2p

C

A[E(x, x0)] = xmp

p−1∑

j=1

cos(n, xj)
∂E(x, x0)
∂xj

+ cos(n, xp)
∂E(x, x0)
∂xp

ü 1�<�;�<�F�M�/+`� �;�/�G�W�F&<�2�465�<9Q�;d/�G õ
ù5ë�ì ò�,�ï /�ð�ú û ,)&�í)-
�\E_89:< |pqE�;�1&f�2&2

U, V ∈ C2(D) ∩ C1(D̄) õ ¤ 76W�<�89F�7�Qd89:�5�76;&;�YoM 5�Yy]�2�86`�76;�2�79M¥MN<,òL;�<|E&��7BQ�2�:< �8BGeCX]�:�<r2�M�7679:|MN7989:�<:�<,ò�Qd7689:�5�<

V L[U ] +

(
xmp

p−1∑

j=1

∂U

∂xj

∂V

∂xj
+
∂V

∂xp

∂U

∂xp

)
=

p−1∑

j=1

∂

∂xj

(
xmp V

∂U

∂xj

)
+

∂

∂xp

(
V
∂U

∂xp

)
.

w ;�:�7 U F&2�F(E�G�<���7\]d/�86:�2cb6:�< U <a:�<,ò�Q�7989:�5�/iW�<a<���`�/�89:�2 D 2>W�<+`! �46E_G(8$ �pP<�F&MXE(`�<�I M 89:�F&< U F�/,Qd861�< U <(C&W�<�`&E(]�/�79M
∫

D

V L[U ]dx+

∫

D

(
xmp

p−1∑

j=1

∂U

∂xj

∂V

∂xj
+
∂V

∂xp

∂U

∂xp

)
dx =

∫

Γ

V A[U ]dΓ +

∫

Γ0

V A[U ]dx′, S C�T

U Q�7
A[U ] = xmp

p−1∑

j=1

cos(n, xj)
∂U

∂xj
+ cos(n, xp)

∂U

∂xp

ü 1�<�;�<�F�M�/+`� �;�/�G�W�F&<�2�465�<9Q�;d/�GeC&  ü 5�;�76K0;�G&G�;�<�F&MJ/,`! a1 U F�/,;�2&f�7 õ8L<�F�MXE+`d/ S C�T�;d/+46Yy5_/+79:�8�GñW�76F&5�<+I|pP<�F&MNE+`�<�I)@ÁF&2&;d/iQ�`�G�<�W�79F�/+:�<�F�/ L õ g 7B;�G(GñMN7986:�/+MN2 U 2
V
5cpq<�F�MXE+`�7 S C�TBC2�MN7979M

∫

D

UL[V ]dx+

∫

D

(
xmp

p−1∑

j=1

∂V

∂xj

∂U

∂xj
+
∂U

∂xp

∂V

∂xp

)
dx =

∫

Γ

UA[V ]dΓ +

∫

Γ0

UA[V ]dx′.

îJYy]�2�:�/+G3b9:�<aF�/+5�76;�89:�5�<i2�4 S C�TBC&W�<�`�E�]�/�79M
∫

D

[V L[U ]− UL[V ]]dx =

∫

Γ

[V A[U ]− UA[V ]] dΓ +

∫

Γ0

[V A[U ]− UA[V ]] dx′. S ?�;�T

8L<�F&MNE+`�/ S ?D;�Tl;�/�46Yy5�/�79:�8�G35�:�<�F&<�I�pP<�F&MXE+`�<�I«@ÁF(2�;�/0Q�`�G�<�W�79F�/+:�<�F�/ L õ�\E_86:< apqE�;�1&f&2�2
U
2
V
G(5�`�G(OP:�8BG�F�79K076;&2�G(MX2>E&F�/+5�;�76;&2�G S ?,Tl5�<���`�/�89:�2 D õ �< U Qe/�2�4�pP<�F�MXE+`�Y S ?D;�T 2�MN7979M
∫

Γ

[V A[U ]− UA[V ]] dΓ +

∫

Γ0

[V A[U ]− UA[V ]] dx′ = 0.

��F(2
U = V

2�4�pP<�F�MXE+`&Y S C�T 86`�7�Q�E_76:+C�]�:�<
∫

D

(
xmp

p−1∑

j=1

∂U

∂xj

∂U

∂xj
+
∂U

∂xp

∂U

∂xp

)
dx =

∫

Γ

UA[U ]dΓ +

∫

Γ0

UA[U ]dx′.

¤ /�1�<+;�76fÁC(2�40pP<�F�MXE+`�Y S C�TBC(W�<+`d/ U /+G V = 1
C&��E,Q�79M§2�M�76:< 

∫

Γ

A[U ]dΓ +

∫

Γ0

A[U ]dx′ = 0,

: õ 7 õ 2&;�:�7 U F�/,`><�:a1�<�;�<�F&MJ/,`! �;�<�I>W�F&<�2�465�<9Q�;�<�IcF&79K076;&2�G�E(F�/,5�;�7B;�2�G S ?,TJW�< U F�/,;�2�f�7\<���`d/+89:�2cF�/,5�76;>;�E+`�O õ
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ý�ë�þ í)(+*Tÿã,)-(ð�ñ(í�ò�*��),)*
î�� (
-��4ðf*�í¢&.*û&��"ú (+*��«-�	�
 &)* &� í)*Tÿ�ò����*ò���� (���-
¤ /,I&Q�79MZ:�7BW�79FZ i2&;�:�7 U F�/+`� �;�<�7PW�F�7BQ�89:�/+5�`�76;&2�7PF�76K�7B;�2�G�E&F�/+5�;�76;&2�G S ?,Tl5�<���`d/+89:�2 D õ�\E_86:< �p�E(;�1&f&2�G

U(x) ∈ C2(D) ∩ C1(D̄) ô F&79K076;�2�7\E(F�/+5�;�76;&2�G S ?,Tl5a<���`�/�89:�2 D C&E,Q�<�5�`�79:�5�<�F�G(OP}0797PE_86`�<�5�2�O
∂U(x)

∂xp
= O(x

m
2
p )

W�F&2
xp → 0, S ?�?,T

S 5�86`�7BQ�E(OP}079M>W�E�;�1&:�7X��E,Qd76:yQd<�1&/+4!/+;�<&C!]�:�< `�OP��<�7J< U F�/+;&2�]�76;�;�<�7NW�F(2 xp → 0
F&79K076;�2�7JE(F�/+5�;�76;�2�G S ?,TeE,Q�<�5�`�79:�5�<�F�G&76:E�86`�<+5�2�O S ?�?!T õ Tà /,Qe/!Q�2�M�5�<���`�/�89:�2

D
W�F�<+2�465�<�`� �;�E(Oð:�<+]�1(E

x0 õ îJYoF&79ò079M b9:�Er:�<�]�1&ErK�/�F&<�M Qx0ε õ [X/!Q�2&E_8 ε 5�<�4$ �MN79Má89:�<�`� M�/,`�YoMyC�]�:�<���YðK�/�F
Qx0ε

f�76`&2�1�<�M�;�/+Þ�<+Q�2&`�8�Gr5�;&E&:�F(2�<��+`d/�86:�2
D õ î¥<���`�/�89:�2 Dε = D \ Q̄x0ε

pqE�;&Qe/+MN76;�:�/+`� �;�<�7F&79K076;&2�7 E(x, x0) E&F�/+5�;�76;&2�G S ?,T S : õ 7 õÁS I�T)TlW�F&2�;�/,Q�`�79ò�2�:i1(`d/+8986E C2(D̄ε) ∩ C1(D̄ε) õ ��F(2�MN76;�G(Gh1cpqE�;�1&f�2�G(M U(x) 2
E(x, x0)

5�<��+`d/�86:�2
Dε

5�:�<�F&E(OápP<�F�MXE+`�E�@ÁF&2&;d/�Q�`�G�<�W�79F�/+:�<�F�/
L
C&W�<�`�E�]�/�79M

∫

Dε

[E(x, x0)L[U(x)]− U(x)L[E(x, x0)]]dx =

∫

Γ

[E(x, x0)A[U(x)]− U(x)A[E(x, x0)]]dΓ+

+

∫

Γ0

[E(x, x0)A[U(x)]− U(x)A[E(x, x0)]]dx′ +
∫

Sx0ε

[−E(x, x0)A[U(x)] + U(x)A[E(x, x0)]]dSx0ε.

��79F&76Þ_<9Q�Gh5aW�<�86`�7BQ�;�76IcpP<�F�MXE+`�7�13W�F&7BQd7B`�E�W�F(2
ε→ 0

C&2�MN7979M
∫

Γ

[E(x, x0)A[U(x)]− U(x)A[E(x, x0)]]dΓ = a(p− 2)
(m+ 2)2β

24β
Γ(2β)Γ

(
p−2
2

)

Γ(β)Γ
(
p−2
2

+ β
) U(x0)

2π
p
2

Γ
(
p
2

) .

��<�`�/ U /�G�5�b9:�<�I�pP<�F�MXE+`�7
a =

Γ(β)Γ
(
p−2
2

+ β
)

4π
p
2 Γ(2β)

(
4

2 +m

)2β
.

W�<�`&E�]d/�76M§2�;�:�7 U F�/+`� �;�<�7PW�F�7BQ�89:�/+5�`�76;&2�7PF�76K�7B;�2�GhE&F�/+5�;�76;&2�G S ?!T õä `�G�5�8�G&1�<+I�pqE�;�1&f&2�2
U(x)

C&E,Q�<�5�`�79:�5�<�F�G(OP}076I>E�86`�<+5�2�G&MyR
��T õ U(x) ∈ C2(D) ∩ C1(D̄)

C� T õ L[U(x)] = 0, x ∈ D C·,T õ ∂U(x)
∂xp

= O(x
m
2
p )

W�F(2
xp → 0

2�Q�`�G�`�OP��<�Ic:�<+]�1(2
x0 ∈ D

8BW�F�/,5�7BQ�`�2&5�<i86`�7BQ�E(OP}0797P2�;�:�7 U F�/,`! �;�<�7qW�F&7BQd89:�/,5�`�7B;�2�7

U(x0) =

∫

Γ

[E(x, x0)A[U(x)]− U(x)A[E(x, x0)]]dΓ. S ?D4�T

w 4P2�;�:�7 U F�/+`! �;�< U <LW�F&7BQd86:�/,5�`�76;�2�G S ?�4�Tl5�Yo:�791(/�Oq:a86`�7BQ�E(OP}�2�7\865�<+I�89:�5_/iF�79K076;&2�G�E(F�/,5�;�76;�2�G S ?!TBR
10 õ 2�Oq��<�7�< U F�/+;&2�]�76;�;�<�7\F�76K�7B;�2�7\W�F&2 xp → 0

F�79K076;&2�7\E(F�/,5�;�76;�2�G S ?,TJE,Qd<�5�`�79:�5�<�F�G(79:LE�86`�<+5�2�O
∂U(x)

∂xp
= O(x

m
2
p )

W�F&2
xp → 0.

20 õ Ý E(}07989:�5�E_79:aF�76K�7B;�2�7 U(x) E&F�/+5�;�76;&2�G S ?,Tl5�<���`d/+89:�2 De = E+p \D̄
C&E,Q�<�5�`�79:�5�<�F�G(OP}0797PE_86`�<�5�2�O

U(x) = O
(
(ρ20)

−( p−22 +β)
) W�F(2

r =
√
x21 + . . .+ x2p →∞,

U Q�7 ρ20 = p−1∑
j=1

x2j +
4

(m+2)2
xm+2p õ

30 õ ��F&2�;&f�2&W�M�/�1�8B2�MXE(MJ/�C!5�Yo:�791(/�Oq}�2�I02�4N2�;�:�7 U F�/+`� �;�< U <yW�F�7BQ�89:�/+5�`�76;�2�G S ?�4�TBC,8!pP<�F�MXE�`�2�F&E(79M35�5�2&Qd7�:�76<�F�76MNY�R����������� � ù ö S W�F&2&;�f&2�W�M�/�1�862�MXE&M�/�T õ�!�"$#&% U(x) ∈ C2(D)∩C(D̄) ')(+*-,.*-/0%&*213(�4657/�*8/0%:9<;$=->@?�1:ACB753#�*-D.5EBF(G90H2I�*J*1K"L#&B757%�HM;$=K=->@?NDOBOPQ1K/0R6S&%�9 U(x) ACB7"-DO%0T-4K*8DU"35EB7*JT8BOV0BJ#&B@WX%0D.*$#0YK/0B7T-B./04E%&ZCB[#0YK,.*JT-BO%\B@D�(&%�S�4ED.*$#0YK/0BCT-B�/&47%�]^*-/0YK_,.*JT8Ba`7/&47b�*-/0%�c</04�Td(�4E/�%0S+* Γ ?e*-"L#0%<B@/&4�DOB@WfAE*-"JD�5E*-/0/0B./&*2(�4K5C/&4./�17#0H gh^i �Kj úEk�l&m �Sö�3NnB`0o�p pGq0r�s�o&t
U(x) ∈ C2(D)∩C(D̄) üau�v3w^v q�o v p u0x7y q v q0o0t{zL|C}-~EpC��� y6�&vJ�6y � u t�� � vJv p:n � � y o0��zL|6|C}-~� � |U(x)| ≤ max

x0∈Γ
|U(x0)|

~
x ∈ D õ î�� x n � q&�En � o�~ v n � o U(x)∣∣∣

Γ
= 0

~ � � U(x) ≡ 0 y D̄ õ



¬J²����rµ ²Lº�«�« ³	�ñ« ¸>º
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� ë�� ò�� (
-(í�ò����«-��¢,.-�*��*ú����
-#î -^�

N
ë�� *Tò�,)*Tï�ú *
îì&�í� (���*�í�í�ò{�ã(+&

����� k ���G���������6�GjQ�:���
N �F� �Gj������ Ni � õ�  u0vJ¡ p vJ� n-t�q xC¢&� o¤£ p�q&rGs0o&� U(x)

~�p7�&� yE�&v3�Ey � u tG����pG��n �&v �0pG����o&¥�pKn � �7¦y o&tG¥2§
U(x) ∈ C2(D) ∩ C(D̄),

zL| ã }
L[U(x)] = 0, x ∈ D, zL|�E:}

∂U(x)

∂xp
= O(x

m
2
p ) ¨ u o xp → 0,

zL| â }

U
∣∣∣
Γ
= f(x), f(x) ∈ C(Γ). zL|D=6}

����������� � � öª© /01KD (+*-/�/�9�9�R3(�4K*J5E4@9«`E4EAC4EbG4 N ;$=E¬J><�;L=6®->\/�*.]�B@W¯*-D°%�]^*-DOY�ZCB[#�*3*±BCA@/&BCT8B{(+*-,�*8/0%�9+g�² ��³+��ù�K� k � i�´ ú6kGl �?ö ��p:n �  U1(x) o U2(x) ü � y:x ¨ u0v � ¨ � ��x7µJx7v ¥�¶yÞ u0v3w^v q�o&t y q0p �Ku0v q0q vJ¢¸·@x � x �0o N õ�  � µ � x o�Þ u0xE· q0�6n �  
ω(x) = U2(x)− U1(x)

pC��� yE�&v3�Ey � u t v3� pKn � � y o&tG¥fzL| ã }¹¦ªzL| â }�o µ3u&x q�o0��q&�E¥Qp�p:n � � y o0�
ω
∣∣∣
Γ
= 0.

î)nJo � p�n �&v �&n �6y o&t{r �6v � u�v ¥ v | ω ≡ 0 y D̄ ~�o � o U1 ≡ U2 õ�a���Gº<���»���6�GjQ�:���
N �F� �GjQ�:��� Ne � õG  u0v3¡ p v3� n8t�q xC¢&� o�£ p�q&rGs0o&� U(x)

~:pC�&� yE�&v3�6y � u tG����pG�Xn �0v �&pG� �^o0¥pKn � �7¦y o&tG¥2§
U(x) ∈ C2(De) ∩ C(D̄e),

zL|DI6}
L[U(x)] = 0, x ∈ De,

zL|�FK}
∂U(x)

∂xp
= O(x

m
2
p ) ¨ u o xp → 0,

zL|�CK}

U(x) = O
(
(ρ20)

−( p−22 +β)
) ¨ u o r =√x21 + . . .+ x2p →∞,

z 4O;K}
U
∣∣∣
Γ
= f(x), f(x) ∈ C(Γ). z 4�|@}

����������� �ÒÌ�ö © /�*-,�/�9�9fR3(�4K*3574@9�`E46AC4EbG4 N ;L=K¼8>�X;¾½�=->�/&*¿]�B@W¯*-DÀ%:]a*-D�Y�ZCB[#�*3*\B7A@/0BCT-B¤(�*-,�*-/�%�9+gN² ��³+��ù�K� k � i�´ ú6kGl �?ö0��pKn �  U1(x) o U2(x) ü � yKx ¨ u�v � ¨ � �&x7µJxEv ¥�¶yÞ u�v3w^v q�o&t y q v3w q vJ¢Á·@x � x �0o N õ�  � µ � x o&Þ u0xE· q0�6n �  
ω(x) = U2(x)− U1(x) ¡ pC� vJ� pC�&� y6�0v3�6y � u t �  �p:n � � y o0t�¥fzL|�IE} ü z 4#;6}�o µ3u&x q�o0��q&�E¥Qp�p:n � � y o0�

ω
∣∣∣
Γ
= 0.

D ü r��Eq v ��q x t^� ¡E�&x n �  0~ ¨ �6Â � �6¥�panJpG� v n �6y p v3� �0o0n � � R �Ex rG� v ~7� � � D ⊂ Q+R ü ¨ � � p wax7uOu&x �0o0pKn x R õE  x r�r x r U → 0¨ u o |x| → ∞ ~ � �O� � t ∀ε > 0
nJpG� v n �6y p v3� R0 ~0� � � |U | < ε

q x S+R ¨ u o R ≥ R0 õ M ¡ � · q x �0o&¥�� v3u0v3· DeR0 = Q+R0\D õ8ap�q&r�s�o&t
ω(x) ¡ p7� v3� pC��� y6�&vJ�6y � u t �  ¤pKn � � y o0t�¥MzL|�IE} ü zL|�CK} y DeR0 o«q xÃµ@u0x q�o0s v Â � � ¢ � ¡7��x n � o |ω| < ε õ îÄnJo � p¨ u o�q0s�o ¨ x ¥ x r�nJo&¥�pG¥ x |ω| < ε y DeR0 õ�  x r{r x r ε ¨ u �Eo ·Jy � �  Eq&� v ��o&n � ��~ � �a¥�¶f¥Q�,ò v ¥«p:n �Ku0v ¥Qo �  v-µ ��r�q0p � �a~ � � µ � x

|ω| ≤ 0 y De ~Go � o U1 ≡ U2 õ
Å5ë�� ò	(¦*�í¸Æ)&.-4ð î«�*ò���í�ò*ÿ
ò�� ð�ò^Ç & *Tÿ�ò����*ò����ã(O��-
Ý ¨ �6¥Q�E�� 6�È£ p�qG� x ¥ v q �Ex7�  Eq&� µ � u�v3w^v q0o0t E(ξ, x) p u0x7y q v q�o&tXzL|C}�� ¡6u0xE· p v ¥ ¨ � yKv3u Þ�q&�En � q�¶ ¢ ¨ � �Kv q0s�o xC� � y � ¢ q&� µ �n � �Ct+§

W (x) =

∫

Γ

ν(ξ)A [E(ξ, x)] dΓ,

µ � v A[ ] = ξmp
p−1∑
j=1

cos(n, ξj)
∂
∂ξj

+ cos(n, ξp)
∂
∂ξp

~ x ν(ξ) ü q v ¨ u�v3u ¶ y q x t±£ p�q0r�s0o0t�q x Γ õ
M � vJy oG�&q&�G~G� � � ¨ � �Kv q0s0o x7� W (x) v n �  u0vJµ p � t u q&� v�u0vJwav q0o v p u0x7y q v q�o&t\zL|C} yO� � ¡ � ¢ � ¡E��x n � o�~ �&v ò x � vJ¢¤y ¨ � � pG¦¨ u �En �Ku0x q&n �6yKv E+p ~�q v o0¥ v ��� vJ¢ � ¡ �^o&Þ � �7� v r¤q0o<n µ o ¨ v3u ¨ � yKvJu ÞGq0�6n �  K� Γ

~�q0o<n µ o ¨ vJu ¨ � �6n3r��En �  6� xp = 0 õ î¯nJo � pz®FK}
W (x) = O(1) ¨ u o xp → 0.ÉÃ�G����� ù ö !�"L#0% Γ 'ÊV&B75E*Ë(�Ì�/&BC"JD�Y�Í�90V016/&B75E47?ND.B
∫

Γ

|A [E(ξ, x)] | dΓ ≤ B,

T-A7* B 'MV&BC"JDOBJ90/�/&4@9+g



�:Î WÐÏ�Ñ�Ò XÔÓZY�Õ ÏaÒNÖª×ªØ�Ï�Ù�Ú�Û�Ü±Ý�Ù�Ú
ÉÃ�G����� � zÎ@ vJ���&v3u n �Kv � � } õ�!�"$#&% Γ 'MV&B756*Ë(GÌ0/0BC"JDOY�Í�9&V�1K/0BE574E?NDOB

∫

Γ

A [E(ξ, x)] dΓ =





−1, *J"$#&% x ∈ D;
− 1
2
, *J"$#&% x ∈ Γ;

0, *J"$#&% x ∈ E+p \D̄ = De.

����������� �\Þ?ö�ß 1:"-DOY Γ 'MV&B75E*Ë(�Ì�/&BC"JD�Y�Í 9&V�1K/&B7574:g�à&B7T8AC4�V6(&% ν ∈ C(Γ) %�]^*-H2Dá]^*J"JD.B�"$#+*-AC16H2IO%�*�V6(+*-AE*Ë#0YK/0âe*"JBCBCD�/&B@,�*8/0%�9+ã
Wi(x0) = −ν0

2
+ W̃ (x0),

We(x0) =
ν0
2

+ W̃ (x0),

T8A7* Wi(x0) % We(x0) BJ`7/04EbG4EH2DÀVE(+*JA7*Ë#&Y6/0âe*±`7/&47b0*8/0%:9¯V0BCD.*-/�S&%&4@#&4�AE57B@c0/&BCT8B�"L#&B-9 W (x) 5D.B@b�R�* x0 ∈ Γ VE(&%
x → x0 "3BCBCD.56*-DO"JD�5E*-/�/&BO%G`7/016D�(&%<%<%�`657/�*aTd(�4E/0%�S&â Γ ?¹4 W̃ (x0) 'ÊV6(G9�]�BE*�`7/04Eb�*-/0%&*aV0B@D�*-/�S&%&43#�4�A75EB@c0/0BCT-B{"$#&BJ9
W (x) 5OD.B@b�R�* x0 ∈ Γ gä AE*-"JY x0 ∈ Γ 'åPQ%0R:"-%6(�B7574E/0/04@9<DOBCb�R:4�Td(�4E/�%0S&â Γ ? ν0 = ν(x0) g² ��³��0�K� k � i�´ úEk�l � �Kv � u�v ¥�¶�E.n �0v �&p v3� o ·��&v ¥N¥f|�o 4 õ
æ�ëXç ��*
î *�í)&)*è�
-#î -^�

N
� &�í)(+*Tÿã,)-(ð�ñ(í�ú ï /1,.-��(í.*�í¢&¸Ç�ï (¦*Tò	,¢&)&é��ò	(¦*�í\ê

Æ¢&.-4ð.-

� �GjQ�:��� Ni
öë v3w^v q�o v�·@x � x �0o Ni

¡ pC� v ¥«o&n3r x7�  y.y o�� v ¨ � �Kv q�s0o x7�&x � y � ¢ q&� µ �.n � �7t{n�q v o ·Jy6v n � q0� ¢ ¨ � � � q&�En �  K� ν(ξ)

U(x) =W (x) =

∫

Γ

ν(ξ)A [E(ξ, x)] dΓ. z 4<46}

M � v-y o��0q&�G~�� � �<£ p�q&rGs0o&t U(x) pC��� y6�&vJ�6y � u t v3� p:n � � y o&tG¥ÊzL|@ìK} ü zL|CíE} y q�p �6u0v q�q vJ¢�·@x � x �0o N õ � � � � q0�6n �  ν(ξ)ü ¨ �6r x q v � ¨ u0v � vJ�&v q0q x t�£ p�q&rGs0o&t õ 3 v q x7¢ � v ¥îo ·{�Ku�v3¡ � y:x q�o&t+~�� � � ¡ ¶å£ªpGq0r�s�o&t�z 4#46}^pC�&� yE�&v3�6y � u t ��x±µ3u&x q�o0��q&�6¥�ppKn � � y o0�MzL|�=K} ·@x � x �0o Ni õï Â � � ¢ s vJ�  6� ¨ �3�&n �Ex7y o0¥ U(x) y�µ@u&x q0o��0q&� v p:n � � y o v zL|�=K}No�~:p��0o � ¶ y:x t�£�� u ¥�p � p ¨ u�v � vJ�  6q0� µ � · q x � v q0o0t ¨ � �6v q0¦s�o xC��x � y � ¢ q&� µ �.n � �Ct¸z �6v � u�v ¥ x E:}-~ ¨ � � p��0o0¥

−ν(x)
2

+

∫

Γ

ν(ξ)A [E(ξ, x)] dΓ = f(x).

  x r�o0¥«� ¡6u0xE· �E¥2~ ·3x � x � x Ni
n yKvJ�&x n$ �r±n �&v �&pG��� v ¥�p�o0q �KvJµ@u0x7�  Eq&�E¥Qp�p u&x7y q v q�o&�

ν(x)− 2

∫

Γ

ν(ξ)A [E(ξ, x)] dΓ = −2 f(x). z 4Eì6}

ð�q �6vJµ@u0x7�  Eq&� v p u&x7y q v q�o v z 4EìK}�n3�E� �6y6v3� n �6y p v3��y q�p �Ku0v q�q vJ¢{·@x � x � v N õ� ��jQ����� Ne
öë v3w^v q�o v�·@x � x �0o Ne

¡ pC� v ¥«o0n3r xE�  y.y oG� v ¨ � �6v q0s�o xC��x � y � ¢ q0� µ �.n � �Ct¿n�q v o ·-yKv n � q&� ¢ ¨ � � � q0�6n �  K� ν(ξ)

U(x) =W (x) =

∫

Γ

ν(ξ)A [E(ξ, x)] dΓ. z 4OE:}

8ap�q&rGs0o0t
U(x)

pC�&� y6�0v3�6y � u t vJ� p:n � � y o0t�¥�zL|�IE} ü z 4#;K} y q v3w q v-¢O·@x � x ��o N õ � � � � q0�6n �  ν(ξ) ü ¨ �Er x q v � ¨ u�v � vJ�&v q�q x t£ªpGq0r�s�o&t õ 3 v q xC¢ � v ¥«o ·��Ku�v3¡ � y:x q0o&t+~G� � � ¡ ¶ñz 4OE:}¹pC��� y6�0v3�6y � u t �&xaµ3u&x q�o0��q&�6¥�p�p:n � � y o0�Mz 4:|C} ·@x � x �0o Ne õï Â � � ¢ s vJ�  6� ¨ �3�&n �Ex7y o0¥ U(x) y�µ@u&x q0o��0q&� v p:n � � y o v z 4:|C}No�~:p��0o � ¶ y:x t�£�� u ¥�p � p ¨ u�v � vJ�  6q0� µ � · q x � v q0o0t ¨ � �6v q0¦s�o xC��x � y � ¢ q&� µ �.n � �Ct{o ·Jy q v z �Kv � u0v ¥ x E:}-~ ¨ � � p��0o0¥
ν(x)

2
+

∫

Γ

ν(ξ)A [E(ξ, x)] dΓ = f(x).

  x r�o0¥«� ¡6u0xE· �E¥2~ ·3x � x � x Ne
n y6vJ��x n$ �r±n �0v �&pG� � v ¥�p{o�q �KvJµ3u&x7�  6q0�6¥�p�p u0x7y q v q0o0�

ν(x) + 2

∫

Γ

ν(ξ)A [E(ξ, x)] dΓ = 2 f(x).
z 46íE}

ð�q �6vJµ@u0x7�  Eq&� v p u&x7y q v q�o v z 46í6}�n3�E� �6y6v3� n �6y p v3��y q v3w q vJ¢¤·3x � x � v N õ



Òe× ��� Ú�×�Ý�Ñ�Ñ�Ø � Ñ�Ü±Ý � ÛÔÜÃÝ�Ù�Ú � Ñ¹Ö Õ Ø  Ï^×�Ï �����	�����������0Ó�� �:ò
M � ¥ v3� o&¥�n �&v �0pG��� v3v n y � ¢ n �6y �Oo�q �6vJµ@u&xC�  Eq0¶2ó�p u0x7y q v q�o ¢ z 4Eì6}-~�z 46íE}-§Go · £�� u ¥�p � ¶Äz I6}¹n �0v �0p v3� ~:� � ��Â � o¿p u&xCy q v ¦q0o&t�t yE� tG� � n8t�o�q �Kv-µ@u&xC�  6q�¶Ð¥�o±p u0x7y q v q0o0tG¥Qo¿n3�.n �&xE¡ � ¢ �6n3� ¡6v q�q&�En �  K� õð ·�v �&o�q&n �6yKv q�q&�En � o u0v3w^v q0o ¢ ¨ �6n �Ex7yE�&v q�q0¶2ó�r u0xEvJy ¶2ó ·@x � x �±n �0v �&p v3� �3�&q0� · q x ��q x t u0xE·3u�v3w o&¥Q�6n �  �n3�E� �6y6v3� n �6y p�¦����o0ó�p u0x7y q v q�o ¢ 8 u0v � µ � �  K¥ x z 4EìK}¹o�z 4Eí6} õ����������� ��ú�öÐß 1K"JDOY Γ 'ÈV&B756*Ë(GÌ0/0BC"JDOY<Í�90V01K/0BE574:gaà&BCT8AC4\`E46AC47b�4 N A-#�9«ô7D.B@c�V0B756*Ë(�Ì�/0B7"-DO%¸(�4C`8(+*-,�%�]�4\VE(&%#&HÐZ@â�Ì</&*-V6(�*Ë(&âe57/�â�Ì\Td(�4E/�%0b�/0â�Ì<AC4E/�/0â�Ì\%�(+*8,�*-/�%�*ª]�BCWX/0B.VE(+*JAC"JDO4K57%�DOY¿5�57%&A7*�V0BCD.*-/0S0%&4@#&4�A75EB@c0/0BCT-B�"$#&BJ9+g

%'&)(+*
,.-	(0/1,.-
õ =$ö<÷aBF(&/¿ø»gù?�÷aBF(&/«à+geú�VE(�4K5EB@b�/0%�R{V0B�]�4ED�*Ë]^47DO%�R�*�A-#�9\/&471Kb�/0â�Ì�(�46ZCB@DO/�%0R:B75.%¤%�/0W¯*-/&*Ë(�B756g ûÃø»g+÷aBF(&/0?ªà�g»÷^B[(0/+gûKû¤ü�`EAEgN®E_¾B7*@ge'ýúQ47/0RKDO_ ß *8D�*Ë(�Z@13(&T8?�þ<BC"JR�574E?�÷Ð(�46"-/&BCAC4-(»ã�ÿdÍa47/0YQÿFgN'a½����E¬:g���K¬6½¿"Cgõ ½[ö�ú�]�%6(0/&B75�þg�þ¸g © â+(�B@WfAC4EH2IO%&*J"[9ô8#K#0%0V�DO%�b0*-"JRK%�*O%�T[%0V&*Ë(�ZCB[#0%0b�*J"-RK%�*.13(�4K57/&*-/0%:9+g�û¸þg�þg¾ú�]�%6(0/&B75Kg�' þ¸g ã� 471KR:47?�=��:®K®Kg��½��7½±"Cgõ ¬Fö�ú�]�%6(0/&B75�þg»þ¸g»÷^13(�"a57âN"J,.*-c¿]�4ED�*Ë]�4EDO%�RK%+g¹à+gù¬6?Qb0gù½Gg0û¤þ¸g»þg¹ú�]�%6(&/0B75KgN'áþg ?¹=���	�¼6g

h�
����� �����������������Ã��� �!� � É#"������ 
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ß��8àD�����Q�����1�XÖ#�£�X×7�¡Ô��D�8Ø � �!�qÙa���!���GØ � Ô��K�S� � �Q���Q³Mß��OàD�D�Gá
1 ���K���V�<�7  �

� u o&¥ v q v q0o v ¥ v3� �3� x¸µ3u&x q�o0��q0¶2ó«o�q �KvJµ3u&x7�  6q�¶2ó«p u0x7y q v q�o ¢ � � t u�v3w^v q0o0t ¨ u �En �Ku&x q&n �EyKv q�q0¶2ó«n �ExE� o�� v nJr�o0ó�o�&o0q x ¥�o0� v n3rGo0ó ·@x � x � �Kv � u o�oOp ¨ u p µ �6n � oOn � �32�o � �En$ y n x ¥Q�6n � �Ct �Kv-�  6q0� v q x ¨ u&x7yE�&v q�o v q x�u p ¡6v 2 v |DC<I#;C¦ F#; µ �@�&� y n �Ex7yv n �Kv n �6yKv q�q0¶Ð¥ ¨ u �3�&� � 2 v q�o v ¥ u0xE¡ � � ¨ � ¨ u o&¥ v q v q0o0�¯¥ vJ� �3��� y ¨ � �Kv q0s�o x7�&x r ¨ � �En3r�o0¥ ·3x � x � x ¥ �Kv � u o0o¿p ¨ u p µ �En � o õð�n3n �&v ��� yKx q�o&tX� ¨ o u&x7� o&nQ «q x�u&x7¡ � � p54 õ 6*õ87 p ¨ u0x � ·3v:9 E<; ü �6nJq0� y � ¨ � � �32�q0o0r x n3� yKu0v ¥ v q0q&� ¢î�Kv � u o�o ¨ � �6v q0s�o x7�&xy ¨ u �6n �Ku&x q&n �6y6v q0q0� ¢�Kv � u o�op ¨ u p µ �6n � o õ M nJq0� y q0¶ v�u�v3· p �  �ExE� ¶Äq0� y ¶�ó�£ªpGqG� x ¥ v q �Ex7�  6q0¶2ó u&xE·Ju&xE¡ � � �Er ¨ � � pG� v q0¶= õ >�õ@? p � � u t�q0n3r�o0¥ y�u&x7¡ � �Ex ó 9 C3;¾~ 9 |D;<; õP¹� �  w � ¢fy r ��x � y o · p�� v q0o v r��6¥ ¨ �0v r�nJq�¶2ó ¨ u �6n �Ku&x q&n �EyKv q�q0¶2ó ¨ � �Kv q0s�o x7� � yy q v n � o u0xE¡ � � ¶ 8 õ 9 õ P¹� µJxEw � y:x9 |-¦$ì3; õ
> v3� �@� ¨ v3u0v � ¨ u�v � vJ�&v q�q&� ¢¤·@x � x �0o 7 � w o y o · pG� v q�o0o ·@x � x �Ã�&o�£ u&x rGs0o�o±� y p�¥ v3u q0¶2ó{p ¨ u p µ o�ó y � � q u0x n3nJ¥N� �Ku0v qy�u&x7¡ � �Kv = õ P õ � �&v �^o�q&n3r�� µ � 9 I3; õ� v3u o&�3�0o0� v n3r�o va·3x � x ��o\�&o&£ u&x r�s0o�o\p ¨ u p µ o0ó y � � q<q x � v £ v r �Ex ó y � y pG¥ v3u q0¶2ó¤n � �Eo0n � ¶2ó¤n u0v � x ó u&x n3n3¥Q� �6u0v q�¶y¸u&xE¡ � �KvA9 =<; õ ���Er xE·@x q&��~�� � � y � y p�¥ v3u q&�E¥ n � p�� xEv{·@x � x �0p�0o�£ u0x rGs0o�o«p ¨ u p µ � ¢�y � � q0¶Mq x ¨ v3u o&�3�&o�� v nJr�� ¢ nJo0n �Kv ¦¥ v � v £ v r � � y ¥Q�32�q&�¸n yKv n � o�r ¨ xEu q&�6¥�p�nJpG¥N¥ x7� � u q&�6¥�p«£ªpGq0r�s�o&�7q x7�  6q0�6¥�pp u0x7y q v q�o&� õB> vJ� �3���6¥�o0q �6vJµ@u0x7�  Eq0¶2ó� �32a� v n �6y ¨ xEu q0� v p u&x7y q v q�o v ¨ u o y �3�0o � n8t ¡6v n3r��Eq v �0q0� ¢ nJo0n �Kv ¥ v�� o�q vJ¢ q0¶2ó�p u&xCy q v q0o ¢ õ4�Â � � ¢ n �ExE�  vÐu&x n3n3¥Q� �6u0v q�¶ �Ku�v óG¥ v3u q�¶ v2·@x � x �0o.�0o�£ u0x rGs0o0oOp ¨ u p µ � ¢Oy � � q0¶�q x � y �Ct�r�� ¨ v3u o&�3�&o�� v n3r�� ¢ nJo0n �Kv ¥ v� v £ v r � � y õ M ¨ o u0x t�nQ aq xau0v3· p �  �ExE� ¶�~ ¨ � � p�� v q0q�¶ vªy.u&x7¡ � �Kv�9 íC¦ I3;d~ ¨ �Er xE·@x q&��~Gr x r¿n y6v n � o ·@x � x ��p{r�� y p�¥ ¨ x7u&x ¥ ¨ xEu ¦q0¶2ó¿n-p�¥Q¥ xE� � u q�¶2ó�p u0x7y q v q�o ¢ oÃr ¨ xEu�v o�q �Kv-µ@u&xC�  6q�¶2ó�p u0x7y q v q0o ¢ n � � µJxEu o�£�¥�o�� v n3rGo&¥�oÃ�En3� ¡Ev q0q0�6n � tG¥Qo y t:� u0x ó õ
C öB& l �0� mED ��� m �:j m ���@F6³ m �¸����º\��� m �GF m F k �G� H������ l ����� mEI�k �G�&� m�m � D ���KJ6�LF kGm�lMD ���LF k ���0�EF k�l �
4 �Ku�v óG¥ vJu q&� ¢ �0o0q x ¥�o0� v n3r�� ¢{�Kv � u o�o{p ¨ u p µ �6n � o�n3�6n � �CtGq�o v p ¨ u p µ � ¢ n u�v �0¶f� ¨ o0nJ¶ y:x � ��y6v r � � u ¨ vJu0v ¥ v � v q�o ¢ uo �6v q · � u q x ¨ u t�2 v q0o ¢ σ õ PepC� v ¥)n-�0o �Ex7�  0~�� � � ·3x7y o0nJo0¥N�En �  ¨ � y6u0v ¥ v q�o µJxEu ¥Q�Eq0o�� v n3r x t±o¤o&¥ v3vJ��y o�� eiωt ~ µ � v ω ür u p µ � y:x t�� x n � � �Ex r�� �&v3¡6x q0o ¢ õð�n3n �&v �0p v ¥ u0x n ¨ u �En �Ku&x q v q�o v p ¨ u p µ � ¢«y � � q�¶ y ¨ u �6n �Ku&x q&n �6y6v õ 4ñ� v r xEu�� � y � ¢ n-o&n �Kv ¥ v r��E� u �&o�q x7� p u&x7y q v q�o&tu&x7y q&� y6v nJo0t¿o ·3x r��Eq«@»pGr x � � t{�3�&q0� u �@�0q&� ¢ n u�v �&¶Xo&¥ v � ��y o��

∂σxx
∂x

+
∂σxy
∂y

+
∂σxz
∂z

+ ρω2ux = 0,

∂σxy
∂x

+
∂σyy
∂y

+
∂σyz
∂z

+ ρω2uy = 0,

∂σxz
∂x

+
∂σyz
∂y

+
∂σzz
∂z

+ ρω2uz = 0,

(1)
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σxx = (λ+ 2µ)
∂ux
∂x

+ λ

(
∂uy
∂y

+
∂uz
∂z

)
, σxy = µ

(
∂ux
∂y

+
∂uy
∂x

)
,

σyy = (λ+ 2µ)
∂uy
∂y

+ λ

(
∂ux
∂x

+
∂uz
∂z

)
, σyz = µ

(
∂uy
∂z

+
∂uz
∂y

)
,

σzz = (λ+ 2µ)
∂uz
∂z

+ λ

(
∂ux
∂x

+
∂uy
∂y

)
, σxz = µ

(
∂ux
∂z

+
∂uz
∂x

)
,

(2)

µ � v ρ ¦ ¨ � � � q0�6n �  Ãp ¨ u p µ � ¢ n u0v �0¶�~ λ ~ µ ¦ yKv � v n �6y6v q0q�¶ v ¨ �En � �Ct�q0q�¶ v 2 x ¥ v õ ���3��n �ExCy o&¥ ¨ u&xCy ¶ v � x n � oXz 4E} y zL|C} õ��� � p���o&¥�n-o&n �Kv ¥QpO�0o�£�£ vJu0v q�s0o x7�  Eq0¶2ó�p u&xCy q v q0o ¢ ~:r�� � � u&x t�t y6� t v3� n-t x q x7� � µ �6¥�� y p�¥ v3u q0¶2ó.p u&xCy q v q0o ¢ 2 x ¥ v � � t
¨ u �En �Ku0x q&n �6yKv q�q&� ¢��Kv � u o0o«p ¨ u p µ �6n � o õ ï � �7o � � � ¥ v3� o �  0~�� � � y n v p u&x7y q v q�o&t ·@x7y o&n8t �� � �  6r��<� � ¨ v3u0v ¥ v � v q0o ¢ ~ xq x ¨ u t@2 v q�o&t{¥Q�32�q0� ¨ � � p��0o �  ¨ ��£ � u ¥�p �&x ¥îz 4E} õ

(λ+ µ)
∂

∂x

(
∂ux
∂x

+
∂uy
∂y

+
∂uz
∂z

)
+ µ

(
∂2ux
∂x2

+
∂2ux
∂y2

+
∂2ux
∂z2

)
+ ρω2ux = 0,

(λ+ µ)
∂

∂y

(
∂ux
∂x

+
∂uy
∂y

+
∂uz
∂z

)
+ µ

(
∂2uy
∂x2

+
∂2uy
∂y2

+
∂2uy
∂z2

)
+ ρω2uy = 0,

(λ+ µ)
∂

∂z

(
∂ux
∂x

+
∂uy
∂y

+
∂uz
∂z

)
+ µ

(
∂2uz
∂x2

+
∂2uz
∂y2

+
∂2uz
∂z2

)
+ ρω2uz = 0.

(3)

·�µ

·�µ	·$µõ
� m F�ö C öPO4ØgÖRQ��MÖS0 � Ô!�BÖ¼×S�nÝ � �Q���<Q��K���D� � Úm��× � § � �S�]ÖXØ ³

ë x n3n3¥Q� �Ku o&¥ �Ku0v ó�¥ v3u q0pG� ·@x � x ��pO�0o�£ u0x r�s�o0o�p ¨ u p µ � ¢.y � � q0¶ y ¨ � � p ¨ u �6n �6u&x q0n �EyKv ~Eq x óK�3��tG�^o0¥Qn-t y r��Eq �Ex r �Kv n2 v n � rGo&¥)�EnJq&� y:x q�o v ¥ õ ��pKn �  �q x ¨ � �6n3r��En � o Oxy u&x n ¨ � � �32 v q x � y �Ct�r�� ¨ v3u o&�3�&o�� v nJr x t±nJo0n �Kv ¥ x � v £ v r � � y ~ l1 o l2 ü¨ v3u o&�3�&¶�nJo0n �Kv ¥�¶î� v £ v r � � y ¨ �{�En-tG¥ x
o
y
n3�6� �6yKv3� n �6yKv q0q&� õ ð ·^y6v3u óGq vJµ � ¨ � � p ¨ u �6n �6u&x q0n �Ey:x q x�µ@u0x q�o0s0p u&x7· � v-��xn u0v � ¨ x � xEv3� p ¨ u p µ3x t y � � q x u(0) õ =�p�2�q&��q xC¢&� o y � � q0p u ~0� �Ku&x 2 v q0q�p�� y6y6v3u ó¸z n3¥ õ u o&n õ |C} õPepC� v ¥«o&nJr xE�  .r��E¥ ¨ �&v r�n-q0¶ v�x ¥ ¨ � o � p7�0¶)q x ¨ u t�2 v q0o ¢ o ¨ v3u�v ¥ v � v q0o ¢Ãy.y o�� v

f(x, y, z) = eiαxxeiαyy
+∞∑

n=−∞

+∞∑

m=−∞
fnm(z)e

i 2π
l1
nx
e
i 2π
l2
my

=

+∞∑

n=−∞

+∞∑

m=−∞
fnm(z)eiL1nxeiL2my,

(4)

L1n = αx +
2πn

l1
, L2m = αy +

2πm

l2
,

αx =
ρω2

λ+ 2µ
sin θ1 cos θ2, αy =

ρω2

λ+ 2µ
sin θ1 sin θ2.

� x7u&x ¥ vJ�Ku ¶ αx ~ αy n y t ·@x q�¶�n3� · q x � v q0o0t�¥�o ¨ xEu0x ¥ v3�6u � yÐy � � q�¶�§ θ1 ¦0p µ � � ¨ x � v q�o&t y � � q�¶ yÐyKv3u�� o&r xC�  6q0� ¢ ¨ � �En3r��6n � oz p µ � � � � q&� u ¥ x7� o±r µ@u0x q0o�s v � ¡E��x n � o�}-~ θ2 ¦Qp µ � � ¨ � µ � u o · �7q �Ex7� oz � � ¨ � � �32�o �6vJ�  Eq&� µ �Oq x ¨ u0x7yE�&v q�o&t��EnJo x ¨ u � � o y� x nJ� y � ¢ n �6u0vJ� r�o�~Gn3¥ õ 9 IS; } õ���3��n �6xCy o&¥ ¨ u�v ��n �ExCy6�&v q0o v o0n3r��6¥�¶2ó±£ªpGq0r�s�o ¢¿yOy o�� v z EK} y n-o&n �Kv ¥Qp�p u0x7y q v q0o ¢ zdìK} õ ï � v-��xEv ¥ ·@x ¥ v q0p ¨ vJu0v ¥ v q�¦q�¶2ó y o�� x
v1nm(z) = uxnm(z), v3nm(z) = uynm(z), v5nm(z) = uznm(z),

v2nm(z) = u
′

xnm(z), v4nm(z) = u
′

ynm(z), v6nm(z) = u
′

znm(z).
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  � µ � x r��6Â@£�£ªo0s0o v q � ¶ u&xE·-� �32 v q�o ¢ �&� � 2aq0¶�pC�&� y6�0v3�6y � u t �  �nJo&n �Kv ¥ v � ¡ ¶ÐrGq&� y6v q0q�¶2óa�&o&£�£ v3u�v q0s�o xC�  6q�¶2óap u&xCy ¦q v q�o ¢ n�¥ x7�Ku o�s vJ¢ r��EÂ@£�£ o�s0o v q � � y



0 1 0 0 0 0
(λ+2µ)L21n+µL

2
2m−ρω2

µ
0

(λ+µ)L1nL2m
µ

0 0 −
i(λ+µ)L1n

µ

0 0 0 1 0 0
(λ+µ)L1nL2m

µ
0

(λ+2µ)L22m+µL
2
1n−ρω2

µ
0 0 −

i(λ+µ)L2m
µ

0 1 0 0 0 1

0 −
i(λ+µ)L1n
λ+2µ

0 −
i(λ+µ)L2m

λ+2µ

µ(L21n+L
2
2m)−ρω2

λ+2µ
0




(5)

ï � ¡ n �6y6v q0q�¶ v^· q x � v q0o0t{¥ xE�Ku o0s�¶Äz¾í6}¹o0¥ v � ��y oG�
τ1nm,2nm = ±iβ1nm, τ3nm,4nm = ±iβ2nm, τ5nm,6nm = ±iβ2nm, µ � v

βjnm =
√
k2j − (L2n + L2m) =





i
√

(L2n + L2m)− k2j , |
√
L2n + L2m| ≥ kj ,

−
√
k2j − (L2n + L2m), |

√
L2n + L2m| ≤ kj ,

j = 1, 2 (6)

k21 =
ρω2

λ+ 2µ
, k22 =

ρω2

µ
.

ð�¥�nJ�6� �6y6v3� n �6y pG� � nJ� ¡ n �6yKv q�q0¶ v�yKv r � � u0x
h1,2 =

(
L1n, ±iL1nβ1nm, L2m, ±iL2mβ1nm, ±β1n, iβ21nm

)
,

h3,4 =
(
β2nm, ±iβ22nm, 0, 0, ∓L1n, −iL1nβ2nm

)
,

h4,6 =
(
0, 0, β2nm, ±iβ22nm, ∓L2m, −iL2mβ2nm

)
.

(7)

  � µ � x � ¡ � vJvau0v3w^v q�o v � � t x ¥ ¨ � o � pC�¿o&¥ v3vJ�Oy o��
vnm(z) = Anmh1nme

iβ1nmz +Bnmh2nme
−iβ1nmz + Cnmh3nme

iβ2nmz+

+Dnmh4nme
−iβ2nmz + Enmh5nme

iβ2nmz +Hnmh6nme
−iβ2nmz.

(8)

ï �0v ��� y:xE�6vJ�  Eq&��~ x ¥ ¨ � o � pC�&¶ ¨ v3u0v ¥ v � v q�o ¢
uxnm(z) = AnmL1ne

iβ1nmz +BnmL1ne
−iβ1nmz + Cnmβ2nme

iβ2nmz +Dnmβ2nme
−iβ2nmz,

uynm(z) = AnmL2me
iβ1nmz +BnmL2me

−iβ1nmz + Enmβ2nme
iβ2nmz +Hnmβ2nme

−iβ2nmz,

uznm(z) = Anmβ1nme
iβ1nmz −Bnmβ1nme−iβ1nmz − CnmL1neiβ2nmz +DnmL1ne

−iβ2nmz−

−EnmL2meiβ2nmz +HnmL2me
−iβ2nmz.

(9)

���.£�� u ¥Qp �&x ¥îz 4E}�¥Q�32�q0��q x7¢0� o¿q x ¨ u t�2 v q0o0t õ � u o yKv � v ¥ x ¥ ¨ � o � p7�0¶)q v r�� � � u ¶2ó�o0ó�q�o0ó
σxxnm(z) = i

(
Anme

iβ1nmz +Bnme
−iβ1nmz

) (
λk21 + 2µL21n

)
+

+
(
Cnme

iβ2nmz +Dnme
−iβ2nmz

)
2iµL1nβ2nm,

σyynm(z) = i
(
Anme

iβ1nmz +Bnme
−iβ1nmz

) (
λk21 + 2µL22m

)
+

+
(
Enme

iβ2nmz +Hnme
−iβ2nmz

)
2iµL2mβ2nm,

σzznm(z) = i
(
Anme

iβ1nmz +Bnme
−iβ1nmz

) (
ρω2 − 2µ

(
L21n + L22m

))
−

−
(
Cnme

iβ2nmz +Dnme
−iβ2nmz

)
2iµL1nβ2nm−

−
(
Enme

iβ2nmz +Hnme
−iβ2nmz

)
2iµL2mβ2nm.

(10)

T ö 
 F i � l&m �����VU&��FK³+�&���������LF kGm
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4 u0xE¡ � �Kv�9 í3; u&x nJn3¥Q� �Ku�v q0¶ Â-q v3uGµ@v3� o�� v n3r�o v ó x7u&x r �Kv3u o&n � o&rGo¿� � t ¨ v3u o0�3�&o0� v n3rGo0ó ·@x � x � �Kv � u o0oÃp ¨ u p µ �En � o¤r x r� y pG¥ v3u q&� µ ��~ �Ex r¿o �Ku�v óG¥ vJu q0� µ ��n � p�� xEvJy ~�o¿�&�6r x7·@x q x
����������� � C ö�ß (0%\5E*-I�*J"-D�56*8/0/0â�Ì{`7/04Eb�*-/�%�9GÌ¤V0BC"JD.B-90/0/�â�Ì βjnm V&*Ë(+5E4390?�D�(+*8DOY79±%ÃV�90D.439¿ô8#�*$]^*-/�D.4-(0/0âe*�T84-(�_]�B@/0%�RK%XW2#&B@R�*.V�*¾(+*-/0B7"F9&DUô7/&*Ë(�T[%0Há"J/0%�`71¸5656*¾(�Ì�?Ð4¤5CD.BF(�4@90?�b0*8D�56*¾(&D.4@9%�,�*J"-D.4@9�¤"@56*¾(�Ì�1¸5C/0%�`Kg ß (&%<]�/�%�]�â�Ì`7/04Eb�*-/�%�9GÌV&BC"JDOBJ90/�/0â�Ì βjnm 57"@*�ô-#�*$]^*-/�D.4-(0/0âe*�T84-(K]^B@/�%0RK%V�*¾(+*-/&BC"[90Dåô7/�*¾(�T8%�HÄD.BF#&Y6R:B±5{T8BF(&%G`EB@/0DO4@#0YK/0B[]U/046_VE(�4K5J#+*8/0%0%�g
ï �&v ��n �Ey o v ¥ �Kv � u0v ¥�¶Ä|�n � p@2ao �
����������� � T öZY #�9�1KV6(&1KT8%�Ì«5EB[#0/0?2A757%0T-47H2IO%GÌ0"[9�5{/04EV6(�4653#�*-/0%�%�BC"J% Oz 5¿56*Ë(�Ì�/&*3*�V&B[#01KVE(�BC"JD�(�47/&"JD.5EB@?�V&BC"JD.BC_90/�/0âe* Bnm = 0 ? Dnm = 0 % Hnm = 0 ?¹4¿A-#�9�5EB[#0/�?¹1EÌ0BCAJ90I�%GÌ«5�/�%0WX/�*J*�V0B[#01KV6(�BC"JD (�4E/0"JD�57BC? Anm = 0 ? Cnm = 0% Enm = 0 g
ï �&v ��� y:xE�Kv-�  6q0��~0� � t ·@x � x ��o¤�0o�£ u&x rGs0o�oÃp ¨ u p µ � ¢Ãy � � q�¶ y ¨ � � p ¨ u �6n �6u&x q0n �EyKv ~ x ¥ ¨ � o � pC�0¶fo&n3r��E¥Q¶2óÃ£ pGq0r�s�o ¢¨ v3u�v ¥ v � v q0o ¢ z®C6}e� � t{� �Ku0x 2 v q�q&� ¢Ãy � � q�¶ u ¨ u o0¥�p �ay oG�

uxnm(z) = AnmL1ne
iβ1nmz + Cnmβ2nme

iβ2nmz,

uynm(z) = AnmL2me
iβ1nmz + Enmβ2nme

iβ2nmz,

uznm(z) = Anmβ1nme
iβ1nmz − CnmL1neiβ2nmz − EnmL2meiβ2nmz.

(11)

o · zL|D;K}�¥Q�32�q0��q x7¢0� o · q x � v q�o&t x ¥ ¨ � o � pC�¿q x ¨ u t�2 v q0o ¢ õ� x � x � �^pG� y � � q0p u(0) ~�r x r¤o y n � p�� xEv � � t ·3x � x ��o¤�&o&£ u&x r�s�o0o y ¨ � � p ¨ � �En3r��6n � o 9 =3;d~ ¡ pC� v ¥ u&x n3n3¥ xE�6u o yKxE�  yy o�� v �3�0q&� ¢±µJx7u ¥Q�Eq�o&rGoÃn�q0�6¥ v3u �E¥ n0 ~ m0 õ0  � µ � x
u(0)xn0m0(x, y, z) =

[
Bn0m0L1n0e

−iβ1n0m0z +Dn0m0β2n0m0e
−iβ2n0m0z

]
eiL1n0xeiL2m0y,

u(0)yn0m0(x, y, z) =
[
Bn0m0L2m0e

−iβ1n0m0z +Hn0m0β2n0m0e
−iβ2n0m0z

]
eiL1n0xeiL2m0y,

u(0)zn0m0(x, y, z) = [−Bn0m0β1n0m0e−iβ1n0m0z +Dn0m0L1n0e
−iβ2n0m0z+

+Hn0m0L2m0e
−iβ2n0m0z]eiL1n0xeiL2m0y.

(12)

� u o±Â � �E¥ · q x � v q0o0t{r��6Â@£�£ªo0s0o v q � � y ¨ x � x ��� vJ¢Ãy � � q0¶ Bn0m0
~
Cn0m0

~
Dn0m0

o ·Jy6v n � q�¶ õ[ x ¥ v3� o0¥Ð~E� � ��r x rOo y � y pG¥ v3u q&� ¢.·@x � x � v �0o�£ u&x rGs0o�oOp ¨ u p µ � ¢Oy � � q0¶�~ ¨ x � x ����pG��o�� �Ku&x 2 v q0q�p�� y � � q�¶�¥Q�32�q0�u0x nJn3¥ xE�Ku o y:x7�  �n � �E�0r�o u0xE· � vJ�&v q0o&t�o0ó«q x n3�En �Ex7y6� t�� ��o v § ¨ u �3�&� �  6q0pG� o ¨ � ¨ v3u0v �0q�p�� y � � q�¶ õ [ x ¨ u �3�&� �  6q0pG�y � � q0p{� �6y6v � x � � n ��x7µJx7v ¥�¶ v n�¥�q0�32�o �6vJ� tG¥�o e±iβ1nmz ~ ·@x ¨ � ¨ vJu0v ��q0pG� ü e±iβ2nmz õ
Ì�ö � �Gj������{j m]\ ���&³_^ m�m � D ���KJ6� I�l � i �EHå��� D ��� m �:j m ����FK³+� I F m F k �G����j�� \ �G³ k � l¤l#D � i � D ���LF k ���0�]F k�l �ë x n3n3¥Q� �Ku o&¥�pKn � � y o0t{q xaµ@u&x q0o0s v n3� ¨ u t@2 v q�o&t{p ¨ u p µ � ¢ n u0v �0¶în�2 v n � r�o0¥��EnJq&� y:x q�o v ¥ õa` pKn �  Oq x�µ@u0x q�o0s v�u0x nJ¦¨ � � �32 v q x ¨ v3u o&�3�0o0� v n3r x t�nJo0n �Kv ¥ x � v £ v r � � y õ 4�r x � v n �EyKv�µ@u0x q0o�s0¶ u0xE· � vJ��x n u0v � ¡ pC� v ¥ u0x n3n3¥ x7�Ku o y:xE�  ¨ � �En3r��6n �  

z = 0 õ4�� �7� o0��o v � �¿µ@u0x q�o0��q0¶2óÃp:n � � y o ¢ � y p�¥ v3u q&� ¢·3x � x ��o<�&o&£ u0x r�s�o0o�z n3¥ õ ~»q x ¨ u o&¥ v3u ~ 9 =3; }-~ ¨ u o u0v3w^v q�o0o ·3x � x ��ou0x n ¨ u �En �Ku0x q v q0o0t¸p ¨ u p µ o0ó<r�� �&vJ¡Kx q�o ¢�y ¨ u �6n �6u&x q0n �6y6v ~ µ@u&x q0o0��q0¶2ó¸pKn � � y o ¢ n �Ex q&� y o � n8t ¡ � �  w^v õ ð�n3n �&v �0p v ¥f� y:xy o�� x�µ@u0x q�o0��q0¶2ó�pKn � � y o ¢ õ
` p:n �  2p ¨ u p µ � v ¨ � � p ¨ u �6n �6u&x q0n �Ey ��z o � o�� v £ v r � }L2 v n � r�� ¨ u o0r u0v ¨ �0v q0�2r �6yKvJu ���6¥�p��6nJq0� y:x q0o0��~ � � µ � x q x�µ@u0x q0o�s vu0xE· � vJ�&x n u�v �±�&� � 2aq0¶ y ¶ ¨ � � q0t �  6n8t{pKn � � y o&t

u(0)x (x, y, 0) + ux(x, y, 0) = 0, u(0)y (x, y, 0) + uy(x, y, 0) = 0,

u(0)z (x, y, 0) + uz(x, y, 0) = 0.

(13)

4�n � p�� x7v ~Er�� µ � x y � ¡7��x n � oO� v £ v r �Ex p ¨ u p µJx tan u0v � x n3r�� �  · o ��¡6v3·Ð�6u0v q�o&t y �&� �  µ@u0x q0o�s0¶fz ¨ u oOÂ � �E¥¸� � nJp � n �Ey p v3�nJ¥ v � v q0o v�y �&� �  .�6nJo z }-~Gp:n � � y o&t ¨ u o&¥�p ��y o��
σ(0)xz (x, y, 0) + σxz(x, y, 0) = 0, σ(0)yz (x, y, 0) + σyz(x, y, 0) = 0,

u(0)z (x, y, 0) + uz(x, y, 0) = 0.

(14)

ë x7· q0¶ v r��6¥ ¡ o�q x s0o0o µ3u&x q0o0��q0¶2ó{p:n � � y o ¢Ãy � ¡7��x n � t�ó M o N � x � �Oy � · ¥N�32�q0�6n �  ¿n@£ � u ¥�p � o u � y:xE�  u t:� ·3x � x ��0o�£ u&x rGs0o�o¿p ¨ u p µ � ¢¿y � � q�¶¯q x ¨ v3u o&�3�&o�� v nJr�� ¢ n-o&n �6v ¥ v � v £ v r � � y õ ë x n3nJ¥N� �Ku o0¥�n �&v �0pG����o v�·3x � x ��o õ[ x � x � x | õ = x7¢&� o u�v3w^v q0o v �0o�£�£ vJu0v q�s0o x7�  Eq0¶2ó.p u&x7y q v q�o ¢ zL|J¦ 46}-~Ko � o\zdìK}Nn µ@u&x q0o��0q0¶Ð¥�o�pKn � � y o&tG¥�o<zL|@ì6}Nq x Mo N õ
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[ x � x � x 4 õ = x7¢&� o u�v3w^v q0o v �0o�£�£ vJu0v q�s0o x7�  Eq0¶2ó.p u&xCy q v q0o ¢ zL|J¦ 4E}-~:o � o<zdìK}Nn µ@u&x q0o��0q0¶2¥Qo�pKn � � y o0t�¥�o<zL|$E:}Nq x Mo N õ
[ x � x � x ì õ = x7¢&� o u�v3w^v q0o v �0o�£�£ vJu0v q�s0o x7�  Eq0¶2ó.p u&xCy q v q0o ¢ zL|J¦ 4E}-~:o � o<zdìK}Nn µ@u&x q0o��0q0¶2¥Qo�pKn � � y o0t�¥�o<zL|$E:}Nq x Mo�zL|@ìK}¹q x N õ
` v3uGy ¶ v � yKv¸·3x � x ��oîn[ó:�32�o¯o¯¥Q� µ p ��¡ ¶ �  u&x n3n3¥Q� �Ku�v q�¶Èr x r ·@x � x ��of�&o&£ u0x r�s�o0oXp ¨ u p µ � ¢Xy � � q�¶ýq x n � ¶Ðr vp ¨ u p µ � µ � ¨ � � p ¨ u �6n �Ku&x q&n �Ey:x o�2 v n � r�� µ ���6nJq0� yKx q0o0t õ�6 � t�q�o0ó�n ¨ u0x7y6v � � o y:x
����������� � ÌSö !2"$#&%)5<BCZ[#&46"-DO% (0, l1) × (0, l2) 57âQV&B[#0/�*8/0âÄ1:"$#�B757%:9 ;$=E¬3>@?�%:#0%�;$=cb6>@?�D.B.(+*-,�*8/0%�*.`E46AC4Eb�=\%�½]^B@W¯*-DUZ@âQDOY{/04Ec&A7*-/0Ba9�5C/&BEg
6 �6r x7·@xE�6vJ�  6n �6y � õ_` p:n �  y � ¡7��x n � o (0, l1) × (0, l2)

q x{µ@u&x q0o0s v.u0xE· � vJ��x n u�v � y ¶ ¨ � � q v q�¶Äp:n � � y o0t�zL|@ìK} õ�  � µ � x ~Â � o¿p:n � � y o0t{� ¡6u0xE· pG� � nJo&n �Kv ¥�p�p u&x7y q v q�o ¢

(Bn0m0L1n0 +Dn0m0β2n0m0) e
iL1n0xeiL2m0y+

+

+∞∑

n=−∞

+∞∑

m=−∞
(AnmL1n + Cnmβ2nm) eiL1nxeiL2my = 0,

(Bn0m0L2m0 +Hn0m0β2n0m0) e
iL1n0xeiL2m0y+

+

+∞∑

n=−∞

+∞∑

m=−∞
(AnmL2m + Enmβ2nm) eiL1nxeiL2my = 0,

(−Bn0m0β1n0m0 +Dn0m0L1n0 +Hn0m0L2m0) e
iL1n0xeiL2m0y+

+

+∞∑

n=−∞

+∞∑

m=−∞
(Anmβ1nm − CnmL1n − EnmL2m) eiL1nxeiL2my = 0.

(15)

` u o (n,m) 6= (n0,m0)




L1n β2nm 0
L2m 0 β2nm
β1nm −L1n −L2m






Anm
Cnm
Enm


 =




0
0
0


 .

` u o (n,m) = (n0,m0)




L1n0 β2n0m0 0
L2m0 0 β2n0m0
β1n0m0 −L1n0 −L2m0






An0m0
Cn0m0
En0m0


 =

=




−Bn0m0L1n0 −Dn0m0β2n0m0
−Bn0m0L2m0 −Hn0m0β2n0m0

Bn0m0β1n0m0 −Dn0m0L1n0 −Hn0m0L2m0


 .

M � vJy o��&q0��~¹� � � v n � o β2nm
(
β1nmβ2nm + L21n + L22m

)
6= 0

~ � ��nJo&n �6v ¥ x o&¥ v3vJ��v �&o0q0n �6y6v q0q0� v\u�v3w^v q�o v õd` u oXÂ � �E¥� � t (n,m) = (n0,m0) u&x q µ o¿p:n v � v q�q&� ¢ o u0x n w o u0v q�q&� ¢ ¥ xE�6u o0s{�&� � 2�q0¶¯n3� y ¨ x � xE�  õ ë x n3nJ¥N� �Ku o0¥ ·3x � x ��p±ì�~0r�� µ � x
p ¨ u p µ � v ¨ � � p ¨ u �6n �Ku&x q&n �Ey �2q x ó:�3�&o � n8t y ¨ � � q&�E¥¤r��Eq �Ex r �Kv ne2 v n � r�o0¥\�EnJq&� y:x q�o v ¥ N ~ x nJo0n �Kv ¥ x � v £ v r � � y nJr�� �  · o �¡6v3·��Ku0v q0o0t�q xaµ@u&x q0o�s v�u0xE· � vJ��x n u�v � M õ

����������� �\Þ?ö !�"L#0%¤/&4 N 57âQV0B[#&/&*-/:9&H2DO"[9<1K"L#&B757%�9«;$=E¬J>O%¤/04 M 1:"L#&B757%:9«;L=fb6>@?ND.B�`E46AC4EbG4�A@%&P+(�4ER6S&%0%¤1KVE(&1:T8BCc5EB[#0/0â�/&4OAE57B-9&RKBCV&*Ë(&%0B7A@%0b�*J"JR:BCc\"J%&"JD.*$]^*�A7*LP¹*8RKD.B75.5�V0B[#01KV6(&B7"-D�(�4E/0"JD�5E*Ðô7R:57%�574@#�*-/�DO/&4O"-%&"JD.*$]^* %G`OA7571EÌÃV04-(&/�â�Ì
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"-17]ª]^47D.BF(&/0â�Ì\PQ1K/0R6S&%&B@/&43#&Y6/0â�Ì<13(�4657/�*8/0%0c
[
2Bn0m0L1n0 +Dn0m0

(
β2n0m0 −

L21n0
β1n0m0

)
−Hn0m0

L1n0L2m0
β1n0m0

]
eiL̃1n0xeiL̃2m0y+

+

+∞∑

n=−∞

+∞∑

m=−∞

[
Cnm

(
β2nm +

L21n
β1nm

)
+ Enm

L1nL2m
β1nm

]
eiL̃1nxeiL̃2my = 0, (x, y) ∈ N ,

[
2Bn0m0L2n0 +Hn0m0

(
β2n0m0 −

L22m0
β1n0m0

)
−Dn0m0

L1n0L2m0
β1n0m0

]
eiL̃1n0xeiL̃2m0y+

+

+∞∑

n=−∞

+∞∑

m=−∞

[
Enm

(
β2nm +

L22m
β1nm

)
+ Cnm

L1nL2m
β1nm

]
eiL̃1nxeiL̃2my = 0, (x, y) ∈ N ,

[
−Dn0m0

(
L21n0 + β22n0m0

)
−Hn0m0L1n0L2m0

]
eiL̃1n0xeiL̃2m0y+

+

+∞∑

n=−∞

+∞∑

m=−∞

[
Cnm

(
L21n + β22nm

)
+ EnmL1nL2m

]
eiL̃1nxeiL̃2my = 0, (x, y) ∈M,

[
−Hn0m0

(
L21n0 + β22n0m0

)
−Dn0m0L1n0L2m0

]
eiL̃1n0xeiL̃2m0y+

+

+∞∑

n=−∞

+∞∑

m=−∞

[
Enm

(
L21n + β22nm

)
+ CnmL1nL2m

]
eiL̃1nxeiL̃2my = 0, (x, y) ∈M,

(16)

µ � v
L̃1n =

2πn

l1
, L̃2m =

2πm

l2
.

6 �6r x7·@xE�6vJ�  6n �6y � õ ð · pKn � � y o ¢¿�Kv � u0v ¥�¶fn �&v �0p v3� ~:� � � u(0)z (x, y, 0) + uz(x, y, 0) = 0 y ¶ ¨ � � q0t vJ� n-t y � y n vJ¢ � ¡E�&x n � o
(0, l1) × (0, l2) õ 4e¶ u&x7· o&¥Är��6Â3£�£ o0s�o v q � ¶ Anm

� vJu0v3· Cnm o
Enm

o ¨ �3��n �Ex7y o&¥ · q x � v q�o&t y �6n �Ex7y6w o v n8t�� v3� ¶ u�vµ3u&x q0o0��q0¶2ó�p:n � � y o0t õ�` � � pG��o&¥�nJo0n �Kv ¥�p<zL|D=6} õ
Þ?öB'±�G����g&�:jX³ m � k ��JK��� i�´ �_H��á����� l ����� m ���ï � v-��x7v ¥ y�u0x7yKv q&n �6yKx ó¸zL|�=K} ·@x ¥ v q�p ¨ v3u�v ¥ v q�q0¶2ó{n �&v �&pG����o0¥�� ¡6u&x7· �6¥2§

C̃nm = Cnm, Ẽnm = Enm, ¨ u o (n,m) 6= (n0,m0),

C̃n0m0 = Cn0m0 −Dn0m0 , Ẽn0m0 = En0m0 −Hn0m0 .
(17)

` � � p���o&¥�p u0x7y q v q�o&t y o�� x
+∞∑

n=−∞

+∞∑

m=−∞

[
C̃nm

(
β2nm +

L21n
β1nm

)
+ Ẽnm

L1nL2m
β1nm

]
eiL̃1nxeiL̃2my = Φ(1)n0m0 , (x, y) ∈ N ,

+∞∑

n=−∞

+∞∑

m=−∞

[
Ẽnm

(
β2nm +

L22m
β1nm

)
+ C̃nm

L1nL2m
β1nm

]
eiL̃1nxeiL̃2my = Φ(2)n0m0 , (x, y) ∈ N ,

(18)

+∞∑

n=−∞

+∞∑

m=−∞

[
C̃nm

(
L21n + β22nm

)
+ ẼnmL1nL2m

]
eiL̃1nxeiL̃2my = 0, (x, y) ∈M,

+∞∑

n=−∞

+∞∑

m=−∞

[
Ẽnm

(
L21n + β22nm

)
+ C̃nmL1nL2m

]
eiL̃1nxeiL̃2my = 0, (x, y) ∈M,

(19)

µ � v
Φ(1)n0m0 =

[
−2Bn0m0L1n0 + 2Dn0m0

L21n0
β1n0m0

]
eiL̃1n0xeiL̃2m0y,

Φ(2)n0m0 =

[
−2Bn0m0L2n0 + 2Hn0m0

L22m0
β1n0m0

]
eiL̃1n0xeiL̃2m0y.

4 yKv � v ¥�q&� y ¶ v o0n3r��6¥�¶ v £ p�q&rGs0o0o

P1(x, y) =

+∞∑

n=−∞

+∞∑

m=−∞

[
C̃nm

(
L21n + β22nm

)
+ ẼnmL1nL2m

]
eiL̃1nxeiL̃2my,

P2(x, y) =

+∞∑

n=−∞

+∞∑

m=−∞

[
Ẽnm

(
L21n + β22nm

)
+ C̃nmL1nL2m

]
eiL̃1nxeiL̃2my.
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` � ¨ �6n �Ku � v q�o&�¯o�ó{r��6Â@£�£ o0s�o v q � ¶ 8ap u  v

C̃nm
(
L21n + β22nm

)
+ ẼnmL1nL2m =

1

l1l2

+∞∫

−∞

+∞∫

−∞

P1(x, y)e
−iL̃1nψe−iL̃2mξdψdξ =

=
1

l1l2

∫∫

M⊕N

P1(x, y)e
−iL̃1nψe−iL̃2mξdψdξ =

1

l1l2

∫∫

N

P1(x, y)e
−iL̃1nψe−iL̃2mξdψdξ,

Ẽnm
(
L21n + β22nm

)
+ C̃nmL1nL2m =

1

l1l2

∫∫

N

P2(x, y)e
−iL̃1nψe−iL̃2mξdψdξ.

` � � p���o � o�nJo0n �Kv ¥�p � o�q vJ¢ q0¶2ó�p u0x7y q v q0o ¢ � � q&�EnJo �KvJ�  Eq&� C̃nm o Ẽnm õ 3Qn � o u0x q µ oapKn v � v q0q0� ¢ o u0x n w o u�v q0q0� ¢ ¥ x7�Ku o�sn3� y ¨ x � x � � ~ � � ·3x7y o0nJo&¥Q�En �  C̃nm o
Ẽnm

� � q0� y ¶2ó±£ p�q&rGs0o ¢ o&¥ v3vJ�Oy o��

C̃nm =
L1nL2m

l1l2
(
L21nL

2
2m − (L21n + β22nm)2

)×

×
∫∫

N

[
P2(x, y)− P1(x, y)L

2
1n + β22nm
L21nL

2
2m

]
e−iL̃1nψe−iL̃2mξdψdξ,

Ẽnm =
L1nL2m

l1l2
(
L21nL

2
2m − (L21n + β22nm)2

)×

×
∫∫

N

[
P1(x, y)− P2(x, y)L

2
1n + β22nm
L21nL

2
2m

]
e−iL̃1nψe−iL̃2mξdψdξ.

[ x ¥ v q�o&¥ y p u&xCy q v q0o&t�ó�zL|DC6}�o0n3r��6¥�¶ v r��EÂ@£�£ o�s0o v q � ¶ C̃nm ~ Ẽnm q x � y � ¢ q0¶ v o0q �KvJµ@u0x7� ¶«� ��� o0q vJ¢ q0¶2ó^r��6¥ ¡ o0q x s�o ¢£ pGq0r�s�o ¢ P1(x, y) o P2(x, y)
∫∫

N

P1(x, y)

+∞∑

n=−∞

+∞∑

m=−∞
Υ(1)nme

iL̃1n(x−ψ)eiL̃2m(y−ξ)dψdξ+

+

∫∫

N

P2(x, y)

+∞∑

n=−∞

+∞∑

m=−∞
Υ(2)nme

iL̃1n(x−ψ)eiL̃2m(y−ξ)dψdξ = l1l2Φ
(1)
n0m0 , (x, y) ∈ N ,

∫∫

N

P1(x, y)

+∞∑

n=−∞

+∞∑

m=−∞
Υ(2)nme

iL̃1n(x−ψ)eiL̃2m(y−ξ)dψdξ+

+

∫∫

N

P2(x, y)

+∞∑

n=−∞

+∞∑

m=−∞
Υ(1)nme

iL̃1n(x−ψ)eiL̃2m(y−ξ)dψdξ = l1l2Φ
(2)
n0m0 , (x, y) ∈ N ,

(20)

µ � v
Υ(1)nm =

L21nL
2
2m −

(
β1nmβ2nm + L21n

) (
β22nm + L21n

)

β1nm
(
L21nL

2
2m − (β22nm + L21n)

2
) ,

Υ(2)nm =
L1nL2m

(
β1nmβ2nm − β22nm

)

β1nm
(
L21nL

2
2m − (β22nm + L21n)

2
) .

����������� � ú�ö !�"L#0%�/&4 N 57âQV0B[#0/�90H2D."[9�1:"L#&B757%:9f;$=E¬3>{%�/04 M 1:"$#&B757%�9X;$=cb6>@?ÐD.B�`E4EAC4EbG4ÃAC%0P»(�47RKS&%0%�1KVE(&1:T8BCc5EB[#0/0â�/&4.A75EB-90R:B@V�*Ë(0%&BCAC%0b�*J"JRKBCc¸"J%0"JD�*Ë]a*�A7*FPe*-RKDOB75�5�V&B[#01KVE(�BC"JD�(�4E/0"JD�5E*�"35EBCAC%�D."F9\R�%�/0D.*JT¾(�43#&Y6/0â�]Ä13(�4K57/&*-/0%:9�];¾½��->Eg
ë v3w^v q0o&t�nJo&n �Kv ¥�¶)o0q �KvJµ@u0x7�  Eq0¶2óOp u0x7y q v q�o ¢ z 4O;K}N�&� � 2�q�¶ ¡ ¶ �  a�&�6� ¨ u0v � vJ�&v q0¶���� y n vJ¢ � ¡E�&x n � o (0, l1)× (0, l2)· q x � v q0o0t�¥�o P1(x, y) = 0

o
P2(x, y) = 0

q x M õG  � µ � x ¥Q�32�q0� µ � y � u o �  0~:� � � ·3x � x � x �&o&£ u&x r�s0o�o�Â3r y o y:x7�0v q � q x ¨ xEu0vo0q �6vJµ@u&xC�  Eq0¶2ó�p u0x7y q v q�o ¢ õ[ x ¥ v3� o0¥2~�� � � v n � o yEyKv n � o±� u p µ o v o&n3r��6¥�¶ v £ p�q&rGs0o�o

P3(x, y) =

+∞∑

n=−∞

+∞∑

m=−∞

[
C̃nm

(
β2nm +

L21n
β1nm

)
+ Ẽnm

L1nL2m
β1nm

]
eiL̃1nxeiL̃2my,

P4(x, y) =

+∞∑

n=−∞

+∞∑

m=−∞

[
Ẽnm

(
β2nm +

L22m
β1nm

)
+ C̃nm

L1nL2m
β1nm

]
eiL̃1nxeiL̃2my,



Î ü WÐÏ�Ñ�Ò XÔÓZY�Õ ÏaÒNÖª×ªØ�Ï�Ù�Ú�Û�Ü±Ý�Ù�Ú
� �¿¥Q�32�q0�Ãn y6v n � o ·@x � x �0p\r¤� y pG¥)o�q �KvJµ3u&x7�  6q�¶Ð¥)p u&x7y q v q�o&tG¥�q x M o\���E� ¨ u�v � v-� o �  u�v3w^v q0o0t\q x N · q x � v q�o&tG¥Qo
P3(x, y) = Φ

(1)
n0m0

~
P4(x, y) = Φ

(2)
n0m0 õ ë xE¡ � �Ex�y ¶ ¨ � � q v q x ¨ u o ¨ �3��� v3u 2�r v ë:8B8að.~ µ@u&x q � ;<CC¦ ;�|J¦�CGIO;<;<C7¦ uih ¨ � y � � 2+ v

h¯x õ
É#�Ã��� � � � 
 � �

| õ P¹� µJx7w � y 8 õ 9 õdj V6(+*-A7"-D.4K5J#+*8/0%�%V6(�BC"JD (�4E/&"-D�56*8/0/0â�Ì\`E46AC47b¸D.*JBF(&%0%1KVE(&1:T8BC"JDO%«5{PN1K/�RKS&%:9�ÌR:B[]�V�#�*-R:"-/0â�ÌV&*Ë(+*Ë]^*-/0/�â�ÌMõ ï �6� ¡ � v q�o v |B×<× ` u o&r ��x �0q0¶ v ¨ u � ¡E�0v ¥�¶ ¨ u �7�0q0�6n � o¤o ¨ ��x n � o��0q&�En � o�§L4¹n v n3�6� · õ ¥ v 2 y p · õ n ¡ õ ×O@�� u  Kr õp�q�¦ � õ |�C<F<C õ 4e¶ ¨nõ EG| õ ï õ |6|�;7¦[|6|�F õ4 õ P¹� µJx7w � y 8 õ 9 õ ß (�BCZ[#�*Ë]�â¯"3BCB@D�5E*-D."JD.57%:9VE(�BC"JD�(�47/&"JD.56*-/�/&B@c¸D�*-B[(0%0%¸1KV6(01:T-BC"JD�%%�úX½Ã_ÐV&B@D�*8/0S&%04@#&B75 ×#×
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r u p µJx õÉ> xE�6v ¥ xE� o�� v nJr x t�¥Q�@� vJ�@·�Ku o µ �7q&�E¥ vJ�Ku o�� v nJr�o�ó�£ p�q&rGs0o ¢ ~ u0v3x7� o · � y:x q�q x t y ï 7�> n ¨ �6¥Q�6� · � x7yK� � u nJr�o�ó
¨ u � µ@u&x ¥Q¥Qq�¶2ó ¨ u �7s v �0p u ~ ¨ �6¥Q� µJxEvJ� ¨ u�v �3��� �&v3��· pGr xE·3x q0q�¶ ¢¤u&xE·Ju ¶ y õ > x7�Kv ¥ xE� o�� v n3r x tÃ¥Q�3� vJ�@·{�6u o µ �Eq&�E¥ v3�Ku o�� v n3r��E¦µ � r u p µJx ¨ �6n �Ku � v q x q x o ·-yKv n � q&�6¥ µ@v �E¥ vJ�Ku o�� v nJr��6¥\£ x r �6v¹u0x7yKv q&n �6yKx r x7�Kv3� � yªy ¨ o&n x q0q0� µ � y v �&o�q0o��0q0pG���Er u p@2aq&�En ��·�6u0v p µ � �1· q0o&r x nJo0q�p:nJp�oÃr��6n-o0q0pKnJp�s v q �Ku&xC�1· q&� µ ��p µ-�&x ϕ z n3¥ õ ëQo0n õ |C} õ

õ
� m F@Ê C Ê ÓnÔ1ËaÌXÖSÍBÖXÚpÎcÏ�ÔaËdÝ�ÎcÐÒÑ@Ë@ÓÑRÔ�ÔaÌ Õ

7 �E¥ ¨ · � �Kv3u q x tO¥Q�3� v-�1·^u0v@xC� o · p v3� n8t�n ¨ �E¥Q�6� · � x q0o0¥ x s0o0�Eq�q&� ¢ ¨ u �Es v �&p u ¶ õ [ x7yKvJu0wax � �^o0¥�Â �Ex ¨ �6¥nJ� · � x q0o0t ¨ u �7¦s v �0p u ¶ x q0o0¥ x s0o�o�t y6� t v3� n8tOnJ�6n �Ex7yE�&v q�o v ¨ �6n �0v ��� y:xE�6vJ�1· q&�6n � o�~Kr x 2^�&¶ ¢ � �&v q�r�� � � u � ¢ ¨ u0v �&n �Ex7yE� t v3��µ@u0x £ o�� v nJr�o ¢r x � u�u o0nJp�q&r x n ·@x � x q0q0¶2¥ · q x � v q�o v ¥{p µ8��x õRÖ q�o&¥ x s�o&t �6n-p�� v n �6y6� t v3� n-t�n ¨ �E¥N�E� · � ¨ u �Es v �0p u ¶�§ plots[display](seq(GC(i), i =
1..n+ 1), insequence = true).

ï � · � x q�q x tÃ¥Qq0� µ � ¨ x7u&x ¥ v3�6u o�� v n3r x t ¨ u � µ@u0x ¥Q¥�q x t ¨ u �Es v �&p u0x ¨ � ·-y � � t vJ� Â@£�£ v r � o y ¦q0��p ¨ u0x7yE� t ��· ¨ u �Es v n3n3�E¥ x q�o&¥ x s�o0o�§ y ¶ ¡ o u0xE��·Oµ@u&x �&p:n-q0pG�Xo � o u&x �&o x q0q�pG�¯¥ v3u p�p µ8� � y ~Go · ¥ v q&t ��· s yKvJ� Â �0v ¥ v q � � yo · � ¡6u&x 2 v q0o0t»~�� ¡ � · q x � v q�o v p µ8��x o � õ � õ×` � � pG� v q�q0pG� y¤u0v3· p �1·7�ExE�Kv ¨ u o&¥ v q v q0o0t ¨ u �7s v �0p u ¶ µ@u0x £ o�� v nJr�o ¢¬º�»<¼1½¿¾ ¦� ¡�¹»v r � ¥N�32aq&�¤nJ�@ó u0x q0t ��·{y £ � u ¥ x7�Kv-Ø�Ù¨Ú z ¨ u oÂ � �6¥¯¥�¶ ¨ � � pG��o&¥ x q0o&¥ x s0o&�7q0q�¶ ¢ £ o �@· ¥e}�o � oÂJrGn ¨ � u�� o u � yKxE��·¿yÛ Ü º�Ý z ¨ u o¸Â � �E¥ ¨ � � p��0o0¥Xr x � v n �6y6v q0q�pG��ÞXßÉàe¦¾n �Ku0x q�o0s�p&} õZÖ q0o0¥ x s0o0�Eq0q x t¤¥Q�3� vJ�@·Ã�Ku o µ �7q&�6¥ v3�6u o0� v n3r�� µ �{r u p µJxy ¶ · ¶ yKxEv3� n8t ¨ u �Es v �0p u � ¢ §á�âSã@ä�ä�å<æ�ç � ã �Sè ç ��é â�êEëíì �1éRè1î�é8ä â�á éS��ï]ð çEñ å å�ç�âSò!ñ å å è�� ñ ä���ó ñõô_ñ âEä ç óaöZ÷ð�n ¨ � � q v q0o v ¨ u �Es v �&p u ¶ ¨ �6r xE·3x q&�{q x ë�o&n õ_øRõ_¸ � ¥ v3� o0¥Ð~&� � �{n3� · � x q�q0¶ v ¨ u �Es v �0p u ¶ ¨ � ·Jy � � tG� � � v ¥N�7q&n �Ku o u � yKxE��·£ªpGq0r�s�o0o
sin(ϕ)

o
cos(ϕ)

� � t � � ¡ � µ ��p µ8��x ϕ ~ ·@x � x q0q0� µ ��r x r yOu0x �&o x q�q&� ¢ ~ �Ex r�o µ3u&x �0p:nJq0� ¢ ¥ v3u�v õ = x ëQo0n õ1ø p µ � �·3x � xEv3� n8t y.µ3u&x �0p:nJq0� ¢ ¥ v3u0v ~0r�� � � u � ¢ n3�E� �6y6v3� n �6y p v3� ¨ x7u&x ¥ v3�6u grad y.y ¶ w^v ¨ u o yKv � v q0q0� ¢ r��6¥ x qG� v õ

õ
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7 x n xE�6vJ�1· q&� ¢ ¨ u tG¥Q� ¢ r�r u o y � ¢ L y�� �E�0r v A q xE· ¶ y:x � � ¨ u�v � vJ�@· q0� v ¨ � � �32 v q0o v n v r�pG� vJ¢ AM
~Nr�� µ � x¸� �7�&r x Mq v � µ@u&x q0o0� v q�q&� ¨ u o ¡E� oa2 x7v3� n8t ¨ �Ðr u o y � ¢ L r � �E�0r v A õS` �En �Ku �Eo&¥¿rG�E¥ ¨ · � �Kv3u q0pG�¥N�3� vJ�1·Ðy ¶2��o&n �0v q0o0t ¨ u �Eo ·Jy �3�0q&� ¢¨ u �7o ·Jy � �@· q&� ¢ £ªpGq0r�s�o0o f(x) o v3v�µ@v �6¥ v3�Ku o0� v n3r�� µ � ¨ u�v �&n �Ex7y6�0v q0o0t y�y oG� v r x n xE�KvJ�@· q0� ¢ r µ@u0x £ o0r�p±£ p�q&r�s�o0o{� � t
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·@x � x q0q�¶2ó.n y �Eo0¥Qo xE¡ nJs0o0n3n x ¥Qo x1 ~ x2 ¨ u �Eo ·Jy � �1· q�¶2ó � �E� v r A o M r u o y � ¢ L ~6o0n ¨ � �1·6· p:t xC�0µ � u o � ¥\� vJ�0v q�o&t�� �Ku�v3· r x
[x1, x2]

q x n � x n �Kv-¢ õ ï q x � x7��x n3� · � x �0o&¥ ¨ u �7s v �0p u p ¨ �En �Ku � v q�o&t n ¦ µ �ªr x � u&x�µ@u&x £ o&r x n v rGp�� vJ¢ (A, xn) ~ µ � v xn = x1+
(x2 − x1)/n

~
graph h n(x, f, x1, x2, n, c1, c2) ~ µ � v c1 ~ c2 ¦Qs yKv3�Exaµ3u&x £ªo&r x £ªpGq0r�s�o0o f(x) oÃn v r�pG� vJ¢ ~�nJ�6� �EyKv3� n �6yKv q�q&�G§

� â]ä ç���ã �S����� � ä ä�â ð�� ñ��]ñ �
	 ñ � ô_ñ � ñ â 	 ñ â�ô ö å�ä�â�ç�å���]ñ ��� ñ ó ñ ó���� ñ
��� ñ �
	 ñ � ô_ñ ��� ñ��_ñ ó���� ñ ó�é � � ñ ó�é � ��� ñ�� ó�é � ��� ñ
���RèLéS� ñ ���Rè ç � ñ é ñ �����RèLéS� ñ ���RèLéS� ñ �����Rè ç � ñ ���Rè ç � ñ ��ó ñ� �RèLéS� ñ � �Rè ç � ñ ��ó ñ�� �RèLéS� ñ�� �Rè ç � ñ����_ñ ���
�
	���� ê èEå ê ð������
	 ñ�� ö���� ô ��� ê èEå ê ð������ ô_ñ�� ö�� �� ��� ê è]å ê ð������
	 ñ ó�é ��� ð �Bñ �1ö�ö��õé ��� ��� � ã �<�����������
	���� å�ê �����������
	� S�!	#" �� �#�<��ówé � �
���RèLéS�$���SèLéS�Éð���� ñ �
	 ñ � ô ö������Rè ç �����Sè ç �]ð���� ñ �
	 ñ � ô ö��
��ó����Eð����Rè ç �! %���RèLéS�Lö���ó����Eð&���Rè ç �! %���RèLéS�Lö�"3���� ��� ê ��']ð ��� ç�å�� ð ê èEå ê ð��������SèLéS��(�é�)<ó ñ�� ö�ö ñ é�����æEæí�Lö��
�����RèLéR�����SèLéS�Éð&� ñ�� ö��������Rè ç �����Sè ç �]ð&� ñ�� ö��
���RèLéS�$���SèLéS�Éð �
	 ñ � ô_ñ �����RèLé3�Lö������Rè ç �����Sè ç �]ð �
	 ñ � ô_ñ �����Rè ç �1ö��
��ó����Eð����Rè ç �! S���RèLéS�Lö��� �RèLéS�$������� ç�å�� ð����RèLéS�* <æ+	�)���ó1ö�� � �Rè ç ��������� ç�å�� ð&���Rè ç ��(���æ+	�)���ó1ö��� �RèLéS�$������� ç�å�� ð ���RèLéS�* <æ+	�)���ó1ö�� � �Rè ç ��������� ç�å�� ð ���Rè ç ��(���æ+	�)<��ó1ö��
ó������������ ç�å�� ð�ð�� ô  %�
	�ö�"3� ñ�, ö������������
	%(�ó��������<����� ê è]å ê ð�������� ñ�� ö��
ó������������* S�
	���ó�é � ��������ó����-"�ó������ � ó�é � ����������� ç�å�� ð ó�é � ��� ñ�, ö����� �����!	%(�ó�é � ���!)×ð��! %�
	�ö�� �@å�ä �]ð ë�ë �
	 ñ � ñ ������æEæ��*	Rï ñ�ë ��� ñ � ñ ������æEæ�����ï ñ��]ñ����_ñ ��ï ñ
��� � �RèaéS� æEæ � �Rè ç � ñ ��� � �RèLéS�aæEæ � �Rè ç � ñ â�ä�å�ä ä�� ë å å è�� ñ å å è�� ñ â 	 ñ â�ô_ñ å å�ç�âSò ï ñç ��� ê � �.�ì�æ��Bñ ��é<� å ��� â�ä �����Eä��]ð ë0/ �<� ñ ó�����ó���� ñ
ó��1"�ó���� � ó�é � ��� ñ�� �1"�ó�������� ç�å�� ð ��]ñ�, öSï ñ ê �Eä�éS�Râ1ö ñ �Eè�è �@ä éS��� ê � ô ���@ö��#�<��ó � ä ä�â �

` u �Es v �&p u0x�x q�o&¥ x s�o0o ¨ � � p�� xEvJ� n8t�n ¨ �E¥N�E� · ��r��6¥ x q��&¶ display nQ� ¨ s�o v-¢ insequence = true
� � ¨ �En �0v ��� y:xE�Kv-�1· q&�6n � o2 ¨ u�v �&¶��0pG�^o�ó µ3u&x £ªo&r�� y graph(x, f, x1, x2, n, c1, c2) õ [ x ¥ v3� o0¥2~�� � � x q xC� � µ o0��q x t ¨ u �Es v �&p u0x ~ u�v@x7� o · � y:x q�q x t{� � trG�7q&r u0v3� q&� ¢ £ p�q&rGs0o�o

y = (ecos(x) + 3)2,

n¤o&n ¨ � �@·K· � y:x q0o v ¥ ¡ o ¡7� o0� �Kv rGo student
� ¨ o&n x q xy r�q�o µ@v > xE�Ku �6n3� y:x õd` u o)Â � �6¥ y ¨ u �Es v �&p u0v > x7�Ku �En3� yKx q v � ¡ ¦ó:�3�&o0¥N��p:n �6x q xCy6� o y:x7��·{µ@u&x q0o�s0¶�o · � ¡6u&x 2 v q0o0t\o<� u p µ o v ¨ xEu0x ¥ v3�Ku ¶ õ = x7w�x 2 v ¥�q&� µ � ¨ xEu0x ¥ v3�Ku o0� v n3r x t ¨ u �7s v �0p�¦u&x ~ Anim(x, f, x1, x2, N, c1, c2)

~ x7yK� �E¥ xE� o�� v nJr�o¿� ¨ � o&¥�o · o u p v3� � ¡E��x n ��· o · � ¡6u&x 2 v q0o0t µ@u&x £ o&r x ~G� � � ¡6u0x 2 x t{q x q v ¥y n v nJpG� v n �6y6v q0q0� y:x 2aq0¶ v Â �0v ¥ v q � ¶�~ ¨ u o¿Â � �6¥ ¨ u�v ���En �Ex7y6� t�t ¨ � �1·6· � y:x7�KvJ� � y � · ¥Q�32�q&�6n ��·�yEy �3�&o ��· ¨ u �Eo ·Jy � �1· q0pG�£ pGq0r�s�o&�
f
~�p:n �Ex q x7y6� o yKxE��· q x � x7�@· q�¶ ¢ o�q �KvJu�y:xC� [x1, x2]

~ ·3x � x7y:x7��· ��o&n � �¤r x � u � y<x q0o0¥ x s0o�o�o�s yKv3�Ex r u o y � ¢ or x n xE�6vJ�1· q&� ¢ §

� ì �1écè3��� � ä ä�â ð�� ñ��Eñ �
	 ñ � ô_ñ�/Bñ â 	 ñ â�ô ö å�ä�â�ç�å á�á×ñ é4�á�á ��� ê ��']ð âEä ç���ã �3�Éð�� ñ��]ñ �
	 ñ � ô_ñ é ñ â 	 ñ â�ô ö ñ é��!	Bægæ / ö���@å�ä � ê_ë ó�é ê%�@å�ç ��ï]ð á�á_ñ éS� ê ��'Oè��<� â �����EäOè��@ö�� �<��ó � ä ä�â �

ð�n ¨ � � q v q0o v nJ� · � x q0q0� ¢ ¨ u �Es v �&p u ¶)o&¥ v3vJ� £�� u ¥ x7� §

� ì �1écèeð�� ñ ��5�6 ñ 	 ñ�7 é ñõô ��� ñ ä���ó ñ å å è��@öZ÷

¦ y � x q�q&�E¥<n � p�� x7v n3� · � x7v3� n8t x q0o0¥ x s0o0�Eq�q0¶ ¢ £ o �1· ¥¤� � o�q&� ¢ay ø�8�8 r x � u � y ~C� v ¥N�7q&n �6u o u pG����o ¢ ¨ u �Es v n3n�n �Ku0v ¥ �0v q0o0tn v r�pG� vJ¢ r µ@u&x £ o&rGp«r�p ¡ o�� v n3r�� ¢ ¨ x7u&x7¡ � � ¶�~ ·@x � x q0q&� ¢�xE¡ nJs�o&nJn x ¥�o ¨ v3uGy �7q x � xC�1· q�¶2ó � �E� v r x1 = 1
o
x2 = π

~ y� o �Ku0x ó�r�� � � u � µ �Ð� � r ��x �0¶ y:x � � n8t�¥Q�6¥ v q �Ex7�@· q�¶ v¹· q x � v q�o&t�q0�6¥ v3u0x r x � u0x ~ N ~J�&o&£�£ v3u�v q�s0o xC��x ∆x ~ ¨ u o ¡7� o12 v q0q0� µ �· q x � v q0o0t ¨ u �Eo ·Jy �3�0q&� ¢ q x n ¦¾�6¥ waxCµ@v o � �E��q&� µ � · q x � v q0o0t ¨ u �7o ·Jy �@�0q&� ¢ õ = x�u o&n-pGq0r x ó�ìG~:9 ¨ �6r x7·@x q�¶ ¨ v3uGy ¶ ¢o�n3� � ¶ ¢ r x � u ¶ x q0o&¥ x s0o0�Eq0q0� µ �¸£ o �@· ¥ x ~Nn3�En � �CtG� v-µ �¸o · ø�8�8 r x � u � y õ = x � xC�1· q�¶ v±· q x � v q�o&t x1 o x2 u&xCy q�¶È|{oìG~�n3�E� �6y6v3� n �6y6v q�q&� õ]Ö q x7� � µ o��0q0¶Ð¥î� ¡Eu&x7· �6¥ÁnJ� · � x � � n-t ¨ u � µ@u0x ¥Q¥�q0¶ v ¨ u �Es v �&p u ¶Äo · � ¡6u0x 2 v q�o&t�r x n xE�Kv-�1· q0� ¢ ¨ u o� y o12 v q0o�o � �E�0r�o±r x n x q�o&t y ��� �1· r u o y � ¢ ~ ¨ u �Es v �&p u ¶Xo�q �Kv-µ@u o u � yKx q�o&t{£ p�q0r�s0o�o¿o � õ ¨nõ
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��i JE��� m�k � D �LF k ���&��� m �)� �:jQ� i m
` p:n ��· OM1 = OM2 = R

¦ u&x �0o0pKn��Er u p�2aq&�6n � o C õ| õ = xC¢ � v ¥�� � o0q�p�� �Ku�v3· r x ¸�> § OM =
√

(Mx −Ox)2 + (My −Oy)2;
øRõ = xC¢ � v ¥ ρ =MM1

¦ u0x �&o�p:n��6r u p�2�q0�6n � oÃn�s v q �6u �6¥ y.� õM §
ρ =

√
(OM)2 −R2ì õ1` �En �Ku �7o&¥«Â � p��6r u p�2�q&�En ��· §

(x−Mx)
2 + (y −My)

2 − ρ2 = 0;
zL|@}

9 õ1` �En �Ku �7o&¥«�6r u p�2�q0�6n ��·UT §
(x−Ox)2 + (y −Oy)2 −R2 = 0;

z ø }í õ = x7¢ � v ¥ M1,M2
¦ � �E�0r�o ¨ v3u0v n v � v q0o0t�Â � o�ó��Er u p@2aq&�En �KvJ¢ ~ u0vJw�x t�n3� y ¥ v n � q0��r y:x � u&x7� q0¶ v p u&xCy q v q0o0t¯zL|@}-~�z ø }� � q0�6nJo �KvJ�1· q&� ¨ v3u�v ¥ v q�q0¶2ó x ~ y VW�X ` �En �Ku �7o&¥ ¨ u tG¥�¶ v MM1,MM2,MO,M1O,M2O
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Å �&v ¥ v q � ¶�~�n3�3� v3u 2 x ��o v n8t y ¨ u o y6v � v q0q&� ¢ ¨ u � µ@u0x ¥Q¥ v ~Go&¥ v � � n �0v �&pG� �^o ¢ n3¥�¶Ðn � § OM ¦Qo0¥Qt�� � o0q�¶X� �Ku�v3· r x AM V
Rho

¦�o&¥Qt u&x �0o0pKn x �Er u p�2aq&�6n � o¿nªs v q �Ku �6¥ yO� �E�&r v M V CM ¦�o0¥Qt ¨ u �7s v �0p u ¶ ¨ �6n �Ku � v q0o0t��Er u p�2aq&�6n � o¿nªs v q �Ku �6¥y¿� �E�0r v M V CO ¦�o&¥Qt ¨ u �7s v �0p u ¶ ¨ �6n �Ku � v q0o0t¤�6r u p�2�q0�6n � o¸n�s v q �Ku �6¥ y±� �E�&r v O V A12 ¦2o0¥Nt � �E� v r ¨ v3u�v n v � v q0o0t�Er u p�2�q&�En �KvJ¢ CM o
CO V A1 ¦¹o0¥Qt ¨ v3uGy � ¢\� �E�0r�o ¨ v3u�v n v � v q0o0t±�6r u p�2�q&�En �Kv-¢ CM o

CO V A2 ¦¹o&¥Qt yK� � u � ¢<� �E�0r�o¨ v3u�v n v � v q0o0t.�6r u p�2�q0�6n �Kv-¢ CM o
CO V XY ~ XYMod

¦�o&¥ v q x ¨ u �Es v �&p u ¨ �6n �Ku � v q�o&t ¨ u t�¥Q� ¢ � v3u0vJ· � y6v � �E�0r�o V X ~ Y¦ y q0p �Ku0v q0q0o v o&¥ v q x^� �E� v r�~K� vJu0v3· r�� � � u ¶ v ¨ u �@ó:�3�&o � ¨ u tG¥ x t V C ~ T ¦ y q�p �6u0v q�q0o v ¨ u �Es v �&p u ¶�~Ks yKv3� o � � � ��o0q x nJ�6� � ¦y6v3� n �6yKv q�q&� V A11 ~ A22 ~ AM0
~
AO

¦¹o0¥ v q x ¨ u �Es v �&p u¿y ¶2�0o0n �&v q0o0tÃr��6� u �&o�q xE��� �E� v r V TA1 ~ TA2 ~ TM0
~
TAO

¦¹o&¥ v q x
¨ u �7s v �0p u��Kv r�n � � y � µ ��� ¡ � · q x � v q0o&t � �E� v r�q x<µ3u&x £ªo&r v X ` u o0¥ vJu o&n ¨ � � q v q�o&t ¨ u �7s v �0p u ¶ Tan h Cir([1, 2], [4, 7], 3)¨ �6r x7·@x q±q x ëQo0n X W�X

X
� m F@Ê<�KÊ �|ÐÒ0�A3ü@ÍZÎ Í1ËZÎ80�D�ASûKÎ�C1Ô-D*B��#�%���-���#�������-�P�������������b���+���>�-¡#¢S£a¤ ¥�� Õ

� E À��U�����U� ±�«u¶ � � « �¡�£¢ «£¤MV¶ �U¥ °>�ii« � °r±�« � °-±��i«§¦©¨ �>ª ���«¢ «£¤i �>� ¶M« ê
¢ «£¤:««� � �U¬� ��V±�« ¬ ¶M°®¤M°

¸ ¨ u0v � vJ�0v�¯!¯ ¶Ð¥ ° ¯0�KvJµ@u0x7� �6¥�£©± ¯
²�³ °-° y = f(x) ¨ � ¨!´ �E¥ v 2µ± ��² ± [a, b] ¯&xE· ¶ yKxEv3��¶+·U² � ¯&v � ¯ ¶ ¢ ¨!´ v � vJ� ° ¯0�KvJµ ´ x7�@·�¯ ¶�ó¶ ±�¥Q¥�¸
n∑

i=1

f(ξi)∆xi

¨!´ ° n→∞ ~ µ � v ¨!´ v � vJ�±¡6v ´ v3��¶P· ¨ � y�¶3v ¥ ´ xE·3¡ ° v�¯ ° · ¥ ¨!´ �6¥ v 2¹± ��²Gx [a, b] ¯�x n � � ´ v3·º² � y � � ° ¯ � ¢ ∆xi
~ ¨
´ °0� v ¥«¥ x�² ¦¶ °&¥ x7�@·�¯ ¶ ¢ � � ´ vJ· � ² ´ x7·3¡ ° v�¯ ° ·>¶3� ´ v ¥�° ��¶P·»²U¯ ± � ��~ x^� �7� ²Gx ¨!´ ° ¯&x � �&v 2¹° � i ¦¾¥�±�� � ´ vJ·º² ± ´ x7·3¡ ° v�¯ ° · °{� ¡ � ·�¯&x � xEvJ��¶+·

∫ b

a

f(x)dx = lim
n→∞

n∑

i=1

f(ξi)∆xi

Ä v �6¥ v3� ´ °0� vº¶º² °�� ¨
´ v � v-�&v�¯-¯ ¶ ¢ ° ¯0�KvJµ ´ x7� ¨
´ v � ¶3�Ex7yE�
·Gv3� ¨ � �6� x � ·¼² ´ ° y � � ° ¯&v-¢!¯ � ¢� ´ x ¨ v�³ °!° ¨ �3� µ ´ x £° ² �6¥ ¨ � � �E¦2¹° �6vJ�1·�¯ � ¢ £©± ¯
²�³ °-° X Ã ¶-� ° ¯�xµ¯0vº² � � � ´ �6¥�� � ´ v3·º²�v £©± ¯!²-³ ° · � � ´ ° ³�x7�KvJ�@·�¯&x ~ � �.� ¨
´ v � vJ�0v�¯-¯ ¶ ¢ ° ¯0�KvJµ ´ x7� ¨ ��Â � �6¥�±¨!´ �E¥ v 2µ± ��² ±.� � ´ ° ³�x7�KvJ�&v+¯ X�½ yKv-� °0�-° yKx�· �!° ¶J� ��� � ´ v3·�² � y ´ xE·3¡ ° v�¯ ° ·.·3x � x�¯!¯ � µ � ¨
´ �6¥ v 2µ± ��²Gx ~:¥�¶�± yKv-� °0�-° yKxEv ¥ � �E�0¦¯ � ¶J��·ay ¶2�!° ¶J�0v�¯ ° · � ¨!´ v � vJ�&v+¯!¯ � µ �¾° ¯&�KvJµ ´ x7�&x X 7 �E¥ ¨ · � �Kv ´ ¯&x�· ¥Q�@� vJ�@·O·@x�²�� �ª� x7v3��¶P·.y�� �6¥2~:� � ��~�± yKvJ� °0�!° y:x�· �!° ¶J� �
n
~:¥�¶X� ¶ ±G� v�¶3�6y6�!·�v ¥ ¨!´ v � vJ�1·�¯ ¶ ¢ ¨
´ � ³0vº¶º¶Ðy ¶2�-° ¶J�0v�¯ ° · ¨ � �6� x �!° ² ´ ° y � � ° ¯0vJ¢!¯ � ¢�� ´ x ¨ v+³ °!° X ï � · � x �!°&¥ ¨
´ � ³&v �!± ´ ±° �Kv ´ x�³ ° ¢ £©± ¯
²�³ °-° f(x) ¯&x � � ´ v3·º²�v [a, b] ~ ´ xE·J¡ ° yKx�·¤vJµ � ¯&x n � x�¶3�Kv-¢ ¥ v3� �3�&�6¥ ¨
´ · ¥Q��± µ � �1·�¯ ° ² � y ~ ¨
´ °�� v ¥ y ¶ ¶ � � ±¨!´ · ¥Q��± µ � �1·�¯ ° ² � y � ¨
´ v � v-� °0¥ ²Gx�²¿�&v-y � v�·�¯&x � v�¯ ° v £©± ¯
²�³ °-° ¯&x»²Gx 2^���E¥[° · ° ¯&�6v ´ yKx7� � y §
� ì�ì ���Eð �Eñ � ñ çEñ|yÉñ � ñ ó1ö� ÒèZé<ó�ó å � y@ä �]ð �]ñ ��� ç z�z y!ñ � ñ ��é<� å ����ó ñ ��é<� å � ��ä ����� ë \�} æ���á_ñ�¿�] � �Éñ 	 , ï1ö��
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7§à ¥$á ¯-â á middlesum ã ¶:ä!° ¶�å
·�æºç§¶ ´ æPâ
¯
è©è^¶ ±G¥Q¥�± â!å
·O· á â á ¯!¯ à µ à¾´ á ·J¡ ° æ+¯ ° ·�é�² à ç à�´ á · á ¨0¨!´!à ²1¶ °&¥�° ´ ± æºç àE¨
´ æ+â*æ+å
æ�¯ ¦¯ ¶ ¢ ° ¯!ç�æJµ ´ á å à ç.· á â á ¯!¯ à ¢ £©± ¯
²�³ °-° ¯ á · á â á ¯!¯ à ¥ ¨!´!à ¥ æ 2¹± ç�²1æ §
� � á ���Eð �Eñ � ñ çEñ|yÉñ �Lö� � èLé<ó�ó å � ê%v èeð �]ñ ��� ç z�z yÉñ �Zö��
7§à ¯ ã æ ´ ç ° ´ ± æ ¥ ¨
à å ±1ä æ�¯-¯ ± è ã æ�å °!ä-° ¯ ± ã ¶ºç ´-à ² à�ã ± è ¨ æ ´ æ ¥ æ+¯!¯ ± è §
� � á�/ ���Eð �]ñ � ñ çEñ|yÉñ �Lö� � â�ä ����� Z �]ð ��� ç�å�� ð�� á ð �]ñ � ñ çEñ|yÉñ �Lö�ö ñ ê � Z éS�1�aö��� î ç ó Z ���_ð �]ñ � ñ çEñ|yÉñ �Lö� � ì�ì ð �]ñ � ñ çEñ|yÉñ � ñ � á�/ ð �Bñ � ñ çEñ|yÉñ �Lö�ö��
î ç ó Z ð ê éS�Éð��1ö�"�� ñ � ñ � ñõô ) 7 é ñ 	 ô öZ÷

X
�«ê]F@ÊìëZÊPO®��Î ÍLù+CZûZù�Ï#BpÓ�Ñ@ùPC�DrùSÍ1Ë!@eùSû1Ë@Ë�0-D�A3ûKÎfÐRÐRù��B«í�ËZÐÒüZÎ Í@ËaQ|Ë@ÍKÏ�ÎÒÌ+DKù3üLù ∫ 2π

0
sin
x
dx@eÎRÏ�A�C�A#@¬0�D@Q-@�AcÔaÌ#A3ü!?<Í1Ë1Ñ!A#� Õ

ï ¨!à ¥ à�î ·�èï² à�ð á ¯-â ¶ seq ¶ à ·Pâ á â ° ðsñ
à ¶�å!æ+â à�ã á ç�æ�å1·�¯ à ¶�ç�· Â ç °�óR° ¯
ç�æ+ò ´ á å1·�¯!ó ó ¶ ± ð�ð é�ô á â á ãKã ² áºä æº¶ºç ã æ»ô á ò à å à�ã ² áô�¯ áºä æ+¯ ° æ«¶ ± ð$ð ó ñ
´ ° ô á â á ¯-¯ à�ð ä!° ¶�å
æ ´ á ôºõ ° æ�¯ °-ö4÷
� á ���Eð �]ñ � ñ çEñ|yÉñ�/ ö� � ê ��']ðõî ç ó Z ð �]ñ � ñ çEñ|yÉñ �Lö ñ �-�!	�z�z / öZ÷
=¾á ² à ¯!æ�³4é-¶ à ô+â á â ° ð á ¯ ° ð á ³ ° è ñ
´-à ³
æ�¶º¶ á ã ó ä!° ¶�å
æ+¯ ° · à�ñ
´ æ+â*æ�å!æ�¯-¯ à ò à ° ¯
ç�æ+ò ´ á å á1÷

J =

∫ a

b

f(x)

ñ
´ ° â
æ�å
æ+¯ °!° ñ
´!à�ð æ 2µ± ç�² á¹° ¯!ç�æ�ò ´ ° ´-à�ã á ¯ ° ·>¯ á�møä
á ¶ºç�æ ö4÷
� � á ���Eð �Eñ � ñ çEñ|yÉñ�/ ö� � �@å�ä � êEë ó�é ê%�@å�ç ��ï]ð á ð �]ñ � ñ çEñ|yÉñ�/ ö ñ éS� ê ��' v �<� â ����� Z v �@ö��
[ á ð æºç ° ð é ä ç à á ¯ á å à ò °!ä ¯ á · ñ
´-à ³!æ+â ± ´ á é ´ æ á å ° ô à�ã á ¯-¯ á ·ùâ!å
·ù² à ¯
² ´ æºç�¯ à öKú©± ¯
²�³ °-°

f(x) = (x− 2)(x− 3)(x− 4) + x2(x− 3),

à�ñ ° ¶ á ¯ á ã ²�¯ ° òºæ > á ç ´!à ¶ à�ã á 9üû ; X =¾á�ý¹á ñ
´!à ³
æ+â ± ´ á GS(f, x, a, b,N) ñ!à ô ã�à å
·�æºç á ¯ ° ð ° ´!à�ã á ç�· ñ
´!à ³
æ+â ± ´ ± ã ó ä-° ¶�å!æ�¯ ° ·
à�ñ
´ æ+â*æ+å
æ�¯-¯ à ò à ° ¯
ç�æ+ò ´ á å á à çÒå
è©õ à öøú± ¯!²-³ °!° X `§´ °�þ ç à�ð�ñ
´-à ³
æPâ ± ´ á GS ñ!à ô ã�à å!·-æºçÒ² à ¯!ç ´!à å ° ´-à�ã á ç�·ÿò ´ á ¯ ° ³!ó
ñ
´!à�ð æ 2µ± ç�² á¹° ¯!ç�æ�ò ´ ° ´-à�ã á ¯ ° · °Kä!° ¶�å à ° ¯
ç�æ ´-ã á å à�ã®´ á ôºõ ° æ�¯ ° · X

� °>¨¼¤ ��� ««�ii«
��á ² ° ðsà õ ´ á ô à�ð é�¶ ñ!à�ð�à�î ·�è ï 7�> ¯ á à ¶�¯ à�ã æ ð á ç�æ ð á ç °!ä æº¶º² à ò à ° ² à�ð�ñ ·�è©ç�æ ´ ¯ à ò àHð$à â
æ�å ° ´!à�ã á ¯ ° · ð�à 2 ¯ à ¶ à ô+â á��
ã á ç�· ² áºä æº¶ºç ã æ�¯!¯-ó æ ° ¯
ç�æ ´ á ²-ç ° ã ¯-ó æ ±1ä æºõ�¯!ó æ ð á ç�æ ´ °
á å-ó§é ñ!´ ° ð æ+¯
æ�¯ ° æµ² à ç à�´ ó ó ¯ áU± ´!à ² áCó ð á ç�æ ð á ç ° ² ° ñ
à ô ã�à å!· �è£çU¶ ± î æº¶�ç ã æ�¯-¯ à>ñ!à�ã ó ¶ ° ç�· þ%ú«ú æº²!ç ° ã ¯ à ¶ºç�· ±1ä æºõ�¯ à ò à>ñ
´-à ³!æº¶º¶ á®°¼á ²!ç ° ã ° ô ° ´-à�ã á ç�· ñ
à ô�¯ á ã á ç�æ�å1·�¯ ± è â*æ�·-ç�æ�å1·�¯ à ¶�ç�·±�ä
á î °0ó ¶+· X [ á ð æºç ° ð é ä ç à¼´ á ¶�¶ ð�à ç ´ æ�¯!¯-ó ö^á ¶ ñ æº²!ç ñ!´ ° ð æ�¯
æ�¯ ° · ï 7�> · ã å
·�æºç�¶P· à â
¯ à ö[° ô ã�à ô ð�à 2 ¯ à ¶ºç�æ ö ï 7�>�ãú©° ô ° ² à � ð á ç�æ ð á ç °!ä æº¶º² à�ð�à õ ´ á ô à�ã á ¯ °!°�� ¶ à ä æ�ç á ¯ ° æ ð æºç à â à�ãµð á ç�æ ð á ç °-ä æº¶º² à ò à ° ² à�ð�ñ ·�è©ç�æ ´ ¯ à ò à¾ð�à â
æ�å ° ´!à�ã á ¯ ° · ã¶ ´ æ+â
æ ï 7�> ¶ á ð ° ð °¼±1ä
á î ° ð ° ¶P· ñ!à ô ã�à å!·-æ�ç ñ!à�ã ó ¶ ° ç�·H² ´ æ á ç ° ã ¯ à ¶ºç�· ñ
´ æ+â ð æºç à�ã ú©° ô ° ² à � ð á ç�æ ð á ç °-ä æº¶�² à ò à ³ ° ²-å á é¶bâ
æ�å á ç�· þ ç ° ñ
´ æ+â ð æ�ç�ós¯ á ò+å!·1â!¯!ó ð °H°K° ¯!ç�æ ´ æº¶�¯!ó ð °H° ´ á ô ã ° ç�· ° ¯
ç�æ ´ æº¶£²H¯ áº±1ä ¯ à�ð ± ç ã�à�´ ä æ�¶ºç ã ±U±1ä
á î °0ó ¶+· X
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9üû ; Ö X > á ç ´!à ¶ à�ã X º�»�¼@½ ¾ W�X ë æ ý æ�¯ ° æ¾ô á â áºä ã ó ¶ ý æ ö ð á ç�æ ð á ç ° ² °K° ð æ ó1á ¯ ° ² ° X�
� ? 4�� ` æºç�æ ´ õ ± ´ ò 
 é ø�8�8 û X
9 ø ;r4 X ` X 6 ·�·-² à ¯ à�ã X º�»<¼1½¿¾�� X í�� û 8®ã>ð á ç�æ ð á ç ° ²1æ�é ú©° ô ° ²1æ ° à õ ´ á ô à�ã á ¯ °!° X�
 ï à å à ¯ � `§´ æ�¶º¶ 
 é > é ø�8�8 W�X
9 ì3;�ð ò�¯ á ç�·�æ ã�� X Ä X `§´!à õ�å!æ ð ó ° ¯ ú à�´-ð á ³ ° à ¯-¯!ó ó ç�æ ó ¯ à å à ò °-ö ãUð á ç�æ ð á ç °!ä æº¶º² à�ð[à õ ´ á ô à�ã á ¯ °!° X*½ ä æºõ�¯ à æ ñ
à ¶ à õ ° æ

ñ!à â ´ æ+â X � X Ä X ð òº¯ á ç�·�æ ã á X � ò X 7 á ô á ¯1· ÷��úÄ×Ä ` ½ é ø�8�8 í X
9 9<;��¾°0ó ç�æ�¯-ò à å@·�³ Ä X > X 7 ± ´ ¶>â °*ú£ú æ ´ æ+¯!³ °
á å@·�¯ à ò à °�° ¯
ç�æ+ò ´ á å1·�¯ à ò à ° ¶ ä-° ¶�å!æ�¯ ° · X � à�ð�ø X > X ÷ 
 =¾áº± ² á 
 é ø�8�8�ø ò X �� ����¶ X
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BpÓ*'aÔ
@!ù3Í@ËKÏ3ù%D1Í�A,+.-�Î�C_ù<Ì#A3ÌcË í�ÎcÐfÑ�Ë1Ó0/]Í@Ë
��Î&DKÐÒËZÏ�ÎRÏ213|ù�OSùSÍ
?

1 �  è ç é å � ç�å�ê%v � ê�ç è54Sè ç é å z Z v é 2 �  Òè ç é å ��é#��� ç ��������� v 4 Z ç è y@å � Z z Z v

ª ¥ « ¢ ««�VM«

7 á ² ° ô ã æº¶ºç�¯ à é�å ° ¯!æ ö ¯ á · á å-ò%æºõ ´ á¾°Ká ¯ á å ° ç °!ä æº¶º² á ·»ò%æ à�ð æºç ´ ° ·>ç ´ á â ° ³ ° à ¯-¯ à ç�æº¶+¯ à ¶ ã ·-ô á ¯!ó ð æ 2 â ± ¶ à õ à ö é ä ç à§ã ó �ô ã á ¯ à é�² á ² ° ¶ºç à�´ °-ä æº¶º² ° ð ° ² à�´ ¯
· ð °ÿþ ç °0ó ´ á ôPâ*æ�å à�ãFð á ç�æ ð á ç ° ² ° é ç á ² ° à�ñ
´ æ+â*æ+å
·�è î æ ö ô á ã ° ¶ ° ð�à ¶ºç�·�è ¶ºç ´ ± ²!ç ± ´á ¯ á å ° ç °!ä æº¶º² à ö ò%æ à�ð æºç ´ °!° ¶ºç ´ ± ²-ç ± ´ á ð °U° ð æºç à â á ð ° å ° ¯
æ ö ¯ à öKá å!ò%æ�õ ´ ó X ¸ ¶ à õ�æ+¯!¯ à ç�æº¶�¯ à öHþ ç á ¶ ã ·-ôc· ñ
´!à · ã å!·-æ�ç�¶P·
ãHà õ�å á ¶ºç ° ã æº²!ç à�´ ¯ à ö á å!ò%æºõ ´ ó X 4 ¶ ã�à è à ä æ ´ æ+â1·!é ã ¶�æµ¯ á ò+å!·1â!¯!ó æ ° ¯
ç�æ ´�ñ
´ æºç á ³ °-°Fá å-ò%æºõ ´ á�°-ä æº¶�² à ö ¶ºç ´ ± ²!ç ± ´ ó ã æº² �ç à�´ ¯!ó ó ñ!´!à ¶�ç ´ á ¯
¶ºç ã é ú«á ²-ç °!ä æº¶º² ° é�· ã å
·�è£ç�¶+·¾ò%æ à�ð æ�ç ´ °-ä æº¶º² ° ð ° X `§´-à õ�å
æ ð á à õ�æº¶ ñ æ ä æ+¯ ° ·µ¯ á òPå!·1â!¯ à ¶ºç °®þ ç °0ó ¶ºç ´ ± ² �ç ± ´ ° ò ´ á æºç ã á�2 ¯ ± è ´!à å@· ã®ã ó ¶ ý æ ð�à õ ´ á ô à�ã á ¯ °-° é!ç á ²H² á ² ± ¶ ã�à æ�¯ ° æ ú©± ¯-â á ð æ�¯!ç á å1·�¯!ó ó òºæ à�ð æºç ´ °!ä æº¶º² °0ó ñ!à ¯
·�ç °-ö
ñ!à â
ò à ç á ã å ° ã á æºç ú©± ¯-â á ð æ�¯!çKâ!å
· ñ
à ¯ ° ð á ¯ ° · ñ
´-à ³!æº¶º¶ á ð á ç�æ ð á ç °!ä æº¶º² à ò àRð�à â
æ�å ° ´!à�ã á ¯ ° · ° à�ã å á â*æ+¯ ° · ð æºç à â á ð °² à�ð�ñ ·�è©ç�æ ´ ¯ à ò à§ð�à â*æ+å ° ´-à�ã á ¯ ° ·�é ä ç à£ã ¶ ã�à è à ä æ ´ æPâa·!é�¶ à ô+â á æºç ñ
´ æ+â ñ!à ¶�ó:å!² ° â
å
· ° ¯-¯ à�ã á ³ ° à ¯!¯ à ò à§´ á ô ã ° ç ° ·»¶ à�ã�´ æ �
ð æ+¯!¯ à ò à®à õ ´ á ô à�ã á ¯ ° · Xë æ ý æ�¯ ° æ ñ
´-à õ�å
æ ð óï² à�ð�ñ ·�è©ç�æ ´ ¯ à ö ´ æ á å ° ô á ³ °!° à õ�¹�æº²!ç à�ã å ° ¯
æ ö ¯ à öÒá å-ò%æºõ ´ ó °�á ¯ á å ° ç °-ä æº¶�² à ö ò%æ à�ð æ�ç ´ °-° °¶ à ô+â á ¯ ° ·H¯ á ò+å!·1â!¯!ó ó ò%æ à�ð æºç ´ °!ä æº¶º² °0ó à õ ´ á ô à�ã76 ° ¯!ç�æ ´�ñ
´ æºç á ³ °-ö98 à õ�¹ æ�²!ç à�ã é
¶ºç ´ ± ²-ç ± ´ ° ¶ ã�à ö ¶ºç ã>ñ
´ æ+â ñ!à å á ò á æºç ´ æ �ý æ+¯ ° æ§ç ´ æ ó à ¶�¯ à�ã ¯-ó ó ô á â áºä ÷

û X ñ!à ¶ºç ´!à æ+¯ ° æ ð á ç�æ ð á ç °!ä æº¶º² °0ó ð�à â
æ�å!æ ö à ¶�¯ à�ã ¯-ó ó á å!ò%æºõ ´ á#°!ä æº¶º² °�ó ¶ºç ´ ± ²-ç ± ´ é à õ�¹�æº²-ç à�ã ° ¶ ã�à ö ¶ºç ã!V
ø X ñ!à ¶ºç ´!à æ+¯ ° æ °0ó òºæ à�ð æºç ´ °!ä æº¶º² °0ó>° ¯
ç�æ ´-ñ!´ æ�ç á ³ °!ö é1ç X æ X é!¶ à�ñ
à ¶ºç á ã å
æ�¯ ° æ ° ð ò%æ à�ð æºç ´ °!ä æ�¶º² °�ó ð�à â
æ�å
æ ö Vì X ñ!à ¶ºç ´!à æ+¯ ° æ ð ¯ à ò à�ñ á ´ á ð æ�ç ´ °-ä æº¶�² °0ó ² à�ð�ñ ·�è£ç�æ ´ ¯-ó ó ð�à â*æ+å
æ ö ò ´ á�ú©°-ä æº¶�² °�ó à õ ´ á ô à�ãUà õ�¹ æ�²!ç à�ã X

[ á ð æºç ° ð é ä ç à ð ¯ à ò à�ñ á ´ á ð æºç ´ °!ä ¯ à ¶ºç�· ¶ à ô+â á ã á æ ð ó ó ² à�ð�ñ ·�è©ç�æ ´ ¯!ó ó ð�à â*æ�å!æ ö · ã å!·-æºç�¶+· ã á�2 ¯
æ ö!ý¾° ð ú«á ²!ç à�´!à�ð ² à�ð �
ñ ·�è©ç�æ ´ ¯!ó ó ð�à â
æ�å!æ ö é ñ
à ô ã�à å
·�è î ° ð ± ñ
´ á ã å!·-ç�· ð á ç�æ ð á ç °!ä æº¶º² à ö ð�à â*æ�å@·�è¹é�ç X æ X é ñ!´!à�ã�à â ° ç�·§² à�ð�ñ ·�è£ç�æ ´ ¯ à æ ð$à â
æ�å °:�
´-à�ã á ¯ ° æ X =¾á�° õ à å
æºæ þ%ú«ú æ�²!ç ° ã ¯ à æ ´ æ ý æ�¯ ° æ þ ç °�ó ô á â áºä ã�à ô ð�à 2 ¯ à®ã ¶ ° ¶ºç�æ ð á7ó ² à�ð�ñ ·�è©ç�æ ´ ¯ à ö ð á ç�æ ð á ç ° ² ° 6 ï 7�> 8 é¶ ´ æ+â ° ² à ç à�´ ó ó â
å
·«³!æ�å
æ ö à õ ´ á ô à�ã á ¯ ° ·¾¯ á�° õ à å
æºæ ± â à õ�¯ á ¶ ° ¶ºç�æ ð á º�»�¼@½ ¾ X ¸ ¶�¯ à�ã ¯-ó ð ° â à ¶ºç à ° ¯!¶ºç ã á ð °µþ ç à ö ¶ ° ¶ºç�æ ð ó
ñ!´ ° ð æ�¯ ° ç�æ�å@·�¯ à ²Hô á â áºä
á ð�à õ ´ á ô à�ã á ¯ ° ·H· ã å
·�è£ç�¶P· ÷ à ç�¯ à ¶ ° ç�æ�å1·�¯ à ¯!æ ã ó ¶ à ² á ·H¶ºç à ° ð�à ¶ºç�· 6 ñ
à ¶ ´ á ã ¯
æ+¯ ° èø¶|º�»�;ÒÝ_»�<° º�»�;>=@¾@?r»�; ÙBAR» 8 é#â ´ ±@2 æ�¶ºç ã æ+¯!¯!ó öµ°µ° ¯!ç�æ ´ á ²!ç ° ã ¯!ó ö¾° ¯
ç�æ ´ ú æ ö ¶�é ã æ�å ° ² à å!æ ñ ¯-ó æÝò ´ á�ú©°-ä æº¶�² ° æ ã�à ô ð$à 2 ¯ à ¶ºç ° é ã ä
á ¶ºç �¯ à ¶�ç ° é ° ¯!ç�æ ´ á ²!ç ° ã ¯ á ·«ç ´ æ ó ð æ ´ ¯ á ·£ò ´ á�ú©° ² á ° â ° ¯ á ð °!ä æº¶º² á · 6 á ¯ ° ð á ³ ° · 8 X 4 þ ç à ö ¶ºç á ç�·�æ ð ó ´ á ¶º¶ ð$à ç ´ ° ðRà ¶�¯ à�ã ¯-ó æ
ñ!´ ° ¯!³ ° ñ ó ð á ç�æ ð á ç °-ä æº¶�² à ò à ° ² à�ð�ñ ·�è©ç�æ ´ ¯ à ò à«ð�à â*æ�å ° ´-à�ã á ¯ ° · à õ�¹�æº²-ç à�ã å ° ¯!æ ö ¯ à ö®á å-ò%æºõ ´ ó °Uá ¯ á å ° ç °-ä æ�¶º² à ö ò%æ à �
ð æ�ç ´ °-° ã ï 7�> º�»�¼@½ ¾ X [ á ð æºç ° ð é ä ç à â
å
· ´ á ¶�¶ ð�à ç ´ æ�¯!¯-ó ó ô+â*æ�¶c· ñ
´-à ò ´ á ð�ð ¯!ó ó ñ!´!à ³
æ+â ± ´ ² à ¯
² ´ æºç�¯ á · ã æ ´ ¶ ° ·�º�»<¼1½¿¾�é¯ áºä!° ¯ á ·U¶ ã æ ´ ¶ °-° W é-¯!æ ° ð æºæºç®ô�¯ áºä æ�¯ ° · X
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°®¤ ¬ «�³-¶i°r � «§¦¨i I Â%¶M° ¥ �M««�V ª
K ° ¶ºç�æ ð ó å ° ¯
æ ö ¯!óML á å-ò%æºõ ´ á�°-ä æ�¶º² ° L ± ´ á ã ¯!æ�¯ °-ö · ã å
·�è£ç�¶P· à â!¯ ° ð ° ô à ¶+¯ à�ã ¯!óML à õ�¹�æº²!ç à�ã å ° ¯
æ ö ¯ à ö�á å-ò%æºõ ´ ó§é áç�æ à�´ ° ·U¶ ° ¶ºç�æ ð å ° ¯
æ ö ¯!óML á å!ò%æºõ ´ á#°!ä æ�¶º² ° L ± ´ á ã ¯
æ�¯ °!öHý§° ´-à ² àµñ!´ ° ð æ�¯!·-æ�ç�¶P· ã�àµã ¶�æL ´ á ô+â*æ�å á L á ¯ á å ° ç °!ä æº¶º² à ö ò%æ à �
ð æ�ç ´ °-° é#ç á ²¹² á ² þ ç ° ¶ ° ¶ºç�æ ð ó à�ñ ° ¶�ó ã á è£ç ã æº¶f· ð á ã á,N ¯!ó æ3â!å
·§òºæ à�ð æºç ´ °!° å ° ¯!æ ö ¯!ó æ à õ ´ á ô�ó 6 ñ å à ¶º² à ¶ºç °¹° ñ!´ · ð ó æ 8 X
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d�á ¶º¶ ð�à ç ´ ° ð�´ æ ý æ+¯ ° æ«¶ ° ¶ºç�æ ð ó�å ° ¯!æ ö ¯-óML á å!ò%æºõ ´ á#°!ä æ�¶º² ° L ± ´ á ã ¯
æ+¯ °-ö X�e ± ¶ºç�·¹â á ¯ á ¶ ° ¶�ç�æ ð á¹° ô�?¡å ° ¯!æ ö ¯-óML ± ´ á ã �¯
æ�¯ °!ö à ç�¯ à ¶ ° ç�æ+å1·�¯ à 2 ¯!æ ° ô ã æº¶�ç�¯!óML ÷

AX = B⇒
n∑

i=1

akixi = bk; (k = 1,m), 6 û 8

òPâ
æ � � à ¶+¯ à�ã ¯ á · ð á ç ´ ° ³ á ¶ ° ¶ºç�æ ð ó§égf � ð á ç ´ ° ³ áh� ¶�ç à å!õ�æ�³>¶ ã�à õ à â
¯-óML ä å!æ�¯ à�ã é�ikj ð á ç ´ ° ³ áh� ¶�ç à å!õ�æ�³®¯
æ ° ô ã æ�¶ºç�¯!óML ÷

A =




a11 ... a1n
... ... ...
am1 ... amn


 ; B =




b1XXX
bm


 ; X =




x1XXX
xn


 .

l ñ á ²1æºç�æ�ÝKÙ 2 ¾S»�monú½¿Ø�¾@<gmÒ»U¶ ± î æ�¶ºç ã ± æºç ñ
´!à ò ´ á ð�ð ¯ á · ñ
´-à ³
æPâ ± ´ á ´ æ ý æ+¯ ° ·R¶ ° ¶ºç�æ ð ó 6 ûhp 8 é à â!¯ á ² à é à ¯ á ¯
æ ± â à õ�¯ á ç�æ ð éä ç à«ñ
´ æPâ*¶ºç á ã å
·�æºç ´ æ ý æ�¯ ° æ ã ú à�´!ð æ�é ð á å à�ñ
à ¯
·�ç�¯ à ö�d à ¶º¶ °!ö ¶�² à�ð ± ¶ºç ± â
æ�¯
ç ± X�e à þ ç à�ð ± ¶ à ô+â á â ° ð ¶ à õ�¶�ç ã æ�¯-¯ ± è ñ!´!à �ò ´ á ð$ð ¯ ± è ñ
´!à ³
æ+â ± ´ ± X K à ô+â á â ° ð�ñ
´-à ò ´ á ð�ð ¯ ± è ñ
´!à ³
æ+â ± ´ ± q�r ½ Ý×Ù 2 ã õ ° õ�å ° à ç�æº²1æsn�½¿Ø�¾<:mÒ»�é ñ!à ô ã�à å
·�è î ± è^¯ á L à â ° ç�·
´ æ ý æ�¯ ° æ§¶ ° ¶ºç�æ ð ó 6 ûtp 8 ã ± â à õ�¯ à�ðÒã ° â*æ ÷
� ì�å ��� y Z çBë á�ä�å �@éS��ï���� � Z ä�â ð � ' ê ö å�ä�â�ç�å � ñ è ñ ì]ñ|¿ 	 ñ�¿Bñ�]ñíò 	 ñíò@ô �
�������@éR��� ç Z ì�å ��� y Z çBë î ä�å#v è�� � écè1�<� ê é ä ��ï]ð â�ä ����� Z �]ð � ' ê×ñ�æ�ç � Z é��1ö�ö��ì ��� â�ä ����� Z �]ð ë ê ��']ð ë â�ä � ���@ê ð å3ã1ê ð � ' êEë é<ï1ö�öSï ñ é��!	�z�z �LöSï ñ�æ�ç � Z é��1ö��
è3�����@éR��� ç Z ì�å ��� y Z çBë0.�ä�u�� éRè1�<� ê é ä ��ï]ð ì ö�� ¿ 	���� ê ��']ð Z ã1ê ð � ' êEë é<ï1ö ñ é��!	�z�z �Lö��¿ ���,v�� â � ä Z ð ë0¿ 	Rï1ö�� ��� â�ä ����� Z �]ð ë ê ��']ð ë â�ä � ���@ê ð å3ã1ê ð � ' êEë é<ï1ö�ö ñ Z ãaê ð � ' êEë é<ï1öSï ñ é��!	�z�zí�LöSï ñ�æ�ç � Z é��1ö��ò 	���� å éS� ç�å � ë Z ç � ò ï]ð ì ö�� ò@ô ��� å éS� ç�å � ë Z ç � ò ï]ð  ö �
é �Gò 	%� ò@ô � ã �3�
�@éS��� ç Z ì�å ��� y Z çBë �@éS��� ç Z á�ä�å ����ï]ð ì]ñ�¿Bñ�� Z �����xw îxwcö��
� å�ê � ð@yz�h-q�{�g#i�c�f1g1q�n#r�i�g1q�{�f1c�y�ö����<��ówé � �
�<��ó � Z ä�â �
° ¶ à L ´ á ¯ ° ð ¶ à ôPâ á ¯-¯ ± è ñ
´-à ³
æPâ ± ´ ± ã õ ° õ�å ° à ç�æº²1æ�n�½¿Ø�¾@<:mÒ»1é ú«á�ö å
æ|n�½¿Ø X ? ÷
� ê�ç ���_ð ì�å ��� y Z çEñ ` ì�å ��z è�`cö ��z
} å
· ° ¶ ñ!à å!¯!æ�¯ ° · þ ç à ö ñ
´-à ³
æPâ ± ´ ó[¯!æ à õtL à â ° ð�à¾ã ó ô ã á ç�·»¶ à ôPâ á ¯!¯ ± è�õ ° õ�å ° à ç�æº² ±®° ôå!è£õ à ö ´ á õ à ä æ ö ç�æ�ç ´ á â ° º�»<¼1½¿¾�é° ð æºè î æ ö ¶ à õ�¶ºç ã æ�¯!¯ à æ ° ð · ÷
��Z � ç ó~yt� y�ç�âSò1ê�å�ç�êSã��#7�ç � ã:� � y�ç�âSò1ê�å�ç�êSã ì�å ��z è�y
�u é<� ã ð ì�å ��� y Z ç ö��
e à ² á,N æ ð�ñ
´ ° ð æ ´H´ æ ý æ+¯ ° ·H¶ ° ¶�ç�æ ð ó ± ´ á ã ¯
æ�¯ °!ö ¶ ñ
à�ð$à�î ·�è�¶ à ô+â á ¯!¯ à ö ñ!´!à ³
æ+â ± ´ ó ÷
� á�ä�å ��éS�Éð ë �! S��(��! v ��6 ñ ��(��1� ô_ñõô )��! ô )<��( ô )��! ô ) v ��� ñ �! S�! t�! v �!	Rï1öZ÷
� ¶ ñ
à å!¯
æ+¯ ° æ ñ!´!à ³
æ+â ± ´ ó ° ð æºæºç ã ° â ÷ 



2− C2
C2
1
−2C2


 ,

òPâ
æ C2 j ñ
à ¶ºç à ·1¯!¯ á · X�� á ð æºç ° ð é ä ç à ¶ à ô+â á ¯-¯ á · ñ
´-à ³!æ+â ± ´ á ñ!´ æPâ*¶ºç á ã å
·�æºç ´ æ ý æ�¯ ° æ¶ ° ¶�ç�æ ð ó ± ´ á ã ¯
æ�¯ °!ö ã ¶�ç á ¯-â á ´ ç �¯ à ö â
å
· ´!à ¶º¶ °-ö ¶º² ° L ã ± ô à�ã ú à�´-ð æ�é ñ!´ ° þ ç à�ð ° ¯-â*æ�²1¶ ñ
´!à ° ô ã�à å@·�¯!óML ñ
à ¶ºç à ·�¯-¯!óMLù¶ à�à ç ã æºç�¶ºç ã ± æºç ° L ñ
à å à N æ�¯ ° · ð[ã
ð á ç ´ ° ³
æ à õ î æ+ò àU´ æ ý æ�¯ ° · X

�RE�D °r±�« � °-±� � «§¦©¨ � « �¡�«¢ «£¤MV¶ �U¥ °U�VM«�±�¶i« IF� «u¶ � GJI ¤M �M« ª � GJI � ³-´5««¨��
± �U¥
���o�M� �������������X�T�����x�T��� ��¡¢�X£�¤¦¥¢§ �������T¥�¨��X©���ª
K ° ¶ºç�æ ð ó^å ° ¯
æ ö ¯!óML á å!òºæºõ ´ á�°!ä æº¶º² ° L ± ´ á ã ¯
æ�¯ °!öU° ð æºæ�ç á â*æº² ã á ç�¯ ± è�òºæ à�ð æºç ´ °!ä æº¶º² ± è ° ¯
ç�æ ´-ñ!´ æºç á ³ ° è 6 ¶ ð X é1¯ á ñ
´ °5�
ð æ ´ é¢«üû2¬ 8+÷ ² á,N â à æ»å ° ¯!æ ö ¯ à æ á å!òºæºõ ´ á�°!ä æº¶º² à æ ± ´ á ã ¯!æ�¯ ° æ ã 2 � ð æ ´ ¯ à�ð�ñ
´-à ¶ºç ´ á ¯!¶ºç ã æ à�ñ
´ æPâ*æ�å!·-æ�çUò ° ñ æ ´-ñ å à ¶º² à ¶ºç�·!é á¶ ° ¶ºç�æ ð á å ° ¯!æ ö ¯-óML á å-ò%æºõ ´ á�°-ä æ�¶º² ° L ± ´ á ã ¯
æ�¯ °!ö à�ñ!´ æ+â
æ�å
·�æºç ã ô á#° ð ¯ à æ ´ á ¶ ñ!à å à N æ+¯ ° æ þ ç ° LUò ° ñ æ ´�ñ å à ¶º² à ¶ºç�æ ö X Ã ¶�å °¶ ° ¶ºç�æ ð áÿ± ´ á ã ¯!æ�¯ °-ö ¯
æ ° ð æºæºç ´ æ ý æ�¯ ° ·�é:ç à ò ° ñ æ ´-ñ å à ¶º² à ¶ºç ° ¯
æ ñ æ ´ æº¶�æº² á è©ç�¶P·�éÝç X æ X é ñ á ´ á å!å!æ�å@·�¯!ó VÝã ¶+å ±1ä*á æF¶ ±��
î æ�¶ºç ã�à�ã á ¯ ° · ´ æ ý æ�¯ ° ·Rò ° ñ æ ´�ñ å à ¶º² à ¶�ç ° ñ æ ´ æº¶ºæº² á è£ç�¶P· ñ!à® � ð æ ´ ¯-ó ð�ñ å à ¶º² à ¶�ç�· ð é ã ²-å!è ä
á ·ÿû � ð æ ´ ¯!ó æ 6 ñ
´ · ð ó æ 8 °
8 � ð æ ´ ¯-ó æ 6 ç à ä ² °¯8 X l ¶�å ±�ä
á æKç ´ æ2L ð æ ´ ¯!óML ñ
´-à ¶ºç ´ á ¯!¶ºç ã é$² à ç à�´ ó æ�é ú«á ²!ç °-ä æº¶�² ° é ° ã á,N ¯!ó â
å!· à õ î æ�ò à ¶ ´ æ+â
¯!æ�ò à



bg° Æ ` U�O Ç±a È9^ ` O�\sPsW ` [ Q²Z Y)S�[ Q
° ¯
æ ð á ç�æ ð á ç °!ä æ�¶º² à ò à>ã ó ¶ ý æ�ò àKà õ ´ á ô à�ã á ¯ ° ·�é ä-° ¶�å àU´ á ô�å °!ä ¯!óMLKç ° ñ!à�ã>ã ô á#° ð ¯ à ò àù´ á ¶ ñ
à å à N æ�¯ ° · ñ å à ¶º² à ¶�ç�æ öR° å °
ñ!´ · ð óML ô+¯ áºä!° ç�æ�å@·�¯ à ¶ à ² ´ á î á æºç�¶+· Xx³ á ² ° ô ã æ�¶ºç�¯ à06 ¶ ð X é4¯ á ñ
´ ° ð æ ´ é�«üû2¬ 8 é ñ
´ · ð á · ã æ ã ²-å ° â à�ã�à�ðøñ!´!à ¶ºç ´ á ¯
¶ºç ã æ E3
à�ñ
´ æ+â*æ+å
·�æºç�¶P· à�ñ!à�´ ¯ à ö ç à ä ² à öµ´ 0 ° ¯!æ�¯ ± å!æ ã ó ð·¶�¸,¹,º�¸�»@¼�½5¾M¿�À�Á ã æº²!ç à�´!à�ðÃÂ 6= Ä , Å�¸,ÅÇÆ2ÈÉ>Á|È2Ê�º�À5Ë:È�IÅ�É,È�Á|È�IÊ ÉÊ�ÉtË5ÈoÅÍÌ 3 ÷

d(M0,q) =
{
M ∈ E3

∣∣∣−−−→M0M = λq
}
,

ÆoÎ�È�¹�¸2º�¸@Á�È2Ê�º λ ¹�º�À:¶5À�Á|¸�È2ÊÐÏ�¶�¸�Ë:È2¶5À�½Ñ¶�¸7»�ItÈÒÁ·Á�¶�ÉtÓÔÈ�IÊ »�È�Î�È2Õ
IÊ »�À:ÊVÈÖ¼
J�¶5×xØÙË�À!ItÈÒ¼ R
Xxe å à ¶º² à ¶ºç�· ã æ ã ²-å ° â à �

ã�à�ð ñ!´!à ¶ºç ´ á ¯
¶ºç ã æKç á ² N æ à�ñ!´ æPâ*æ�å!·-æºç�¶+· à�ñ
à�´ ¯ à ö ç à ä ² à öµ´ 0 ° ¯!æ�¯ ± å!æ ã ó ð·¶�ÉÚº�Á|¸t¼!J�¶:×�Á ã æº²!ç à�´!à�ðHÛ 6= Ä , Å�¸,ÅÆ2ÈÉ>Á|È2Ê�º�À5Ë:È�I2Å�É�ÈÜÁ|È�IÊ É�Ê ÉtË5ÈoÅVÌ 3 ÷
Π(M0,N) =

{
M ∈ E3

∣∣∣
(
N,
−−−→
M0M

)
= 0

}
.

K à�à ç ã æºç�¶�ç ã æ�¯-¯ à þ ç ° ðÒà�ñ!´ æ+â
æ�å
æ+¯ ° · ð é ñ!´ ° ô á â á ¯!¯ à�ð â*æ�² á ´ ç à�ã�à�ð�´ æ ñ æ ´ æ�Ý�Þ,ßµégà 1 é à 2 é à 3 á é�òbâ*æ�à i ã æº²!ç à�´ ó à�´ ç à ¯ à�´ �
ð ° ´!à�ã á ¯-¯ à ò à õ á ô ° ¶ á�÷

(ei, ek) = δik V (i, k = 1, 3
)
,

ñ!´ · ð á · d(M0
é â 8 à�ñ ° ¶�ó ã á æºç�¶P· ñ á ´ á ð æºç ´ °!ä æ�¶º² ° ð ° 6 ° å ° ² á ¯ à ¯ °!ä æ�¶º² ° ð °¯8$± ´ á ã ¯!æ�¯ ° · ð °4÷

d(M0,q) : x
i = xi0 + λqi;

(
i = 1, 3

)
, 6íø 8

òbâ
æ xi0, qi, xi � ² à�à�´ â ° ¯ á ç�ó à�ñ!à�´ ¯ à ö ç à ä ² ° M0
é1¯ á ñ!´ á ã å
·�è î æ�ò à¹ã æº²!ç à�´ á â�é ° ç�æº² ± î æ ö ç à ä ² ° ñ
´ · ð�à ö M é�¶ à�à ç ã æºç �¶�ç ã æ+¯!¯ à X:e å à ¶�² à ¶ºç�· N æ ã æ ã ²�å ° â à�ã�à�ðÒñ
´!à ¶ºç ´ á ¯
¶�ç ã æ E3 à�ñ ° ¶�ó ã á æºç�¶+· à õ î ° ð ± ´ á ã ¯
æ+¯ ° æ ð ÷

Π(M0,N) : (r −r0,N) = 0⇒ Ai(x
i − xi0) = 0⇒ A(x− x0) +B(y − y0) + C(z − z0) = 0, 6.ã 8

òbâ
æ Ai � ² à�à�´ â ° ¯ á ç�ós¯ à�´!ð á å@·�¯ à ò à»ã æ�²!ç à�´ á N = (A,B,C)
Xe ´ ° ñ
à ¶ºç ´!à æ�¯ °-° ð á ç�æ ð á ç °-ä æº¶�² ° L ð�à â
æ�å!æ ö å ° ¯
æ ö ¯!óML à õ�¹�æº²-ç à�ã©ã ç ´ æL ð æ ´ ¯ à�ð æ ã ²�å ° â à�ã�à�ðRñ
´-à ¶ºç ´ á ¯!¶ºç ã æ ñ
´ ° ¯ �³ ° ñ °*á å1·�¯ àµã á,N ¯!ó ð ° · ã å!·-è©ç�¶P·Uç ´ ° ç�æ à�´ æ ð ó 6 ¶ ð X « û2¬ ° õ à å
æºæ ñ
à â ´!à õ�¯ à « ø ¬ 8+÷

�]ä�å9æ�ägçÜè¦é X�ê »,È�¹�ºg½�Á�×]Èoë�ì:íïî 1, Â 1)d(M2, Â 2), »ÍÈ»�Å�¼5À�ÎhÉ�»,ÉÚÁH¹�º9É#I2ÊÜº�¸,¶!IÊV»,È E3 :
û X ¹�ÈÖº¯È�I@È2Å�¸�¾MÊ®I>½7»VÈÎtÀ5¶!IÊV»,È2¶5¶5ÉtÕRÊ ÉtË�Å�È�¹�º5À�ð�IÒ¼�É,»hÀ5À9ñ

(q1,q2,
−−−−→
M1M2) 6= 0; 6 9�8

ø X ¹5¸2º�¸t¼�¼¯ÈÖ¼!J�¶5×Ñ¹�º5À�ð�IÒ¼�É,»hÀ�½gØ9ñ
(q1,q2,

−−−−→
M1M2) = 0, 6 p 8

[q1,q2] ≡ q1 × q2 6= 0; 6 W 8
ã X IÉ,»h¹�¸,Î�¸�¾MÊ!¹�º�Àòð�Ió¼�É�»�À�½gØÇíÖôõ�À¯ñ

[q1,q2] ≡ q1 × q2 = 0 6 � 8
9 X À�¼5À¼IÅ@º¯È2¿TÀ9»�¸,¾MÊ®IÚ½�¹�º�Àòð�Ió¼�É�»�À:À¯ñ

(q1,q2,
−−−−→
M1M2) = 0. 6.ö 8�Xä�å9æ�ä:ç�èø÷ X�ê »�È�¹�¼�É#IÅ�É#IÊTÀ5ë�ù 1(1, Û 1)2(2, Û 2 õtë]»VÈ@»hÅ�¼5À�ÎhÉ�»,É>ÁH¹,º9É#IÊÜº�¸�¶
IÊ »�È�Ì 3 :

û X ¹�ÈÖº¯È�I@È2Å�¸�¾MÊ®I>½�¹5ÉVÈÎtÀ5¶!IÊV»,È2¶5¶5ÉtÕR¹�º�½gÁ�ÉtÕ�¹�º�Àòð�Ió¼�É�»�À:À¯ñ
[q1,q2] 6= 0; 6 � 8

ø X ¹5¸2º�¸t¼�¼¯ÈÖ¼!J�¶5×Ñ¹�º5À�ð�IÒ¼�É,»hÀ�½gØ ÷
[q1,q2] = 0, 6 û 8 8

M2 /∈ Π1(M1,N1); 6 û�û 8
ã X À�¼5À¼I@É�»�¹�¸,Îh¸,¾MÊ!¹�º�Àòð�IÒ¼9É�»hÀ�½gØÇíÒú�ûoõ À9ñ

M2 ∈ Π1(M1,N1). 6 û ø 8�Xä�å9æ�ä:ç�è ; X ù�ºg½�Á|¸@½7ì:íïî 0, Â�õTÀ�¹�¼9É#IÅ�É�I2Ê»JÍùJíïü 1, Ûµõ »ÍÈ@»hÅ�¼5À�ÎhÉ�»,É>Á"¹�º9É#IÊ�º�¸,¶
I2ÊV»�ÈsÌ 3 :
û X ¹�ÈÖº¯È�I@È2Å�¸�¾MÊ®I>½7»VÈÎtÀ5¶!IÊV»,È2¶5¶5ÉtÕRÊ ÉtË�Å�È�¹�º5À�ð�IÒ¼�É,»hÀ5À9ñ

(q,N) 6= 0; 6 û ã 8
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ø X ¹5¸2º�¸@¼�¼¯ÈÖ¼!J�¶5×Ñ¹,º�À�ð�IÒ¼�É�»�À�½gØ9ñ
(q,N) = 0, 6 û 9�8

M0 /∈ Π(M1,N); 6 ûtp 8
ã X ÀFI@É�»�¹5¸�Îh¸,¾MÊ!¹�º5À�ð�IÒ¼�É,»hÀ�½gØ_íóú���õ À9ñ

M0 ∈ Π(M1,N). 6 û W 8�»á ²-ç °!ä æº¶º² °U± ´ á ã ¯
æ�¯ ° · 6 û W 8 é 6.ã 8Ý° ñ æ ´ æ ä-° ¶�å!æ�¯-¯!ó æ£ç ´ ° ç�æ à�´ æ ð ó ¶ á å-ò%æºõ ´ á�°-ä æº¶�² à ö ç à ä ² ° ô ´ æ�¯ ° · ñ
à å-¯ à ¶ºç�·�è à�ñ °:�¶�ó ã á è£ç¹ô á â áºä!± à§ã ô á�° ð ¯ à�ðÿ´ á ¶ ñ
à å à N æ�¯ °-° å ° ¯
æ ö ¯!óML à õ�¹�æº²-ç à�ã ¸ X ¸ â
¯ á ² à é�¶ òºæ à�ð æºç ´ °!ä æº¶º² à ö ç à ä ² ° ô ´ æ+¯ ° ·®ô á â áºä
á
à»ã ô á#° ð ¯ à�ð[´ á ¶ ñ
à å à N æ�¯ °-° å ° ¯
æ ö ¯-óML à õ�¹�æº²!ç à�ã æ î æ«â á å
æº² à ¯!æ§ô á ã æ ´ ý æ�¯ á X
���Ö�������¢¥�¤¦�¢¡X���T�����x����� ��¡¢�X£ ¤¦¥�§V���T�T��¥s¨��X©��|ª
e ´ ° ñ
à å ±1ä æ�¯ °!° à ç ã æºç á àU´ æ á å ° ô á ³ °!° à â!¯ à ò à ° ô ñ æ ´ æ ä!° ¶+å
æ�¯-¯!óMLHç ° ñ
à�ã>ã ô á�° ð ¯ à ò àH´ á ¶ ñ!à å à N æ+¯ ° · å ° ¯!æ ö ¯!óML à õ�¹ �æº²!ç à�ã¾ã ç�æ à�´ æ ð á LKû � ãV6 9 ç ° ñ á â
å
· ñ!´ · ð óML�é ã � â
å
· ñ å à ¶º² à ¶ºç�æ ö>° ã j¾â
å!· ñ å à ¶º² à ¶�ç�æ ö>° ñ!´ · ð óML 8 ¯
æ à õtL à â ° ð�à â á å
æºæ
´ æ ý§° ç�·>² à ¯!² ´ æºç�¯ ± è�ò%æ à�ð æºç ´ °!ä æº¶º² ± è ô á â áºä!± X ��á ² ° ð ° ô á â áºä*á ð ° · ã å
·�è£ç�¶P· ÷

û X ¯ á L à N â*æ+¯ ° æ«² à�à�´ â ° ¯ á ç»ç à ä ² ° ñ æ ´ æº¶ºæ ä æ�¯ ° · ñ
´ · ð óML V
ø X ã ó ä!° ¶�å
æ+¯ ° æ ± òPå á ð æ N â ± ñ
´ · ð ó ð ° V
ã X ã ó ä!° ¶�å
æ+¯ ° æ ´ á ¶º¶�ç à ·�¯ ° · ð æ N â ± ñ á ´ á å!å
æ+å1·�¯!ó ð ° ñ
´ · ð ó ð ° V9 X ¯ á L à N â*æ+¯ ° æ ± òPå á ð æ N â ± ¶º² ´ æ î ° ã á è î ° ð ° ¶P· ñ
´ · ð ó ð ° V
p X ¯ á L à N â*æ+¯ ° æ ñ
´ · ð$à ö ñ æ ´ æº¶ºæ ä æ�¯ ° · ñ å à ¶�² à ¶ºç�æ ö VW�X ã ó ä!° ¶�å
æ+¯ ° æ ± òPå á ð æ N â ± ñ å à ¶º² à ¶�ç�· ð ° V�1X ã ó ä!° ¶�å
æ+¯ ° æ ´ á ¶º¶�ç à ·�¯ ° · ð æ N â ± ñ á ´ á å!å
æ+å1·�¯!ó ð ° ñ å à ¶º² à ¶ºç�· ð ° V
ö X ¯ á L à N â*æ+¯ ° æ«² à�à�´ â ° ¯ á ç»ç à ä ² ° ñ æ ´ æº¶ºæ ä æ�¯ ° · ñ
´ · ð�à öH° ñ å à ¶�² à ¶ºç ° V
� X ã ó ä!° ¶�å
æ+¯ ° æ ± òPå á ð æ N â ± ñ
´ · ð$à öH° ñ å à ¶º² à ¶�ç�·�è V
û 8 X ã ó ä!° ¶�å
æ+¯ ° æ ´ á ¶º¶�ç à ·�¯ ° · ð æ N â ± ñ á ´ á å!å
æ+å1·�¯!ó ð ° ñ
´ · ð�à öH° ñ å à ¶º² à ¶ºç�·�è Xd æ ý æ�¯ ° æ¾² á�N â à ö ° ô ñ æ ´ æ ä!° ¶�å
æ+¯!¯-óML ã ó ý æ¾¶ºç á ¯-â á ´ ç�¯!óML®ò%æ à�ð æºç ´ °-ä æº¶º² ° LUô á â áºä à õ�æº¶ ñ æ ä!° ã á æ�ç�¶P· ´ ·�â à�ðÒà�ñ!´ æ+â
æ�å
æ �¯ °!ö °Fá å-ò à�´ ° ç ð�à�ã é*² à ç à�´ ó æ§â à�ñ!à å!¯!·-è©ç ð á ç�æ ð á ç °!ä æº¶º² ± è ð�à â*æ�å@· ° ñ
à ô ã�à å!·-è©ç®â á ç�·>æ öRä æ�ç�² ± èøò%æ à�ð æºç ´ °!ä æº¶º² ± è° ¯
ç�æ ´-ñ!´ æºç á ³ ° è X@e ´ ° ã æ+â
æ ð ñ!´ ° ð æ ´¹ð�à â*æ�å ° ´-à�ã á ¯ ° · ã ô á#° ð ¯ à ò à£´ á ¶ ñ
à å à N æ�¯ ° · ñ!´ · ð�à ö¾° ñ å à ¶º² à ¶ºç ° ã©ñ!´!à ¶ºç ´ á ¯
¶ºç ã æ

ã ¶�å ±1ä*á æ ° L ã ô á#° ð ¯ à ò à®ñ æ ´ æ�¶ºæ ä æ+¯ ° · 6 d�° ¶ X û 8 X�� á»þ ç à�ðÒ´ ° ¶ ± ¯
²1æ ñ
à ² á ô á ¯ à®à�ñ!´ æ+â
æ�å
æ+¯ ° æ ± òPå á α ð æ N â ± ñ
´ · ð�à ö��U°
ñ å à ¶º² à ¶�ç�·�è e ² á ² ± òPå á ð æ N â ± ñ
´ · ð$à ö��>° æºæ à�´ ç à ò à ¯ á å@·�¯ à ö ñ
´-à æº²�³ ° æ ö�� 1 ¯ á ñ å à ¶º² à ¶ºç�· e®X ñ!´ °ùþ ç à�ð ä-° ¶�å!æ�¯!¯ à æô�¯ áºä æ+¯ ° æ ± òPå á à�ñ!´ æ+â
æ�å
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à å-¯
æ+¯ ° · ñ!´!à ò ´ á ð�ð ó ° ¶º¶�å
æPâ à�ã á ¯ ° · ã ô á#° ð ¯ à ò àK´ á ¶ ñ!à å à N æ+¯ ° · â ã ± L ñ!´ · ð óML 6 d�° ¶ X9�8+÷
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X
�«ê ��¢C®¢���£E!�A3ü�¤¦¥�¤�§¦¥¯¨-A�@!ùi¤�C B±°1�1��²�³!�W´Ý�#�Eª
�#�-�W�º�������t�º���tª
�#�+�����t���-�W���!�P���������-�P���W���+���
�º���P���P���tµ
��µW¶�·��
�º�c¸G��¸G¹Ý�Y¹�ºt»��Gª
�tª¯¼�½
�tª¯¼�½����tµW¶��J¾«¿-� ¬

� 4 ¨¼¤ ���9, �92 ,
��á ² ° ðÒà õ ´ á ô à�ð é
¶ à ôPâ á ¯ á õ ° õ�å ° à ç�æº² á ñ!´!à ò ´ á ð�ð ¯-óML ñ!´!à ³
æ+â ± ´Uñ
à ² ± ´ ¶ ± å ° ¯
æ ö ¯ à ö á å-ò%æºõ ´ ó °Fá ¯ á å ° ç °-ä æ�¶º² à ö ò%æ à �
ð æ�ç ´ °-° é ñ
à ô ã�à å
·�è î á · ñ
´-à ¶ºç�ó ð ° ² à�ð á ¯-â á ð ° ñ
´-à�ã�à â ° ç = ° ¶º¶�å!æ+â à�ã á ¯ ° æUå ° ¯!æ ö ¯-óML á å-ò%æºõ ´ á#°!ä æ�¶º² ° L ± ´ á ã ¯!æ�¯ °-öÿ°å ° ¯!æ ö ¯-óMLKò%æ à�ð æºç ´ °!ä æº¶º² ° L à õ(À æ�²!ç à�ã ¶¹ò ´ á�ú©°!ä æº¶º² ° ð^à ç à õ ´ á�N æ�¯ ° æ ð�´ æ�ô ± å = ç á ç à�ã ° ¶º¶�å!æ+â à�ã á ¯ ° · X K à ô+â á ¯-¯ á ·Fõ ° õ �å ° à ç�æº² á ñ
´-à ò ´ á ð�ð ¯!óML ñ
´-à ³!æ+â ± ´ ¶ à�ñ
´!à�ã�à N â á æºç�¶P· ñ!à â ´!à õ�¯ à öµ° ¯
¶ºç ´ ± ²�³ ° æ ö ¶Ý² à ¯!² ´ æ�ç�¯!ó ð ° ñ
´ ° ð æ ´ á ð ° é#¶ à ô+â á ¯!¯ à ö
ã»ñ á ²�æ�ç�æ >�?(@�ACB X

	Á2 *8,/.34�*ÃÂ�.34
«üû2¬�Ä Ê�¸,¶5¸�I>½5¶&Å-Æ�ÇÈÆ ë¯És¸hÏ�×�¼9È@»ÃÊ\Æ�Ë¦ÆÌÆ�Í æ à�ð æºç ´ ° · X�Î á ¶ºç =�Ï X j ´ X ÷ e ´-à ¶ ã æ î æ�¯ ° æ�é ût� ö �1X j ã p ø ¶ X
« ø ¬�Ð Æo¶5¸,Ê»J�È@»6ÑÒÆ ÓÆ ³ ± ´ ¶Kå
æº²�³ °-ö ñ!à á ¯ á å ° ç °!ä æº¶º² à ö ò%æ à�ð æºç ´ °-° X"Î á ¶ºç =�Ï é ÏvÏ X j ³ á ô á ¯ = ÷M� ô+â � ã�à � ��Ô��|�s´ÖÕ é� Í¯Í e§½ é ø�8�8 p X jRû ø 9 ¶ X
« ã ¬ ê J�½5Å�Ét¶�É�»ÃÊ\ÆÌÆ >�?W@�ACB �1X�½ ä æºõ�¯!ó ö ² ± ´ ¶ X � K e õ X ÷ e ° ç�æ ´ é ø�8�8�ø X � W�� ø A X�e ´!à õ�å!æ ð ó ° ¯ ú à�´-ð á ³ ° à ¯!¯-óML>ç�æL1¯ à å à ò °!ö

ã®ð á ç�æ ð á ç °!ä æº¶º² à�ðÒà õ ´ á ô à�ã á ¯ °-°4÷ ½ ä æºõ�¯ à æ ñ
à ¶ à õ ° æ ñ
à â ´ æ+â á ²�³ ° æ ö � X Í X � òº¯ á ç = æ ã á X � ³ á ô á ¯ = ÷�� Í e�e§½ é ø�8�8 p X� û�û ö A X
« 9 ¬ ü�¸,ÊÜº�É�IÉ,» Ä Æ×Ê\ÆÌÆ >�?W@�ACB W1X d æ ý æ�¯ ° æ¾ô á â áºä ã ó ¶ ý æ ö ð á ç�æ ð á ç ° ² °H° ð æL á ¯ ° ² ° X j K e õ ÷ �"Ø l�� e æºç�æ ´ õ ± ´ ò+é ø�8�8 û X jp ø,ö ¶ X
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« pt¬�Ð Æo¶5¸,Ê»J�È@»ÃÑÙÆ Ó¯ÆBëQÇ¢¸@Á�À5Æoð�¼�¼�À:¶�¸ Ä Æ×ÚÛÆÜÆ � ° õ�å ° à ç�æº² ° ñ
à å = ô à�ã á ç�æ�å = ¶º² ° L ñ!´!à ò ´ á ð�ð ¯!óML ñ
´-à ³
æPâ ± ´ â
å
· ð æ�ç à â °-ä æ �¶�² à ò à ¶ à�ñ
´-à�ã�à N â*æ�¯ ° ·>² ± ´ ¶ á ã ó ¶ ý æ ö ð á ç�æ ð á ç ° ² ° X � ´ ± â
ó ´ á ç�æ ð á ç °!ä æ�¶º² à ò à ³
æ�¯!ç ´ á©° ð æ�¯ ° �®X � X Ô à õ áºä æ ã ¶º² à �ò à ÷g´ á ç�æ ´ °*á å!ó l à ¶ =�ð�à ö ð�à å à â*æ N ¯ à ö ¯ áº±1ä ¯ à öUý ² à å!ó � ² à ¯ ú æ ´ æ+¯!³ °-°�Ý�Ô à õ áºä æ ã ¶º² ° æ ä ç�æ+¯ ° · � ø�8�8 �WÞ X j ³ á ô á ¯ = ÷³ á ô á ¯ X ð á ç�æ ð X à õ � ã�à é ø�8�8 � X j � X ã � X j 9 û � ¶ X
« W ¬ Ç¢¸@Á�À5Æoðh¼�¼5À5¶�¸ Ä Æ×Ú ÆÌÆ K à ô+â á ¯ ° æR² à�ð�ñ�= è£ç�æ ´ ¯-óMLÒ¶ ´ æPâ*¶ºç ã ¶ à�ñ
´!à�ã�à N â
æ�¯ ° ·�² ± ´ ¶ á å ° ¯
æ ö ¯ à ö�á å!òºæºõ ´ ó °^á ¯ á å °:�

ç °!ä æº¶º² à ö ò%æ à�ð æ�ç ´ °-° â!å
·>¯
æ ð á ç�æ ð á ç °!ä æ�¶º² ° L ú«á ² ± å = ç�æ�ç à�ã ¶ ñ
à�ð�à�î�= è K ³ ´ß>�?(@�A�B X K ° ¶ºç�æ ð ó�² à�ð�ñ�= è©ç�æ ´ ¯ à ö
ð á ç�æ ð á ç ° ² °¹°µ° L ñ
´ ° å à N æ�¯ ° · ÷ ð á ç�æ ´ °
á å!ó ð æ N â ± ¯ á ´-à â
¯ à ö ² à ¯ ú æ ´ æ+¯!³ °-° X j K ð$à å
æ�¯!¶º² ÷ K ð�à å Í ± é ø�8�8 � X j l ó ñ Xû 8 X j ã�8�ã ¶ X

« � ¬�Ð Æo¶5¸,Ê»J�È@»5ÑÒÆ ÓÆ ë�Ç¢¸tÁ�À�Æ>ð�¼�¼5À5¶5¸ Ä Æ×Ú ÆÌÆ � ° õ�å ° à ç�æº² á ñ
´-à ò ´ á ð�ð ¯!óML¼ò ´ á�ú©°-ä æº¶º² ° L ñ
´-à ³
æPâ ± ´¼ñ!à ² ± ´ ¶ ± á å!ò%æ�õ ´ ó°�á ¯ á å ° ç °-ä æº¶º² à ö ò%æ à�ð æºç ´ °-° ãFñ á ²1æºç�æ >�?(@�ACB X K ° ¶ºç�æ ð óï² à�ð�ñ�= è©ç�æ ´ ¯ à ö ð á ç�æ ð á ç ° ² ° °Ò° L ñ!´ ° å à N æ�¯ ° · ÷ ð áh�ç�æ ´ °
á å-ópà Ï�ð æ N â ± ¯ á ´-à â!¯ à ö ¯ áº±1ä ¯ à ö ² à ¯ ú æ ´ æ�¯!³ °!° é ñ!à ¶ ã · î æ�¯-¯ à ö � 8 � å!æºç ° è ñ
´-à ú æ�¶º¶ à�´ áVl X e®X } = ·-² à ¯ à�ã á X jK ð�à å
æ�¯!¶º² ÷ K ð$à å Í ± é ø�8 û 8 X j l ó ñ X û�û X j ã 9 ø ¶ X
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´ á ç�æ ð á ç °!ä æº¶º² ° æ ð�à â*æ+å ° é4² á ² ñ å á ¯ ° ð æºç ´ °!° é ç á ² ° ¶ºç�æ ´ æ à�ð æ�ç ´ °-° é ° ô ±1ä*á æ ð ó æ ã ¶ ° ¶ºç�æ ð æ ã ó ¶ ý æ�ò à à õ ´ á ô à�ã á ¯ ° ·�é
à ¶�¯ à�ã á ¯!óï¯ á ã æ�²!ç à�´ ¯ à ö[á å!ò%æ�õ ´ æ�é�L à ç�· ° ¯
æ ° ¶ ñ
à å = ô ± è£çF· ã ¯ àRñ
à ¯!·-ç ° æ ã æº²!ç à�´ ¯ à ò àFñ!´!à ¶�ç ´ á ¯
¶ºç ã á X Õ â
¯ á ² à é ñ
´ °þ ç à�ðsã ¶ ° ¶ºç�æ ð æ ã ó:¶ ý æ�ò à ¯
æ ð á ç�æ ð á ç °!ä æ�¶º² à ò àKà õ ´ á ô à�ã á ¯ ° · ñ
´ ° ð æ�¯!·-æ�ç�¶+· ° â*æº· á ¯ á å ° ç °!ä æº¶º² à ö ò%æ à�ð æºç ´ °!° é ñ
´-à�î æò à�ã�à�´ ·�é ð æºç à â ² à�à�´ â ° ¯ á ç 6 ¶ ð X é*¯ á ñ!´ ° ð æ ´ é�«üû¬ 8 X K ð á ç�æ ð á ç °-ä æº¶�² à ö ç à ä ² ° ô ´ æ�¯ ° · ð æºç à â
ó á ¯ á å ° ç °-ä æº¶�² à ö ò%æ à�ð æºç �
´ °!° é ñ
´ ° ð æ�¯!·-æ ð ó æ ã ² ± ´ ¶ á L ã ó ¶ ý æ ö ð á ç�æ ð á ç ° ² ° â!å
·µ¯!æ ð á ç�æ ð á ç °-ä æº¶º² ° Lµ¶ ñ æ�³ °*á å = ¯ à ¶ºç�æ ö é�¯
æ à õ à ¶�¯ à�ã á ¯!ós¶ºç ´!à ò à éõ à å!æºæ ° ¯!ç ±1° ç ° ã ¯-ó ° á ñ
´ ° à�´ ¯!ó§é ä æ ð å à ò °-ä æº¶�² ° ã ó3â
æ ´ N¹á ¯-ó X � æ ð ¯
æ ð æ�¯
æ�æ�é
â á,N æ»ç á ² ° æ ñ
à å ±1á ñ
´ ° à�´ ¯!ó æ ð æºç à â!ó
ð$à ò ± ç¾â á ç = â à ¶ºç á ç à ä ¯ à ¶ ° å = ¯!ó æ ´ æºô ± å = ç á ç�ó ñ!´ °U± ¶�å à�ã °-° ·�¶�¯ à ò à¹ñ!à ¯ ° ð á ¯ ° ·>¶ºç ± â*æ�¯!ç á ð ° à ¶�¯ à�ã ¯-óML ñ
à ¯
·�ç °!ö ã æº² �ç à�´ ¯ à ö¼á å!ò%æºõ ´ ó X¦� à ² á ² ´ á ôµô+â
æº¶ = ô á%ä
á ¶ºç ± è ° ã�à ô�¯ ° ² á è£çU¯!æ ñ!´ æ à â à å ° ð ó æµ¶�å à N ¯ à ¶ºç ° é�¶ ã ·-ô á ¯!¯-ó æ�é ã�à � ñ æ ´�ã óML�é�¶¯
æ ´ á ô ã ° ç à ¶ºç = è ñ!´!à ¶ºç ´ á ¯
¶ºç ã æ�¯-¯ à ò àð ó ý å!æ�¯ ° ·�é á é ã�à � ã ç à�´ óML�é�¶Ýç ´ ± â!¯ à ¶ºç = è ñ ¶ ° L à å à ò °!ä æº¶º² à ò àñ æ ´ æL à â á à ç ý ² à å = �¯ à ö é ñ
à � ¶ ± î æ�¶ºç ã ± é�ò ° å = õ�æ ´ ç à�ã ¶º² à ö ð á ç�æ ð á ç °!ä æº¶º² à ö ¶ºç ´ ± ²!ç ± ´ ó^ò%æ à�ð æºç ´ °!° é ñ
à ¶ºç ´-à æ�¯-¯ à ö ¯ á õ á ô à�ã óML ð ¯ à N æ�¶ºç ã á Lç à ä æº² é ñ
´ · ð óML ° ñ å à ¶º² à ¶ºç�æ ö é*² ã ± ô à�ã ¶º² à ö é ú«á ²-ç °!ä æº¶º² ° é ã æ ö å
æ ã ¶º² à ö ð á ç�æ ð á ç °!ä æº¶º² à ö ¶ºç ´ ± ²!ç ± ´ æ§ò%æ à�ð æºç ´ °-° é ñ!à �¶ºç ´!à æ�¯!¯ à ö ¯ á õ á ô à�ã óML ð ¯ à N æº¶ºç ã á L ä-° ¶ºæ+å4é�ç à ä æ�² ° ã æº²-ç à�´-à�ã ° · ã å!·-è î æ ö ¶P· à ¶�¯ à�ã�à öùá ¯ á å ° ç °!ä æº¶º² à ò à«ð æºç à â á « 9h¬ X l¶ ã ·�ô ° ¶ þ ç ° ð ¯ á ò+å!·�â
¯ à ¶ºç = ° ô�å à N æ�¯ ° · ã æº²-ç à�´ ¯ à öKá å!ò%æ�õ ´ ó ° æºæ ñ!´ ° å à N æ�¯ °!ö ²ù¶�ç�æ ´ æ à�ð æºç ´ °!°>° ò ´ á æ�ç ñ æ ´-ã�à�à ä æ ´ æPâ �¯ ± è ´!à å = X � ´ á â ° ³ ° à ¯!¯-ó æ ð æ�ç à â
ó ° ô�å à N æ�¯ ° ·�é ¶ ã ·�ô á ¯-¯!ó æ>¶ ð æ�å à�ð ° â à ¶º² à ö ô+â*æº¶ =Rð á å à þ%ú«ú æº²!ç ° ã ¯-ó X K ° ¶ºç�æ ð ó² à�ð�ñ�= è©ç�æ ´ ¯ à ö ð á ç�æ ð á ç ° ² ° 6 K ³ ´ò8 é à ¶ à õ�æ�¯!¯ à >�?(@�A�B é à õ�å á â á è î ° æ ± ¯ ° ² á å = ¯!ó ð ° ò ´ á�ú©°-ä æº¶º² ° ð ° ã�à ô ð�à N ¯ à ¶ºç�· ð ° é¶ ñ
à ¶ à õ�¯!ó ñ
à�ð$à ä =>´ á ô ´ æ ý æ�¯ ° è ± ² á ô á ¯!¯ à ö ñ
´-à õ�å!æ ð ó X
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l æº²!ç à�´ ó;: é <�é X%XºX ´ á ¶�¶ ð á ç ´ ° ã á è£ç�¶+· ã ² ± ´ ¶ á L ã ó ¶ ý æ ö ð á ç�æ ð á ç ° ² ° é1² á ²U¯ á ñ
´ á ã å!æ�¯-¯!ó æ à ç ´ æºôº² ° é�ç X æ X é�· ã å!·-è©ç�¶P·�é ñ
à¶ ± î æ�¶ºç ã ± é-òºæ à�ð æºç ´ °!ä æº¶º² ° ð ° ã æº²-ç à�´ á ð °4÷

a =
−→
AB. 6 û 8Õ ¶�¯ à�ã ¯!ó æ ã æº²!ç à�´ ¯-ó æ à�ñ æ ´ á ³ °-° é ° ô ±�ä
á æ ð ó æ ã ² ± ´ ¶ºæ ã ó ¶ ý æ ö ð á ç�æ ð á ç ° ² ° é�¶�å!æ+â ± è î ° æ«ç�æ�ç ´ á ´ ¯!ó æ à�ñ æ ´ á ³ °-°4÷

û X ¶+å à N æ�¯ ° æ ã æº²-ç à�´-à�ã ÷
c = a+ b, 6 9 8
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9 X ± ð ¯ à N æ�¯ ° æ ã æº²!ç à�´ á ¯ áµä-° ¶�å à ÷

c = µ · a, 6.ã 8Õ õ�æ þ ç °>± ² á ô á ¯!¯-ó æ à�ñ æ ´ á ³ °!° à õ(À æ+â ° ¯!·-è©ç�¶P· ã¹à â!¯ ±T� å ° ¯
æ ö ¯ ± è[² à�ð õ ° ¯ á ³ ° è ã æ�²!ç à�´!à�ã é�· ã å!·-è î æ ö ¶P· à â
¯ ° ð° ô«õ á ô à�ã óML ñ!à ¯!·-ç °-ö é1² á ²Hå ° ¯
æ ö ¯ à ö á å-ò%æºõ ´ ó§é!ç á ² °Rá ¯ á å ° ç °!ä æ�¶º² à ö ò%æ à�ð æ�ç ´ °-°4÷

c =
n∑

i=1

µiai;

ã X ¶�² á å
· ´ ¯ à æ ñ
´!à ° ô ã æ+â*æ+¯ ° æ ã æº²-ç à�´-à�ã ÷
(a,b) = |a| · |b| · cos θ ∈ R 6>= 8

= X ° ã æº²-ç à�´ ¯ à æ ñ
´-à ° ô ã æPâ*æ�¯ ° æ ÷
c = [a× b] ∈ V3, 6 p 8

ç á ² ä ç à ÷
|c| = |a| · |b| · sin θ 6 W 8

° â ã æ«ç�æ ´ ¯ á ´ ¯!ó æ à�ñ æ ´ á ³ °!° ÷
û X ¶ ð æ ýµá ¯!¯ à æ ñ
´!à ° ô ã æ+â
æ�¯ ° æ ã æº²-ç à�´-à�ã ÷

(a,b, c) = λ ∈ R 6 � 8
9 X ° â ã�à ö ¯ à æ ã æ�²!ç à�´ ¯ à æ ñ
´!à ° ô ã æ+â
æ�¯ ° æ ÷

[a, [b, c]] = b(a, c)− c(a,b) = d ∈ V3. 6.ö 8
e à ¶�å!æ+â
¯ ° æ©â ã æ«ç�æ ´ ¯ á ´ ¯!ó æ à�ñ æ ´ á ³ °!° · ã å!·-è©ç�¶P·U² à�ð�ñ!à ô ° ³ ° æ ö ç�æºç ´ á ´ ¯-óML�é ñ!à þ ç à�ð ± ¯!æ£¯ ±gN â á è£ç�¶+· ã á ²�¶ ° à�ð á ç ° ²1æ X} å!· ð á ç�æ ð á ç °!ä æº¶º² à ò à�ð�à â*æ+å ° ´-à�ã á ¯ ° · ã á,N ¯!ó ç á ² N æ ú à�´!ð ± å!ó â
å!· ã ó ä!° ¶+å
æ�¯ ° · ã ¶�æL ± ² á ô á ¯-¯!óML à�ñ æ ´ á ³ °-ö ã
à�´ ç à ¯ à�´!ð ° ´-à�ã á ¯!¯ à�ð õ á ô ° ¶ºæ {ei}3| (ei, ek) = δik

÷

a + b =

3∑

i=1

(ai + bi)ei; 6 � 8

(a · b) =
3∑

i=1

aibi; [a,b] =

∣∣∣∣∣∣

i j k

ax ay az
bx by bz

∣∣∣∣∣∣
; 6 û�? 8

(a,b, c) =

∣∣∣∣∣∣

ax ay az
bx by bz
cx cy cz

∣∣∣∣∣∣
. 6 û�û 8

K ñ!à�ð�à�î�= è ± ² á ô á ¯-¯!óML à�ñ æ ´ á ³ °!ö à�ñ!´ æ+â
æ�å!·-æºç�¶+· ´ ·�â ã á�N ¯!óMLùâ
å!·Uò%æ à�ð æºç ´ °-ä æ�¶º² ° L ñ!´ ° å à N æ�¯ °!ö ã æ�å °!ä-° ¯ ÷
• ñ!´!à æº²-³ ° · ã æ�²!ç à�´ á :K¯ á à ¶ = à ÷

Prea = |a| cos θ = (a, e)

|e| , 6 û�9 8
• ñ!´!à â à å = ¯ á · ° ñ æ ´-ñ æ�¯�â ° ² ± å!· ´ ¯ á ·U¶ à ¶ºç á ã å
·�è î ° æ ã æº²-ç à�´ á :H¯ á à ¶ = à ÷

a‖ =
(a, e) · e

e2
;

a⊥ = a− (a, e) · e
e2

; 6 û ã 8
• ñ å à�î á â = ç ´ æ ± ò à å = ¯ ° ² á ¶ à ¶ºç à�´!à ¯ á ð ° | : | ° | < | ÷

S=
1

2
|[a,b]|; 6 û = 8

• à õ`À�æ ð ç�æºç ´ á�þ â ´ á ¶ ´ æºõ ´ á ð ° | : | é | < | ° | @ | ÷

V ; B ;Úm � ûW |(a,b, c)| 6 ûtp 8
° â ´ ± ò ° æ ã æ�å °!ä-° ¯!ó X1½ ² á ô á ¯-¯!ó æ«¶ à�à ç�¯ à ý æ�¯ ° · ° ¶ à ¶�ç á ã å
·�è©ç ð á ç�æ ð á ç °!ä æº¶º² ± è ð�à â*æ�å =»ã æ�²!ç à�´ ¯ à ö á å!ò%æºõ ´ ó X K ã ·�ô =þ ç ° L à õ(À æº²-ç à�ã ¶ à õ`À�æº²!ç á ð ° ¶ºç�æ ´ æ à�ð æºç ´ °!°>± ¶ºç á ¯ á ã å ° ã á æºç�¶P·®õ ° æ�²!ç ° ã ¯-ó ðÿà ç�¯ à ý æ�¯ ° æ ðÿð æ N â ± ã æº²-ç à�´-à�ð ° ¯ á ñ
´ á ã �å!æ�¯-¯!ó ð�à ç ´ æºô�² à�ð X
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e ´!à ³!æº¶º¶:² à�ð�ñ�= è£ç�æ ´ ¯ à ò à«ð�à â*æ�å ° ´-à�ã á ¯ ° · ú©° ò ± ´ ° à õ`À�æº²-ç à�ã á ¯ á å ° ç °-ä æº¶�² à ö òºæ à�ð æºç ´ °!° ¶ à ¶ºç à ° ç ° ô:ç ´ æL þ ç á ñ!à�ã ÷ ¯ á
ñ æ ´�ã�à�ð þ ç á ñ æ ã ² à�à�´ â ° ¯ á ç�¯ à�ð�ñ!´ æ+â
¶ºç á ã å!æ�¯ °-° ã ó ä!° ¶+å
·�è£ç�¶P· ´ æºô ± å = ç á ç�ó ã æº²-ç à�´ ¯!óML à�ñ æ ´ á ³ °!öED ¯ á ã ç à�´-à�ð þ ç á ñ æ² à ¯
¶ºç ´ ±1° ´ ± è£ç�¶P·Hò ´ á�ú©°!ä æº¶º² ° æ à õ`À�æº²!ç�ó§é�¶ à�à ç ã æºç�¶ºç ã ± è î ° æ þ ç ° ð^à�ñ æ ´ á ³ ° · ð é*¯ á ² à ¯!æ�³ é*¯ á ô á ²�å
è ä-° ç�æ�å = ¯ à�ð é*ç ´ æ �ç = æ ð þ ç á ñ æ�é ñ
´-à ° ô ã�à â ° ç�¶P·®¶�õ à�´ ² á ¶�å à N ¯!óML®ò ´ á�ú©°!ä æº¶º² ° L®¶ºç ´ ± ²!ç ± ´ ¯ á à ¶�¯ à�ã æ ñ
´-à ¶ºç�óML X K õ à�´ ² á à ¶ ± î æ�¶ºç ã å!·-æ�ç�¶P·>¶
ñ
à�ð�à�î�= è�² à�ð á ¯�â
ó display õ ° õ�å ° à ç�æ�² °Ö>�?(@�ACB plots X ��á ² ° ðÒà õ ´ á ô à�ð é ð$à N ¯ à ¶º² à ¯
¶ºç ´ ±1° ´-à�ã á ç = â à ¶ºç á ç à ä ¯ à ¶�å à NT�¯!ó æ ð ¯ à ò à�ñ á ´ á ð æºç ´ °-ä æº¶º² ° æ ñ!´!à ò ´ á ð�ð ¯!ó æ ñ
´-à ³
æPâ ± ´ ó§é ñ
à ô ã�à å
·�è î ° æ©² à ¯!ç ´!à å ° ´-à�ã á ç = ¶ ã�à ö ¶ºç ã á ² à ¯!¶ºç ´ ±�° ´ ± æ ð óMLò ´ á�ú©°!ä æº¶º² ° L à õ(À æº²-ç à�ã X ��á ² ° æ ñ!´!à ³!æ+â ± ´ ó ± â à õ�¯ à�à õ(À æPâ ° ¯ ° ç = ã�ñ
à å = ô à�ã á ç�æ�å = ¶º² ± è õ ° õ�å ° à ç�æº² ± ñ!´!à ò ´ á ð�ð ¯-óML
ñ
´!à ³
æ+â ± ´ X

L"¥�¤¦£8MON�¡X�¢��©T¥��"¤¦¥¢§ �������T¥�¨��X©��T�·¨��¢�T¡X¥���©8�<� ¥s£��¢�T�GFT���
e à å = ô à�ã á ç�æ�å = ¶º² á ·¼õ ° õ�å ° à ç�æº² á ñ
´ æ+â*¶�ç á ã å!·-æºç>¶ à õ à ö ¯ á õ à�´ ¯ à�ã óML ñ
´-à ³!æ+â ± ´ é
² à�ð á ¯�â�é*² à ç à�´ ó æ ã â á å = ¯!æ ö
ý æ ð ° ¶ �
ñ
à å = ô ± è©ç�¶+·�é4¯ á ´ ·�â ± ¶ à ¶ºç á ¯�â á ´ ç�¯!ó ð ° ² à�ð á ¯�â á ð ° X d�á ¶º¶ ð�à ç ´ ° ð ñ!à å = ô à�ã á ç�æ+å = ¶�² ± è õ ° õ�å ° à ç�æ�² ± é ´ æ á å ° ô ± è î ± è
à ¶�¯ à�ã ¯-ó æ ã æº²-ç à�´ ¯!ó æ à�ñ æ ´ á ³ °!°F°F° L à ¶�¯ à�ã ¯-ó æ ñ
´ ° å à N æ�¯ ° · X � á ð æºç ° ð é ä ç à>ñ
´ ° ¶ à ô+â á ¯ °!° ¯ à�ã�à ö õ ° õ�å ° à ç�æº² ° ´ ·�â
ã ¶ºç ´-à æ�¯-¯!óML ã õ ° õ�å ° à ç�æ�² ° >�?(@�ACB ² à�ð á ¯-â ¯!æ à â
¯ à ô�¯ áºä ¯ à ã ô á#° ð�à â*æ ö ¶ºç ã ± æºçÒ¶ à ¶ ´ æ+â à ö�@ m r A ã�ñ!à å = ô à�ã á ç�æ+å = ¶�² ° L
ñ
´!à ³
æ+â ± ´ á L X�e ´ ° ð æ ´-à�ð ç á ² à ò à ² à ¯ ú å ° ²!ç á · ã å!·-æºç�¶+· ° ¶ ñ!à å = ô à�ã á ¯ ° æ ñ!´!à ³
æ+â ± ´ ó linalg[matadd]

X:e à þ ç à�ð ± ñ!´ ° ¶ à �ô+â á ¯ °!°ùá ã ç à�´ ¶º² ° L ñ
´-à ò ´ á ð�ð ¯!óML ñ!´!à ³!æ+â ± ´®´ æ�² à�ð æ�¯-â ± æºç�¶P· ñ
´-à�ã æ ´ ·-ç = ° L ã ô á�° ð�à â*æ ö ¶ºç ã ° æ©¶ ã ¶�ç ´!à æ�¯!¯-ó ð ° ã >�?(@�ACB
ñ
´!à ³
æ+â ± ´ á ð °®° ñ
´ ° ¯
æ à õtL à â ° ð�à ¶ºç ° ô á ð æ+¯
·�ç = ° L®¶ à õ�¶�ç ã æ�¯-¯!ó ð ° X ��á ²�é�¯ á ñ
´ ° ð æ ´ é ñ
´-à ò ´ á ð�ð ¯ á · ñ
´!à ³
æ+â ± ´ á é ´ æ á å °:�ô ± è î á · ú à�´-ð ± å ± 6.ö 8 ¶�å à N æ�¯ ° · ã æº²!ç à�´!à�ã é ° ð æºæºç ã ° â ÷
H v b � e  Z�I � � b�y�J �LKNM�O6� _(j�b �6PL�NQ
R J  ��ESNT�U0VNT�WYX
�� ��6��� ^c^ VNZL� ^c^ �NQ ^  �R��ESNT�U�X[�\ZL�NQ]K^� b�_ S`T�U[K^�
P�a�T�W]K^�
P]V��6Q�Ucb�b ^c^ X�PL�NZL� bW^�d
R J  ��%�
e ¯ á å à ò °!ä ¯ à ¶ºç ´!à ° ç�¶P· ñ!´!à ³!æ+â ± ´ á ã ó ä-° ç á ¯ ° · ã æº²!ç à�´!à�ã ÷
H v b � e  J I �6f b
g�J �LK v _(j�b �
PL�^Q
R J  ��ESNT�U0VNT�WYX
�� ��6��� ^c^ VNZL� ^c^ �NQ ^  �R��ESNT�U�X[�\ZL�NQ]K^� b�_ S`T�U[K^�
P��T�W]K^�
P]V��6Q�Ucb�b ^c^ X�PL�NZL� bW^�d
R J  ��%�
° ñ
´!à ³
æ+â ± ´ á ñ!´!à ° ô ã æ+â*æ�¯ ° · ã æº²-ç à�´ á ¯ áµä-° ¶�å à)6 ñ
à ú à�´!ð ± å
æ 6.ã 8Ú8+÷
H v b � e  J I �6f b
g�J �LK v b � _i^ O6��PL�NQ
R J  ��ES>��OhV^�!X
�� ��6��� ^c^ Vi�j�^c^ �NQ ^  �R��ES^�!X[�kK^� b�_ S^�LK>��PYl4��OhVm�YQ�Ucb�b ^c^ X�PL� bW^�d R J  ��%�
e ´!à ³!æ+â ± ´ ó ã ó ä!° ¶+å
æ�¯ ° · ¶º² á å!· ´ ¯ à ò à é ã æº²!ç à�´ ¯ à ò à ° ¶ ð æ ý¹á ¯-¯ à ò à�ñ
´-à ° ô ã æ+â
æ�¯ °-ö ¶ à ¶�ç á ã å
·�è£ç�¶+· ã ¶ à�à ç ã æ�ç�¶ºç ã °!° ¶á å!ò à�´ ° ç ð á ð ° 6 � 8Ö� 6 û.? 8on���á ²�é�¯ á ñ
´ ° ð æ ´ é ñ!´!à ³
æ+â ± ´ á ã ó ä-° ¶+å
æ�¯ ° ·ù¶º² á å!· ´ ¯ à ò àµñ!´!à ° ô ã æPâ*æ�¯ ° · ° ð æºæºç ã ° â ÷
H v b � e  J I �6f b
g�J �LKNM��6��� _ v b �
PL�NQ
R J  ��ES^��V g Xp�� ��6��� ^c^ Vi�j�^c^ �NQ ^  �R��ES^�!X[�q��O6�GSN�LK>��PYl g K>��P]Vm�YQ�Ucb�b ^c^ X[� bW^�d R J  ��%�
e ´ ° ã æ+â*æ ð ç á ² N æ ñ
´ ° ð æ ´ùã ó ä-° ¶�å!æ�¯ ° · ñ á ´ á å-å
æ�å = ¯ à ö ¶ à ¶ºç á ã å
·�è î æ ö ã æº²!ç à�´ á ¯ á ¯ á ñ
´ á ã å
æ�¯ ° æ 6 ñ!à ú à�´!ð ± å
æ 6 û�û 8Ú8+÷
H v b � e  J I �6f b
g�J �LKir J � _ v b �6PL�NQ
R J  ��ESNT]V b Xp�� ��6���sT b V b W��
T b �NQ v b � e  J I �6f b
g�J �LKNM��6��� _ v b �
P]SNT]V b X[�b W��NQ v b � e  J I �6f b
g�J �LKNM��6��� _ v b �
P]S b V b X[�
���4��R!���
t l S v b � e  J I �6f b
g�J �hK v b � _i^ O6�!P]SNT b�u`b W%V b X�X[� bW^�d R J  ��%�
���¢¥�¤¦�¢¡X���T�����x�Ü�]ª���©T¡]����£��T�¢¡¢�vF���ª ¨��¢�T¡X¥���©8�<� ¥s£��¢�T�vF����
e æ ´ æ ö â*æ ð ² à�ñ ° ¶ á ¯ ° è ñ
´!à ò ´ á ð�ð ¯-óML ñ
´-à ³
æPâ ± ´ ò ´ á�ú©°-ä æº¶º² à ö¼° ¯!ç�æ ´-ñ!´ æ�ç á ³ °!° ã æº²-ç à�´ ¯!óML à�ñ æ ´ á ³ °!öEn¯d�á ¶�¶ ð�à ç ´ ° ð
ñ
´ ° ¯!³ ° ñ ó ñ
à ¶�ç ´!à æ�¯ ° ·Fç á ² ° L ñ!´!à ³!æ+â ± ´ ¯ á ñ!´ ° ð æ ´ æ»¶ à ô+â á ¯ ° · ñ!´!à ³
æ+â ± ´ ó ò ´ á�ú©°-ä æº¶�² à ö�° å-å
è©¶ºç ´ á ³ °!° ¶�å à N æ�¯ ° ·
ã æº²-ç à�´-à�ã nxw ç á ñ!´!à ³
æ+â ± ´ á à ¶+¯ à�ã á ¯ á ¯ á õ à å!æºæ ñ!´!à ¶ºç à ö ñ
´-à ò ´ á ð�ð ¯ à ö ñ!´!à ³!æ+â ± ´ æ V ectorAlgebra[strelka](A, a, c) é² à ç à�´ á ·�é ã ¶ ã�à è à ä æ ´ æ+â = é ñ
à ¶�ç ´!à æ�¯ á ¯ á à ¶�¯ à�ã æ ñ!´!à ò ´ á ð�ð ¯ à ö ñ
´!à ³
æ+â ± ´ ó Arrow õ ° õ�å ° à ç�æº² ° plots ÷
H v b � e  J I �6f b
g�J �LKNM _(j�b �
PL�^Q
R J  ��ES I V^��V g Xp�� ��6���st]V^�!U0V g U0Vy�YU0V^� g �
tL�NQ v b � e  J I �6f b
g�J �LKNM�O6� _(jVb �
P]S^��V g X[�	� g �NQ v b � e  J I �6f b
g�J �LKNM�O6� _(jVb �
P]S I V^�!X[�
��Uc�NQ v b � e  J I �6f b
g�J �LK^� e�J�b ���Y��P]S I V^��V g ��O b X[�
�YUc�NQ v b � e  J I �6f b
g�J �LK^� e�J�b ���Y��P]S I VNt]V J�b�d X[�g Uc�NQ v b � e  J I �6f b
g�J �LK^� e�J�b ���Y��P]S^� g V g VNf J�bcbW^ X[�
R!�� e �%K d ����R!��� l P]S^��U0V g U0V��!U0V^��T b �6Q ¿Yz6{ ��|�X[� bW^�d R J  ��%�
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e ´-à ³!æ+â ± ´ á V ectorAlgebra(A, a, b) à ¶ ± î æ�¶ºç ã å!·-æ�ç ñ
à ¶ºç ´-à æ�¯ ° æU¶ ± ð�ð ó ã æº²-ç à�´-à�ã : ° <�é ñ
´ ° å à N æ�¯-¯!óML�²Òç à ä ²1æ A é
ñ!´ °-ä æ ðÒà ² ´ á�ý§° ã á æ�ç ñ æ ´-ã ó ö ã æº²-ç à�´Kã ò à å ± õ à ö ³ ã æºç�é ã ç à�´-à ö*� ã ô�æ�å
æ+¯!ó ö é á ¶ ± ð$ð ± ã æ�²!ç à�´!à�ã � ã ² ´ á ¶+¯!ó ö%n e ¯ á å à �ò °!ä ¯ à ¶�ç ´!à ° ç�¶P· ° ñ!´!à ò ´ á ð�ð ¯ á · ñ
´-à ³!æ+â ± ´ á ã ° ô ±1á å ° ô á ³ °-° ã æ�²!ç à�´ ¯ à ò àHñ
´!à ° ô ã æ+â
æ�¯ ° · Prod X vec(A, a, b) é ² à ç à�´ á ·
à ¶ ± î æº¶ºç ã å
·�æºç¹ò ´ á�ú°!ä æ�¶º² à æ à ç à õ ´ á�N æ�¯ ° æ ã æº²-ç à�´-à�ã :E}~< ñ
´ ° å à N æ+¯!¯!óML®²Uç à ä ²1æ A é ° L ã æº²!ç à�´ ¯ à ò à é á ç á ² N æ ñ á ´ á å �å!æ�å à ò ´ á ð�ð á é ñ
à ¶ºç ´!à æ�¯!¯ à ò à ¯ á ã æº²!ç à�´ á L�:[}~< n e ´ °ÿþ ç à�ð ñ æ ´-ã ó ö ã æº²!ç à�´ÿà ² ´ á�ý§° ã á æºç�¶P· ã ² ´ á ¶�¯!ó ö ³ ã æ�ç�é ã ç à�´!à ö:�
ã ôºæ�å
æ+¯!ó ö é�ç ´ æºç °-ö0� ã ò à å ± õ à ö é á ñ å à ¶º² à ¶ºç =Fñ á ´ á å-å
æ�å à ò ´ á ð�ð áò� ã N æ�å!ç�ó ö ³ ã æºç n e ´-à ³
æPâ ± ´ á ò ´ á�ú©°-ä æ�¶º² à ö�° å �å!è£¶�ç ´ á ³ °!° ñ!´!à â à å = ¯ à ö ° ñ á ´ á å-å
æ�å = ¯ à ö ¶ à ¶ºç á ã å
·�è î ° L ã æº²-ç à�´ á é V ec X Pr(M,x, e) é à ¶ ± î æº¶ºç ã å
·�æºçHò ´ á�ú©°!ä æº¶º² ± è
ã ° ô ±1á å ° ô á ³ ° è ã æ�²!ç à�´!à�ã�� ° à ñ
´ ° å à N æ�¯-¯!óMLH²Kç à ä ²1æ»é ñ!´!à â à å = ¯ à öK° ñ æ ´�ñ æ�¯�â ° ² ± å
· ´ ¯ à ö ¶ à ¶ºç á ã å!·-è î ° L ã æ�²!ç à�´ á
�¼à ç�¯ à ¶ ° ç�æ�å = ¯ à¹ã æ�²!ç à�´ á à n
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� á ç ´ æ�ç = æ ð þ ç á ñ æ¹² à�ð�ñ�= è©ç�æ ´ ¯ à ò àUð�à â
æ�å ° ´!à�ã á ¯ ° · ² à ¯
¶ºç ´ ±1° ´ ± è©ç�¶P· ñ!´!à ò ´ á ð�ð ¯-ó æ ñ!´!à ³!æ+â ± ´ ó ° ô à õ ´ á,N æ�¯ ° · ò%æ à �
ð æ�ç ´ °-ä æº¶º² ° L ú° ò ± ´ n e ´!à â
æ ð�à ¯
¶�ç � ´ ° ´ ± æ ðRñ
´ ° ð æ ´ ¶ à ô+â á ¯ ° · ñ
´-à ³
æPâ ± ´ ó Nagle(R, a, n, c) ò ´ á�ú©°-ä æ�¶º² à ò à¾à ç à õ ´ á,N æ �¯ ° · ñ
´ ° ô ð ó¡¶ ´ æºõ ´!à�ð : 6 ¶ ñ ° ¶ à ² 8 é à ² ´ á�ý æ�¯!¯ à ö ã ³ ã æ�ç c é ãFà ¶�¯ à�ã á ¯ °-° ² à ç à�´!à ö å
æ Nµ° ç ñ!´ á ã ° å = ¯!ó ö n �0± ò à å = ¯ ° ² é
ã�ñ ° ¶ á ¯-¯!ó ö ã>à ² ´ ±:N ¯ à ¶ºç =®´ á â °!± ¶ á R n

H v b � e  J I �6f b
g�J �LKi����f�� b Ph�NQ
R J  ��ES`�LV^��V ^ V���Xp�� ��6�����LV��EVm���LV`���%V`������V^� g V e Vm�hVNf�� g �
�L�NQ�S���X� H Ki�!l��� ��ESyW�l�r!��l�� ui^ XcV`�!l���� ^ SyW�l�r!��l�� uW^ XcV^��PL�
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õ!ê�é!ê�ñLï�ú$ïoó�ò�é0ç
÷.ñ Î í�ð6û�ècç�ô�÷.í!ý�ð�ì E

þ�ç�è0ç � ��÷4øô�ð6ó!õ�ü ý6ç6í N ÷�þ�ç6ì�ç
ó�ó�÷4ó�÷4õ,ð�ï4ê
y
�
TE− þ�ð
ó�úYì!ê�ù�ç
î!ê�ú½þ�ð6ó�ú � n e�ð � ý�ð�ñ]ò\ñLð N õ�ð½ê�ï.íYç6ý = ì�÷���÷oõ�ê�÷�ù�ç�è0ç.é�ê	è�ê0ë�ì�ç6í!î!ê�ê Îõ�÷�ù�ç
ô6ê�ï�ú���÷.÷�ð�ý¹í�ð6ð�ì�è�ê!õ0ç
ý�ü

y
n

��÷4õ!ò
ó�÷4ô6ü�÷¹í�ð�ñ]þ�ð6õ�÷oõ�ý�ü � ó�÷.í�ý�ì!ð�ñhç
û4õ�ê�ý6õ�ð6û.ð$þ�ð6ó�úqô	ïoó�ò�é0ç
÷ TE− þ�ð6ó�ú!ìYê�ù�ç�î�ê!êËô6ü�ì�ç N ç � ý�ï�ú « ¼,¬ é�÷.ì!÷.ùÁþ�ð�ý�÷4õ��î!ê0ç�ó = õ�ò � ëÀò�õ�í!î�ê � u(x, z) = Ey(x, z)
Î í�ð6ý�ð�ì�ç6ú$úYô6ó�úY÷.ý�ï�ú½ì�÷���÷4õ!ê�÷.ñÒè�ô�òYñL÷.ìYõ�ð6û.ðÜòYì�ç�ô�õ�÷4õ�ê�ú Í ÷4ó = ñ]û�ð
ó = î�ç

∂2u

∂x2
+
∂2u

∂z2
+ k2u = 0.

��� �

-

6
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z
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�������5a�� A � �
d ç
ï.ï.ñhç6ý�ìYê�ô�ç6÷.ñhç6ú\ù�ç�ècç.é0çÁñhð N ÷.ý�ÿ6ü�ý = ï�ë�ð�ì!ñ]ò
ó�ê�ì!ð6ô�ç
õ0çÜíYç
í\ù�ç�ècç.é0çÜï4ð6þ�ìYú N ÷4õ!ê�ú�è�ó�ú � ý�ð
û�ðÜòYì�ç
ô�õ�÷4õ�ê�ú n e�ó�ð6ï��íYð6ï.ý =�| ? � ì�ç6ù4ð�ÿ = ÷.ñpõ0çÁè�ô�÷�ð�ÿ6ó�ç6ï.ý6êB�>ï.ñ n ì!ê�ï n � �-C ô�÷.ì L õ �D� {(x, z) : z > 0} ê	õ�ê N õ � � {(x, z) : z < 0} þ�ð
ó�ò�þ�ó�ð�ï��íYð6ï.ý�ê n Í ì�ç�õ�ê�î!ò$ï.ð6þ�ì�ú N ÷oõ�ê�ú$þ�ð
ó�ò�þ�ó�ð�ï.í�ð6ï.ý�÷4ø\ì�ç
ù.ð�ÿ = ÷.ñsõ0çÁé0ç
ï.ý�ê C ð�ÿ6ð�ù4õ�ç.é�ê�ñsé�÷.ì!÷.ù M þ�ì�ð6÷.íYî�ê � õ0çÜð�ï = x é�ç6ï4ý�ê Îï.ð�ð�ý6ô�÷.ý�ï4ý�ô�ò � ��÷oøÙñL÷.ý�ç�ó�ó!ê�é�÷.ï.í!ê�ñkþ�ó�ç6ï.ý6ê�õ0ç
ñ Î ê N j þ�ì!ð�÷.íYî�ê � é0ç6ï4ý�êÒÿ�÷.ù$ñL÷.ý6ç�ó�ó�ê!é�÷4ï.í!ê L þ!ó0ç
ï.ý�ê�õ n Õ ÿ�ð�ùoõ0ç.é�ê�ñé�÷.ì!÷.ù
u+(x)

þ�ì�÷oè�÷4ó = õ�ü�÷�ùoõ0ç.é�÷oõ�ê�ú¹ê�ï.í�ð�ñLð6ø	ëºòYõ�í!î!ê�ê Ey(x, z) þ�ì!ê$ï.ý�ì!÷.ñ]ó�÷4õ!ê�ê z í 0
ï4ô�÷4ì L ò Î ç�é�÷.ì!÷.ù v+(x) j þ�ì�÷-�è0÷4ó = õ�ü�÷Áù4õ�ç�é�÷4õ!ê�ú Hx(x, z)

� ê!ó�ê Î íYç6íqï4ó�÷�è�ò�÷.ý�ê�ùÁï4ê�ï.ý�÷.ñ]ü ´ ç6í�ï4ô�÷oó�ó�ç Î ïÜý�ð6é�õ�ð�ï.ý =
� è�ð$þ�ð�ï.ý�ð
ú�õ!õ�ð6û.ð$ñ]õ�ð N ê�ý�÷4ó�úõ�ð�ì!ñhç
ó = õ�ð
øÙþ�ì�ð
ê�ù4ô�ð.è�õ�ð6ø ∂Ey(x, z)/∂z � n�} ó�ú»þ�ì!÷oè0÷oó = õ!ü L ùoõ0ç.é�÷oõ�ê�øÙëÀò�õ�í!î!ê�êöêÙõ�ð�ì!ñjç�ó = õ�ð6øÙþ�ì�ð
ê�ù4ô�ð.è�õ�ð
øÙþ�ì!êþ�ð.è L ð�è�÷�í\ð6ï4ê x ê�ù�õ�ê N õ�÷oø	þ�ð6ó!òYþ!ó�ð6ï.í�ð�ï.ý6ê�ô6ô�÷oè�÷.ñsð�ÿ6ð�ù4õ�ç.é�÷4õ!ê�ú u−(x) ê v−(x) nl íYç N è0ð
øsê�ù$þ�ð
ó�ò�þ�ó�ð�ï.í�ð6ï.ý�÷4øÒõ�ò N õ�ðqõ0ç
ø�ý�ê�ì!÷���÷4õ�ê�úÒòYì�ç
ô6õ�÷4õ!ê�úE��� � ê�ù�í!ó�ç6ï.ï�çqì�ç6ïoþ�ì!÷oè0÷4ó�÷4õ!ê�øÙñh÷�è�ó�÷4õ�õ�ð6û�ðì�ð�ï4ý�çGõ0çvÿ�÷.ï4í�ð6õ�÷oé�õ�ð6ï.ý�ê Î ò�è0ð
ô�ó�÷4ý�ô�ð6ìYú � ��ê�÷Lï4ó�÷�è�ò � ��ê�ñ�ò�ïoó�ð6ô6ê�úYñ�þ�ì!ê z = 0
nhl õ�÷hñL÷.ý�ç�ó�ó!ê�é�÷.ï.í!ê L þ!ó0ç
ï.ý�ê�õÀè0ð6ó N õ!üÿ6ü�ý = õ�÷oþ�ì!÷.ì!üxô6õ�ü íYç
ï�ç6ý�÷oó = õ!ü�÷�ï.ð6ï.ý�ç�ô�ó�ú � ��ê�÷�ô�÷4í�ý�ð6ì�ð6ô E

ê
H
n�l õ�çF��÷.ñsï4ó�ò�é�ç6÷ � ý6ê\ò�ïoó�ð
ô�ê�ú½ê�ñh÷ � ýÁô�ê!è

u+(x) + u0(x, 0) = u−(x), v+(x) + v0(x, 0) = v−(x)
þ�ì!ê

x ∈ N. � 9 �
³�ç6ï�ç6ý�÷4ó = õ�ü�÷½ï.ð6ï.ý6ç
ô�ó�ú � ��ê�÷�õ0ç�þ�ì�ú N ÷4õ�õ�ð�ï.ý�ê � ó�÷.í�ý�ì!ê!é�÷.ï.í�ð
û�ð�þ�ð
ó�ú E

õ�ç\ê!è�÷�ç
ó = õ�ð	þ�ì�ð6ô�ð.è0ú���ê L ñL÷.ý6ç
ó!ó�ê!é�÷.ï.íYê Lþ�ó0ç
ï.ý�ê!õ0ç L ì�ç
ô6õ�ükõ�ò
ó � Î é�ý�ð � íYô�ê!ô�ç
ó�÷4õ�ý�õ�ðÜïoó�÷oè�ò � ��ê�ñÒò�ï4ó�ð6ô6ê�úYñ C
u+(x) = −u0(x, 0), u−(x) = 0

þ�ì!ê
x ∈M.

� ã
�
e ï4ê�ñLþ�ý�ð�ý6ê�é�÷.ï.í�ð6÷Àþ�ð
ô�÷oè�÷4õ�ê�÷�õ�çÜì!÷.ÿ�ì�ç LG� í�ì�ç
õ�ð
ôH� « = ¬ Î � n 9�p êI� n 96¼ � ï4é!ê�ý6ç6÷.ñÙï4ó�÷oè�ò � ��ê�ñ C

Ey = O(ρ1/2) , Hx = O(ρ−1/2) , ρ→ 0,

û�è�÷
ρ j ì�ç6ï.ï.ý�ð�úYõ!ê�÷�è0ð\í�ð6õ�î�÷4ô�ð
øÒý�ð6é�íYê � í!ì�ç�õ0ç nJ� ï4ó�ð6ô6ê�úqõ0ç�ÿ�÷.ï.í�ð
õ�÷4é!õ�ð6ï.ý�êöð
þ�ì!÷oè0÷oó�ê�ñkïoó�÷oè�ò � ��ê�ñkð�ÿ�ì�ç6ù4ð�ñ « ph¬ CëÀòYõ�í!î!ê�ú

u(x, z)
è0ð6ó N õ�ç¹ÿ6ü�ý = ð6û.ì�ç
õ!ê�é�÷4õ0ç�õ0çÜÿ�÷4ï.í�ð6õ�÷4é�õ�ð�ï.ý6ê	ê!ó�ê	ì�ç6ï4þ�ì�ð6ï.ý�ì�ç
õ�úYý = ïoú½íYç6í�ô�ð6ó!õ0çK� þ�ð6ì�ð N è0ç6ý = ô�ð6ó��õ�ò Î þ�÷.ì�÷oõ�ð�ï�ú���ò � � õ�÷.ì!û4ê �)� þ�ì!ê x2 + z2 → ∞ n �[ç�ècç.é�çL��� � j � ã
� ô�ñL÷.ï4ý�÷	ï�ò�ï4ó�ð6ô�ê�ú!ñ]ê�õ�çËÿ�÷.ï.í�ð
õ�÷4é!õ�ð6ï.ý�ê�êpì�÷4ÿ�ì�÷þ�ì�÷�è0ï.ý6ç
ô6ó�úY÷.ý�ï.ð6ÿ�ð
øÒñhç6ý�÷.ñhç
ý�ê�é�÷.ï.íYò � ñLð.è�÷4ó = þ�ì!ð6î�÷.ï.ï�ç½è�ê0ë�ì�ç6íYî�ê!ê»õ�çM��÷4ó�êöñL÷ N è�ò»ñL÷.ý6ç
ó!ó�ê!é�÷.ï4í!ê�ñ]ê � í�ì�ç
õ�ç6ñ]ê

TE− þ�ð6ó�ú!ìYê�ù.ð
ô�ç�õ�õ�ð
ø � ó�÷.í!ý�ì�ð6ñjç�û.õ�ê�ý�õ�ð
ø$ô�ð6ó!õ�ü Î ð
þ�ê�ï4üxô�ç
÷.ñLð6øËëÀò�õ�íYî�ê�÷4ø u0(x, z) n

���GNÙ¨��x§ �¢©T���7P¢��§ �¢�T��§ ��Ok�T�X��F��T� � ��©T¡X�¢���T�]�8M�©T¥�¤QPRP����X¨�©���©��8N
Õ ÿ�ì�ç
ù4üTS�òYì = ÷�õ�ð�ì!ñjç�ó = õ�ü L þ�ì�ð
ê�ù4ô�ð.è�õ�ü L êqï�ç6ñLð6øËê�ï.í�ð�ñLð
ø�ëºòYõ�í!î!ê�ê	õ0ç¹û�ì�ç
õ�ê!î0ç L þ�ð
ó�ò�þ�ó�ð�ï4íYð6ï.ý�÷4ø,ï4ô�ú!ù.ç
õ�üäï.ð/�ð�ý�õ�ð	��÷4õ�ê�ú!ñ]êQ�>ï4ñ n « U�¬ �-C

V + (ζ)− iγ (ζ)U+ (ζ) = 0,

V − (ζ) + iγ (ζ)U− (ζ) = 0,

� =(�
û�è�÷

γ (ζ) =
{
−
√
k2 − ζ2, |ζ| < k, i

√
ζ2 − k2, |ζ| > k

}
.

K ð�ð�ý�õ�ð	��÷4õ!ê�ú7� =
� è�ó�ú	ô�÷���÷.ï.ý�ô�÷4õ!õ�ü L ζ ë�ç
í�ý�ê!é�÷.ï.íYê»ù.ç6ñL÷4õ�ú � ý�ï.ð�ÿ6ð6ø»ò!ì�ç
ô6õ�÷4õ!ê�÷M��� � nJV ç
í!ê�ñ5ð6ÿ�ì�ç6ù.ð6ñ Î þ�÷.ì�÷ L ð.è�ê�ñð�ý»ï4ê�ï.ý�÷.ñ]üW��� � j � ã	� í�ï4ê�ï.ý�÷4ñh÷X� 9 � j � =(� Î í�ð�ý�ð6ì!ò � êsÿ
ò�è0÷.ñäôËè0ç
ó = õ�÷oø���÷.ñ ì�÷��Áç
ý = n e�ì!ê�ì!÷���÷4õ�ê!êpù.ç�ècç.éÙè�ê0ëÀì�ç6í��î�ê�ê�è�ð�ï.ý6ç6ý�ð6é�õ�ð�ð6ý�ü�ï.íYç6ý = ó!ê�ÿ�ð»û�ì�ç
õ�ê!é�õ!ü�÷	ù4õ0ç.é�÷4õ�ê�ú�ï�ç
ñhð
økëÀò�õ�í!î!ê�ê Î ó!ê�ÿ�ð»û�ì�ç
õ�ê!é�õ!ü�÷	ù4õ0ç.é�÷4õ�ê�úÙõ�ð6ì�ñhç
ó = õ�ð6øþ�ì�ð
ê�ù4ô�ð.è�õ�ð6ø « ¼�¬ ngd ç
ï.ï.ñLð�ý�ìYê�ñöôÁíYç�é�÷.ï.ý6ô�÷ºõ�÷4ê�ù4ô�÷.ï.ý�õ�ð6ø½û�ì�ç�õ�ê�é!õ�ð6÷Àù4õ�ç.é�÷4õ!ê�÷ÀëÀò�õ�í!î!ê�ê u−(x) n K ô�÷oè�÷.ñÒê�ï L ð.è�õ�ò � ù�çA�ècç.é�òX� 9 � j � =(� í	ï4ê�ï4ý�÷.ñL÷�ê!õ�ý�÷oû�ì�ç�ó = õ!ü L òYì�ç
ô�õ�÷4õ�ê!ø	ð�ý�õ�ð�ï4ê�ý�÷4ó = õ�ð u−(x) n e�ì!ê�ñL÷4õ�ê�ñ�í	ï.ð�ð6ý�õ�ðF��÷4õ�ê�ú!ñY� =(� ð6ÿ�ì�ç
ý�õ�ð6÷þ�ì�÷4ð�ÿ�ì�ç6ù.ð
ô�ç
õ!ê�÷ZS�òYì = ÷�ê\ô�ð�ï4þ�ð6ó = ù4ò�÷4ñhï�ú�ò�ï4ó�ð
ô�ê�÷.ñ[� ã
� Î þ�ð6ó!ò�é�ê�ñ

v+(x) =
1

2π

+∞∫

−∞

u+ (τ)K0(τ − x)dτ =
1

2π

∫

N

u+ (τ)K0(τ − x)dτ − 1

2π

∫

M

u0 (τ)K0(τ − x)dτ
� p �

ê

v−(x) = − 1

2π

+∞∫

−∞

u− (τ)K0(τ − x)dτ = − 1

2π

∫

N

u− (τ)K0(τ − x)dτ,
� ¼ �

û�è�÷
K0(x) = − ik

2|x|H
(2)
1 (k|x|). � U �

d ç6ï.ï.ñLð6ý�ì!ê�ñ�òYì�ç
ô�õ�÷4õ�ê�ú\� p � êQ� ¼ � õ0ç x ∈ N n5l üxé�ý�÷.ñ�ð.è�õ�ðÜê�ùÀè0ì!ò�û�ð
û�ðÁê\ê�ïoþ�ð6ó = ù4ò�÷.ñÙò�ïoó�ð6ô6ê�ú\� 9 �-C

v0(x) =
1

π

∫

N

u− (τ)K0(τ − x)dτ − 1

2π

+∞∫

−∞

u0 (τ)K0(τ − x)dτ.
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} ó�ú�þ0ç�ècç � ��÷4ø\ô�ð6ó!õ�ü Î íYç6í½è�ó�ú�ô�ð6ó!õ�ü Î ì�ç6ï4þ�ì�ð�ï4ý�ì�ç�õ�ú � ��÷4ø�ïoú¹ô¹ð�ý�ì!ê�î�ç6ý�÷oó = õ�ð�ñöõ�ç
þ�ì�ç�ô�ó�÷oõ�ê�ê�ð6ï4ê z Î ïoþ�ì�ç
ô�÷�è�ó�ê!ô�ðô�ý�ð�ì!ð�÷�ï4ð�ð�ý6õ�ð	��÷4õ!ê�÷]� =(� Î í�ð�ý�ð6ì�ð�÷�ñLð N õ�ð�ù�ç�þ�ê�ï�ç6ý = ô¹ô6ê!è0÷

v0(x) = − 1

2π

+∞∫

−∞

u0 (τ)K0(τ − x)dτ.

V ð
û�ècç�þ�ð
ó�ò�é�ê�ñ
∫

N

u− (τ)K0(τ − x)dτ = v0(x), x ∈ N. � ö	�
�cç6ñL÷.ý6ê�ñ Î é�ý�ð¹ô$ì�ç
ÿ�ð�ý�÷ « ö ¬ þ�ìYê,õ�÷.ï.í�ð
ó = í�ð�ð�ý�ó�ê�é!õ�ü L ò�ï4ó�ð6ô6ê�ú L ð�ý^� 9 � þ�ð
ó�ò�é�÷4õ�ð¹ê!õ�ý�÷oû�ì�ç�ó = õ�ð�÷�òYì�ç�ô�õ�÷oõ�ê�÷�ð�ý�õ�ð�ï4ê��ý�÷4ó = õ�ð u+(τ) þ�ì!ê\ý�ð6ø N ÷�þ�ì�ç
ô�ð6ø\é0ç6ï4ý�ê n
K���_0�#`Ã�¢©T���H�T©�¡X�¢�����]�-M�©�¥���¥aP����X¨�©���©��|ª P¢��§V�¢����§ ��Ok�T�X��F��T� ©��±¥�¡X¨��¢�T�x¡X�T�
e�ò�ï.ý = ê�õ�ý�÷.ì!ô�ç
ó Î õ�çÙí�ð�ý�ð6ì�ð6ñØì�ç6ï4þ�ð6ó�ð N ÷oõ0ç7��÷oó = Î ï.ð6ô6þ0ç�è0ç6÷.ýsï»ð�ý�ì�÷.ù.í�ð6ñ (−1, 1) n©Õ ÿ�ð�ùoõ0ç.é�ê�ñ u(τ) = u−(τ)

ê
f(x) = v0(x)

n�V ð
û�è0ç�ò!ì�ç
ô�õ�÷4õ!ê�÷� ö	� þ�ìYê�ñL÷.ýÁô6ê!è
1∫

−1

u(τ)K0(τ − x)dτ = f(x), x ∈ (−1, 1), �<b �

ïÜû.ì�ç
õ!ê�é!õ�ü�ñ]ê»ò�ïoó�ð6ô6ê�úYñ]ê
u(−1) = u(1) = 0 Î ô	ï.ð6ð�ý�ô�÷4ý�ï.ý�ô6ê�ê�ïÜþ�ð
ô�÷oè�÷4õ�ê�÷.ñkþ�ð6ó�úqõ0ç$ì�÷.ÿ6ì�ç L n®Õ î�÷4õ!ê�ñ;þ�ð
ô�÷oè�÷4õ�ê�÷ëºòYõ�í!î!ê�ê9Ø�ç�õ�í�÷4ó�ú Î ï.ð.è�÷.ì N çF��ò � ï�ú�ô,ú�è0ì�÷Áê�õ�ý�÷4û�ì�ç�ó = õ�ð6û.ð\òYì�ç�ô�õ�÷4õ�ê�ú Î ô,ð�í�ì!÷.ï.ý6õ�ð�ï4ý�ê»õ�ò
ó�ú n9} ó�ú � ý�ð
û�ð\ô�ü�ì�ç6ù4ê�ñè0ç
õ!õ�ò � ëÀò�õ�í!î�ê � é�÷.ì�÷4ù�ëÀò�õ�í!î�ê!êIcG÷4ï.ï.÷4ó�úËê9��÷4ø�ñhç
õ0ç H(2)

1 (x) = J1(x) − iY1(x)
n�d ç6ùoó�ð N ê�ñ ô	ì�ú�è V ÷4ø�ó�ð�ì�ç½þ�ìYê

x→ 0
ï4þ�ì�ç�ô�ç¹ëÀò�õ�íYî�ê � cG÷4ï.ï.÷4ó�ú

J1(x) =
x

2
+O(x3)

ê	ëÀò�õ�í!î!ê � ��÷4ø�ñhç�õ0ç
Y1(x) = − 2

πx
+

(−1 + 2γ − 2 ln 2 + 2 lnx)x

2π
+O(x3),

û�è�÷
γ = 0.57722 j þ�ð6ï.ý�ð�úYõ!õ0ç
ú w ø�ó�÷.ì�ç nK ò�é�÷.ý�ð6ñ � ý�ê L þ�ì�÷oè�ï.ý6ç
ô�ó�÷4õ!ê�ø$þ�ð6ó!ò�é�ê�ñ

K0(x) = − ik

2|x| (J1(k|x|)− iY1(k|x|)) =

=
1

πx2
− k2

2π
ln |x| − (−1 + 2γ − 2 ln 2 + 2 ln k)k2

4π
− i k

2

4
+O(|x|2).

V ç
í!ê�ñpð�ÿ6ì�ç6ù4ð�ñ5ô$ú�è�ì�÷�ê!õ�ý�÷4û.ì�ç
ó = õ�ð6û�ð�òYì�ç
ô�õ�÷4õ!ê�úI�<b � ñLð N õ�ð$ô�üvè�÷4ó�ê�ý = ï4ó�ç
û4ç6÷.ñ]ü�÷ Î ï4ð�è�÷.ì N çF��ê�÷Üð�ï4ð�ÿ�÷oõ�õ�ð6ï.ý =ôÜõ�ò
ó�÷ C
K0(x) =

1

πx2
+
k2

2π
ln

1

|x| +R(x),
��� ? �

û�è�÷
R(x) = − ik

2|x| (J1(k|x|)− iY1(k|x|))−
1

πx2
− k2

2π
ln

1

|x|
���	� �

þ�ì�÷�è0ï.ý6ç
ô6ó�úY÷.ýöï.ð�ÿ6ð6ø ì�÷4û4ò
ó�úYì!õ!ò � é�ç6ï4ý = ê�õ�ý�÷4û�ì�ç
ó = õ�ð
û�ðÒú�è0ì�ç K0(x) n S�ò�õ�í!î!ê�ú R(x) õ�÷4þ�ì!÷.ìYüxô�õ0ç�õ�çöê!õ�ý�÷.ì!ô�ç
ó�÷
(−1, 1) ê\þ�ìYê�õ�ê�ñhç6÷.ýÁôÜõ�ò
ó�÷�ï4ó�÷oè�ò � ��÷.÷�ù4õ�ç.é�÷4õ!ê�÷ C

R(0) = − (−1 + 2γ − 2 ln 2 + 2 ln k)k2

4π
− i k

2

4
.

K ò�é�÷.ý�ð6ñd��� ? � ê!õ�ý�÷oû�ì�ç�ó = õ�ð�÷�òYì�ç
ô�õ�÷4õ�ê�÷�<b � ñLð N õ�ð�ù�ç�þ�ê�ï�ç6ý = ô¹ô�êYè0÷

1

π

1∫

−1

u(τ)

(τ − x)2 dτ +
k2

2π

1∫

−1

u(τ) ln
1

|τ − x|dτ +
1∫

−1

u(τ)R(τ − x)dτ = f(x), x ∈ (−1, 1), ��� 9 �

ôËí�ð�ý�ð�ì�ð6ñ ôqþ�÷.ìYô�ü�÷½è�ô�ç	ê�õ�ý�÷4û�ì�ç
ó0ç\ô�ð	��ó�êsð6ï.ð�ÿ6÷4õ�õ�ð�ï.ý6êsú�è0ì�ç	òYì�ç
ô�õ�÷4õ�ê�úe�<b � Î ç,ý�ì�÷.ý6ê�øöï.ð.è0÷.ì N ê�ýqõ�÷oþ�ì�÷4ì!üxô�õ�ð�÷ú�è�ì�ð
R(τ − x) n �[ç
ñh÷4ý�ê�ñ Î é�ý�ð$þ�÷.ì!ô6üxø»ê�õ�ý�÷4û�ì�ç
óËê�ñL÷.÷.ý\ð6ï.ð�ÿ6÷4õ�õ�ð�ï.ý = ô�ý�ð�ì�ð
û�ð�þ�ð�ì�ú�è0íYç Î êËþ�ð
õ�ê�ñhç
ý = ÷4û.ð\ï4ó�÷oè�ò�÷.ý½ôï4ñ]ü�ï4ó�÷�ê�õ�ý�÷4û�ì�ç
ó�ç e ècç6ñhç
ì�ç « b ¬ n
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�������5a�� A � b
f ä:çÜçÜè ÷ ¢ ù|ð(g2Ê�hIi¢ð�¶:Å
j�À�½ u(τ) ∈ C1(−1, 1) ¹�º�À τ ∈ (−1, 1) ¹,º¯ÈÎAgÊ ¸�»�À�Á|¸�»R»hÀ�Î�È|ºg½�Îh¸7k�ðº�h�ÈV¹�É*¹5É>¼5À5¶�ÉÚÁ|¸tÁl È�mt×#nVÈ@»�¸Í»�Ê ÉÚº9ÉhÆoÉ�º�É�Îh¸

u(τ) =
√

1− τ2
∞∑

n=0

DnUn(τ),
��� ã
�

¸�È@È�¹�º�ÉhÀ�Ï�»,ÉhÎt¶�¸@½ u′(τ) ¶5¸VÊ�É>ÁkÓÔÈ|À:¶5Ê ÈÖº¯»�¸t¼9È)o®»Í»hÀ�Î�ÈMºg½�Îh¸V¹�ÉT¹�É>¼5À5¶5É>Á�¸tÁ l È�mt×pn È@»,¸�¹9ÈÖº¯»�ÉhÆ2ÉÜº9ÉhÎh¸
u′(τ) =

1√
1− τ2

∞∑

n=0

CnTn(τ).
��� =(�

Ë�É�ÆoÎh¸ C0 = 0 À Cn+1 = −(n+ 1)Dn, n = 0, 1, ... Æq åsr¯è�t�è�&gä(uwv � &�x�å ¢ e�ì!ð.è�ê�ë�ë�÷.ì!÷4õ�î!ê�ìYò�÷.ñ�ëÀò�õ�í!î!ê � u(τ) Î þ�ì!÷oè0ï4ý�ç�ô�ó�÷oõ�õ!ò � ì�ú�è�ð�ñd��� ã	�
u′(τ) = − τ√

1− τ2
∞∑

n=0

DnUn(τ) +
√

1− τ2
∞∑

n=1

DnU
′
n(τ).

d ç
ô�÷oõ�ï.ý�ô�ð�ù�è0÷.ï = ê$ècç
ó�÷.÷�þ�ð6õ!ê�ñhç6÷.ñÙô�ð6ÿ�ð6ÿ	��÷4õ!õ�ð6ñ;ï4ñLü�ïoó�÷ n e�ì�ð.è�ð6ó N ê�ñÙþ�ì�÷.ð6ÿ�ì�ç
ù.ð6ô�ç
õ!ê�ú C
u′(τ) = − τ√

1− τ2
∞∑

n=0

DnUn(τ) +
1√

1− τ2
∞∑

n=1

(−n)τDnUn(τ)+

+
1√

1− τ2
∞∑

n=1

(n+ 1)DnUn−1(τ) = − τ√
1− τ2

D0U0(τ)−

− τ√
1− τ2

∞∑

n=1

(n+ 1)DnUn(τ) +
1√

1− τ2
∞∑

n=1

(n+ 1)DnUn−1(τ).

��è�÷.ï = ÿ6üvó0ç¹ê�ï4þ�ð
ó = ù.ð6ô�ç
õ0ç½ë�ð6ì�ñ]ò
ó0çy� « �	� ¬ Î 9�9 n ö n =(�-C (1− x2)U ′n(x) = −nxUn(x)+ (n+ 1)Un−1(x)
n:} ó�ú½è0ç
ó = õ�÷oø���ê Lþ�ì�÷4ð�ÿ�ì�ç6ù.ð
ô�ç
õ!ê�øÁô�ð�ï4þ�ð6ó = ù4ò�÷4ñhï�úÁë�ð6ì�ñ]ò
ó0ç6ñ]ê Î ï4ô�úYù4üxô�ç � ��ê�ñ]ê¹þ�ð6ó!ê�õ�ð6ñ]ü�Î�÷.ÿ6üz��÷4ô�çÀþ�÷4ì!ô�ð
û�ðºê�ô�ý�ð�ì!ð6û.ð�ì!ð.ècçºñL÷ N è�òï.ð�ÿ�ð
ø�� « �F� ¬ Î 9�9 n p n ¼ � êQ� « �	� ¬ Î 9�9 n p n U �

Tn(x) = Un(x)− xUn−1(x) , Tn(x) = xUn−1(x)− Un−2(x).
e�ð6ó�ò�é!ê�ñ

√
1− τ2u′(τ) = −τD0U0(τ)− τ

∞∑

n=1

(n+ 1)DnUn(τ) +
∞∑

n=1

(n+ 1)DnUn−1(τ) =

= D0T1(τ)−D0U1(τ)−
∞∑

n=1

(n+ 1)Dn [τUn(τ)− Un−1(τ)] =

= D0 [T1(τ)− 2T1(τ)]−
∞∑

n=1

(n+ 1)DnTn+1(τ).

e�ìYê�ì�ç�ô�õ�ú!÷.ñöþ�ð6ó!ò�é�÷4õ!õ�ð�÷Àô6ü�ì�ç N ÷oõ�ê�÷�ï�ð.è�õ�ð
ø	ï.ý�ð�ì!ð6õ!ükê	ì�ç
ù4ó�ð N ÷4õ!ê�÷�þ�ì!ð6ê�ùoô�ð.è�õ�ð6øQ��� =(� ï�è�ì!ò�û�ð6ø\ï.ý�ð�ì�ð
õ�ü

− 1√
1− τ2

∞∑

n=1

nDn−1Tn(τ) =
1√

1− τ2
∞∑

n=0

CnTn(τ).

V ç6í,íYç6í,þ�ð6ó!ê�õ�ð6ñ]üåÎ�÷.ÿ
üz��÷4ô�ç�ú�ô�ó�ú � ý�ï�ú\ÿ�ç6ù4ê�ï.ð�ñ;õ�ç¹ê�õ�ý�÷.ì!ô�ç
ó�÷ (−1, 1) Î ý�ð¹ê�ù�þ�ð�ï4ó�÷oè�õ�÷4û�ð½ì�ç
ô�÷oõ�ï.ý�ô�ç½ï4ó�÷oè�ò�÷.ýò!ý�ô�÷.ì N è�÷4õ!ê�÷�ó�÷.ñLñLü n�cç6ñL÷.ý�ê�ñ Î é�ý�ðºè�ó�úÁý�ì!ê�û.ð6õ�ð6ñL÷.ý�ì!ê!é�÷4ï.í!ê L ì�ú�è0ð
ôZS�òYì = ÷xý�ð N ÷�ï4þ�ì�ç
ô�÷oè�ó!ê�ô�ð�ï4ð�ð�ý6õ�ð	��÷4õ!ê�÷xþ�ð.è�ð�ÿ
õ�ð�÷ Ô ÷4ñhñL÷1�{� « � ?�¬ ÎU6? =
� n
f ä:çÜçÜè_é ¢ ê ¼�½�À5¶:ÊVÈÆ.º�¸t¼�¸

Ln(x) =
1

π

1∫

−1

√
1− τ2Un(τ) ln 1

|τ − x|dτ

»]gÒ¼5ð�Ëg¸�È n = 0 À n = 1 g¹,ºg¸�»�ÈÎ2¼5À9»h×Ei�ÉÚº�Á�ðh¼�×
L0(x) =

1 + 4 ln 2

8
U0(x)− 1

8
U2(x), L1(x) =

1

3
U1(x)− 1

12
U3(x).

ê ¼g½RÉAgÊ�¸t¼�h�¶5×xØ�¹5É>¼�ÉhÓµÀ:ÊVÈÖ¼�h�¶5×xØ n À5¶:ÊVÈ2Æ º�¸t¼Íº�¸�»�È2¶
Ln(x) = − 1

4n
Un−2(x) +

n+ 1

2n(n+ 2)
Un(x)− 1

4(n+ 2)
Un+2(x), n = 2, 3, . . .
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q åsr¯è�t�è�&gä(uwv � &�x�å ¢ e�ð�ïoó�÷oè�ð6ô�ç
ý�÷4ó = õ�ð6ï.ý = ì�ç6ï4ï4ò N è�÷4õ�ê!ø�ÿ6ò�è�÷.ý�ï4ó�÷oè�ò � ��ç6ú n K þ�÷.ì!ô�ç$þ�÷.ì!÷ L ð.è�ê�ñ;íËþ�ð
ó�ê!õ�ð�ñhç
ñpÎ�÷��
ÿ
üz��÷4ô�ç¹þ�÷4ì!ô�ð
û�ð¹ì�ð.ècç

Un−1(x) =
1

1− x2
Tn(x)− Tn+2(x)

2
.

w ý�ò�ë�ð�ì!ñLò
ó!ò�ñLð N õ�ð�þ�ð6ó!òYé!ê�ý = ê�ù]� « �F� ¬ Î 9�9 n p n � ? �
Un−1(x) =

1

1− x2 [xTn(x)− Tn+1(x)]
ê\ì�÷.íYò!ì!ì�÷oõ�ý6õ�ð6û�ðÁï.ð6ð�ý�õ�ð	��÷4õ!ê�ú

Tn+1(x)− 2xTn(x) + Tn−1(x) = 0
n} ç
ó�÷.÷�þ�ð
ó = ùoò�÷.ñLï�ú	ý�÷.ñ Î é�ý�ð¹þ�ð6ó!ê�õ�ð6ñ]ü Tn(x)

ú�ô�ó�ú � ý�ï�ú$ï.ð�ÿ6ï.ý�ô�÷oõ�õ�ü�ñ]êËëÀòYõ�í!î!ê�úYñ]ê\ê�õ�ý�÷4û�ì�ç
ó = õ�ð
û�ð�ð
þ�÷.ì�ç6ý�ð6ì�çï�ó�ð
û.ç
ì!ê�ë�ñ]ê�é�÷4ï.í!ê�ñ�ú�è0ì�ð6ñ

1

π

1∫

−1

1√
1− τ2

Tn(τ) ln
1

|τ − x|dτ =

{
ln 2 , n = 0

1/n Tn(x) , n = 1, 2, ...

ê Î õ0ç
í�ð6õ�÷4î Î ô�ð�ù4ô�ì�ç/�Áç6÷.ñLïoú	í�þ�ð6ó!ê�õ�ð�ñhç6ñrÎ�÷.ÿ
üz��÷oô�ç¹ô�ý�ð6ì�ð6û.ð¹ì�ð.ècçM� « �	� ¬ Î 969 n p n ö
�
Tn(x) =

Un(x)− Un−2(x)
2

.

Õ ý�ï.ý6òYþ!ó�÷4õ!ê�÷�ð6ý¹þ�ð�ï4ó�÷oè�õ�÷4û�ð���ç
û4çÜõ�ò N õ�ð¹ïyè0÷4ó�ç6ý = è�ó�ú$ïoó�ò�é0ç
÷4ô n = 0 Î 1 n�} ó�ú$ï4ó!ò�é0ç6ú n = 0
þ�ð6ó!ò�é�ê�ñ

1

π

1∫

−1

√
1− τ2U0(τ) ln 1

|τ − x|dτ =
1

2π

1∫

−1

1√
1− τ2

T0(τ) ln
1

|τ − x|dτ−

− 1

2π

1∫

−1

1√
1− τ2

T2(τ) ln
1

|τ − x|dτ =
ln 2

2
T0(x)− 1

4
T2(x) =

=
ln 2

2
U0(x)− 1

4

U2(x)− U0(x)
2

=
1 + 4 ln 2

8
U0(x)− 1

8
U2(x).��è0÷4ï = ô�ð�ï4þ�ð6ó = ù.ð6ô�ç
ó�ê�ï = ëÀð�ì�ñ]ò
ó�ð6ø T0(x) = U0(x)

ng} ó�ú$ï4ó�ò�é�ç6ú
n = 1 Î ò�é!ê�ý�üxô�ç6ú Î é�ý�ð 2T1(x) = U1(x)

Î þ�ð6ó!ò�é�ê�ñ

1

π

1∫

−1

√
1− τ2U1(τ) ln 1

|τ − x|dτ =
1

2π

1∫

−1

1√
1− τ2

T1(τ) ln
1

|τ − x|dτ−

− 1

2π

1∫

−1

1√
1− τ2

T3(τ) ln
1

|τ − x|dτ =
1

2
T1(x)− 1

6
T3(x) =

=
1

4
U1(x)− 1

6

U3(x)− U1(x)
2

=
1

3
U1(x)− 1

12
U3(x).} ó�ú½ð�ï.ý6ç
ó = õ!ü L ï4ó�ò�é�ç6÷4ô n > 1

þ�ì!ð6ô�÷�è0÷.ñ�ì�ç6ï.ï4ò N è0÷4õ!ê�ú$þ�ð¹ï L ÷4ñh÷ Î òYíYç6ù.ç
õ�õ�ð6ø�ô¹õ0ç.é�ç
ó�÷Àè0ð6íYç6ù�ç
ý�÷4ó = ï.ý�ô�ç

1

π

1∫

−1

√
1− τ2Un(τ) ln 1

|τ − x|dτ =
1

2π

1∫

−1

1√
1− τ2

Tn(τ) ln
1

|τ − x|dτ−

− 1

2π

1∫

−1

1√
1− τ2

Tn+2(τ) ln
1

|τ − x|dτ =
1

2n
Tn(x)− 1

2(n+ 2)
Tn+2(x) =

=
1

2n

Un(x)− Un−2(x)
2

− 1

2(n+ 2)

Un+2(x)− Un(x)
2

=

= − 1

4n
Un−2(x) +

n+ 1

2n(n+ 2)
Un(x)− 1

4(n+ 2)
Un+2(x).

Ô ÷4ñLñjç�è�ð�íYç6ù.ç
õ0ç n
e�÷.ì!÷oèÒý�÷4ñ íYç6í»þ�÷4ì�÷4ø�ý�ê»õ�÷4þ�ð�ï.ì!÷oè0ï.ý6ô�÷4õ!õ�ð\í�ì!÷���÷4õ!ê � ò!ì�ç
ô6õ�÷4õ!ê�ú7��� 9 � Î ì�ç6ï.ï.ñLð6ý�ì!ê�ñkê�õ�ý�÷4û�ì�ç
ó = õ�ð6÷ÜòYì�ç
ô6õ�÷4õ!ê�÷ÿ6ð6ó�÷.÷	ð6ÿ	��÷4û�ð�ô�êYècç n�d ÷.ùoò6ó = ý�ç
ý»ðËô�ð6ù.ñLð N õ�ð�ï.ý6ê;ï4ô�÷oè0÷4õ!ê�ú � ý�ð6û.ðËê�õ�ý�÷4û�ì�ç
ó = õ�ð
û�ðqò!ì�ç
ô�õ�÷4õ!ê�úÒÿ6÷.ï.í�ð6õ�÷4é�õ�ð6øsï4ê�ï.ý�÷.ñL÷ó!ê�õ�÷4ø�õ!ü L ç
ó!û�÷.ÿ�ì�ç
ê!é�÷.ï.íYê L òYì�ç�ô�õ�÷4õ�ê!ø\ï�ë�ð6ì�ñ]ò
ó�ê�ì!ò�÷4ñÙôÜô�ê!è�÷�ý�÷.ð�ì!÷.ñ]ü
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�������5a�� A!AYA

| ä�å9æ�ägçÜè¦é ¢ Ç�À:¶�Æ>ð�¼�½�º�¶�É�È|À5¶:ÊVÈÆ.º�¸t¼�h�¶5É,È�ð@º�¸�»h¶9È2¶:À9È�ÉhÊT¶�ÉAgÀ:ÊVÈÖ¼�h�¶�É]i¢ð�¶:Å
j�À5À u ∈ C1(−1, 1)
1

π

1∫

−1

u(τ)

(τ − x)2 dτ +
B

π

1∫

−1

u(τ) ln
1

|τ − x|dτ +
1∫

−1

u(τ)R(τ − x)dτ = f(x), x ∈ (−1, 1) ��� p �

g�Ï,¸�Îh¸,¶:¶5×�Á"¹5É�»�ÈÎ�È2¶:À9ÈÖÁHÀ�gÅ�É>Á�ÉtÕXi¢ð�¶5Å
j5À5À�¶�¸VÆ.ºg¸�¶5À�j¯È
lim
x→±1

u(x) = O(
√

1− x2) ��� ¼ �
gt»,ÉhÎtÀ5Ê�g>½0Åym,È-gÅ�Ét¶9È2Ë�¶5ÉhÕ�gÀ�gÊVÈÖÁ�ÈÜ¼�À:¶9ÈoÕ5¶5×xØ0¸@¼9Æ2È�mÚº�¸,À:Ë:È�gÅ�À�Øøð@º�¸�»h¶9È2¶:À5ÕøÉtÊ�¶�ÉAgÀ:ÊVÈÖ¼�h�¶�ÉÍÅ�É-}�i4i�À�j�À�È2¶5Ê�É,» Cn º�¸hÏF~¼9ÉtÓÔÈ2¶:À�½Xi�ð�¶:Å
j�À:À u′(τ) »Üºg½�ÎKk�ð@º�h�È�¹�ÉT¹�É>¼5À5¶5É>Á|¸@Á l È�mt×pn È@»,¸Í»hÊ ÉÚº9ÉhÆoÉ�º�É�Îh¸

1

2
Ck +

∞∑

n=1

aknCn = bk, k = 1, 2, ...
��� U �

Æ2Î�È
akn =

B

4

[
δ(k − 2− n)

2(k − 2)(k − 1)
− δ(k − n)

(k − 1)(k + 1)
+

δ(k + 2− n)
2(k + 1)(k + 2)

]
−

− 1

π

1∫

−1

√
1− x2Uk−1(τ)

1∫

−1

√
1− τ2Un−1(τ)R(τ − x)dτdx, k = 2, 3, . . .

��� ö
�
ê ¼g½\gÒ¼�ð�Ë:¸@½ k = 1

a1n = −B
[
−1 + 4 ln 2

16
δ(k) +

1

48
δ(k − 2)

]
−

− 1

π

1∫

−1

√
1− x2

1∫

−1

√
1− τ2Un−1(τ)R(τ − x)dτdx.

ù�º�¸�»,¸@½�Ëg¸FgÊ�hGgÀ�g2ÊVÈÖÁ�×ÙÀ�Á|È@È2ÊÃ»hÀ�Î,ñ

bk =
1

π

1∫

−1

√
1− x2f(x)Uk−1(x)dx, k = 1, 2, . . .

����b �

q åsr¯è�t�è�&gä(uwv � &�x�å ¢ ��÷4ý�ì!ò�è�õ�ð�ù�ç
ñh÷4ý�ê�ý = Î é�ý�ð�þ�ð
ô�÷oè�÷4õ�ê�÷�þ�ì�ð
ê�ù4ô�ð�è�õ�ð
ø\ê�ï.í�ð6ñLð6ø,ëÀò�õ�í!î!ê�ê$õ0ç�û�ì�ç�õ�ê!î�÷�ê�ñL÷.÷.ýÜô�êYè

lim
x→±1

u′(x) = O(
1√

1− x2
).

V ð6û�ècç
u′(x)

ò�è0ð6ÿ6õ�ðÁê�ï.íYç6ý = ôÜô�ê!è�÷�ì�ú�ècç�þ�ðÁþ�ð
ó�ê!õ�ð6ñjç
ñrÎ�÷.ÿ6üz��÷4ô�ç¹þ�÷.ì!ô�ð6û�ð¹ì!ð�è0çK��� =(� nd ç
ï.ï.ñLð�ý�ìYê�ñÙþ�÷4ì!ô�ð6÷�ï4ó0ç�û4ç6÷.ñLð�÷�òYì�ç�ô�õ�÷oõ�ê�ú^��� p � n e�ì�ð
ê�õ�ý�÷4û�ìYê�ìYò�÷.ñÒ÷4û�ðÜþ�ðÁé�ç6ï.ý
ú!ñ Î þ�ð
ó�ò�é�ê�ñ

1

π

1∫

−1

u(τ)

(τ − x)2 dτ =
1

π

1∫

−1

u′(τ)

τ − xdτ.

e�ð�è�ï.ý6ç
ô6ê�ñÙþ�ì�÷oè�ï.ý6ç
ô6ó�÷4õ!ê�÷ºè�ó�ú
u′(τ)

ô¹ô6ê!è0÷�ì�ú�ècçG��� ã
� ô¹þ�ð6ó!òYé�÷4õ�õ!üxø�ê!õ�ý�÷oû�ì�ç�ó

1

π

1∫

−1

1√
1− τ2

∞∑

n=0

CnTn(τ)
1

τ − xdτ =
∞∑

n=0

Cn
1

π

1∫

−1

Tn(τ)

(τ − x)
√
1− τ2

dτ =

= C0
i sign x√
1− x2

+
∞∑

n=1

CnUn−1(x).

��è�÷.ï = ÿ
üxó�ðÜê�ï4þ�ð6ó = ù.ð
ô�ç
õ�ð�ù4õ�ç.é�÷4õ!ê�÷�ê!õ�ý�÷4û.ì�ç
ó�ç
1∫

−1

1

(τ − x)
√
1− τ2

dτ =
iπsign x√
1− x2

ê,ë�ð�ì!ñLò
ó�çK� « �	� ¬ Î 969 n � ã n ã
�
V p

1∫

−1

Tn(τ)

(τ − x)
√
1− τ2

dτ = πUn−1(x),
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û�è�÷�ê!õ�ý�÷oû�ì�ç�ó�þ�ð
õ�ê�ñhç
÷.ý�ï�ú½ô�ï.ñ]ü�ï4ó�÷�û�ó0ç�ô�õ�ð
û�ð�ùoõ0ç.é�÷oõ�ê�ú n�V ç
í!ê�ñÙð�ÿ�ì�ç6ù.ð6ñ Î ê�ï4þ�ð
ó = ù.ð6ô�ç
ô�ó�÷4ñhñ]ò^� Î þ�ð6ó�ò�é!ê�ñ

1

π

1∫

−1

u(τ)

(τ − x)2 dτ =

∞∑

n=1

CnUn−1(x).

� ï.í�ð6ñLò � ëÀò�õ�íYî�ê � u(x)
ÿ6ò�è0÷.ñËê�ï.íYç
ý = ô�ô6ê!è0÷�ì�ú�ècçÀþ�ð�þ�ð
ó�ê�õ�ð�ñhç6ñ9Î�÷4ÿ6üz��÷4ô�ç�ô�ý�ð�ì�ð
û�ð�ì�ð.è0ç]��� ã
� n�V ð6û�ècç�ô�ý�ð6ì�ð6÷ïoó0ç�û.ç
÷.ñLð�÷�ê�õ�ý�÷4û�ì�ç
ó = õ�ð
û�ðÁòYì�ç
ô6õ�÷4õ!ê�ú^��� p � þ�ì!ê�ñh÷4ýÜô6ê!è C

B

π

1∫

−1

u(τ) ln
1

|τ − x|dτ = B

∞∑

n=0

Dn
1

π

1∫

−1

√
1− τ2Un(τ) ln 1

|τ − x|dτ =

= −BC1
[
1 + 4 ln 2

8
U0(x)− 1

8
U2(x)

]
−BC2

[
1

6
U1(x)− 1

24
U3(x)

]
+

+B

∞∑

n=2

Cn+1
n+ 1

[
1

4n
Un−2(x)− n+ 1

2n(n+ 2)
Un(x) +

1

4(n+ 2)
Un+2(x)

]
.

V ç
í!ê�ñÙð�ÿ�ì�ç6ù.ð6ñ Î ê!õ�ý�÷4û�ì�ç�ó = õ�ð�÷Àò!ì�ç
ô6õ�÷4õ!ê�÷��� p � ñLð N õ�ð�ù.ç
þ�ê�ï�ç6ý = ï4ó�÷oè�ò � ��ê�ñÙð�ÿ�ì�ç6ù.ð6ñ C
∞∑

n=0

Cn+1Un(x)−BC1
[
1 + 4 ln 2

8
U0(x)− 1

8
U2(x)

]
−BC2

[
1

6
U1(x)− 1

24
U3(x)

]
+

+B
∞∑

n=2

Cn+1
n+ 1

[
1

4n
Un−2(x)− n+ 1

2n(n+ 2)
Un(x) +

1

4(n+ 2)
Un+2(x)

]
−

−
∞∑

n=0

Cn+1
n+ 1

1∫

−1

√
1− τ2Un(τ)R(τ − x)dτ = f(x).

� 96? �
l ô�÷oè0÷.ñqï.íYç�ó�úYì!õ�ð�÷hþ�ì!ð6ê�ù4ô�÷�è0÷4õ!ê�÷Lè�ó�ú�þ�ì!ð6ê�ùoô�ð6ó = õ!ü L ëÀòYõ�í!î!ê�ø ϕ(x), ψ(x) ∈ L1(−1, 1) þ�ðºï4ó�÷oè�ò � ��÷.ñ]ò�þ�ì�ç�ô�ê!ó�ò C

< ϕ(x), ψ(x) >=
1

π

1∫

−1

√
1− x2ϕ(x)ψ(x)dx.

cjò�è�÷.ñ5þ�ð6ï4ó�÷�è0ð6ô�ç6ý�÷oó = õ�ð\ï.íYç
ó�ú!ìYõ�ð½ò!ñ]õ�ð N ç6ý = ò!ì�ç
ô6õ�÷4õ!ê�÷K� 9
? � õ0ç Uk−1(x) è�ó�ú k = 1, 2, ...
nJV ð
û�è0ç½þ�÷.ìYô�üxø�ìYú�è

ô$ò!ì�ç
ô6õ�÷4õ!ê�ê7� 9
? � ô�ï.÷4û�è0ç�ÿ
ò
è�÷.ý�ècç
ô�ç6ý = 1/2 · Ck
n e�ð�ïoó�÷oè�õ�÷.÷Áï4ó�ç
û4ç6÷4ñhð6÷¹ó�÷4ô�ð
ø»é0ç
ï.ý�êqòYì�ç
ô6õ�÷4õ!ê�ú\þ�ð�ïoó�÷Üï4íYç
ó�úYì!õ�ð6û�ð

òYñ]õ�ð N ÷oõ�ê�ú$ÿ6ò�è0÷4ý¹ì�ç�ô�õ�ð

− 1

π

∞∑

n=0

Cn+1
n+ 1

1∫

−1

√
1− x2Uk−1(x)

1∫

−1

√
1− τ2Un(τ)R(τ − x)dτdx.

d ç
ï4þ�ê���÷4ñsþ�ð.è0ì!ð�ÿ6õ�÷.÷�ïoó�ò�é0ç�ê�þ�ìYê\ñjç�ó�ü L k ô�ü�ì�ç N ÷4õ!ê�ø Î í�í�ð�ý�ð�ìYü�ñÙþ�ìYê�ô�ð.è0úYý�ï�ú½ð�ï4ý�ç�ô
��ê�÷.ï�ú\ï4ó�ç
û4ç6÷.ñ]ü�÷�ó�÷oô�ð6øé�ç6ï4ý�êQ� 9
? � n�V ç6í�þ�ì!ê k = 1
þ�ð6ó�ò�é!ê�ñ

B

[
−1 + 4 ln 2

16
C1 +

1

48
C3

]
,

þ�ì!ê
k = 2 Î k = 3

ê
k = 4

þ�ð
ó�ò�é�ê�ñ
B ·(−C2/12+C4/96) Î B ·(C1/16−C3/32+C5/160) ê B ·(C2/48−C4/60+C6/240) Îï4ð�ð�ý6ô�÷.ý�ï4ý�ô�÷oõ�õ�ð ng} ó�ú$ð�ï4ý�ç�ó = õ!ü L k = 5, 6

ê	ý n è n ÿ6ò�è0÷4ñÙê�ñL÷.ý =
B

4

[
1

2(k − 2)(k − 1)
Ck−2 − 1

(k − 1)(k + 1)
Ck +

1

2(k + 1)(k + 2)
Ck+2

]
.

e�ì�ç
ô�ç6ú$é0ç6ï4ý = òYì�ç�ô�õ�÷oõ�ê�ú\��� p � þ�ð6ï4ó�÷�ï4íYç
ó�úYì!õ�ð6û�ðÁòYñ]õ�ð N ÷4õ!ê�ú½ècç
ï.ý¹íYð � ë�ëÀê!î�ê�÷4õ�ý6ü bk
Î ð
þ�ì!÷oè0÷4ó�ú!÷4ñLü�÷�þ�ð�ë�ð6ì�ñ]ò
ó�÷����b � n Õ ÿ À ÷oè�ê�õ!ê�ô�ô�ï.÷�ì!÷.ù4ò
ó = ý6ç6ý6üäô�ñL÷.ï.ý�÷ Î þ�ð
ó�ò�é�ê�ñ;òYý�ô�÷.ì N è0÷4õ!ê�÷Üý�÷4ð�ì�÷4ñLü n�l ò�ïoó�ð6ô6ê�ú L ý�÷.ð6ì�÷.ñ]üäè�ó�úËù.ç�ècç.é!ê»è�ê��ëÀì�ç6íYî�ê!ê	õ0ç���÷4ó�ê	ô�òYì�ç
ô6õ�÷4õ!ê�êQ��� 9 � í�ð � ë�ëºê�î�ê�÷4õ�ý B = k2/2

n cG÷.ï4í�ð6õ�÷oé�õ�ò � ï4ê�ï.ý�÷.ñ]òX��� U � ÿ
ò�è0÷.ñ�ì�÷���ç6ý = ñL÷.ý�ð.è�ð�ñò�ï.÷4é�÷4õ�ê�ú$ï�þ0ç6ì�ç6ñL÷.ý�ì!ð�ñ
N
n
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�������5a�� A!AF�
����k�����T��©�©Ã�Ô�H�T� PwP��-M�¡¢�X¡ �
� õ�ý�÷4û.ì�ç
ó!üký�ê!þ0çG����b � ï�ô�÷.ï.ð6ñ √1− x2 ÿ6ò�è0÷.ñÒô�üxé�ê�ï4ó�ú!ý = þ�ð¹ë�ð�ì!ñ]ò6ó�÷ Í ç.ò�ï4ï�ç

1∫

−1

√
1− x2f(x)dx ≈

M∑

k=1

wkf(xk)

ï�òYù4ó0ç
ñLê�ê\ô�÷.ï4ð6ô�ü�ñ]êqí�ð � ë�ëÀê�î!ê�÷4õ�ý�ç
ñ]ê Î ð6þ�ì�÷oè�÷4ó�úY÷.ñ]ü�÷�þ�ð�ëÀð�ì�ñ]ò
ó�ç6ñY� « �	� ¬ Î 9�p n = n = ? �
xk = cos

k

M + 1
π , wk =

π

M + 1
sin2

k

M + 1
π .

n
� Ö ��¢ ÷ ¢��Ûý`£E!Y�¯¥m� ¥���¥�¤�§¦¥¹�Èþ�¤�¨!)�§�§

u−(x)
¤¦ý$�-¥��J§ ¬J��ý��¦ý
�"¥ � ��� A0 = 1 � θ = π/4 �

λ = 1 � N = 20 � M = 70
¬ ¬

K ð�ð�ý�ô�÷.ý�ï4ý�ô�÷4õ!õ�ð Î è�ô�ð6ø!õ�ð6ø\ê!õ�ý�÷oû�ì�ç�ó Î ï.ð.è�÷.ì N çF��ê�ø�ïoú�ôH��� ö
� Î ÿ6ò�è�÷.ñÙô6üxé�ê�ï4ó�úYý = é�÷.ì!÷.ù�è�ô�ð
ø�õ�ò � ïoò!ñLñ]ò C
1

π

1∫

−1

√
1− x2Uk(x)

1∫

−1

√
1− τ2Un(τ)R(τ − x)dτdx ≈

≈ 1

π

M∑

i=1

M∑

j=1

w(xi)w(xj)Uk(xi)Un(xj)R(xj − xi).
e�ð6ó�ò�é�÷4õ�õ!ò � ï4ê�ï.ý�÷.ñ]ò½ÿ
ò�è0÷.ñÒì�÷���ç6ý = ñL÷.ý�ð�è�ð�ñ Í ç.ò�ï.ï.ç n �cç6ý�÷.ñÒô�ð6ï.ï.ý6ç
õ�ð6ô�ê�ñÙê�ï.í�ð6ñ]ò � ëÀò�õ�í!î�ê � þ�ðÁì�ú�è�òH��� ã
� Î þ�ì!÷oè��ô�ç6ìYê�ý�÷oó = õ�ð�ô�ð6ï4þ�ð
ó = ù.ð6ô�ç
ô
��ê�ï = ó�÷.ñLñLð6øe� n e�ì!ê�ñL÷.ìËì�ç6ïoþ�ì!÷oè0÷4ó�÷4õ�ê�úqì�÷���÷oõ�ê�úËê�õ�ý�÷4û�ì�ç
ó = õ�ð6û�ð�òYì�ç
ô�õ�÷4õ�ê�ú u−(x) õ0ç��÷oó�ê�þ�ì!ê!ô�÷oè�÷4õ�õ0çxì!ê�ï n 9 n e�ð6ï4ó�÷hì�÷���÷oõ�ê�ú�ò�ï.÷4é�÷4õ�õ�ð6ø�ï4ê�ï.ý�÷.ñ]ü�ô6ê!ècç)��� U � ï�è�÷4ó0ç
÷.ñ\þ�ì�ð
ô�÷.ì!í!ò�ý�ð6é�õ�ð�ï.ý6ê�ì�÷���÷oõ�ê�ú�ê�õ�ý�÷��û�ì�ç�ó = õ�ð6û�ð�ò!ì�ç
ô6õ�÷4õ!ê�úK��� 9 � n�} ó�ú � ý�ð6û�ð�ô6ü�ì�ç6ùoê�ñöíYð � ë�ëÀê!î�ê�÷4õ�ý6ü Dn

é�÷4ì�÷.ù
Cn

ê�þ�ð.è�ï.ý6ç
ô�ê�ñ»þ�ð
ó�ò�é�÷4õ!õ�ü�÷xò�ï.÷4é�÷4õ�õ!ü�÷
ìYú�è�ükõ�÷4þ�ð6ï.ì�÷�è0ï.ý�ô�÷4õ�õ�ðÜô½ï�ç6ñLð�òYì�ç�ô�õ�÷4õ�ê�÷]��� 9 � Î þ�ð6ó�ò�é!ê�ô¹ý�ç
í!ê�ñsð�ÿ6ì�ç
ù.ð�ñpþ�ì!ê�ÿ6ó�ê N ÷4õ�ê�÷�þ�ì�ç
ô�ð
ø,é0ç
ï.ý�ê n5� õ�ý�÷oû�ì�ç�ó,ïð�ï.ð�ÿ6÷4õ!õ�ð�ï4ý =
� ô�ý�ð�ì�ð
û�ðÜþ�ð6ì�ú�è�íYç�ÿ6ò�è0÷.ñÒô�üxé!ê�ï4ó�ú!ý = þ�ð¹ë�ð�ì!ñ]ò
ó�÷ « b ¬

1∫

−1

u(τ)

(τ − x)2 dτ ≈
1

2

Q−1∑

k=0

u(x′k)




1∫

−1

(
1

(τ − (x− ih))2 +
1

(τ − (x+ ih))2

)
dτ


 ,

û�è�÷
x′k =

xk + xk+1
2

, xk = −1 + 2k

Q
, k = 0, 1, ..., Q− 1.

�[ç6ñL÷.ý6ê�ñ[� « b ¬ Î V ÷4ð�ì�÷4ñhç 9 n p n � � Î é�ý�ðÁþ�ð6û�ì!÷���õ�ð�ï4ý = � ý�ð6ø\í!ô�ç�è0ì�ç6ý�òYì!õ�ð6ø\ë�ð�ì!ñ]ò6ó!ü h = O(Q−1/2)
n� õ�ý�÷4û�ì�ç
ó\ï�ó�ð6û4ç6ìYê0ë�ñ]ê!é�÷.ï4íYð
ø,ð6ï.ð�ÿ6÷4õ�õ�ð�ï.ý =
� ô�üxé!ê�ïoó�ê�ñÒê�õ�ý�÷4û�ìYê�ì�ð
ô�ç
õ!ê�÷4ñÒþ�ðÁé0ç
ï.ý
ú!ñ

1∫

−1

u(τ) ln
1

|τ − x|dτ =

1∫

−1

u′(τ) [(τ − x) ln |τ − x| − (τ − x)] dτ.

e�ð�ï4ó�÷$ò�ï.ý�ì�ç
õ�÷oõ�ê�ú»ð6ï.ð�ÿ6÷4õ�õ�ð�ï.ý6ê�þ�ì�ð
ê�ù4ô�ð�è�õ0ç
ú
u′(x)

ô»ð6í�ì�÷4ï.ý�õ�ð�ï.ý
ú L ý�ð6é�÷4í x = ±1 ô�÷�è0÷.ýËï4÷.ÿ�úÒíYç6í (1 − x2)−1/2 ne�ð � ý�ð6ñLò�è�ó�ú½ô�üxé!ê�ïoó�÷4õ!ê�ú½þ�ð
ó�ò�é�÷oõ�õ�ð
û�ð�ê�õ�ý�÷4û�ì�ç
ó0ç�ô�ð6ï4þ�ð
ó = ù4ò�÷.ñLï�ú	ë�ð�ì!ñ]ò
ó�ð6ø Í ç.ò�ï.ï.ç
1∫

−1

f(x)√
1− x2

dx ≈
M∑

k=1

wkf(xk)

ï�ð6ì�ý�ð
û�ð6õ�ç
ó = õ�ü�ñ]ê,ñ]õ�ð6û.ð6é�ó�÷4õ�ç6ñ]ê j þ�ð6ó!ê�õ�ð�ñhç6ñ]êÖÎ�÷.ÿ
üz��÷4ô�ç�þ�÷.ì!ô�ð6û�ð¹ì�ð.ècç n�l � ý�ð�ñ�ï4ó�ò�é0ç
÷�òYù4ó!ükê	ô�÷.ï.ð6ô6ü�÷Áí�ð � ëD�ëÀê�î!ê�÷4õ�ý�ükð6þ�ì�÷oè�÷4ó�ú � ý�ïoú¹þ�ð¹ë�ð6ì�ñ]ò
ó0ç
ñY� « �	� ¬ Î 9,p n = n ã�ö
�
xk = cos

2k − 1

2M
π , wk =

π

M
.
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n
� Ö ��¢³²¢���ý�� ýi¤�¤¦ýi#%§ö¬��`£t£ � ýG¤c�
¬6�¦¥�¤�¤¦ýi#±!!�¦ý
¬�ýi#�Ú�ý`£ � � v0(x) þ��¦ý
¬W¤¥�¤�§�#sÑ<�.Ói¬J��ý��¦ýF�� ¥ � �0� A0 = 1 � θ = π/4 � λ = 5 � N = 10 � M = 70

¬ ¬
e�ì!ð6ô�÷.ì�íYçºþ�ì!ê�ÿ6ó!ê N ÷4õ!ê�ú�þ�ì�ç
ô�ð6ø¹é0ç
ï.ý�êÜòYì�ç
ô�õ�÷4õ!ê�úG� 9 � þ�ì!ê¹ì�ç6ùoó�ê�é!õ�ü L è�ó�ê�õ�ç L ô�ð6ó!õ¹þ�ìYê�ô�÷oè0÷oõ�üÙõ�ç�ì!ê�ï n ã j�p n ��÷4þ�ì�÷��ìYüxô�õ�ç6ú½ó!ê�õ�ê�ú j þ�ì�ç�ô�ç6ú�é0ç6ï4ý = ê�õ�ý�÷4û�ì�ç
ó = õ�ð
û�ð�òYì�ç�ô�õ�÷4õ�ê�ú n�l ð�ï4ï.ý6ç
õ�ð
ô�ó�÷4õ�õ�ç6ú½þ�ì�ç
ô�ç
ú½é0ç
ï.ý = ê�ù.ð�ÿ6ì�ç N ÷oõ0çÁõ0ç�û�ì�ç�ëÀê��íYç L íYô�ç�è0ì�ç
ý�ê�íYç
ñ]ê n�cç6ñL÷.ý�ê�ñ Î é�ý�ð\òYñL÷4õ = ��÷4õ�ê�÷¹è�ó�ê!õ�ü ô�ð6ó!õ�ü λ

þ�ì!ê�ô�ð.è�ê�ý	í�ò�ô�÷4ó!ê�é�÷4õ�ê � ô�í!ó�ç�è0ç\ê�õ�ý�÷4û.ì�ç
ó�ç\ï¹ó�ð6û4ç
ì!ê0ëÀñLê!é�÷4ï.í�ð6øð6ï.ð�ÿ6÷4õ!õ�ð�ï4ý =
� ôÜñhç6ý�ìYê�î!ò�ï4ê�ï4ý�÷.ñ]üT��� U � Î ý�ç
í�íYç
í�í�ð � ë�ëÀê�î!ê�÷oõ�ý k = 2π/λ
ô�ð�ù4ì�ç6ï4ý�ç
÷.ý n�w ý�ðÁô6ó�÷4é�÷.ýÜù.çÁï.ð6ÿ�ð6ø\õ�÷.ð�ÿ L ð/�è�ê�ñLð6ï.ý = ò�ô�÷4ó�ê!é�÷4õ!ê�ú$ì�ç
ù.ñL÷.ì!õ�ð�ï.ý6ê,ï4ê�ï.ý�÷.ñ]ü N

ê,ï.ð�ð6ý�ô�÷4ý�ï.ý�ô�÷4õ�õ�ð
M
� þ�ð�ý�ð6ñ]ò�é�ý�ðÜõ�÷.ð6ÿ L ð.è�ê�ñhð¹þ�ð6ô6üz�Áç
ý = ý�ð
é�õ�ð6ï.ý =ô6üxé�ê�ï4ó�÷oõ�ê�ú$ô6õ�òYý�ì!÷4õ�õ!ê L ê!õ�ý�÷oû�ì�ç�ó�ð6ôÁê�ù��mù�ç�õ�ç6í�ð6þ!ó�÷4õ!ê�ú½ð	��ê�ÿ�í!ê � n

n
� Ö ��¢C®¢���ý�� ýi¤�¤¦ýi#%§ö¬��`£t£ � ýG¤c�
¬6�¦¥�¤�¤¦ýi#±!!�¦ý
¬�ýi#�Ú�ý`£ � � v0(x) þ��¦ý
¬W¤¥�¤�§�#sÑ<�.Ói¬J��ý��¦ýF�� ¥ � �0� A0 = 1 � θ = π/4 � λ = 1 � N = 20 � M = 70

¬ ¬

n
� Ö ��¢��¢ ýo� ýG¤�¤�ýW#Ã§Ü¬��`£«£ � ýi¤c��¬���¥�¤�¤�ýW#Ã!!�¦ý
¬�ýi#$ÚVý`£ � � v0(x) þ!�ý�¬(¤¦¥�¤�§�#\Ñ<�.Ói¬	��ý.�ý�� ¥ � ��0�

A0 = 1 � θ = π/4 � λ = 0.2 � N = 120 � M = 120
¬ ¬

�Á2 *8,/.34�*ÃÂ�.34
« � ¬ d ÷4þ�ê!õ lÀn ´»n ê À�i¯ºg¸�Å
j�À�½�}o¼9È2Å�Ê�º9É>Á�¸�Æo¶:À5ÊT¶5×xØ*»,ÉÚ¼�¶®¶�¸�¹,ºg½�Á|Étð�ÆoÉ>¼�h�¶�É>Á ÉhÊ »�ÈÖº�gÊ�À:À*»D}�Å@º�¸,¶�ÈGÆ��F� l íYõ n C l üxé!ê�ï��ó!ê�ý�÷oó = õ!ü�÷�ñL÷.ý�ð.è�ükê\þ�ì!ð6û�ì�ç6ñLñ]ê�ì!ð6ô�ç�õ�ê�÷ n C ´»n C � ù�è��iô�ð ´ Í � Î ��b U�p Î ô�üxþ n à\à Ï�� n
« 9t¬�� ����ACB m >»n �Àn Î/�D� ? � U>��? �: ? mJ� n Ý n Ì����>�� ?¡>¢/£]¤�¥F¦s�� ?§<�]Ìp¨F§© ª¤F ?§<¢F¦�¢�«¬¤KG§®¡'�¯ ©°�¡�¢F±	¥A°]¤F¦9²´³��-¡� ?±�¡>��~?µ¶�-¡®«�¢/¡>¤F ·�>ì¸p¢F¦9ìF±��� ?§®¦(¥¹ ��¡'�'�-¦¦Æs�	�8Ï�ºpº¯ºL» m ? � U.n n � ��B �!� ?WUz¼ m r(@9r � ?A�'½Br � Î�¾ r(A>n n ¼ � 9 = Î�¿ = Î ��b U
¼ Î ¼�n = p
¼ � = ¼�9 n
« ã ¬�� ����ACB m >»n �Àn Î Ý ?F� � ?/� � q�? � ½À½�ÁÁn Î >K½Â�>� m ? Ý n Ì¬���'�� ?¡�¢F£]¤�¥F¦��- ?§<�dµz�-¦��- ?¡�¤F ?§<¢F¦Ã ©°�¡>¢/±
¥A°Ä²´³��-¡- ?±�¡'�-Å�§®¦a¸p¢F¦9ìF±��� ?§®¦(¥¹ ±�¡®«�¤	�-�-Å«Æs�	�8Ï�ºpºpºe» m ? � U.n n � ��B ��� ?WUz¼ m r`@9r � ?/�'½Br � Î�¾ r`A>n n ¼ � 96¼ Î�¿ � Î ��b U ö Î ¼�n ö 9 ��b ã n
« = ¬ � ó = ê!õ�ï.íYê�ø e n ÆÀn Î Æ ñ]ê�ìYõ�ð6ôdÇ n Í n ê À�i º�¸�Å
j�À�½Y}2¼9È2Å�Ê�º9É>Á�¸�Æ>¶5À:Ê�¶5×xØ »,É>¼5¶~¶�¸Ñ¹�º�É,»�ÉhÎ½5¿TÀgØ Ê Ét¶5Å�ÀgØY}�Å@º�¸�¶�¸hØíïùZg@È@»,ÎhÉhÎtÀ�i4i�ÈÖº¯Èo¶�j�À5¸t¼�h�¶5×�È�Ét¹9ÈÖº�¸�Ê ÉÚº�×µ»�Ï,¸�Îh¸,Ëg¸hØ�ÎhÀ�i º�¸�Å
j�À5À�õ n j ´»n C � e dpÈÃÉ Î ��bFb ¼ n j � U
¼ ï n



Ê¯ËÍý:þ\ÌÍË9Î]Ï)Ï¬ÐVÿ^Ï¬ÑKÎ�ÿÓÒÔÑyÎ1Õ]Ì � Ï´ÖD×BÐ��]Ø{ËwØ ������	�
��������Ù�� A!A	Ú
Û Ü�Ý]Þ ó�÷���ê�õ�ï.í!ê!øeß n � n Î Þ ó�÷���ê�õ�ï.í!ê!ø � n c n Ð)à ÊVÈ2Æªá�â�ã�h à ×�È*ð�á�â	ä à È à�å�æ ÏFâ,ÎAâ,Ë å g�ç�è	á æ Ó[é à�å�æ è�ç'ã5ð(ç�ê�ë�á�×#ê�×xØdì å ~

}�ãsé-ë
êDá å�í é�g�ë å�î ä/ç'ã à ç/äFçAìAç/äZ�	� ß�ù4ô n ô6ò!ù4ð6ô nsï ç
ý�÷.ñ n�ð 9
?�?
U n�ð ¿ Ü n�ðMÆÀn ¼Fñ ��ò ? nÛ ¼ Ý]Þ ó�÷���ê�õ�ï.í!ê!ø8� n c n Î V ò!ñhç
í�ð6ô¶ó n ô¹n
õ é�êçAì í âFg�ê å�í�à�ö÷î çAm'ã�âFg�ê]é-øGì-ã æ g�ë
â�ã æ á à�ö÷î ë(çAç'á�ì å�à â/ê à�öwîù â	ìAâ í ì å i�á�â/ë(~
j å�å }-ãsé-ë	ê ásç'ú)â	û à�å ê à�öwî äFç'ã à äë/ãsâFg�g>â î çAmAçAmAüé à�à�öwî ipý à ë
j å øM�	� Þ ì�÷oþ�ì!ê!õ�ý Þ ï S{� 9
?�?6? � ? � nsþ ç
ù�ç
õ =�C ß�ùoè��mô�ðþ ç
ù�ç
õ�ï.í n ñhç6ý�÷4ñ n ð�ÿ/�mô�ç Î 96?�?6? n�ð Ü ? ï n

Û U Ý]Þ ó�÷���ê�õ�ï.í!ê!ø ô¹n c n1ÿ á�â
ä à é à�å éÃÓ é�ã�h�ú{û�ç'ã�h
jsâ\äKè�ç>ã�ý	è�ã�çAg�ë(ç/g-ê å7å g�ë(â�ã æ á à�ö é ù â	ìAâ í�å ì å i�á�âFë
j å�å }�ãsé-ë
êDásç'ú{âFû-~à�å ê à�ö÷î ä/ç'ã à[à âBè�ã�çAg�ë å�î ú{é-êâ�ã
ã å�í é�g�ë å�î }/ë�á�â à â î �F� Þ ì!÷4þ�ìYê�õ�ý Þ ï SZ� ?	ñ � ?�9 nzþ ç
ù�ç
õ =�C ß�ùoè��iô�ð þ ç6ù.ç
õ�ï4í nñhç
ý�÷.ñ n ð6ÿF�iô�ç Î 96?6?	ñ n�ð ñ = ï nÛ ò Ý]Þ ó�÷���ê�õ�ï.í!ê!ø ô¹n c n�õ ç/ì/é�ã å^å ú{é-ê�ç/ì ö äFç'ã à ç/äFç�øy}�ã�é�ë
ê á�ç/ì å�à â�ú å ë å Æ þ ç6ù�ç�õ = Î ß�ùoè��iô�ð þ Í � C 9
?�? ò n�ð � ? Ü ï nÛ b Ý cjð6ø�í�ð
ô)ß n �Àn Î ó�ð6ÿ�ì!üxõ!ê�õ�ç ô¹n S n�� á å m'ã å�� é à�à�ö é´ú{é-ê�çAì ö ä ö#í�å g·ãsé à�å(æGå�à ê]é-ûªá�â�ã�ç/ä Ä ìAâ�ú)â-á�â�� ÿ í é�m à çFé�è�çAg�çAm å éGÆð Þ ÷4õ�ù�ç C ß�ùoè��iô�ð Þ ÷4õ�ù n û�ð6ï n ò�õ��mý6ç Î 9
?�?	U n�ð � ? ò¹ï nÛ � ? Ý S�ê��Yý�÷4õ!û�ð6ó = î Í n ï»n	� ý�ásg)ì å iJi´é�ásé à j å â�ã�h à ç/û�ç åyå�à ê]é�û<á�â�ã�h à ç/û�ç å g í�å g�ãsé à�å�æ Æ�
ÌÊ�
~ î êç'ú)â î�� Æ"Ë¦Æ��VÆ ð�ï»n C S9ß����ï e V"Ô ß V Î 96?6? � n�ð ¼�¼�9 ï n
Û �F� Ý e ÿ�ì�ç6ñLð6ô6ê�î ï»n Î Æ ý�ê!û.ç�õyß n Çwè	á�â	äFç í�à�å ëGè�çg�èsé�j å â�ã�h à�ö úÄipý à ë
j å(æ ú8Æ ðMï C ô ç�òYíYç Î ��b U b n�ð ò ñ�9 ï n

� ä è áy|��ÈìGf�æ-é�òêïõì5é�ì�fÖë���� è ìGfÖæ8é�ò�� â � Ã�ëKfyf%â�ñ��Èì�ãåã�� � ë � | è ã è öåø�� ù ø��
 "! #�!%$�� � �
¬�ý 1&�ý�þ%Ú�'�� ÿ$�Jþ	(!�
¬��y�*) �,+ ����-Y�[���.!�×/! �0!�Í¹��1%(!�2'0�
¬ 2

1 ü��j�
� + '*34(5)�ÿ	����3gþ��®ý��63 � ¬ + '5'�� ÿ�þ	'5)�¬ + �637) �,+.� � �8!¯ü��j�
� + '*39(
2 ü��j�
� + '*34(5)�ÿ	����3gþ��®ý��63 � ¬ + '5'�� ÿ�þ	'5)�¬ + �637) �,+.� � �8!¯ü��j�
� + '*39(

1 ��������6���Ô�Î 2 ������������Õ

:<;>=@?0=BA�C�=
D ï4õ�ð
ô�õ�ü�ñ]ê�ù�ç�è0ç.é0ç6ñ]ê�ï.ð6ô�ì�÷.ñL÷4õ!õ�ð6ø�ê�ù.ñL÷.ìYê�ý�÷oó�E�õ�ð6ø�ý�÷8��õ�ê�íYê�ú�ô�ó�ú!÷4ý�ï�ú�ê�ï.ï4ó�÷oè0ð
ô�ç
õ!ê�÷húYô6ó�÷4õ!ê�ø�ê�þ�ì!ð6î�÷4ï.ï.ð6ôÀð6í�ìYò5F�çA�
� ��÷4û�ð�õ0ç
ï�ñ]ê�ì�ç�ê�ï4ð�ùoè0ç
ô�ç
÷.ñ]ü>�½õ�ç�ê���ð6ï4õ�ð
ô�÷�ì�ç6ùoó�ê!é�õ�üG�Üò�ï4ý�ì�ð
ø�ï.ý6ô�ê$ï4ê�ï4ý�÷.ñ Î ç�ý�ç
í�F�÷Àê�ù.ñL÷.ì�÷oõ�ê�÷�ê��Üþ0ç6ì�ç6ñL÷.ý�ì!ð6ôïÜþ�ìYê�÷.ñ]ó�÷.ñLð6ø»þ�ð6û�ì!÷���õ�ð6ï.ý�E � nJô üxõ�÷¹ý6ç6í�ð�÷Áê�ï.ï4ó�÷�è0ð6ô�ç
õ!ê�÷¹ý�ì!ò�è�õ�ð�þ�ì�÷�è0ï.ý6ç
ô6ê�ý�E�ÿ6÷.ù¹í�ð�ñ]þ�E � ý�÷4ì!õ�ð
ø»ð�ÿ6ì�ç6ÿ6ð�ý�íYêöì!÷��ù4ò
ó�E
ý6ç6ý�ð
ô\ê�ï.ï4ó�÷oè0ð
ô�ç
õ!ê�ú n Þ ð6ì�ð � ÿ�÷4ù¹õ�÷.÷Üþ�ð6ó!òYé�÷4õ�ê�÷�è�ð�ï.ý�ð6ô�÷4ì!õ�üG�qê�ù.ñL÷.ì�÷oõ�ê�øËþ�ì�ð6ï.ý�ð$õ�÷4ô�ð�ù.ñLð2FÁõ�ð n÷þ ð�ñ]þ�E � ý�÷.ìYüþ�ð�ùoô�ð6ó�ú � ýÜò�þ�ì�ç
ô6ó�úYý�EÁê�ù.ñL÷.ì!ê�ý�÷4ó5E�õ�ü�ñ]ê�þ�ìYê�ÿ6ð�ì�ç
ñ]ê\ê\õ�÷.ì!÷oè�í�ðÜù�ç�ècç
ô�ç6ý�E½ç
ó�û.ð�ìYê�ý�ñ]ükê5�$ì�ç
ÿ�ð�ý6ü nÆ ð
ô�ì�÷4ñh÷oõ�õ�ü�÷�û�÷oõ�÷.ì�ç6ý�ð6ì!ü ïoê�û.õ�ç
ó�ð
ô¹þ�ì!ð6ê�ù4ô�ð
ó�E�õ�ð6ø,ë�ð�ì!ñ]ü Î î�ê0ëÀì�ð6ô6ü�÷�ð�ïoî�ê�ó!ó�ð
û�ì�ç6ëÀü ê,ç
õ�ç
ó!ê�ù�ç
ý�ð�ìYükó � ÿ�ð6û.ðý�ê�þ�çqúYô6ó�ú � ý�ï�úöï4ó�ð2F�õ�ü�ñ]êpê�ù.ñL÷.ìYê�ý�÷4ó5E�õ!ü�ñ]ê�þ�ì!ê�ÿ�ð6ì�ç6ñ]ê Î í�ð�ý�ð�ì!ü�÷\ñLð6û.òYý»ì�ç6ÿ6ð�ý6ç6ý�E�ï\ï�ç6ñ]ü�ñ"ì�ç
ù4ó�ê!é�õ!ü�ñäô�õ�÷��{�õ�ê�ñpð�ÿ6ð�ìYò
è�ð6ô�ç
õ�ê�÷.ñ n�ô ð Î þ�ð2F�ç
ó!ò�ø Î ï�ç6ñ]ü�ñ5ô�çHF�õ�ü�ñ5ê�ù�ô�õ�÷���õ�ê5�	ò�ï.ý�ì�ð6ø�ï.ý�ô�úYô6ó�úY÷.ý�ï�ú\íYð6ñ]þ�E � ý�÷.ì ð íYç
í,þ�ì�ç
ô6ê�ó�ð Îþ�÷.ì!ï.ð6õ�ç
ó�E6õ�üxøQ� Þ þ � Î çÁõ�÷4ì�÷oè�í�ðÁê	ñLð�ÿ
ê�ó5E�õ�üxøQ� õ�ð6òYý�ÿ
òYí � nD ï.ð6ÿ�ð,ô�çHF�õ�ð�÷$ù4õ0ç.é�÷oõ�ê�÷¹ê�ñL÷.÷.ý	þ�ð�è�í!ó � é�÷4õ�ê�÷¹í Þ þ ï4ì�ç
ô6õ�ê�ý�÷4ó�E6õ�ð�è�÷���÷4ô�üG�E�>ÿ � è	F�÷.ý�õ�üG� � þ�ì!ê�ÿ6ð�ì!ð6ô n cjó0ç�û�ðF�ècç6ì�úöê�ïoþ�ð6ó5E�ù.ð
ô�ç�õ�ê � ñLð	��õ�ð
û�ð�þ�ì�ð6û.ì�ç6ñLñ]õ�ð
û�ð»ð�ÿ�÷4ï4þ�÷4é�÷4õ!ê�ú Î õ0ç
þ�ì!ê�ñh÷4ì Î ï4ê�ï4ý�÷.ñ í�ð6ñ]þ�E � ý�÷.ìYõ�ð6ø�ñhç
ý�÷.ñhç6ý�ê�í!ê Î � ý�ðì�÷.ù.í�ð�ì�ç
ï���ê�ì�úY÷.ý�ê��Üô�ð�ù.ñLð2FÁõ�ð6ï.ý�ê C ècçHF�÷�ï�þ�ð�ñLðF�.E � ÿ � è	F�÷4ý�õ�üG�¹ð�ï4î!ê�ó�ó�ð6û�ì�ç�ë�ð
ôÜï.ý6ç
õ�ð6ô�ê�ý�ï�úÜô�ð6ù.ñLðIFÁõ!ü�ñsç
õ�ç
ó!ê�ùï4ó�ð2FÁõ!üG�\ï4ê!û.õ0ç�ó�ð
ô¹ê\þ�ð
ó�ò�é�÷4õ!ê�÷ºê��$ï4þ�÷.í�ý�ì�ð6ôÁê�ècçIF�÷�ï4þ�÷.í!ý�ì!ð6û�ì�ç6ñLñ n
J>K�_MLONQP>RSL C.TSUV=BW�C R =YX"Z>A\[<]_^\W�C N>P W P ;a`b`cC"` R =SU P>dfehgjilk�gnm
D ï.ð�ÿ�÷oõ�õ�ð\ÿ�ð6ó5E
��ê�÷¹ô�ð�ù.ñLð2FÁõ�ð�ï4ý�êöô\ð�ÿ�ì�ç6ÿ�ð6ý�í�÷¹ï4ê�û4õ0ç
ó�ð6ô�è0ç � ý�ï.ð
ô�ì!÷.ñL÷4õ�õ!ü�÷¹ô�÷4ì�ï4ê!ê�ï4ê�ï4ý�÷.ñkí�ð6ñ]þ�E � ý�÷.ìYõ�ð6øËñjç
ý�÷��ñjç
ý�ê�íYêE� Æ´þZï � Î ñhç6ý�÷.ñhç6ý�ê!é�÷.ï4í!ê�÷Áêöû�ì�ç�ëÀê!é�÷4ï.í!ê�÷�ï.ì�÷oè�ï.ý�ô�ç\í�ð�ý�ð�ì!üG�qé�ì!÷.ù4ô�üxé�ç
ø!õ�ð	ì�ç
ù4õ�ð�ð�ÿ6ì�ç6ùoõ�ü"êÒð6ÿ	��ê�ìYõ�ü n÷þý�ç
í!ê�ñ Æ´þZï ð�ý�õ�ð�ï�úYý�ï�ú"oqp �'��r p�s Î oqt »Gu t � êÁè0ì n	ô ð Î í¹ï.ð2F�ç�ó�÷4õ!ê � Î þ�ð.è!è0÷.ìvFÁíYç�ëÀð�ì�ñhç
ý�ç�ë�ç�ø�ó�ð6ô n �Gw � Î ê�ï4þ�ð
ó�E�ù4ò��÷.ñLð6û�ð�ô�ð6ï4î�ê!ó�ó�ð6û�ì�ç�ë�ç2� »yx w � ?6?�?F� � 96?�?�?	� Î � ý�ê�ñ]ê�ï4ê�ï.ý�÷.ñhç6ñ]ê�þ�ì�úYñLð�õ�÷�ð�ÿ�÷4ï4þ�÷oé�ê�ô�ç6÷.ý�ïoú n(þ ì!ð�ñL÷ºý�ð
û�ð Î F�÷oó0ç6ý�÷4ó�E6õ0çõ�÷4þ�ð�ï.ì!÷oè0ï4ý�ô�÷4õ!õ0ç
ú	ì�ç6ÿ6ð�ý6ç½ï�ð6ï4î�ê!ó�ó�ð6û�ì�ç�ë�ç
ñ]ê Æ´þZï Î ÿ�÷.ù�ê!è�÷4õ�ý6ê0ëÀê�íYç
î�ê!ê\êËç6í!ý�ê�ô6ê�ù�ç�î�ê�ê,ð6ï4î�ê!ó�ó�ð6û�ì�ç�ë�ð
ô$ò!íYç
ù�ç
õ��õ�ü�ñ]ê$ô�üz��÷�þ�ì�ð
û�ì�ç
ñLñjç
ñ]ê�ê�ÿ6÷.ùÀþ�ì!ð�ñL÷zF�ò!ý�ð6é�õ�ð6û�ð�þ�ì�÷4ð�ÿ�ì�ç6ù.ð
ô�ç�õ�ê�ú¹ècç�õ�õ!üG�¹ô¹ë�ç
ø�ó!ü n5� ï.÷ � ý�ð�ð6ÿ�÷.ïoþ�÷4é!ê�ô�ç6÷.ýÁþ�ç6í�÷.ýì�ç6ï���ê�ì�÷4õ!ê�ú"{ �5| �~}7� ��� � �¯��� � �~}7��� » ����������� ï4ê�ï4ý�÷.ñ]ü<oqt »Gu t � Î ô�ô�÷oè0÷4õ!õ�üxø�ô�÷4÷�þ�ð6ï4ó�÷�è�õ�ê�÷xô�÷.ì!ï4ê�ê n Þ ì!ê � ý�ð�ñ�ð6ÿ�÷.ïoþ�÷��é�ê�ô�ç6÷.ý�ïoú$þ�ð.è!è0÷.ìvFÁíYçÜô�ê�ì�ý�ò�ç
ó5E�õ�üG�½ê!õ�ï.ý�ìYòYñh÷oõ�ý�ð6ô¹ï4ý�ç�õ!è0ç6ì�ý6õ�ð6ø	ç6ì���ê�ý�÷.í�ý6òYìYü � { w t � � ½�}>�7� p � { �5| �~}7� ��� � �Qw(� p � s5p } st }7r���½Â� � r��7�%} � � nô ê�F�÷�þ�ì�÷oè�þ�ð
ó0ç
û4ç
÷.ý�ï�ú Î é�ý�ðÁð�ï4î!ê�ó!ó�ð6û.ì�ç�ë ï.÷4ì!ê!ê »yx w � ?�?6?	� � 96?�?�?	� þ�ð.è�í!ó � é�÷oõ�íYç
ÿ�÷4ó�÷.ñ�í$þ�ð�ì�ý6ò � w � ê�õ0ç Þ þò�ï.ý6ç
õ�ð6ô�ó�÷4õ0ç Æ´þZï oqt »Gu t � ïÁþ�ç6í�÷.ý�ð�ñ5ì�ç6ï���ê�ì�÷4õ!ê�ú�{ ��| �~}7� ��� � �1�O� � �~}7�H� » �����������cn Þ ì�ç
í�ý�ê!é�÷4ï.í!ê,ê�ï4þ�ð6ó�E�ù.ð6ô�ç
ó0ç
ï8Eô�÷.ì!ï4ê�ú Æ´þZï oqt »Gu t ����96?�? b �[n ó�ð6ó�FÁõ0çºÿ6ü�ý�E�ò�ï.ý6ç
õ�ð
ô�ó�÷4õ0çxêÁþ�ì�ð6û.ì�ç6ñLñhç � { w t » �z� n Þ ç6í�÷.ýÀì�ç
ï���ê�ì!÷4õ�ê�ú�{ ��| �~}7� ��� � ��O� � �~}7��� » ����������� þ�ì�÷�è0ð�ï4ý�ç�ô�ó�úY÷.ý�è�ó�ú�ì�ç6ù4ì�ç6ÿ6ð�ý�íYê�þ�ì!ð6û�ì�ç6ñLñÙï.ý�ü�í�ð6ô�í!ê\ð6ï4î�ê!ó�ó�ð6û�ì�ç�ë�çÁï�ïoê�ï.ý�÷4ñLð6ø�oqt »Gu t � ï4ó�÷oè�ò��
� ��ê�÷�ð6ï4õ�ð
ô�õ!ü�÷�ëÀò�õ�í!î!ê�ê C
• ½ �5| �~}'���z½ �5� �9ð ô�ð6ù4ô�ì�çF��ç6÷.ý½ê!õ0ëÀð�ì�ñhç
î!ê � ðÜþ�ð.è�í!ó � é�÷4õ!õ�ð�ñÒí Þ þ ò�ï.ý�ì�ð6ø�ï.ý�ô�÷ D



AYAH� � Ø]Ï)ÊO� Ù%� ×BØZÊpÖ¶Ë¶Ð]Ø9Õ]Ì Ò ÑKÎ1Õ]Ì

• ¾ ½ | p ð í�ð
õ�ï.ý�ì!ò�ê�ì!ð6ô�ç
õ!ê�÷ � { w tz�mð�ÿ��[÷.í!ý�ç D
• � ��� � � ð þ�ð.è�í!ó � é�÷oõ�ê�÷ � { w t¶�mð�ÿH�E÷.í!ý�ç�í�þ�ì!ê�ÿ6ð�ìYò D
• � � � }~�]ð ù�ç
þ!ê�ï8E¹ê!ó�ê�é�ý�÷4õ�ê�÷�ë�ð�ì!ñhç6ý�ê�ì�ð6ô�ç
õ!õ�üG�½ècç
õ!õ�üG�$ï�þ�ì!ê�ÿ�ð�ì�ç D
• � �5}'½ � � � ð ù.ç
þ�ê�ï8E�ý�÷.í�ï.ý6ç�ôÜþ�ì!ê�ÿ�ð6ì D
• � rz��� | � ð ð�ý�í!ó � é0ç
÷.ýÜïoô�úYù8E�ï�þ�ìYê�ÿ6ð�ì�ð6ñ D
• ��½ � ������r � } � pHs ð é�ý�÷4õ�ê�÷Àþ�ð�ÿ
ó�ð
é�õ�ð�ècç�õ�õ!üG��ï�þ�ìYê�ÿ�ð6ì�ç nó�ó�úöè0÷.ý6ç�ó�E�õ�ð6û�ð»ù4õ0ç
í�ð�ñLï.ý�ô�ç�ï	íYçIF�è0ð
ø;ê�ù � ý�ê��ÙëÀò�õ�í!î!ê�øÙè�ð�ï.ý6ç
ý�ð6é!õ�ðËôöí�ð�ñhç�õ!è�õ�ð�ñ ð�íYõ�÷�oqt »Gu t � ê�ï4þ�ð
ó�õ!ê�ý�E

í�ð6ñhç
õ!è�ò<�������I�I�%��� R � p ��� ��è0÷4ï8E � p ��� ð ê�ñLúÙëºòYõ�í!î!ê�ê n Þ ÷.ì�÷�è�þ�ì!ð�÷.í!ý�ê�ì!ð6ô�ç�õ�ê�÷.ñÛþ�ì!ð6û�ì�ç6ñLñäõ�ç�è�ðqòYÿ�÷oè�ê�ý�E�ïoú�ôý�ð�ñ Î é�ý�ð�õ0ç Þ þ ò�ï.ý6ç
õ�ð6ô�ó�÷4õ0ç�þ�ì�ð
û�ì�ç6ñLñjç » �z� � { w t n ó�ó�ú � ý�ð6û�ðÜõ�ç�è�ðÜô�ð�ï4þ�ð6ó�E�ù.ð6ô�ç6ý�E�ï�ú	ïoó�÷oè�ò � ��÷4ø	í�ð6ñjç�õ!è�ð6ø C�M���I v¡v�,�H¢v��� tv£�Q �����I� J ��¤5��� tv£%S,¥ ¡%�,�H¢ ¥�V,¥ ���I  ¥oX�,�I v¡%���H¢v��� tv£;QI d ¢ R � £ J | �,� � ¢�¦��Y§ K�U.T�¨,©«ª �v¢ J PI d ¢ R � £ J | �,�I¬v� J �,� £ ��§ ¥ ¬�� J �,� £ � W�b®Lb�U�¥I d ¢ R � £ J � ¢�¦��Y§ ¥°¯�±,²S¥³ ¡�¢v���H¢ g ���,´I�%¢v�,�,�,�@§ KiP³ ¡�¢v���H¢ g ��� M � J �H¢�� r%£ J �%�@§ ¥ ³ M
�,µ0U�¥� ���I��¢,�,��� d�¶ £ ¢ J�dY�
d �@§ KmPz�g5· � ª ��´ £ ���I� J O�ª � £ J � ¢�¦��S§ ¥ ¡%���H¢ S,¥ �,�I  ¥�V«¥ ³ M
�,µ0U §�§ � �YMH¯��S¥oX*¸,¥
M � J �H¢,� r%£ J �%�@§ ¥ ³ M
�,µ�U�¥¬��I� d £ J | �,� � ¢�¦��Y§ ¥ ¡%�,�H¢ ��W�b d �,� ¥¬��I� d £ J | J �I¡�� J | �v� ª J � R �%� £ ��§ ¥°¯ �2 v� J £ �5� T ¬ � M ³ | J �2¡�� J ¥¬��I� d £ J | J �I¡�� J ¬v� J �,� £ ��§ �w ý6ç�ê�õ0ëÀð�ì�ñhç�î�ê�ú¹þ�ð�íYç6ù4üxô�ç6÷.ýÁõ�ç�ý�ð Î é�ý�ð�ê�ù4õ�ç.é0ç
ó5E�õ�ð�þ�ì�÷�è�þ�ð6ó0ç�û.ç
÷.ý�ï�ú�ì�ç6ÿ6ð�ý6ç�þ�ìYê�ÿ6ð�ì�ç�ï �G¹ oM�iþ�ð�ì�ý�ð�ñVt w � u � nº ý�ð�ÿ6ü ì�ç
ÿ�ð�ý6ç6ýHEÒï,þ�ð�ì!ý�ð�ñ � w � Î õ0ç�è0ðöï.ð6ùoècç
ý�EÒþ�ì�ð
û�ì�ç
ñhñ]ò�õ0ç»ú!ù4ü�í�÷,ïoê�ï.ý�÷4ñLü»oqt »Gu t � Î ð6þ�ì�÷oè�÷4ó�ê!ô�þ�ì!ê � ý�ð6ñð
þ�ê�ï�ç
õ!ê�÷ºð�ï4î!ê�ó!ó�ð6û.ì�ç6ë�ç n ó�ó�ú � ý�ð
û�ð�ñLð2FÁõ�ð�ô�ð6ï4þ�ð
ó�E�ù.ð6ô�ç6ý�E�ï�ú½þ�ð6ï.ý6ç
ô�ó�úY÷.ñLð6ø$ïºþ�ìYê�ÿ�ð6ì�ð6ñöþ�ì�ð
û�ì�ç
ñhñLð
ø ¹/� � � �´�5�	½�r � nóÁç
ó�÷.÷,ï4ó�÷�è�ò�÷4ý�ô�ü�úYï4õ!ê�ý�E�ê�ñLú � { w t¶�iò�ï.ý�ì!ð6ø�ï.ý�ô�ç Î í�ð�ý�ð6ì!ü�ñ�ú�ô�ó�ú!÷4ý�ïoúÒþ�ì!ê�ñL÷4õ�úY÷.ñ]üxø;ð�ïoî�ê�ó!ó�ð
û�ì�ç6ë n ó�ó�ú � ý�ðF�û.ð	õ�ç�è�ð	ð�ý�í!ì!ü�ý�E	ð6í!õ�ð ¼Y} � � � } � � r � | þ�ì�ð
û�ì�ç
ñLñLü ¹/� � � �´���F½�r � x � | � �7��� êÒç6í�ý6ê�ô�ê�ù4ê�ì�ð6ô�ç6ý�EQ�>ñ]üz�¼E �1� í!õ�ð6þ�í!ò � { w t nÞ ð�ú�ô�ê�ý�ï�úÙð�íYõ�ð ¹/� � � �´�5�	½�r � { �5| �~}7� ��� � � oqp � p � � } ï.ð�ï4þ!ê�ï.í�ð6ñäè0ð6ï.ý�ò�þ�õ!üG�öè�ó�úÙì!÷4û.ê�ï.ý�ì�ç
î�ê!ê�þ�ì!ê�ÿ�ð�ì!ð6ô n�� üvè0÷oó�ê�ôð6ï4î!ê�ó�ó�ð6û�ì�ç�ë õ0ç�è0ðÁõ0çHF�ç
ý�E½í!õ�ð6þ�í!ò Æ ô�ð6ø�ï.ý�ô�ç ncw ý�ðÁþ�ì!ê!ô�÷oè�÷.ýÜí�þ�ð�ú�ô�ó�÷oõ�ê � ð�í!õ�ç »yx w5½H¾�½I¿ � ï�ècç�õ�õ�ü�ñ]ê	ðÜþ�ì!ê�ÿ6ð�ì!÷ð ì!ê�ï n � n	� õ�÷.ñÙòYíYç6ù�ç�õ�ðÁê�ñLú � { w t¶�iò�ï.ý�ì!ð6ø�ï4ý�ô�ç�ê	ð�ÿ
üxé�õ�ð�÷�ê�ñhú½þ�ìYê�ÿ6ð�ì�ç n

n
� ÖYÀ5ÁÃÂ	Á Ä -!� + � +4Å�+ '�) + )�� + '�)jÆSÇ~È%É �ËÊ�3�Ì.�c�2Í*3zÌ
¬,Îº� Å 1\��34Ï5) Å5Å �2Ðo�6Î��/Î�ÑcÒ�È�ÓvÔ�Ó�åIÕ !

ô ç � ý�ð6ñÒþ�ð6ý�ì�÷.ÿ
õ�ð6ï.ý�EÁôÜþ�ì�ð6û.ì�ç6ñLñL÷ ¹/� � � �´�5�	½�r � ù�ç�ô�÷.ì���ç6÷.ý�ï�ú$ê\÷.÷�ñLð2FÁõ�ð¹ù�ç
í�ìYü�ý�EÜê�ôÁè0ç
ó5E�õ�÷oø���÷.ñÙê�ï4þ�ð
ó�E�ù4ð6ô�ç
ý�Eý�ð6ó5E�í�ðÜý�ð6û�ècç Î í�ð6û�ècç�õ�ò%FÁõ!ükê�ñL÷4õ�õ�ðÜ÷.÷�ô�ð�ù.ñLð2FÁõ�ð�ï4ý�ê ð õ�ç
þ�ì!ê�ñh÷4ì Î è�ó�ú½þ�ð
ó�ò�é�÷4õ!ê�ú¹õ0ç � í�ì�ç
õ�÷�è�ê�ï4þ!ó�÷4ú Þ þ ý�ð
é�õ�ð6øí�ð
þ�ê!ê � í�ì�ç
õ0çÜð6ï4î�ê!ó�ó�ð6û�ì�ç�ë�çvÖ � ï4÷�õ!ò%FÁõ�ð6÷�è�ó�ú\ç6í!ý�ê�ô6ê�ù�ç�î�ê!ê	ð�ïoî�ê�ó!ó�ð
û�ì�ç6ë�ç¹ÿ�÷.ì!÷.ý¹õ0çÜï.÷.ÿ�ú�þ�ì!ð6û�ì�ç6ñLñhç Î ï.ð�ù�ècç
õ!õ0ç
úô¹ï.ì�÷�è0÷.oqt »Gu t � Ö D õ0ç�è�ð6ó�FÁõ�çÜõ�ç.é�ê�õ�ç6ý�E�ï�ú$ï�ï.ð6ùoècç�õ�ê�ú�ð�ÿH�E÷4í�ý6çÜý�ê!þ0ç � w � � � { w t Î ê�ï4þ�ð6ó!õ�ê!ô¹í�ð�ñhç�õ!è�ò C�M¡H×«ØÙ¡%�,�H¢cÚ ¥ ���I  ¥,Û,¥ÝÜ5Þ ¶vß §,§9à ¨,á,â §,§ á,©� §,§°´ ß à ß�ã à,à*§,§~ä2å ÞH¯�æS¥9ç*¸� õ�÷oø\þ�÷.ìYô�üxø\þ0ç6ì�ç6ñL÷.ý�ì$ô¹þ�ì�úYñLüG��ç�þ�ð6ï.ý�ì�ð�ë�çI�$ò!íYç
ù4üxô�ç
÷.ý¹õ0çÁý�ê�þ\ð6ÿ��E÷4í�ý6ç ð ð6ï4î�ê!ó�ó�ð
û�ì�ç�ë ëÀê�ì!ñLü » �8� �~}7�Hè�½�� Îç�ô�ý�ð�ì!ð6ø\þ�ç6ì�ç6ñL÷.ý�ì ð ê�ñLú � { w t¶�iò�ï.ý�ì!ð6ø�ï.ý6ô�ç Î ð6þ�ì�÷oè�÷4ó�÷4õ�ê�÷�í�ð�ý�ð�ì!ð6û.ð¹ÿ
üxó�ð¹ð
þ�ê�ï.ç
õ�ðÁô6üz��÷HÖ*éGý�ðÁê�ñLú$ï.ð.è0÷4ìvFÁê�ýÜòYíYç/�ù.ç
õ!ê�÷�õ0ç�þ�ð6ì�ý � w � Î ê!è0÷oõ�ý�ê�ëÀê�íYç�î�ê�ð6õ�õ!ü�÷ºõ�ð�ñL÷.ì�çÁò�ï.ý�ì�ð
ø�ï.ý6ô�ç�ê\÷4û�ð¹ï.÷4ì!ê�ø!õ�üxø�õ�ð�ñL÷.ì6Ö � çHF�õ�ð�ð�ÿ6÷.ï4þ�÷oé�ê�ýHEÜþ�ð6ó!õ�ò �ý�ð6é!õ�ð�ï4ý�E,òYí!ç
ù�ç
õ!ê�ú � ý�ê5�Ëè0ç
õ�õ!üG�*Ö � üxþ�ð
ó�õ�÷oõ�ê�÷$í�ð�ñhç
õYè�ü"è0ð6ó�FÁõ�ðqþ�ì�ð6ø�ý�êöû�ó0ç�è0í�ð	ê�ù�ç
í�ð6õ!é�ê�ýHE�ï�ú»þ�ì!ê!û�ó0çF��÷4õ!ê�÷4ñoêt »Gu t � íËè0ç
ó�E6õ�÷4ø���÷4øÒì�ç6ÿ6ð�ý�÷Üô	ô�êYè0÷¹ùoõ0ç6íYç�ë%ì5ìIÖ Þ ì!ê � ý�ð�ñ5þ�ì!ð6ê�ï7��ð.è�ê�ý\ç
í�ý�ê!ô�ê�ù.ç
î�ê�ú � { w t¶�mð6ÿ��[÷.í�ý6ç½ð�ï4î!ê�ó!ó�ð/�û.ì�ç6ë�ç%Ö�ß�ï4þ�ð6ó!õ�ê!ô¹í�ð�ñhç�õ!è�ò ¾ví ñhð2F�õ�ð¹þ�ð
ó�ò�é�ê�ý�E�ècç
õ!õ�ü�÷�ð¹ï.ð6ùoècç�õ�õ�ð�ñsð6ÿ��[÷.í�ý�÷HÖ



Ê¯Ëïî5ð\ÌÍË9Î]Ï)Ï¬Ð�ñ^Ï¬ÑKÎ�ñÓÒÔÑyÎ1Õ]Ìóò-Ï´ÖD×BÐ�ô]Ø{ËwØ»õ.ö.÷�ø¼ù¼ú6ò®û�ü Ù ü ý5ý,þ
ó�ó�ú$è�÷.ý6ç
ó�E6õ�ð
û�ð�ù4õ�ç6í�ð�ñLï.ý�ô�ç�ï�ð6ÿ��[÷.í�ý�ð6ñ ¾ví ñLð2FÁõ�ð½ê�ïoþ�ð6ó5E�ù.ð
ô�ç6ýHE$í�ð�ñhç
õYè�ü ô�ü�ù.ð
ô�ç½ð�í�ð
õ,ê�õ�ï4þ�÷.í!ý�ð�ì�çÁð�ÿ��[÷.í�ý6çê	ð�ÿ�ù4ð�ì�çÜñh÷4ý�ð.è0ð6ô Î ê�ïoþ�ð6ó5E�ù4ò�÷.ñ]üG�$ô � ý�ð�ñÙþ�ì!ð6û�ì�ç6ñLñ]õ�ð6ñsð6ÿ��E÷4í�ý�÷ C�������zÿ%� ª �YÚ®¡H× ç*¸� ¦����I� £ � �I¡v�H�H¤SÚ°¡�× ç*¸V ÷4þ�÷.ì%Eöï.ð�ù�ècç�è�ê�ñ þ�ì!ð6û�ì�ç6ñLñ]òY�ÝoM�`ë�ç
ø�ó � õ0ç�úYù4ü�í�÷,ïoê�ï.ý�÷.ñ]ü oqt »yu t � Î í�ð6ý�ð�ì�ç6úsð6ÿ�÷.ïoþ�÷4é!ê�ô�ç6÷.ýÙç6í�ý6ê�ô�ê�ù�ç
î!ê �ð�ï4î!ê�ó�ó�ð6û�ì�ç�ë�ç�ê�þ�÷.ì!÷oè0ç�é!ò,ècç�õ�õ!üG�»ï¹þ�ç6ñLúYý�ê�íYç
õ0ç�ó0ç ��� ��ð�ïoî�ê�ó!ó�ð
û�ì�ç6ë�ç\ô,ì�ç6ÿ6ð6é�ò � ð�ÿ
ó0ç
ï.ý�E�� þ0ç
ñhúYý�E � ï4ê�ï.ý�÷.ñ]üoqt »Gu t � ï�þ�ð6ï.ý�ì!ð�÷4õ!ê�÷.ñÙð�ï4î!ê�ó!ó�ð
û�ì�ç
ñhñ]ü �>ï.ñGÖ�ìYê�ï�Ö ½ � ô¹û�ì�ç�ëÀê!é�÷.ï.í�ð6ñsð�íYõ�÷�ï4ê�ï.ý�÷.ñ]üoqt »Gu t � Ö

Ö
� ÖYÀ5Á��6Á � + Î Å�� '�ÎI1	�H34Ï�) Å�Å �IÐ�
*Î����Î�Ì�
 + Ê�Ð�� Å�� '��2Ð��"34)	Ð9'*Î Å Î !

ó�ó�úÁï.ð�ùoè0ç
õ!ê�úÁþ�ì!ð6û�ì�ç6ñLñ]üpê�ï4þ�ð
ó�E�ù4ò�÷.ý�ïoúÁì!÷oècç
í�ý�ð6ìïoM�`ë�ç
ø!ó�ð6ô�ï4ê�ï.ý�÷4ñLü oqt »Gu t � Ö Þ ð�ù�ç
ô�÷.ì���÷4õ!ê�ê½ô6ô�ð.ècç�þ�ì�ð6û.ì�ç6ñw�ñLü5õ0ç�è�ðÜù�ç�þ�ê�ï.ç6ý�E�ë�ç
ø�ó	ï�ù.ç�ècç�õ�õ!ü�ñÙê�ñL÷4õ�÷.ñ Î õ0ç�þ�ìYê�ñL÷.ì � | r Ö � Ö	éGý6ç�þ�ì!ð6û�ì�ç6ñLñhçÁþ�ì�÷�è0ï.ý6ç
ô6ó�÷4õ�ç�õ�ê�F�÷�ê�ê�ï4þ�ð
ó�E�ùoò�÷.ýíYð6ñhç
õ!è�ükê,ëÀò�õ�íYî�ê!ê�þ0ç
í�÷.ý6çÁì�ç
ï���ê�ì!÷4õ�ê�ú { è | �~} í���� è��z�O�Hè(�~}7��� » ���H�Ë����� C����������������������� "!�#" $�%�&��� �'(#" �� )"��$+*,)���-�-�."/�!0�+!�1�%�2�2�������3���&
�&(�"�+���$" � ,#����+!�'�����-�!�'�&�� Ú #"���+4+'+5 ç !�%�!'+ ��.�6 ³ ¯Hµ ³�¶ Û !���7�)��-�%" 
����"!�!�%�&���&�8 � ¢��,¢ %:9 � ¢���¢ )���-�-�."/;�+!�1�%�2�2�����������.;<"��-"�2"� ´=�à
��%���#��� )� 2" �-�%" ,#"�����" �'�����& Û -+*�>�-�."/,)�2�4(#���!'����� -�%�4�����3+%�<"�
�+�+!�1�%�2�2�����������.:&������3+%�$+ "!�<����?�<�-" ;!�%�!'+ ��.;6 ³ ¯Hµ ³�¶A@
��B+��7�)"��-�%" ¬5ä Þ ³�C ���D" <+'+�¡H×óØÙ¡%���H¢cÚ ¥ �,�I  ¥,Û,¥ÝÜ5Þ ¶vß §�§9à ¨,á,â §,§ á,©� §,§°´ ß à ß�ã à,à*§,§~ä2å ÞH¯�æS¥9ç*¸
E £ ÿ%�I�SÚ°¡H× ç*¸ �+F�'�<���."'�%" ;����D" �<+'+� ¡H×
��B�$�%+'.�&���-�%" 0)���-�-�."/G!H<"�-"��2"� ´�=�à %���#��� )� 2" �-�%" 0)+2�%�-�.G7���#�%�!�%
� � Ø�IH×v��J 9 Ú°¡H× Û,¥LK ä�M,å�N ¥9ç*¸ E ÿ+J%���v� E Ú°¡H× Û,¥ M ³ ¯ ³ § Þ�O2Ü�æ ´ ± ´�=�à ¥9ç�¸

µ Ø�IH×%��J 9 Ú°¡H× Û,¥ = OIæ ä�P O å ¯ ³ µ § æ,± ´ OIæ M µ,± å�Q ¯ =�N ¥,Û,¥ � ��R2� ¥,Û,¥ � � ¥9ç*¸
E ª � £ �I�cÚ°¡H× ç*¸ �+S���<���."'�%" ;����D" �<+'+�¡H× @ ä���ÿ,×v� ¶ × E�E ��J Þ �T��«Ø µS¸ �+S���)���-�%" 0)�2�%�-�.(&"/+��)+-������:��*�3� �"�
E £ ÿ%�I�SÚ°¡H× ç �+F�U�<���."U�%" ;����D" �<+U+� ¡H×
��B�$�%+U.�&���-�%" 0)���-�-�."/(#"�+!U����� �-�%�4G�+!�1�%�2�2����������
E ÿ"J%����� E Ú°¡H× Û<¥ ´ Ü�æ ¬ ± N ¥9ç � ¢H��¢,ØV��z��V5� £�ª  "J��,¢ � Ú°¡H× Û,¥ � ª �%¢�J ¥9ç*¸
9 ¦v×5�H�<Ø<�I��J+W2�,×H¦OÚXIH×%��J 9 Ú ¡H× Û,¥XY+Z 6�[ §]\ 6 Ü�µ�¯ N ¥9ç�ç*¸ ��^"�+!�_"U+�+� ´=�à
9 £ E�E Ø<�I��J"W2�,×H¦�Ú`IH×%��J 9 Ú°¡�× Û,¥XY+Z 6�[ §]\ O�Z�Z N ¥9ç,ç*¸ ��B)�&+%"� ´�=�à
8 ¦v×5�H�<Ø<�I��J+W2�,×H¦OÚXIH×%��J 9 Ú ¡H× Û,¥XY+Z 6�[ §Xa%ä2åv´ æ N ¥9ç�ç*¸ ��^"�+!�_"U+�+�0#"�(�+!�% a
8 £ E�E Ø<�I��J"W2�,×H¦�Ú`IH×%��J 9 Ú°¡�× Û,¥XY+Z 6�[ § [ ¯ R O�Z�Z N ¥9ç�ç*¸ ��B)�&+%"�0#��(��!�% a
8 T���J £ Ø<�I��J+W2�,×H¦OÚXIH×%��J 9 Ú ¡H× Û,¥XY+Z 6�[ §Xa+P ±,æ�O N ¥9ç�ç*¸ ��b+*�2"50-"�:��!�% a
��c" �<���-�!U��"*�<�1�%�4()���-�-�.+/,)+2�4(#��+!�U����� �-�%�4G��"�d+%�<�%��+!�1�%�2�2�����"������.
9 � ¢���¢ Ø 9 ¦v×%�H� K Ú � ¢���¢ C 9 £ E�E ç*¸ ��e�������)+%�-"��U�.�U"�$+ �<(#��(��!�% \
8 � ¢���¢ Ø 8 ¦v×%�H� K Ú,Ú ß § ���I�"f��H�BÚ � ¢���¢ ç C à ç C 8 £ E�E çg 8 T���J £@¸ ��U"�h>+ 0#��,�+!�% a
�����+!U���� �-�%" ;�+!�1�%�2�2�����"������.:&;����d�%�$" "!�<"���i�<�-+ 06 ³ ¯�µ ³�¶ÿ5� £ �YÚ 8 � ¢���¢ Û 9 � ¢���¢ ç �v�I�v���cÚ ¥~Þ�ª ¢���� � Y ¢�¡�� E £ J2¦GMv¢��,¢ ¥9ç*¸ 9 ��¢V%���@Ú ¥ ³ ¦vÿ5���I�H× � �Ú®¬ ç*¥9ç�¸ 8 �H¢V%���@Ú ¥°¯ �8¦�� Ú7� ç*¥9ç
E ª � £ �I�cÚ°¡H× ç �+S���<���."U�%" ;����D" �<+U+� ¡H×
Z �ÙØ�à�j 8 ¦v×5�H� ¸ ��k�.+$�%�!�2" �-�%" ,$"�"!�U"��U�.?�U�!�$" �U+��&å Z�Z,¯ Ø�à ß W Y¸ �+S��)"��-�%" ,$�%�!�2"�(��������-�%�< Z�Z�¯Þml�nonqpsr�t�u�vqwsv�n�nyx�z�v�v�t�{orql�t�|�l�z�}�}�~ ��� t�}Azv�xqt�{ � | r�� t � vqw � t�}�z�v�x�vqt�|�t�l�w F n�}�z oqt »Gu t � � t�ps��n�u�uqt�|�lqz��0z ��� n �� nq��nql���w � p��on�p�t���x�zw � p���l"�+x�}Azp�psn � t ��� � t � t�l�~�w � n�xqv�~ � t � v�w�lqz��t���ws|�tyrql�t�p � lqz�vqp � � z�psnqp � w�}�~ oqt »Gu t � � � t � t�l�t�wrqt � z��zv�t�v�z�l�n�p Ö ñ psu�w � z Ö Æ rql�z � z � n�x�wsv�|�l�z���n � � rqt�p � l�t�wsv�v�~�{�r�t�rqt�u��"�qwsv�v�~�}�t � t�ps��n�u�uqt|�lqz��yzox�zv�v�~�} Ö Æ lqz � �vqwsv�nqwmws|�t�pol�w�z�u E vqt�{	t�ps��n�u�uqt|�lqz}A}�t{ � l�n�p Ö ½ � rqt � z��s~ � z�w � vqz�n � rqtu�v�����n�x�w�v � n���v�t�p ��E�Ö�ß �o}Az�p�p�n � t � vqznq��t�uqwsw



ý%ý�� � Ø]Ï)ÊO� Ù%� ×BØZÊpÖ¶Ë¶Ð]Ø9Õ]Ì Ò ÑKÎ1Õ]Ì
� z F v�~�}�n	� � u���� � p�� � s�p � p�� �svqz��qwsv�nq� � t�t�l�x�n�v�z ��� t��qw � t�p���n�u�uqt|�lqz}�}Hr�t � w�l � n � zu�n � n � s�p � p���� t�t�l�xqn�v�z � ~ � t���w �r�t�|�t�l�n���t�v � z�u�n � Ö � z F v�~ � z ��F w��sv�z���wsv�n��orqw�l�w�}�wsv�v�~ � }Azp�� � z��zyn�p�}�w��owsv�nq��r�t � wsl � n � zu E vqt{�n�|�t�l�n���t�v � z�u E vqt�{t�p���} � rqt�u�t F wsv�n�� v��uq��vqz�|�t�l�nq��tv � zu E vqt{¡t�psn � ��zp � t � z�t � ps��w � t ��¢ | n	��nqp�uqt�|szl�}�t�v�n �¤£ ¢�¢ » � D v�n¤t���w�psrqw���n � z �� � l�w � t�v�p � l�� � ��n���rqtu��"�qw�v�v�~ � t � t�p���n�u�uqt|�lqz��yz�x�zv�v�~ � � � � t�n¡r�t�� � t�u���w � p � l�t�n �HE l�nqps�"vqt � t�ps��n�u�uqt�|�lqz�}�}�~ �
|�lqz���n���w�p � t�}0t � v�w oqt »Gu t � Ö

Ö
�y¥ À5Á�¦6Á¨§ Î2'�'�© + )qÐ�
6Î�ªG)	(	��34Ï5) Å�Å �IÐ�
*Î����©�«�34)*3zÌ + � +y¬ É Ñ®@É/Õ !

� rqtu�vqw � t���}�t F vqt ps��n � ~ � zv�nqw�x�zv�v�~ � z � � t�}�z � n���w�p � n � nq�s}Awsl�wsv�n�{¯t�ps��n�u�u�t�|�l�z��yz Ö ô zr�l�n�}Awsl � x�uq�	ps��n � ~ � z�v�n��
x � t{�v�t�{°z�}�r�u�n � ��x�~±p�n�|�vqzu�z � r�l�w�xqp � z � u�wsv�v�t�|�t t�ps��n�u�u�t�|�l�z�}�}�t�{ � rqw�l�w�xHr�t�psu�w�x�vqws{�p � l�t � t�{�r�l�n � w�xqwsv�v�t�{ � ~��ow
r�l�t|�lqz}�}�~:x�t�p � z � t���vqt � p � z � n ��E ��l�z|�}�wsv ��²

��B�$�%+U�.�&��-�%" ,)��-�-�."/,%�7��� ��� �-�%�4 C )�&��³�-��³;��+#�2�%�U�*�)�.
E ÿ"Jv���v� E Ú®¡H× Û,¥ 6 ± ³ Þ2Ü §~ä 6�6 § Þ�O2Ü ´=�à ¥9ç*¸ E ÿ"Jv���v� E Ú®¡H× Û,¥ 6 ± ³ Þ2Ü §~ä 6�6 § ¯ \ [;[ ² W ¥9ç*¸ÿ, �W�ÿ, óØ0IH×%��J 9 Ú°¡H× Û,¥ 6 ± ³ Þ2Ü §~ä 6�6 §Ý¬ ³ µ N ¥9ç ��´"����)��,%�!�#��2�-+ �-�%" ,<������-�)�. £ � ª
µox�z�p � � ~ � t�x¡�svqz��qwsv�nq��x � t{�vqt{	z�}�r�u�n � ��x�~ ²
� £ � ªÿ, �W�ÿ, óØ�à @°ß�¶ W ß,ß,ß,ß ¨��áH± ß� x�zv�vqt�}·psu����qz�w�v�z � � t�x�t�ps��n�u�uqt�|�lqz���z���~�uorqt�x�z�v�psn�v��+pst�n�x�zu E v�~�{mpsn�|sv�zuot � |�w�vqw�l�z � t�lqz t ¢¹¸ ñ�º ¾ º p�x � t�{�vqt{z}�r�u�n � ��x�t{ º � Ö

»�K�¼ ^\=�½ R W L X"Z>A�[ d L A L X\C�T P `¹¾\C.X\X P�¿ W L UVU ; e gVilk�gnm
Æ rqtu��"�qw�v�v�~�}�n t � t�ps��n�u�u�t�|�l�z��yz�x�z�v�v�~�}�n¤}�t F v�t � ~�rqtu�v�� ��E u����~�w�t�r�w�lqz���n�n � � t � t�l�~�worql�w�xq��p�}�t � l�wsv�~ � psn�À
p � w�}�w oêt »Gu t � n � xqw�p�� ��� z � r�z � w � t � l�z�p��mn�l�wsv�nq�ÂÁ � t{·}�t��mvqt{	p�nqp � ws}�~ � t�}�r E � � wsl�vqt{�}Az � ws}Az � n � n Ö Þmt � z F w�}Á � t�vqz � w�p E }Az � z F v�~ � r�l�n�}Awslqz � r�l�t � w�xqwsv�n��·psrqw ��� lqz�u E vqt�|�t�z�v�z�u�nq��z�rqt�u��"�qwsv�vqt{	t�ps��n�u�uqt�|�lqz}A}�~il�z��su�n���v�~�}�n
}�w � t�x�z�}�n � � t � t�l�~�wyv�wml�w�zu�nq��t � zv�~ � p�z}�t�}hrql�n���t�l�w � n�rqt�� � t�u���� � l�z�p��mn�l�n �HE ws|�t � t���}�t F v�t�p � n Ö

þ r�l�n�}Awsl�� � t�ps��n�u�uqt�|�lqz��Ã~ »yx w º ¾H¾�¾�ÄÆÅ�½H¾�¾�¾�Ä v�w�rql�w�x��+p�}Az � l�n � z�� � � t���}�t F vqt�p ��E r�l�t � w�x�w�v�nq��psr�w ��� lqzu E v�t�À
|�t·z�v�z�u�nq��z � u�n�v�ws{�v�t�},}Az�p�� � z���w Ç���z�x�zv � tu E�� tÂu�t�|sz�l�nq��}�n���w�p � n�{�È Ö ô n F w�r�l�w�x�p � z � uqwsvqz�rql�t�|�l�z�}�}Az¡Ç o ÀX�yz�{�u�È
spec É l � ~Ærqt�u�vq������z�� � ~���nqpsu�wsv�n�wÃnÂrqt�p � l�t�wsv�nqw�|�l�z���n � z�p�rqw ��� lqzypÃu�n�vqws{�v�~�}Ê}Az�p�� � z���t�}Hxqu���psn�|sv�zuqz � t � ps��w � ~� t � t�l�t�|�t � l�zv�� � p�� ��� w ��� t�l�w � s5pË4p"²

��k�.�$�%�!�2" -�%" (%,#���!U����� -�%" G!�#" �<+U��"�0&(2�%�-" ³�-����:���+!�_"U+�+�� 
\<Ø E�E �YÚ 9 � ¢���¢ Û å Z�Z,¯�ç j µS¸ �+S��)��-�%" ,Ì��+Í
E Ø Z ��j�W @ K �����5�2ÿ%¢ ª �cÚ ß Û à Û å Z�Z,¯ j�W ç*¸ ��B+��7�) @ &� �<+U"�����,$"�"!�U"��Uÿ5� £ �YÚ E Û W K ¢V�� ÚX\BÚ8à*§Ýå Z�Z,¯ j�W ç,ç,ç ����+!U����� �-�%" :����d+%�<"��!�#" <+U�����%�I�����cÚ ¥~Þ ���"fv��� C Þ � � � � ³ ¦vÿ5�,�I�H× � � Þ ÿv� ª ��JH×I¦ £ E 9 Ú°� ç*¥9çHÎ ��¢�V%���@Ú ¥XZ J���IH×%�H� ª 9ÚX=+T ç*¥9ç 9 ��¢V%�,�@Ú ¥ \SÚ E ç¹Ï2¥9ç
ó uq� r�l�t � w�xqwsv�n��¤p�rqw ��� lqz�u E vqt�|�t·z�v�z�u�nq��z�psn�|sv�zuqz � t�ps��n�u�u�t�|�l�z�}�}Az � t � t�l�t�|�t�nq}�w�w � p�� v�zÂÁ � l�zvqw�t�p���n�u�uqt|�lqz�À

��z � vqz�x�t � vqz��qzu�w�n�psr�t�u�v�n ��EÂ� t�}Azv�x�� � | r ÇÐx�z�v�v�~�w�t � t�p���n�u�uqt|�lqz��yz ��� t�x�� � p�� � oqtAÑ u t Ä ÈÃn¡rqt�psuqw�r�l�t�p�}�t � l�z|�lqz���n � z�psn�|�v�z�u�z�nqpsr�t�u�v�n ��E�� t�}Azv�xq�
sec É l Ö�Ò l�z���n � ��xqw � ��z�}�wsv�wsv	psr�w ��� l�t�|�lqz�}�}�t�{ Öô zol�n�p Ö ¿ rqt � z���z�v·p�rqw ��� l�r�l"��}�t��"|�tu E v�~ � n�}�r��u E p�t � Ö D v���w ��� tmrql�w�x�p � z � u���w � |sz�l�}�t�v�n � n�psr�w ��� lqz Ö � ��z�p � vqtÀ

p � n � t � �qw � u�n � t � n�xqv�t � � � t�psrqw ��� lÂnq}�w�w ��� tu E�� t�vqws��w � v�~�w�|szl�}�t�v�n � n � z�}�r�u�n � ��x�z � t � t�l�~ � ����~ � z�w ��� z � º Å � � |Lx�w� ð v�t�}�w�l�|sz�l�}Atv�n � n Ö%é�� tor�t�u�vqt�p ��E �:pst�t � � w � p � � �+w �o� w�t�l�w � n��qw�p � nq}¤rql�w�x�p � z � uqw�v�n���}¡t�psr�w ��� l�w�}�w�z�v�xqlqz Ö�Ó rqw ��� l� z�l�z ��� w�l�n��s�+w � p��Ât�qwsv E }Azu�~�}h��l�t � vqw�}°�m��}Az Ö



Ê¯Ëïî5ð\ÌÍË9Î]Ï)Ï¬Ð�ñ^Ï¬ÑKÎ�ñÓÒÔÑyÎ1Õ]Ìóò-Ï´ÖD×BÐ�ô]Ø{ËwØ»õ.ö.÷�ø¼ù¼ú6ò®û�ü Ù ü ý5ý�Ô

Ö
�y¥ À5ÁÖÕ@Á × - + (�Ì�
ê-�
51����8Ê	Ð�� Å�� '��IÐ��.)q�Y-vÊ Å�� 3zÎ�Ø��I(5'���«H'vÊ6Ì�
�)�Ù !

ô z	l�nqp Ö Ü Ö r�t � z���zv�z	t�ps��n�u�uqt|�lqz}A}Az	psn�v��+p�tn�x�z�u E vqt�|�t¤psn�|�v�z�u�z	pÂ��zp � t � t�{ º ï Ò � � ��z�p�t�l�wsv�v�z�H�m��}�t�}ÚÇ�psn�|sv�zu
rqt�u��"�qwsv � z ��F w�t � |�w�vqw�l�z � t�lqz t ¢¹¸ ñ"º ¾ º È Ö ï zp�� � z��·rqt�|�t�l�n���t�v � zu�n � ~���l�zv � z � � � � t�t�p���n�u�uqt|�lqz}�}�z � ~�|�uq�+x�n �rql�t�p � t � z � �m��}�t � z���x�t�l�t F�� z ð v�n � z � n � rql�nq��v�z � t � v�z�u�n���nq�Âpsn�v���p�t�n�x�zu E v�t�|�t�psn�|�v�z�u�z�vqw�v�z��u��Æx�z�w � p�� Ö

Ö
�y¥ À5Á�Û6Á Ä 34Ï�) Å�Å �IÐ�
*Î����ÎHÜ�Î�Ý Ê�� Å�+ '�'��2Í34)5'vÊ�3��2)�Þß© -�
�)Gà�� Å�� Ý��2Í,Þ Å )*Ì +4Å�� '��H3�Ì2)

6ÎÜs« + 
6ÌI(5)�Ù !
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Þmt�psu�w � t�|�t � � z � x�zv�v�~�w�psn�|�vqzuqz�t�p���n�u�uqt|�lqz��yz�rqt�}�w��owsv�~ � l�z���t�qw�w�rql�t�p � l�zv�p � � t�Çær�z}A� ��E È�psnqp � w�}�~ oqtAÑ u t Ä� t�}Azv�xqt�{ � | r�� v�z�x�v�nq}�n�}�t F v�tyr�l�t � t�xqn ��E t�r�w�lqz���n�n � z � p�rqt�}�t�� E �,rql�t�|�l�z�}�}�v�~ � }�t�xq�u�ws{·Ç�p�} Ö r�l�n�}Awsl�~ � ~��ow�È �� z � n � t�}Azv�x�z�}�n �Æ��� t�x�nq}�~�}�n � � t�}Az�v�xqv�t�}çt � vqw Ö ô zr�l�nq}�w�l � p�uqw�x������mnqw � t�}Azv�xq~èt���w�psrqw���n � z�� � rqtu��"�qw�v�nqw
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l�z�psp�}�t � l�wsv�n�nhp�t � }Awsp � vqt¯p � z��qwsv�nqw�}i��z�l�z¤x � n F w�v�n�� F w�p ��� t¯��z � l�wsr�u�wsv�vqt�|�t¡p�v�nq}il�w�rqw�l�z¤��z�x�z���z¤r�l�n�t���l�w � zÀ
w � t�r�l�w�xqwsuqw�v�v�~�{h|�w�t�}�w � l�n��qw�p � n�{hp�}�~�psu,n,}�t F w � nqpsr�t�u E ��t � z ��E p��hv�z¤r�lqz ��� n � w�x�uq�Hr�l�w�x � zl�n � wsu E vqt{0t���wsv � n
t�psv�t � v�~ � |�wst�}�w � l�n��qwsp � n � rqz�l�z�}�w � l�t � r�t � w�l � vqt�p � n � z��qwsv�nq� Ö
l �+p ��E

S
ð rqt � w�l � vqt�p ��E � ��z�x�z�v�vqz��mrqz�l�z�}�w � l�n��qwsp � nm��lqz � vqw�v�nq��}�nAm�nom

(u, v)
� m�n

(x, y, z)
� |�xqw

u
�
v
ð � t�t�l�x�n�v�z � ~

vqz�rqt � w�l � vqt�p � n Ö l t
S
� z � n � p�����zl�l�z�x�n��+p�z

R
p F w�p ��� tÃr�l�n � l�wsr�u�wsv�v�~�} � vqw�}��ml�w�rqw�l�t�}

(e1, e2, e3)
Öqp z�l � z � n � p��

��w��Ærql�t�p � zu E �s~ � zv�nq� � x�tu Em� l�n � t�{
γ : u = u(t), v = v(t)

� r�l�n��qw�}
t ∈ [a, b]
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ú w��owsv�nqw���z�x�z���n¯����x�w � p � l�t�n ��E p�� vqz���z���w�}��u E� n�r�u�n � z � n � v�~ � n�v � ws|�l�zu�t ��� z�l�z��slqz���t � zv�v�z�� � t�}�r E � � w�l�vqz��

}�t�xqwsu E r�t�� � t�u�n � � n��s�"z�u�nq��nql�t � z ��E�� z��qwsv�nqw�rqt�rqt � w�l � vqt�p � n � ��z�x�z�v�v�t�{·r�zlqz�}�w � l�n���w�p � n Ö
=�r Àts2u r2fji®¥kfovOw s fjvOw s ¥_xkf À�y razGvOrdg{fd|�¥Gikw}r À ikraeaf�~_r2|hr���f�i¹¥kzé¥kik��¥ki®¥ s f���¥kvOw�|h�2ikra��rG¥ À x®¥ À |hf�i¹¥_�

�$r2|h� s f uku w
l t¯��psuqt � n�� ��z�x�z���n,��z�l � z � n � p���r�t¯r�t � wsl � v�t�p � n,��w�� r�l�t�p � zu E �s~ � zv�n�� � � t¯w�p ��E � � t�� � w � z�p�z�v�n��h��z�l�z¯n

r�t � w�l � vqt�p � n
S
� u�����t{0}�t�}Aw�v �¯� z��qw�v�nq��p � t�l�t�p ��E lqz � vqz¤v���u�� Ö{� z � l�n����Êr�w�l�w � t�x�z	t � v�z���z�u E v�t�|�t¤rqtuqt F wsv�n��

l�wsr�w�lqz �Â� t�vqw���v�t�}���t���t��svqz���nq}��qw�l�w��
Y
Ö � l�z���t � w	� ¿t� vqz{�x�wsvqzo}Az � l�n��qzmr�w�l�w � t�x�z�xqu���psu��"��z�� � � t�|Lx�zor�t � wsl � v�t�p �HE

��z�x�zv�z���l�z � vqwsv�nqw�}
z = f(x, y)

Ö�� p � t�}Az��¯}Az � l�n���z
Y
rql�w�x�p � z � uq��w � p�t���t{ � l�n � tu�n�vqws{�v�~�{¯}��u E� n�r�u�n � z � n � v�~�{

n�v � ws|�lqz�uÊÇæn�vqz��qw � p � ���sv�t�p ��E È ²

Y =

∩∫

γ

E + Γ∗1dx+ Γ∗2dy =

=

∩∫

γ

E +




0 −A2 B1 0
A2 0 C 0
−B1 −C 0 0

1 0 f
′

x 0


 dx+




0 A1 C 0
−A1 0 B2 0
−C −B2 0 0

0 1 f
′

y 0


 dy, (1)

|Lxqw

C =
f ′xf

′
y

H(x, y)
, H(x, y) = R

√
(f ′x(x, y))2 + (f ′y(x, y))2 + 1,
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�
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4�J���ô����h�»õ.ö.÷�ø¼ù¼ú6ò®û�ü2��ü ý�í��

A1 =
f ′x

H(x, y)
, A2 =

f ′y
H(x, y)

, B1 =
(f ′x)

2 + 1

H(x, y)
, B2 =

(f ′y)
2 + 1

H(x, y)
.

:�r�vJ~k�a� s f u i_w���vOrdghf�|k�/��wjg{wdx¹¥
l l�nq}�wsvqw�v�n�w�p�t � l�ws}Aw�v�v�~ � psnqp � w�} � t�}�r E � � wsl�v�t�{�}�z � w�}Az � n � n�rqt�� � tuq��w � v�w � t�u E�� t � nq���"zu�nq�sn�l�t � z �HE }Az � ws}AzÀ

� n���w�p � n�w�}�t�x�wsu�n	��nq��n��qwsp � n � rql�t���w�p�p�t ��� vqt�n pm��z�x�zv�vqt{	p � wsr�wsv E � � t��v�t�p � nÂx�z � z ��E t�qwsv � ��t�psvqt � v�~ ��� z�l�z ��� wsÀ
l�nqp � n �6Ö

Ó r�t�}�t�� E �épsn�p � ws}�~ � t�}�r E � � w�l�v�t�{·}Az � w�}Az � n � n oqp ��� � rqt�p � l�t�wsvqz � t�}�r E � � w�l�vqz���}�t�x�w�u E � r�t�� � t�uq������z� � n�À
�s�"zu�nq�sn�l�t � z �HE�� z��qwsv�nqwy��zlqz�pm��z � l�wsr�uqwsv�v�~�} � ws|�t���wsv � l�w�l�w�rqw�l�t�}°r�t�r�t � wsl � v�t�p � n

S
Ö

� t�x�w�u E l�w�z�u�n��s�+w � p�� � ��t�l�}�w	rqtu E ��t � z � wsu E p � t{;��n���u�nqt � w � n0rql�t��qw�xq��lGÇ t>s�p � Ë wv�2� � } � È ÖAð p�uqt � vqtÊn � }�t F v�t
lqz��s��n �HE vqz � l�n�|�l��"r�r�~ ²
º Ö l l�t���w�xq��l�~�À`�Ã��v � ��n�n � t���w�psr�ws��n � z����mnqw¤z�v�z�u�n � n���w�p � t�w�nh|�l�z���n��qw�p � t�w·rql�w�x�p � z � uqw�v�nqwÂrqt � w�l � vqt�p � n � z���wsÀv�nq� Ö
½ Ö l l�t���w�xq��l�~ � ��z�x�z����mn�wo��z�l·n	z�x�zr � nql�t � z�v�v�~�{ l�wsrqw�l � p � ����zv�v�~�wmp � l�n � t�{ � z���wsv�n�� Ö
�%Ö l l�t���w�xq��l�~ � � t�}�r�z�v������mnqwyt�psvqt � vqt{ � z�x�l·zv�nq}Az��n�n�n � n��s�"z�u�nq��nql������mnqw���z�x�z���� Ö
� r�w�l � ����|�l��"r�r�� � � t�xq� � ���"v � ��n�n

Surface
�
GSurface

�
Curve

�
GCurve

�
GCoordPar

Ö
l l�t��qw�xq��lqz

Surface
r�t�� � t�uq��w � rql�w�xqp � z � n ��E � ps�?n�v���t�l�}Az��nq�?t�r�t � w�l � v�t�p � n ��� n�x�wypsr�n�p � z Ö

�����a�q�q�� 4¡	¢2£�¤�£¦¥�¡�§O¤2 �¨_© À÷r�w�l�w�}�w�v�v�z��À]psr�nqp�t � � p�t�xqw�l F z���z��¡r�zlqz}Aw � l�n��qw�p � nqwm��lqz � vqw�v�nq�·r�t � wsldª�v�t�p � n �o«"�h¬6
r�z�l�z�}�w � l�~ � t ��� t � t�l�~�ª���z � nqpsn � rqt � w�ldª"vqt�p ��E�Ö

® �¦¯d£±°a²��2 �¡�¢a¡³¤´¡³¥$¡µ�2�2 �¡ ²�¶ �O·ß�O¸ À � l�w�}�wsv�v�~�wyrqw�l�w�}�wsv�v�~�w Ö
¹ ³ � ¢2ÿv� Þ ÿ,�v��J��{º Þ ×"J E ¢ ª ��»S§°ØIÿ"J £�ª Ú`J Û × Û ¡ ç � £�ª ¢,� æSÛÝÜBÛ ¬S§
¹ æ §°ØcÚ ÜBÛ ¬ ç C ¹ ��×�V��@ÚÝ×%Ø ÜBÛ ¡�ØH¬ Û J ç §
¹ æ ÚÝ× Û ¡ ç §q�I� � ÿ"J £�ª §é�� t � }�w � t�x�r�t�xql�t���vqtyl�z�p�p�}�t � l�wsv � lqz��t � w�� ½"� Ö l l�t�qw�x���lqz

GSurface
r�t�� � t�u���w � r�t�p � l�t�n ��E |�l�z���n � r�t � wsldª�v�t�À

p � n¤p���z�x�z�v�v�~�}�n¤r�zlqz}Aw � lqz}�n ² © À�rqwsl�w�}�wsv�v�z��"À]psr�n�p�t � � pst�x�w�l F z���z��¤rqz�lqz}�w � l�n��qwsp � n�wm��lqz � vqwsv�nq��rqt � w�ldª"v�t�p � n �
«��4¬ À�rqz�l�z�}�w � l�~ � t �¡� t � t�l�~�ª���z � n�psn � }��{¼��R½ À�r�l�w�xqwsu�~±n���}�wsvqwsv�nq�¯rqz�l�z�}�w � l�t � í n�¾¯p�t�t � � w � p � � wsv�v�t ��¿ À]� � w �
rqt � w�ldª"vqt�p � n Ö

® �¦¯d£±°a²��2 �¡�¢a¡³¤´¡³¥$¡µ�2�2 �¡ ²�¶ �%·ÿ�J¸ À � l�w�}�wsv�v�~�wyr�w�l�w�}�wsv�v�~�w Ö
¹ ³ � ¢Iÿv� Þ ÿ,�%��J��{ºXQ Þ ×"J E ¢ ª ��»S§°ØIÿ"J £�ª Ú`J Û × Û ¡ Û`ÎYÛ 9 Û7ªvç � £�ª ¢�� æSÛ ÜBÛ ¬B§
¹ æ §°ØcÚ ÜBÛ ¬ ç C ¹ ��×�V��@ÚÝ×%Ø ÜBÛ ¡�ØH¬ Û J ç §
¹ ÿ%� £ � ¶ � Ú æ ÚÝ× Û ¡ ç*Û ×%Ø Î º4à±» @�@ Î º`Wt» Û ¡�Ø 9 º9à±» @�@ 9 º`Wt» Û �I� 9 ���,Ø Y ä æ,±+Z�æ ³ 6 ±SÛ7ª�£ � £ J�Ø ª Û� ª ¢����z�"f�Ø,´ O å ÞH¯�æ ³ ä2å ± M ç §��I� � ÿ"J £,ª §À zr�l�n�}�w�l �"� l�w��s�u E� z � w � ~���t � z�r�l�t���w�xq��l�~
¹ Q Þ ×"J E ¢ ª �cÚ�º`W K × K�ª�£ ���BÚ°¡ ç*Û ¨"K �,���,�BÚ°¡ ç6Û à�j�W K × K ×�» Û × Û ¡ Û º C W K [ � Û W K [ �q» Û º C [ ��j�W Û [ ��j�Wt» Û V5��¢ ª   ç*¸
r�t�u��"��nq}?n���t���l�z F wsv�nqw·|�n�r�w�l���t�u�n���w�p � t�|�t¡r�zlqz���t�uqtn�x�z Ö l t¤�+psu�t � n�� ��z�x�z���n � z���wsv�n�w���zlqz¡rqt¡r�t � w�ldª�v�t�p � n

t�ps���ow�p � � uq��w � p�� � x�tu E v�w � t � t�l�t{ � l�n � t�{ � rql�n�vqz�x�uqw F z��w�{°Á � t�{Êrqt � w�ldª"vqt�p � n Ö¹Ó u�w�xqt � z � wsu E vqt v�w�t��¦ª+t�x�nq}�t	l�z��sÀ
lqz���t � z ��E oqp ��� � À÷r�l�t���w�xq��l�� � r�t�� � t�u������m��� r�t�p � l�t�n ��E � l�n � ���±v�z���z�x�zv�vqt�{Êrqt � w�ldª"vqt�p � n Ö l l�t���w�xq��l�z

Curve
nq�sÀ

� uqw � zw � n�vq��t�l�}�z���n����çt � l�n � t�{�nÊrql�w�x�p � z � uq��w � wsw �	� n�x�w�psr�n�p � z � z
GCurve

rql�t�|�l�z�}�}�nql��+w � w�w�|�lqz��Ãn��qwsp � n�{
t���l�z�� Ö

¹ ³ � ¢Iÿv� Þ ÿ,�%��J��{º®´I×�J,¡���»S§°ØIÿ"J £�ª Ú`J Û × Û ¡ Û JH� £@Û � ç � £�ª ¢�� æYÛÝÜBÛ ¬ ÛÝæ = O@Û°¯ §
¹ æ §°ØcÚ ÜBÛ ¬ ç C ¹ �,�8¦vÿ���� E 9 Ú7��×�V�� ÚÝ×%Ø ÜBÛ ¡�ØH¬ Û J ç,ç §
¹ æ = O §°ØcÚ ¯�ç C ¹ �,�8¦vÿ���� E 9 Ú7��×�V�� Ú°��Ø ¯YÛ JH� £5ç,ç §
¹ �z×�V�� ÚÂÁ�×%Ø æ = O Ú°� ç º4à±» Û ¡�Ø æ = O Ú°� ç º`Wt»�Ã Û°æ ÚÝ× Û ¡ ç,ç §q�I� � ÿ+J £�ª §Ä ��zp � vqt�}¡psu��"�qz�w � � t�|Lx�z���zl � z � n � p�� � x�tu E ��w�p � tvqws��vqty}Azu�t�|�tyrqz�l�zu�u�wsuqt|�lqz}�}�z � ��v�z��qw�v�nqw � l�n � t�u�n�vqw�{�vqt|�t

}��u E� n�r�u�n � z � n � v�t�|�t�n�v � ws|�lqzuqz�Ç º ÈÆ}�t F w � �~ ��E � ~���nqpsu�wsvqt�rqt���t�l�}���u�w ²
∩∫

γ

E + P (x, y)dx+Q(x, y)dy = E +Kσ + o(σ),

|�xqw
K = Qx − Py + [Q,P ]

�
[Q,P ] = QP − PQ À � t�}�}�� � z � t�l �

σ Å r�u�t���z�x E r�t � wsldª�v�t�p � n � t�|�l�zv�n��qw�v�vqt{ � t�v � ��l�t�}
γ, o(σ) Å ��w�p � t�v�ws��v�t�}Azu�~�w � wsu�n���n�v�~;��tuqw�w � ~�pst � t�|�t�rqt�l"�"x � z�}�z�uqt�p � n � ��w�} σ ÖÀ zr�l�n�}�w�l � w�psu�nhrqt � w�ldª"vqt�p ��E

S
��z�x�zv�z¤��lqz � v�wsv�n�w�}

z = f(x, y) = x2 + y2
� z � l�n � z��

γ Å ��w�p � tvqws��vqt¯}Azu�~�{rql"��}�t��|�t�u E v�n � � � t�}Az � l�n���zorqwsl�wÆª+t�x�z�v�z"ª+t�xqn � p���rqt���t�l�}���u�w ²

Y = E + (KΓ · (kg)2 ·M(x, y) + kg · 1

H(x, y)2
N(x, y))σ + o(σ),

|Lx�w

M(x, y) =




0 −2x2 − 2y2 y(H −H3 + 4Hx+ ax2)
2x2 − 2y2 0 Hx(−1 +H2 − 8y2)

H(x(1− 2y)2 − y (H3 − 4xy)(x− y) 0


 ,



ý�ídÇ � ��
��O��� � ���$�È�%�%��	���É�Ê���-���

N(x, y) =




0 1 + 4x2 + 4y2 8x2y − 2y(1 + 4y2)
−1− 4x2 − 4y2 0 −2x(1 + 4x2) + 8xy2

−8x2y + 2y(1 + 4y2) 2x(1 + 4x2)− 8xy2 0


 ,

|Lxqw
kg = R

�
R Å lqz�xqn���p���z�lqz � KΓ Å |sz��+psp�t � z � l�n � n��sv�z�r�t � wsl�ª"v�t�p � n S � σ Å r�uqt���z�x E rqt � w�ldª"vqt�p � n � t�|�l�zv�n��qw�v�v�t�{� tv � ��l�t�}

γ, o(σ)Å ��wsp � t�v�ws��v�t�}Azu�~�w � wsu�n���n�v�~;��tuqw�w � ~�pst � t�|�t�rqt�l"�"x � z�}�z�uqt�p � n � ��w�} σ Ö� z�x�z ��E r�z�l�zu�uqwsu�t�|�l�z�}�}°v�z�rqt � w�ldª"vqt�p � n·}�t F v�tÂp�rqt�}At�� E �irql�t���w�xq��l�~ ²
¹ ³ � ¢Iÿv� Þ ÿ��%��J��{º®´����,��R Þ ×"J E ¢ ª ��»S§°ØIÿ"J £vª Ú`J Û × Û ¡ Û 6 Û � Û � ç � £,ª ¢�� æSÛÝÜBÛ ¬ Û®æ à Û®¯ §
¹ æ §®ØcÚ ÜBÛ ¬ ç C ¹ ��×�V	� ÚÝ×%Ø ÜBÛ ¡�ØH¬ Û J ç §
¹ æ à�§°ØcÚ ¯�ç C ¹ ��×�V��@ÚÂÁ Ü Ø,´,���,�@Ú 6 Û � Û°¯�ç º4à¦» Û ¬vØ,´,���,�@Ú 6 Û � Û°¯�ç º Wt»�Ã Û®æ Ú ÜBÛ ¬ ç,ç §
¹ æ à	Ú°� ç §°�2� � ÿ+J £�ª §
Ò l�z���n��qw�p � n � t�t�l�xqn�v�z � v�~�{�rqz�l�zu�u�wsu�t�|�l�z�}�}h��z�x�z�w � p��·���"v � ��nqws{ ²
¹ ³ � ¢Iÿv� Þ ÿ��%��J��{ºXQ�´,���,��R Þ ×"J E ¢ ª ��»S§°Ø Ú`J Û × Û ¡ Û 6 Û � Û � Û7ªvç C ¹ÿ%� £ �%�_º ��ÿ%¢ ª � ª ×"J,¡���»YÚ ´,������R Þ ×"J E ¢ ª �cÚ`J Û × Û ¡ Û 6 Û � Û � ç*Û ��Ø ß�@�@ YÛ �H�5� ª  ,�%���,�HØ+W Û ªH£ � £ J�Ø ªvçÀ zr�l�n�}Awsl � l�ws�s�u E� z � t�} � t�}Azv�xq~

¹ Q,´,������R Þ ×"J E ¢ ª �cÚ�ºÃ× K,ª�£ �@Ú°¡ Û × K �,���BÚ°¡ ç*Û ×´ËWt» Û × Û ¡ Û º4à Û Wt» Û º`W Û à±» Û � Û J�� � ç*¸
p � z�vqw � n���t���lqz F wsv�nqw � t�t�l�x�n�v�z � vqt|�t�r�z�l�zu�uqwsu�t�|�l�z�}�}Az·v�z�rqt � w�ldª"vqt�p � n�Á�u�u�n�r � n���w�p � t|�t�r�zlqz��t�u�t�n�x�z Ö_Ì t�}�r E �ÃÀ
� w�l�vqz���}�t�x�wsu E�ë t�psv�z�owsv�v�t�{Âp���w�l�~ ì ��� ��wsv � l�w � t � t�l�t�{���z � l�wsr�uqwsv�v�z � ��lqzu E v�~�{�l�wsr�w�l ÇkÍ ��Îy�aÏ È¹n�rqtuq��p�p���w�l�~
vqzqª�t�x�n � p�� � t�x�vqt{·nq� � t���w ��� l�n � t{ � z��qwsv�nq� � l�w�zu�nq�s��w � p��Âr�t�p�l�w�xqp � � t�}ÑÐ p ��� � ÀX���"v � ��n�n

¹ ³ � ¢Iÿv� Þ ÿ��%��J��{º Þ ÿ,�%��J��+R ³ J2¦�»S§°Ø ÚXJ Û � Û � ß Û ¢ Û7ªvç C ¹ÿ%� £ �%�_º � �,��ÿ5��¢ 9 »YÚ QHåv¢�� æ �Hÿ ³ � Ü ÿBÚ`J Û � Û � ß Û ¢ Û V5�,¢ ª   Û V5��¢ ª   Û V5��¢ ª   ç6Û ¬ ¶ R�´v�J ª ���cÚ`J Û � Û � ß Û ¢ Û J�� � ç*Û¬�å�R�´v��J ª ���cÚ`J Û � Û � ß Û ¢ Û J�� � ç*Û~Þ ÿ,�%��J��+R ³ � Ú`J Û � Û � ß Û ¢ Û7ªvç,ç

Ö
�y¥ À5ÁÃÂ	Á Ò�Ä 34'�Îq! + '5'*ÎI1´Óï3�ª + 
6Î�ä�-�� Å2# 3 (��,Ì���
ÿ��Íê'*Î¦ ��ìÞ6)*Ì�3~1�'*Î�(�
�)q«+��Íq(5Î�� + '�)	1 !

D x�v�z � t � xqu��°w�w·p�t���x�zv�nq�Hvqw�t��¦ª+t�xqn�}�t¯r�l�t�r�nqp�z ��E l"�"x°x�t�r�t�u�v�n � wsu E v�~�ªÊrql�t�qw�x���l ÖAÓ v�z��qzuqz¯��zr�nq�ow�}ér�l�t�qw�x��"À
l�~én����"v � ��n�n � t�r�nqps~ � z����mn�wÂt�p�vqt � v�~�w�t�rql�w�l�z��n�n¯vqz�x � w ��� t�lqz}�n Ö l ��p ��E*Ô n Ï À � w ��� t�l�~ � � t|�x�z�rql�t���w�xq��lqz
comb É vec( Õ , Ö , × « , Ø « ) Å vqzqª+t�x�n � u�n�v�ws{�v���� � t�}���n�v�z���n���x � ��ª � w ��� t�l�t � p�t�}�vqt F n � wsu���}�n × « n Ø «�� w�wyu�n�p � n�v�|¹ ³ � ¢Iÿv� Þ ÿ��%��J��{º ª,£ ¦"V�RH¡�� ª »S§°ØIÿ"J £�ª Ú ¢ Û V Û ¦v× Û �,× ç � £�ª ¢���å Û �@§

¹ åB§®ØI� £ ÿ��6Ú ¢ ç §dº ����IYÚÃ¦v× K ¢{º �q» g �,× K V4º �t» Û �HØ�à @�@ å ç »S§��2� � ÿ"J £,ª §l l�t�qw�x���lqz
¹ ³ � ¢Iÿv� Þ ÿ��%��J��{º � ª ¢���R2ÿ"J £ � »S§°ØIÿ"J £�ª Ú ¢ Û V ç � £�ª ¢,��å Û �@§
¹ åB§®ØI� £ ÿ��6Ú ¢ ç §~�,�z¦vÿ5��� E 9 Ú7��×H¦OÚ ¢{º �q» K V�º �q» Û �HØ�à @�@ å ç,ç §��I� � ÿ"J £,ª §
� ~���nqp�uq��w � p � z�uq��l�v�t�w�r�l�tnq� � w�x�w�v�nqw � w ��� t�l�t � Ö
ö �"v � ��n�n

vec É prod n comb É prod rqt�� � tuq��� � v�z{ � n � w ��� t�l�v�t�w�n � t�}���n�v�n�l�t � zv�vqt�w�rql�t�nq� � w�xqwsv�n�� Ö¹ ³ � ¢Iÿv� Þ ÿ��%��J��{ºÝ¡v� ª R2ÿ"J £ � »S§°ØcÚ ¢ Û V ç C ¹���8¦vÿ5�,� E 9 Ú�º®¢{º`Wt» K V4º ¶ » C ¢Èº ¶ » K V4º`Wt» Û ¢{º ¶ » K V4º4à¦» C ¢{º4à±» K V4º ¶ » Û ¢{º4à±» K V4º`Wt» C ¢{º`Wt» K V4º4à±»�» ç
¹ ³ � ¢Iÿv� Þ ÿ��%��J��{º ª,£ ¦"V�R2ÿ"J £ � »S§°ØcÚ ¢ Û V Û7ª%ç C ¹ �,�8¦vÿ5��� E 9 Ú7� ª ¢��+R2ÿ"J £ � Ú ¢ Û ¡�� ª R2ÿ"J £ � ÚXV Û7ªvç,ç,çoqp �5� � ÀX���"v � ��nq� vec É mod � ~���nqp�uq��w � x�u�n�v�� � w ��� t�lqz¹ ³ � ¢Iÿv� Þ ÿ��%��J��{ºÝ¡v� ª Rz¦ £ � »S§°ØcÚ ¢ ç C ¹ �I�J��YÚ7� ª ¢���R2ÿ"J £ � Ú ¢ Û ¢ ç�ç §l l�t�qw�x���lqz

vec É ort v�t�l�}�n�l���w � ��z�x�z�v�v�~�{ � w ��� t�l a Ö¹ ³ � ¢Iÿv� Þ ÿ��%��J��{ºÝ¡v� ª R £ J,��»S§°ØIÿ"J £�ª Ú ¢ ç � £,ª ¢��l¢,¢Y§
¹ ¢,¢c§°Ø�¡�� ª Rz¦ £ � Ú ¢ ç § ª�£ ¦+V�RH¡�� ª Ú ¢ Û ¢ Û àj�¢,¢ Û ß ç §q�I� � ÿ+J £�ª §l l�tr�n��ow�}hr�l�t�qw�x���l�~(v�zqª�t F x�w�v�n���rqwsl � t{ ��� � t�l�t{·n � l�w �HE ws{�r�l�tnq� � t�xqv�~�ª����"v � ��n�n � � t�� � w Ö l l�t��qw�xq��lqz
¹ ³ � ¢Iÿv� Þ ÿ��%��J��{º � � E »S§°ØIÿ"J £�ª Ú E Û`ÎYÛ`Î ß ç � £�ª ¢�� ZYÛ a Û � Z §
¹ Z §®ØcÚ`a ç C ¹ ��×�V�� Ú Î Ø�a Û E ç §
¹ � Z §°ØcÚ`a ç C ¹ � � E�E Ú Z Ú`a ç*Û a ç §
¹ �,�9¦vÿ5��� E 9 Ú7��×�V��@Ú`a�Ø Î ß Û � Z Ú`a ç,ç,ç §°�I� � ÿ"J £,ª §
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� ~Æ��nqp�uq��w � �svqz��qwsv�nqw�r�w�l � t�{�rql�t�n�� � t�x�vqt�{ �Ã��v � ��n�n

f(x)
� � t�� � w

x0
Ö l l�t���w�xq��lqz

dif2
vqzqª+t�x�n � � � t�l����;r�l�t�n��sÀ

� t�xqv����?���"v � ��n�n
f(x)

� � t�� � w
x0
Ö

¹ ³ � ¢Iÿv� Þ ÿ,�%��J��{º � � E Wt»S§°ØIÿ"J £�ª Ú E Û`ÎYÛ`Î ß ç � £�ª ¢�� ZYÛ a Û � Z §
¹ Z §°ØcÚ`a ç C ¹ ��×�V�� Ú Î Ø�a Û E ç §
¹ � Z §°ØcÚ`a ç C ¹ � � E�E Ú Z Ú`a ç*Û a�Ú�W ç §
¹ ���8¦vÿ5��� E 9 Ú7��×�V�� Ú a�Ø Î ß Û � Z Ú`a ç,ç,ç §°�I� � ÿ"J £�ª §
Ó t�t � � w � p � � wsv�v�t � r�l�t�qw�x���lqz

dif3
rqt�� � tuq��w � � ~���n�psu�n ��E �sv�z��qw�v�n�w � l�w ��E ws{�r�l�tnq� � t�xqvqt{

f(x)
� � t� � w

x0
Ö

¹ ³ � ¢Iÿv� Þ ÿ,�%��J��{º � � E ¶ »S§°ØIÿ"J £�ª Ú E Û`ÎYÛ`Î ß ç � £�ª ¢�� ZYÛ a Û � Z §
¹ Z §°ØcÚ`a ç C ¹ ��×�V�� Ú Î Ø�a Û E ç §
¹ � Z §°ØcÚ`a ç C ¹ � � E�E Ú Z Ú`a ç*Û a�Ú ¶ ç §
¹ ���8¦vÿ5��� E 9 Ú7��×�V�� Ú a�Ø Î ß Û � Z Ú`a ç,ç,ç §°�I� � ÿ"J £�ª §l w�l�w�}�wsv�v�~�w

F
�
X
�
dF Å uqt � zu E v�~�w�r�w�l�w�}�wsv�v�~�w�rql�t�qw�x���l dif � dif2 � dif3 Ö D � u�n���nqw�x�z�v�v�~�ª�rql�t���w�xq��l°t �p � z�v�x�z�l � v�~�ª � nq}�w����mn2ª+p�� � Ó4Ì$� oqp ��� � � ��z � uq�Ã��zw � p�� � � t�} � � � t�r�t�u E ��t � z � w�u E p � n�w�rql�t�qw�x���l�~¯v�z"ª+t�x�� � ��v�z��qw�v�n��

rql�tnq� � t�xqv�~�ª(���"v � ��n�n
f(x)

� ��z�x�z�v�v�t�{ � t�� � w ÖGé�� t�� � uq��w � p��h��t�u�w�w	�xqt��v�~�}±rql�n,rqt�p � l�t�wsv�n�n � t�}�r E � � w�l�vqt{
}At�xqwsu�nÜÛ�t�psvqz��owsv�vqt�{kÛ�p���w�l�~ Ö
� � � ��l�p�zÂxqnq�y��w�l�wsv���n�z�u E v�t�{Ê|�w�t�}�w � l�n�nÊn�� � wsp � vqt � � � t p � z F x�t{ � t� � t�{¯|�uqz�x � t{ � l�n � t{

r(t)
��è ÀÃ}�w�l�v�t�}

w � � u�n�xqt � t�}0rql�t�p � l�zvqp � � wm}�t F v�t�t�x�vqt��sv�z���vqt�p � ����z ��E v�w � t � t�l�~�{	l�w�rqw�l � � t � t�l�~�{¤����xqw � |�uqz�x � t�}�wsv�� �HE p�� � xqt�u E
� l�n � t{Âr�l�n�nq��}�wsv�wsv�n�n�vqz � ��lqz�u E vqt�|�tmrqz�l�z�}�w � l�z

s
Ö%é�� t � l�wsrqwsl�vqz���~ � z�w � p���l�wsrqw�l�t�} ö l�w�vqw Ö+ø psu�n

n = 3
� � tol�wsrqwsl

t���l�z��s��w � p�� � w ��� t�lqz}�n�Ç�Í ��Î��_Ï È � |Lx�w$Í Å � w ��� t�l·p � t�l�t�p � n ��Î Å v�t�l�}Az�u�n ��Ï Å ��n�vqt�l�}Azu�n Öl l�t��qw�xq��lqzor�t�p � l�t�wsv�nq��v�z � ��lqzu E v�t�|�t�l�wsrqwslqz � l�n � t�{ÊÇ � l�wÆª"|�l�zv�v�n � z ö l�w�vqw�È�nq}�w�w � � n�x ²
¹ ³ � ¢Iÿv� Þ ÿ,�%��J��{º åv¢,� æ �Iÿ�»S§°ØIÿ"J £�ª Ú`J Û � Û � ß ç � £�ª ¢�� æSÛ°¯YÛ°¯ à Û � æSÛ � W æSÛ ¶ Û ¡ Û � Û V�§

¹ æ §°ØcÚ ¯�ç C ¹ ��×�V�� Ú°��Ø ¯YÛ J ç § � æ §°ØcÚ ¯ à ç C ¹ � � E Ú æ Ú ¯�ç6Û°¯YÛ°¯ à ç § � W æ §°ØcÚ ¯ à ç C ¹ � � E W@Ú æ Ú ¯�ç*Û°¯YÛ°¯ à ç §
¹ ¡S§°ØcÚ ¯�ç C ¹ ¡�� ª R £ J,�YÚ � æ Ú ¯�ç�ç § ¶ §°Ø@Ú ¯�ç C ¹ ¡�� ª R2ÿ"J £ � Ú°¡YÚ ¯�ç*Û � W æ Ú ¯�ç,ç §
¹ V�§°ØcÚ ¯�ç C ¹ ¡�� ª R £ J,�YÚ ¶ Ú ¯�ç,ç §���§°Ø@Ú ¯�ç C ¹ ¡�� ª R2ÿ"J £ � Ú°¡YÚ ¯�ç*Û VBÚ ¯�ç,ç §
¹ ºÝ¡YÚ°� ß ç*Û �BÚ°� ß ç*Û VBÚ°� ß ç »S§��I� � ÿ"J £,ª §l l�t��qw�xq��lqz

GNatRepAdUp
��z�x�z�w � |�lqz���n���w�p � n�{�t���lqz��¯vqz � ��l�zu E vqt|�t°l�wsr�w�l�z � rqw�l�wsvqwsp�wsv�v�t�|�tHv�z°��z�x�z�v�v�~�{

� w ��� t�l Ö
¹ ³ � ¢Iÿv� Þ ÿ,�%��J��{ºXQHå%¢�� æ �Iÿ ³ � Ü ÿ�»S§°ØIÿ"J £�ª Ú J Û � Û � ß Û ¢ Û7ª à Û7ª W Û7ª ¶ ç� £�ª ¢�� 6 à Û ¡ Û V Û � Û ¡�¢ Û �v¢ Û V%¢ Û 6 Û f,¡ Û f�V Û fH� Û®æSÛ°¯SÛ å æ §
¹ æ §°ØcÚ ¯�ç C ¹ ��×�V�� Ú°�vØ ¯YÛ J ç §
¹ 6 §°Øv��×�V5� Ú°��Ø�� ß Û J ç §
¹ å æ §°ØcÚ°� ß ç C ¹ åv¢�� æ �IÿBÚ`J Û � Û � ß ç §
¹ ¡Y§°ØHå æ Ú®� ß ç º4à±»S§ �O§°ØHå æ Ú°� ß ç º`Wt»S§÷V�§°ØHå æ Ú°� ß ç º ¶ »S§
¹ ¡,¢Y§°Ø����z�%¢���fÈº ¦�¢��v¢ ��� »YÚ°¡ Û ¡ Û à @ W K ¢ Û ß ç §
¹ �v¢Y§°Ø����z�%¢���fÈº ¦�¢��v¢ ��� »YÚÝ� Û � Û à @ W K ¢ Û ß ç §
¹ Vv¢Y§°Ø����z�%¢���fÈº ¦�¢��v¢ ��� »YÚ]V Û V Û à @ W K ¢ Û ß ç §
¹ 6 à*§°Ø����z�%¢���fÈº ¦�¢��v¢ ��� »YÚ 6 Û V%¢ Û à Û à�j5à @ W ç §
¹ f�¡S§°Øv�I��J����2 %¢cÚ 6 à Û ¡�¢ Û7ª à ç §
¹ fI��§°Øv�I��J����2 %¢cÚ 6 à Û �%¢ Û7ª W ç §
¹ fV�§°Øv�I��J����2 %¢cÚ 6 à Û V%¢ Û7ª ¶ ç §
¹ ÿ%� £ �%�kº � �,��ÿ5��¢ 9 »SÚ`f,¡ Û fH� Û f�V ç §��2� � ÿ"J £�ª §l l�n Á � t�}°r�l�t���w�xq��l�z

strelka
nq}�w�w � � n�x ²

¹ ³ � ¢Iÿv� Þ ÿ,�%��J��{º �I�+J����2 %¢�»S§°ØIÿ"J £�ª Ú 6 Û I Û4ªvç � £�ª ¢�� ��I Û �5� Û �,� Û V�V Û 6 ª ÛÂÝ�ª §
¹ ��IS§®Ø,��¡�¢�� E Ú°¡�� ª Rz¦ £ � Ú`I ç,ç §��5�c§°Ø,�H¡�¢�� E Ú~��I K ß�@°ß�¶ ç § ���c§°Ø,��¡,¢�� E Ú~��I K ß�@ à ç §
¹ 6 ª §°Ø ª�£ �v¡���J,�YÚ 6 Û ¬v� ª � £ J ç § Ý�ª §°Ø ª�£ �v¡���J,�YÚ`I Û ¬v� ª � £ J ç §
¹ V�V §°Øjÿ5� £ �v�kº®¢�J�J £ ¤d»YÚ 6 ª ÛÂÝ�ª Û ¤%� � �H�óØj�5� Û �%�,¢ � R����I�"f,�H�%Ø��,� Û ª�£ � £ J�Ø ªvç §
¹ ÿ%� £ �%�kº � �,��ÿ5��¢ 9 »SÚ]V�V Û � ª ¢������"f�Ø,´ O å ÞH¯,æ ³ ä2å ± M ç §q�I� � ÿ+J £�ª §
â l�w ��E ��|�l��"r�rqzorql�t��qw�xq��l�r�t�� � t�u���w � p � t�}�rqt�v�t � z ��E v��uqw � t�{ � z�xql zv�nq}Az���n�n Ö l l�t���w�xq��lqz

´,¢ � J"R ³ J2¦qR Þ ÿ,�%��J�� ��z�x�z�w � v���u�w � t{ � z�xqlÊzv�nq}Az��n�n � z��qw�v�nq�	��zlqz�rqt�rqt � w�ldª"vqt�p � n Ö é uqws}Aw�v � ~±zv�nq}Az��n�n ² rqt � w�ldª"À
vqt�p ��E � ë t�psv�z�owsv�vqz�� ì p���wslqz � � l�n � z�� Ö

�����a�q�q�� 4¡�¢a£�¤�£±¥$¡µ§O¤a 4¨
r
ÀAr�zlqz�}�w � l�n��qw�p � nqw���l�z � v�wsv�n���r�t � w�ldª"vqt�p � n �

u
�
v Å rqz�l�z�}�w � l�~ � t ��� t � t�l�~�ª���z � nqp�n �rqt � w�ldª"vqt�p ��E �

uu
�
vv
À]psr�nqp � novqz��qzu E v�~�ªmn � tvqws��v�~�ªm�sv�z���wsv�n�{�r�w�l�ws}Aw�v�v�~�ª

u
�
v
�
rho Å rqz�lqz}Aw � l�n��qw�p � n�wA��lqz � v�wsv�n��� l�n � t{ �

t Å r�z�l�z�}�w � l � l�n � t�{ � t0 Å v�z��qzu E vqt�w��sv�z���wsv�n�wÂr�zlqz�}�w � lqz t � ttÅ rql�w�x�w�u�~ nq��}�wsv�wsv�nq�Êr�zlqz}Aw � lqz
t
�
a Ålqz�x�n��+p���z�l�z �

c1
�
c2
�
c3 Å � � w � z�rqt � w�ldª"vqt�p � n � p���w�l�~�n � l�n � t{ Ö® �¦¯d£±°a²��2 �¡�¢a¡³¤´¡³¥$¡����2 �¡¦¨

R
�
RHO Å � l�w�}�wsv�v�~�w�rqw�l�w�}�wsv�v�~�w � R1 Å �Ã��v � ��nq� � p�t�x�w�l F z��z�����lqz � vqwsv�nqw � l�n � t�{�v�zrqt � w�ldª"vqt�p � n

r(u, v)
�
T
�
U
�
V Å � l�w�}�wsv�v�~�w�r�zlqz�}�w � l�~ � S � L � Sp Àÿ|�l�z���n��qw�p � n�w�r�w�l�ws}Aw�v�v�~�w � p�t�x�w�l F z�on�wÃ|�lqz��Ãn � nrqt � w�ldª"vqt�p � n � � l�n � t�{�nÜÛ�t�psv�z��w�v�vqt{hÛ�p��yw�l�~?p�t�t � � w � p � � w�v�vqt Ö

³ � ¢Iÿv� Þ ÿ��%��J��{º®´,¢ � J"R ³ J2¦qR Þ ÿ,�%��J���»S§°Ølÿ"J £�ª Ú`J Û × Û ¡ Û ×,× Û ¡,¡ Û JH� £@Û � Û � ß Û �,� Û ¢ Û7ª à Û4ª W Û7ª ¶ ç� £�ª ¢�� æSÛÝæ à Û®æ = O@Û°¯YÛÝÜBÛ ¬ Û~ÞcÛ®µSÛ~Þ ÿ�§
¹ æ §°ØcÚ ÜBÛ ¬ ç C ¹ ��×�V��@ÚÝ×%Ø ÜBÛ ¡�ØH¬ Û J ç § æ = O §°ØcÚ ¯�ç C ¹ ��×�V�� Ú°��Ø ¯YÛ J�� £%ç §
¹ æ à*§°ØcÚ ¯5ç C ¹ ��×�V�� ÚÞÁ Ü Ø æ = O Ú ¯�ç º4à±» Û ¬vØ æ = O Ú ¯�ç º`Wt»�Ã Û®æ Ú ÜBÛ ¬ ç,ç §
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¹ Þ §®ØIÿ5� £ � ¶ � Ú æ Ú Ü�Û ¬ ç*ÛÝÜ ØI×,×4º4à±» @�@ ×,×4º`W�» Û ¬vØ�¡,¡Èº4à±» @�@ ¡,¡Èº`Wt» Û7ª�£ � £ J�Ø ª à Û �I� 9 ���,Ø Y ä æ,±+Z�æ ³ 6 ±SÛ� ª ¢����z�"f�Ø,´ O å ÞH¯�æ ³ ä2å ± M ç §
¹ µ §®ØIÿ5� £ �v�kº ��ÿ%¢ ª � ª ×"J,¡���»YÚ æ à�Ú ¯�ç*Û°¯ Ø����Èº4à±» @�@ �,�Èº`Wt» Û �H��� ª  ,�%�v�,�HØ+W Û

ªH£ � £ J,Ø ª W Û �,×H¦vÿ £ ���v�%�HØ�à ß�ß,ß ç §
¹ Þ ÿB§°ØcÚ°� ß ç C ¹ Þ ÿ,�5��J��+R ³ J2¦OÚ æ à�Ú ¯�ç*Û°¯YÛ � ß Û ¢ Û7ª ¶ ç §
¹ ÿ5� £ �%�kº � �,��ÿ5��¢ 9 »YÚ Þ@Û®µSÛ~Þ ÿBÚ°� ß ç,ç §��I� � ÿ"J £,ª §

Ö
�y¥ À5Á��6Á &>Ê Å*+ «��2Íq(5Î�Þ�
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Ä n � t�|�w�rql�t�qw�x���lqz � ��z�x�z�����z�	z�v�n�}�z���n�� � z���wsv�n�����z�l�z�rqt�rqt � w�ldª"vqt�p � n � n�}�w�w � � n�x ²
³ � ¢2ÿv� Þ ÿ,�v��J��{º®´,¢ � J"R ³ J2¦qR Þ ÿ,�%��J��+R ³ ���z¦�»S§°ØIÿ"J £�ª Ú`J Û × Û ¡ Û ×�× Û ¡,¡ Û JH� £@Û � Û �,� Û ¢ Û7ª à Û7ª W Û ª ¶ Û å ç� £�ª ¢�� � Û � Û°¯,¯YÛ ´�´Y§
¹ � §®Ø,��¡�¢�� E Ú,Ú°�,�Èº Wt» C �,�Èº4à±» ç jIå ç § ¯�¯ §°ØcÚ7� ç C ¹ �,�Èº4à±» g � K � §
¹ ´,´c§°ØcÚ7� ç C ¹ ´,¢ � J�R ³ J2¦qR Þ ÿ,�%��J��cÚ`J Û × Û ¡ Û ×,× Û ¡,¡ Û JH� £@Û � Û°¯,¯ Ú4� ç*Û �,� Û ¢ Û7ª à Û7ª W Û7ª ¶ ç §
¹ ÿ5� £ �%�kº � �,��ÿ5��¢ 9 »YÚ7�H��IYÚ ´,´cÚ7� ç*Û �HØ ß�@�@ å ç*Û �����H��IH×%�I� ª �,Ø���J�×%� ç §q�I� � ÿ"J £�ª §
|Lx�w �"�Æ�a�q�q�� �¡�¢2£�¤�£¦¥�¡�§O¤2 �¨

r Å r�z�l�z�}�w � l�n���w�p � nqw·��lqz � v�wsv�n��hr�t � wsldª�v�t�p � n � u � v Å rqz�l�z�}�w � l�~ � t �H� t � t�l�~�ª��z � n�psn � r�t � w�ldª"vqt�p ��E �
uu
�
vv
À]psr�n�p � nÂv�z��qzu E v�~�ª�n � tvqws��v�~�ªÂ��v�z��qw�v�n�{�r�w�l�ws}Aw�v�v�~�ª

u
�
v
�
rho Å r�z�l�z�}�w � l�n���w�p � nqw��l�z � v�wsv�nq� � l�n � t�{ �

t Å r�zlqz�}�w � l � l�n � t{ � tt Å r�l�w�xqwsu�~±nq�s}Aw�vqwsv�nq�¯rqz�lqz}�w � lqz
t
�
a Å lqz�xqn���pÂ��z�l�z � c1 � c2 � c3 Å� � w � z�rqt � w�ldª"vqt�p � n � p���w�l�~,n � l�n � t�{ �

N Å t�r�l�w�x�wsu���w �y� t�u�n��qw�p � � t � z�x�l�t �m� zv�n�}Az��n�n Ö ® �¦¯d£¦°2²��� 4¡%¢a¡³¤´¡³¥$¡µ�2�� 4¡±¨ d Àx�u�n�v�z è À]t�|�tÂ�qz�p � n���v�t�|�tÂt � l�w�� � z �
i
ÀÆrqw�l�w�}�wsv�v�z��"À]ps�qw � ��n � �

TT Å r�w�l�w�}�wsv�v�z� � trql�w�x�wsu�������z�� v�z"ª+t F xqwsv�nqw�p���w�l�~vqz � l�n � t{ �
CC Å û À÷~�{ � z�xql z�v�nq}Az���n�n Ö
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� º �$ß ²qà2¯d�¦�a�q�qá�âJãåäAã oqp ��� � �%Ö æ Å º ¾�� }Az � ws}�z � n � w � ��nq�sn � w�n¯t���l�z���t � z�v�n�n Ö ÅtÄ Ö l Ö�ç.E � � t�v�t � Å � ÖÖ²®Ó DOè�D À À l l�w�p�p �½I¾�¾ ávÖ Å ï ½I¾ p Ö� ½¦�Sé�ê �2£t§A²d¡±�qá�ëìã íîã l l�t��uqw�}�~ n�v���t�l�}Az��nqt�v�v�~�ª � wÆª"vqt�u�t�|�n�{ � }Az � w�}Az � n��qwsp � t�} t���lqz��st � z�v�n�n ²°ð ��w���v�t�w
r�t�p�t���n�w Ö Å Ì z��zv E�² â�Ò®Ò l ð �	½H¾H¾ ævÖ Å º�º¦ï p Ö� � �SðXñ2ò ¡µ�2¯d�¦áJó$ãõô�ãöá9÷O�Â¥$¡���¯d�¦áOó�ã³ø´ã Ì ��l�pÂx�n��y��wsl�wsv���nqzu E vqt�{h|�w�t�}�w � l�n�nhn � t�rqtuqt|�n�n Ö Å ù.Ö Ó Ö4� nq�owsv � t � ù.Ö âOÖ
ö t�}�wsv � t Å � ÖÖ²a� ��x�z � wsu E p � � t�Û ö z ��� t�l�nqzu l l�w�p�pdÛ ��½I¾�¾�¾ Ö Å ¿�¿ ï p Ö� ¿q�}ù ¡³¤a¯d£t�±�q�t£tá�âOã âOã5D p � ���sv�t�p � ��ª � n�v�xq�"��nql�t � zv�v�~�ª � z��qwsv�nqw�}���z�lqz�r�t�r�t � w�ldª"v�t�p � n Ö Å�Å � � � w�p � nq� � ����t � Ö2� z � wsÀ
}Az � n � z � Ì z���z�v E ��1 º�º ��½H¾�¾ �%Ö Å p Ö ït� À ï ¿ Ö

DX7��	UGCú=�36:�CO8$U ��3�û	PQK�ü�COD�K�ýM=�7N<G7-H�C%IXK�ü$79þA36D�K�@ ÿ$IXCJ:�8$ü$7�D�D�U��Fû��6CO< þ
û	KXû	8	CJ<>C Y>Z���\4Z�� �2�a�a� �

Ä ! #\!�� Î�-��Ý¼'5)	(��«,Î 1&.Î7Ê_��'�©yÍ�
%Ê	(��«+�ìÞ*)6Ì +7Å�� -�
���ª�!�^/! � ! § � 1%(��2'��« 2
1 × ��� Å�+ '*39(%)�ÍqÐ���3 Ê�ÞcÎ�
63zÌ« + '5'q©yÍ�Ê	'5)q« + 
634)*Ì + Ì�ä5Ð9! × ��� Å�+ '*39(
2 × ��� Å�+ '*39(%)�ÍqÐ���3 Ê�ÞcÎ�
63zÌ« + '5'q©yÍ�Ê	'5)q« + 
634)*Ì + Ì�ä5Ð9! × ��� Å�+ '*39(

1 ± C ¦�¢v�H�c§�¢����z×�R��H¢�¦�c�¦�¢v��� @ J�× � 2 ± C ¦�¢v���c§ C

Ó nqp � w�}Az oqtAÑ u t Ä � � uq��w � p��	t�x�vqt{¯n���p�z�}�~�ª � l���r�v�~�ª·n¯}�t��ov�~�ª¯p�nqp � ws} � t�}�r E � � w�l�v�t�{¡}Az � ws}�z � n � n Ö D v�z �� }�w�p � wÂp�rqz � w � t�}Gpsn � �"z��nqtv�vqt|�t·��u�t���v�t�|�t	}�t�x�wsu�nql�t � z�v�n�� w�û Ð í �Öû�è � � nÊxql��"|�n�}�n¯r�z � w � z}�n�lqz�ps�on�l�w�v�nq�¯��zv���uqz
p � t�wm}Awsp � t�p�l�w�x�n }�v�t F wsp � � z�psn�p � w�} � t�}�r E � � wsl�v�t�{·}Az � ws}�z � n � n Ö
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D x�vqt�{�nq�Âr�w�l�p�rqw ��� n � v�~�ª¡nh}Az�psp�t � ~�ªht���uqz�p � w�{°rql�nq}�wsvqw�v�nq�¯psn�p � w�}�~ oqtAÑ u t Ä � � u���w � p��¯p�t � l�w�}�wsv�v�z��Hl�zÀ

xqnqt�Ásuqw ��� l�t�v�n � z Ö�oqtAÑ u t Ä�� ��uqz|�t�x�z�l"��t�l�nqwsv � z��n�n�v�z�}Az � l�n���v�~�w � ~���nqpsu�wsv�n�� � r�t�� � t�uq��w � �~�p � l�t�n·��xqt���v�t�t�ps�"À��wsp � � u�� �HE l�z�ps��w � ~ l�z�x�nqt�Á�uqw ��� l�tv�v�~�ª¤�+p � l�t�{�p � ��� n2ª¡r�l�t�w ��� n�l�t � zv�nqw�nH}Az � w�}Az � n���w�p � t�w�}�t�x�wsu�nql�t � z�v�n�w Ö l l�n
Á � t�}él�ws� E n�x�w � v�w t��ÊÁsuqw�}�wsv � z�l�v�~�ª � ~���nqp�uqwsv�nq��ªHr�t¡|�t � t � ~�} ��t�l�}��uqz�} � z¯tÊl�z�ps��w � zqª°psn�p � ws}�v�t�|�t�ª"z�l�z ��� wsÀ
lqz � � l�w�������mn2ª�r�l�nq}�wsv�wsv�nq�·p�rqws��n�z�u E v�~�ª	zu�|�t�l�n � }At � n¡}Az � ws}Az � n��qw�p � n2ª�}Aw � t�x�t ��� v�w�l�w�x � t�x�t � t�u E v�t�psuqt F v�~�ª �
� l���x�t�w�} � n�ª�n·}�z�uqt�n�� � w�p � v�~�ª Ö

Ä x�z�v�v�t�{0p � z ��E w�}�~Úrqtr�~ � z�w�}�p��°t�r�nqp�z ��E psl�w�xqp � � z¡}�t�x�wsu�nql�t � z�v�n��°Ásu�w ��� l�t�v�v�~�ª�pÞª+w�}inh��p � l�t�{qp � � vqt � ~�ª
r�z � w � t � lqzp��mnql�wsv�n�� w"û Ð | r p � � n w"û Ð�� � � r Ë }7�Hè�û�r | Ö l t�p�uqw�x�v�n�{�rqt�� � n�uqp�� � v�t � w�{q�mn2ª�l�w�zu�nq��z���nq��ª�psnqp � w�} oqtAÑ u t Ä� ½H¾H¾ ï p
	 � oqtAÑ u t Ä � ½H¾�¾ ï �ß� oqtAÑ u t Ä � ½I¾�¾ ��p � � n�nq}�w�w � v�z�nq��tuqw�wAv�z|�u��"x�v�~�w�xquq�ypsrqw���nqzu�n�p � t �Ã� t��u�z�p � n�lqz�xqnqtÀÁsuqw ��� l�tv�n � n�t���t��sv�z���wsv�n�����uqt � t � Ö�� t�xqwsu�n���t�u E �mn�vqp � � zor�t�u���r�l�t � t�xqv�n � t � ~�ª�r�l�n���t�l�t � ��Á � t�|�tmr�z � w � zyt�psv�t � z�v�~
v�z�}�t�xqwsu��jª � u�zp�psn���w�p � t{�psn�p � ws}�~hpµª�w�}�t � wÆª"v�n��qwsp � t�|�ty}�t�x�wsu�nql�t � zv�n�� ý�w�ý {�� � Ö À t�rql�n�Á � t�}¤x�t���z � uq��w � p���r�l�n�ps�"À
��z� oqtAÑ u t Ä }�t��mv�z� � ~���nqpsu�n � wsu E v�z��Âp�l�w�x�zon p�z�}�~�wopst � l�w�}�wsv�v�~�wm}�w � t�xq~;}Az � l�n���v�~�ª�t�rqwslqz��n�{ � v�z � t � t�l�~�ªt�psv�t � z�vqt��uqt���vqt�wm}Az � w�}Az � n���w�p � t�w�nq}�n � z���n�t�v�v�t�w�}�t�x�wsu�nql�t � z�v�n�w Ö
l z � w � lqzp��mnql�wsv�n�� w"û Ð | r p � � rql�w�xqvqz��svqz��qwsv x�uq� }�t�xqwsu�n�l�t � zv�nq� }�wÆª"zv�n���w�p � n2ª � |sn�x�l�z � u�n��qw�p � n2ª � Ásu�w ��� l�n���wsÀp � n�ª�n�Ásu�w ��� l�tv�v�~�ªm�+p � l�t�{qp � � vqzyt�psv�t � w�rql�n�}�wsvqw�v�nq�o}At�xqwsuqw�{	Ç���uqt � t � È¹r�t-ª+z�lqz ��� wsl�n�p � n � z}	n�p � t{qp � � z�}Ê}Az � p�n�À

}�z�u E v�tyrql�n���u�n F wsv�v�~�} � ��n��sn���w�p � nq}¯}�t�xqwsuq��} Övé�� t � r�z � w � � r�w�l � ~�w�rqt�� � n�uqp�� � l�w�zu�n���z��n�n oqtAÑ u t Ä � ½I¾�¾ ïIp n}At�xqw�l�v�nq�sn�l�t � zu�p���rqt�}Awsl�w�}�t�x�wsl�v�n���z��n�n���z��t � t�{ psnqp � w�}�~ oêtAÑ u t Ä n�t�p�vqt � vqt|�t�r�z � w � zol�z�p��mnql�wsv�nq� w"û Ð í �Öû�è � ÖÓ t�p � z � �nq��u�nqt � w � n�rqz � w � z w"û Ð | r p � � rql�w�x�p � z � uqw�v�v�z�l�n�p Ö º Ö

Ö
üy¥ À5ÁÃÂ	Á × ��3�Ì2Î«Âà2)�à Å )��,Ì + (5)	à Å �I(��«"-�ÎI( + Ì2Îm
6ÎH3�Ý¼)�
 + '�)�1qÈ������������� �

ê�n���u�nqt � w � z�p�t�x�wsl F n � psuqw�xq�����mn�wylqz���x�wsu�~ ²

• ¢�� í è s5pË û���è u û��%} p }~� Å r�t�x�l�z���xqwsu t�psvqt � v�~�ª·��u�t � t � Ö
• w�û Ð x }Lû ¾ � �Öû�è � Å r�t�xqlqz��x�w�u·u�n�vqws{�v�~�ª�r�l�n � t�x�t � Ö
• w�û Ð�� � � r Ë }7��è�û�r |�Å r�t�x�lqz��xqwsu Ásu�w ��� l�tv�n � n¯Ç � � uq�Ã�qwsv � oqtAÑ u t Ä � ½H¾�¾ á � È Ö
• w�û Ð � � s } p í � û�r |�Å rqt�xqlqz���x�wsu�|�n�xqlqz � u�n � n Ö
• w�û Ð o � rµ� p è�û�r |�Å r�t�x�l�z���xqwsu·r�t�}�w���zv�n � w Ö
• � Ë û��Öû Ë û � |�Å rqt�x�l�z���xqwsu�� � n�u�n �2Ö

l t�xqlqz��x�w�u t�p�vqt � v�~�ª���uqt � t ����� ��!�"�#%$�&'�(!o\)&+*�,-#.,-/�� p � t��?t��qwsl�w�x E p�t�xqw�l F n � psu�w�xq�����on�w�r�t�xqlqz��x�w�u�~ ²

• � � � r Ë }Lû�r p � Å ��u�t � n Á�uqw ��� l�n��qw�p � n�ª��qwsr�ws{�n·�+p � l�t�{�p � � Ö
• � � s } p í �Öû�r Å ��u�t � n·|sn�x�l�z � u�n���w�p � n2ª��+p � l�t�{qp � � Ö
• o � rµ� p è�û�r p � Å ��uqt � n }�wÆª+zv�n��qw�p � n�ª��+p � l�t�{qp � � Ö
• ýÈ��� | û�r p �cw"ûÖü�è p � |�Å ��u�t � n	�Ãnq�sn��qw�p � n2ªÂpsn�|sv�zu�t �
• Ñ � � } Ð p � Å ��u�t � n � w�l�}�n��qw�p � n2ª��+p � l�t�{�p � � Ö

Ó�� l�� ��� ��l�zor�t�x�l�z���xqwsu�z �0�(��!�"0#.$�&'� !o\1&+*0,2#%,-/ �nq�u�nqt � w � n�r�z � w � z�l�z�p��mn�l�wsv�nq� w�û Ð | r p � � r�t � z��zvqz�vqz�l�nqp Ö ½ Ö
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Ö
üy¥ À5Á��6Á × Ì�
%Ê	(*Ì9Ê�
*ÎO-��LÞ�
6ÎÜ Þ +7Å Î4365�7.8690:0;�<=5>8@?)<�A.B2:%B�C	à2)�à Å )��,Ì + (5).-*Î2( + Ì2ÎÆ
*Î�3�Ý¼)qò

 + '5)	1 È�D�FEG������� �

Ä x�zu E vqws{��ow�}°}�~:t�|�l�zv�n���n�}�p���tr�n�p�zv�nqw�} � t�u E�� t � wÆª�lqz��x�wsu�t � �nq�u�nqt � w � nÂn���u�t � t ��� � t � t�l�~�wÃnq}�w�� � t � vqtÀ
�ow�v�nqw �·� w�}Az � n � w�x�zv�v�t�{·p � z ��E n Ö
l t�x�l�z���xqwsu ]IH'J�KL$�,2&+KL#.H nq}�w�w � r�t�x�lqz��x�w�u�~ ²
• � � � r Ë }Lû�r p � � � � Ð � è Ë |4Å Ásu�w ��� l�n��qw�p � n�w�Ásu�w�}�wsv � ~ Ö
• � � � r Ë }Lû�r p �Yw � è | �H} |�Å Ásu�w ��� l�n���w�p � nqwÃ��� � p � � n � wsu E v�~�w�Ásu�w�}�wsv � z Ö
• � � � r Ë }Lû�r p �Yw%� í }7r � |�Å n�p � t��v�n � n�Á�uqw ��� l�n��qw�p � t�{�Ásv�w�l�|�n�n Ö

Ó t�p � z � r�t�x�l�z���xqwsu�z ]IH'J�KL$�,2&+KL#>H�]IH'J%MNJ%! $�O rql�w�x�p � z � uqw�v�vqz�l�nqp Ö�� À z��svqz��qwsv�nqw���u�t � t � Á � t|�t�r�t�x�lqz��x�w�u�zot���w � n�xqvqt ÖD � }�w � nq} u�n�� E � � � t � n2ª�p�t�p � z �y� ª�t�x�� ��� z � n�wÆ}Az�p�pst � ~�w � t�}�rqt�v�wsv � ~ � � z � l�w��sn�p � t�l � � t�v�xqwsv�p�z � t�l � n�v�xq� ��� n � v�t�p �HE �
u�n�v�ws{�v�~�{�n·vqz�ps~���z����on�{qp�� � lqz�vqp���t�l�}Az � t�l�~ � xqnqt�x � r�w�l�w�}�wsv�v�~�{·l�w���nqp � t�lÊÇ � t���v�w�w�r�t � w�v���n�t�}�w � lqÈAn�xql Ö

Ö
üy¥ À5Á�¦6Á × �LP�Ì2Î«Âà Å �2Q��«SR��ìÞ�
6ÎÜ Þ6T Å Î�UWV'�X�-Y[Z\'�X�2V�UWV'�G�]�_^ Y[E �

Ó uqw�x��+w � ��z}�w � n �HE � � � t�t���t��svqz��qwsv�nqw�r�t�l � t � �uqt � t �·��� n�xqw�}Azu�wsv E�� n2ª �qw�l�v�~�ª rql"��}�t��"|�t�u E v�n � t � t � u�n��qz�w � p��	t �
� z � t � t|�t x�uq�¯��u�t � t � t�p�vqt � vqt|�t	r�z � w � z·l�z�p��mnql�wsv�nq� w"û Ð í �Öû�è � Ö@é�� t � � z��s~ � z�w � vqz t�pst���~�{hp � z � �+p���u�t � t � r�z � w � z
l�z�ps�on�l�wsv�nq� w"û Ð | r p � � Å ws|�t	�uqt � nH}�t|�� � p�t�w�xqn�vq� ��E p��	x�l���|�p�xql��"|�t�};vqzr�l"��}���� � v�t·vqw�}�t�|s� � rqt�x � uq�Ã��z ��E p�� �t���~���v�~�} ��u�t � z�} w�û Ð í �ÖûËè � Ö l t�r�~ ��� z¡r�t�psu�w�xqv�ws|�t¯rql�n � t�x�n �Ê� r�t�p � l�t�w�v�n�� � l�z�psv�t�|�tÊr��"v ��� n�l�v�t|�t¯p�t�w�xqn�v�wsv�n�� �
� t � t�l�t�w¤x�n�z�|�vqt�p � n�l��+w � p��0rql�n;r��+p � w xqn�z�|�l�z�}�}�~ � z � t��mnq��t���v�t�w Ö�ç uq�,r�t�x � u�����wsv�n��,�uqt � t � rqz � w � z w�û Ð | r p � �� �uqt � z�} w"û Ð í �Öû�è � v�z�x�t	nqpsr�t�u E ��t � z ��E psr�ws��nqzu E v�~�w���uqt � n � t�v � w�l � t�l�t ��� � t � t�l�~�w � ª+t�x�� � � p�t�p � z � r�t�u�lqz���x�wsuqz
� � n�u�n � ÅF� Ë û��Öû Ë û � | Öê�u�t � n�rqt�x�l�z���xqwsu�zS� � � r Ë }Lû�r p �Yw � è | �H} | � ~�l�z���z � ~ � z�� � p�n�|�vqzu � rql�t�rqt�l���nqt�vqzu E v�~�{ � t � ��n·v�z�rql"� F wsv�n�� Ö ê�u�t � nr�t�x�l�z���xqwsu�z`� � � r Ë }Lû�r p �Bw%� í }7r � | p�t�x�w�l F z � nqp � t��v�n � n·rqwsl�w�}�wsv�vqt|�t¤Ç ta� ÈÆn rqt�p � t���v�vqt�|�t	Ç x � ÈÆv�z�rql"� F wsv�n�{ n � t � t �
Å � z � vqw���r�lqz � u���w�}�~�w � � z � n·�"rql�z � uq��w�}�~�w Öl t�x�l�z���xqwsu [cb>/�O�&+K�#>Had0&fe(!0#>H'O p�t�xqw�l F n � p�uqw�x������mnqw�r�t�xqlqz��x�w�u�~ ²
• ¢ í è�r Ë û���è |�Å �uqt � n	���"v � ��n�{ Ö
• u û�è � p }�¹/� � } pË �H} |�Å �uqt � n u�n�v�ws{�v�~�ªÂt�rqwslqz��n�{ Ö
• u ��� �ví � Ñ@p ��� � Å �uqt � n t�xqv�t�}�w�l�v�~�ª�n�x � ��}�w�l�v�~�ª � z���u�n�� Ö
• £ ��è5� û�è � p }/¹/� � } p�Ë �H} |�Å ��u�t � n·v�wsu�n�vqws{�v�~�ªÂtrqw�l�z��n�{ Ö
• wv� í }7r � |�Å n�p � t���v�n � n�p�n�|�vqzuqt � Ö
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ø �ow�t�x�n�vHt����mn�{°r�t�x�l�z���xqwsuH��n���u�nqt � w � nÊr�z � w � z w"û Ð | r p � � ÅNg $�&+H'&'$�J�O é�� t � r�t�xqlqz��x�w�uHp�t�x�w�l�h�n �¤� tv � wsl � tÀ

l�~±xqu��Êr�t�x � u�����wsv�n��¯�uqt � t �Mw"û Ð í �Öû�è � � ��uqt � z�} w�û Ð | r p � � ÇænHvqz�t���t�l�t � È � ��u�t �°� tv���n�|���lqz��n�nHl�ws��z � wsu�� wv��� ¾ � }� ��è%i�ü í } pË û���è | � x � �"v�z�rql�z � u�wsv�v�t�|�t � t�v�vqw ��� t�l�zyn�r�t�l � zmps������uqt � t � rqz � w � z w"û Ð | r p � � Ö ê�u�t ��� t�vq��n�|s��l�z��n�nÂl�w���z � wsÀuq��t�������z � w�uqwsv � u�����t�{�xqnqz|�lqz�}�}�w w�û Ð | r p � � �ç t�p � �"r � �nq�u�n�t � w � w���uqt � t � rqz � w � z�l�z�p��mn�l�wsv�nq� d0&=M*]IH'J�KL$�,-�(!�&+K
Om� t���}�t-h�wsv n���t � vqz �Lj � � wslqz���n���u�n�t � w � rqzÀ
� w � z w�û Ð í �ÖûËè � Ç�l�n�p Ö º È®n�u�n�pÆrqt�}�t�� j � � t�}�z�v�x�~ � � � r É �Öû��ß����� t�x�nq}�t�{ � t � vqw � t�}Azv�xqvqt|�tyl�w�h�n�}�z�lqz��t � ~ oqtAÑ u t Ä Öé�� t � ~ � t�xqn � t�psv�t � vqt�wmt � v�t��nq�u�nqt � w � n �uqt � t � r�z � w � z w�û Ð�� � � r Ë }7��è�û�r | Ö� �yt�psvqt � v�t�|�t�t � v�z���n���u�nqt � w � n���u�t � t � r�z � w � z d0&+M*]kH'J�KL$X,2� !�&=K
O t ��� l�~ � zw � p���x�t�p � �"r � p�uqw�x������mnq}°l�z���xqwsuqz�}
��nq�u�n�t � w � n ²

• t r Ë í p�Ë �H} |al x }Lû ¾ � } |4Å ��u�t � n�x � n�|�z � wsu�ws{·n Á�uqw ��� l�t�}�t � t�l�t � Ö
• { è Ë � üI} pË � sm� û�}7r í û Ë |�Å �uqt � n·n�v � ws|�lqzu j v�~�ª�trqw�l�z��n�t�v�v�~�ªÂ�+p�n�u�n � wsu�ws{�n·u�t�|�n��qw�p � n�ª�pÞª+w�} Ö
• ý p |~| û ¾ � x � ¾ ûËr � |�Å ��u�t � n·r�z�pspsn � v�~�ª � t�}�r�t�v�wsv �IÖ
• w � Ð û�rz�Hè s í r Ë �H} x � ¾ û�r � |�Å ��uqt � n·r�t�u��"r�l�t � t�xqv�n � t � ~�ªÂrql�nq��t�l�t � Ö
• w � è | �H} |�Å ��u�t � n p�wsvqpst�l�v�~�ª��+p � l�t{qp � � Ö
• w%� í }7r � |�Å �uqt � n·nqp � t���v�n � t � psn�|sv�zu�t � n Á�uqw ��� l�n��qw�p � t�{�Ásv�w�l�|sn�n Ö
• � Ë û��Öû Ë û � |�Å ��uqt � n·� � n�u�n �IÖ

ú z���xqwsu¤�nq��u�nqt � w � n t r Ë í pË �H} |Ilnx }Lû ¾ � } | p�t�x�w�l�h�n � }At�xqwsu�n	Ásu�w ��� l�t�x � n�|sz � wsuqw�{ l"�+x�z � n�rqt � n·x�l�z{ � w�l�t � x�uq��v�n�ª Öâ � � nq}�w�w � p�� � z � h�w � tv � l�t�u�uqw�l��mnql�t � v�t�À÷nq}�r��u j psv�t�{�}At�x��uq�"��n�n Ö
n � vqt�l�z���x�wsuqzÂn�v � w�|�lqz�u j v�~�ª }�n � l�t�pÞª+w�} { è Ë � üH} p�Ë � sN� û�}7r í û Ë | pst�x�w�l�h�n � � p�w�|�t�x � z�}�t�x���u��	trqw�l�z��nqt�v�v�~�ª ��psn�Àu�n � wsuqws{Hp � tvqw���vqt{°r�t�u�t�p�t{h��zp � t � nhp � tvqw���v�~�} � t�Á��y�Ãn���n�wsv � t�}?�+psn�uqwsv�nq� Ö n v�n°��t�uqwsw·�u�n�� � n � l�w�zu j v�~�}

t�rqwslqz��nqtv�v�~�};�+p�n�u�n � wsu���} � ��w�}�}At�xqwsu�n � lqz��x�wsu�w�� � � r Ë }Lû�r p � r�z � w � z w"û Ð | r p � � Ö ê�uqt � u ��ü�û�r t ��� l�~ � zw � t � vqt·p ï��uqt � z�}�n	t�psvqt � v�~�ª�uqt|�n���w�p � n2ªÂpµª�w�} � uqz�psp�z �Go ¹¼w Çævqz � t�}�r�u�w�}�wsv � z�l�v�~�ª�rqtuqw � ~�ª � lqzv��snqp � t�l�zqª�È Ö
ú z��x�w�u���nq�u�n�t � w � n�rqz�p�p�n � v�~�ª � t�}�rqtvqwsv � t � p�t�x�wsl�h�n � ��uqt � n�rql�w�x�t¦ª�lqz�v�n � wsu�� ¢ í | � � l�w�uqw � � � p ��� � wsl�}�t�l�w��sn�p � t�Àlqz Ñ � � } Ð p � � � | û | Ë �H} | � � l�w�ª+t���}At � t���v�~�{ � l�zv�p���t�l�}Az � t�l Ñ �5} �z� À[o û�è s û�è�ü oqp�Ë í p � { è s í r Ë �I}�� � t�v�x�wsv�p�z � t�l�rqw�l�w�}�wsv�vqt�{w�} � t�p � nqp p }Lû p �5� � �yp � p r�û Ë �H} n·n�v�xq� ��� t�l�pyrqwsl�w�}�wsv�vqt{·n�v�xq� ��� n � v�t�p � j �rp p }Lû p ��� � { è s í r Ë �I} Ön x�n�v�nq��p�z}�~�ª���t�u j �mn2ª�lqz���x�wsu�t � Å r�t�u��"r�l�t � t�xqv�n � t � ~�ª���p � l�t�{qp � � Ç w � Ð û�rz��è s í r Ë �H} x � ¾ ûËr � | È�pst�xqw�l�h�n �$� �uqtÀ� t � Ö6é�� t�x�nqt�x � �n�r�t�uq��l�v�~�w � lqz�vq�sn�p � t�l�~ � À è À � n è À � À è � n�r�z � r�t�uqw � ~�w � l�zvq��nqp � t�l�~Gpo�"rql�z � uq�����mnq}hrqwsl�wÆª�t�xqt�}

n � z�v�zu�t�} � À�n è À � n�rqz � rqt�u�w � ~�w � lqz�vq�sn�p � t�l�~;p�t�p � l�� ��� ��l�t�{ �6ç l Ç o ¹¼w È�n � zvqzu�t�} � À�n è À � n�rqzon t�r � l�tv Ö Ä p�w
��uqt � nÂnq}�w�� � p � zv�x�z�l � vqt�wÃt���t��svqz��qwsv�nqw�Á � n2ª�r�l�n���t�l�t ��� � � tyx�wsuqz�w � x�n�z|�lqz�}�}�~:}�t�x�wsu�ws{�r�t¦ª+t-h�n�}�n�v�zyrql�n�v���n�r�n�À
zu j v�~�wmpÞª+w�}�~�Ásuqw ��� l�t�v�v�~�ª��+p � l�t�{�p � � Ö�é�� t���z�}�w � v�t�r�t � ~���z�w � n�ªÂv�z�|�u��"x�vqt�p � j Ö

n � vqtÃlqz��x�w�u�z w � Ð û�rz��è s í r Ë �H} x � ¾ ûËr � | nq}�w�w � ��u�t � w�ý {\� ��À � � Ð � p�Ë û���� � w � Ð û�rz�Hè s í r Ë �I}�� z ��� n � n���z��nq� � t � t�l�t�|�t�t � À� l�~ � z�w � t � vqt�p ï }At�xqwsuq��}�n�r�t�u���r�l�t � t�xqv�n � t � ~�ªyrql�n���t�l�t ��� }�t�xqwsu�n � t � t�l�~�ªmr�t�x�t���v�~°}�t�x�w�uq��}	n�ª � � uqz�p�p�n��qwsp � t�{
psnqp � w�}�wmpÞª+ws}At � wÆª"v�n��qw�p � t�|�t�}�t�xqwsu�nql�t � z�v�nq� ý�w�ý {\� � Ö

ú z��x�w�u�nqp � t���v�n � t ��wv� í }7r � | p�t�x�w�l�h�n � }At�xqwsu�n���z � z�l�w�n	ª"nq}�n��qw�p � n2ª�Ásu�w�}�wsv � t ��� p�t�u�vqws��vqtÃ��z � zl�wsn�n�nqp � t���v�n � t �w í �5����� � p û�� r�t�u�t-h�n � wsu j vqt�{Ân�t � l�n���z � wsu j vqt{�rqtuq��l�v�t�p � n Ö+ú z���xqwsu�p�wsv�p�t�l�v�~�ª��+p � l�t{qp � �\w � è | �H} | pst�x�w�l�h�n � ��u�t � nl��+x�z��+p � l�t�{�p � � � z � t�|�t�l�t�x�z ² p � w � t�n��su��"�qz����ows|�tÂx�nqt�x�z � ��t � t�xqn�t�x�z � � w�l�}�nqp � t�lqz � � wsl�}�t�rqz�l�~ � � v�t�rqt � n	x�l Ö n v�n
� z � howynq}�w�� � vqz|�uq�+xqv�~�w�n t�qw � n�xqv�~�wmt���t��svqz��qwsv�nq� Ö

ê�u�t � � � n�u�n � pst�x�w�l�h�n � w�xqn�v�p � � wsv�v�~�{Â��u�t � w�ý {�� �s� è ¾ û�}7�Hè Ð � è Ë ý p } p Ð � Ë � }�� t�r�l�w�xqwsuq�����mn�{�r�zlqz�}�w � l�~(t � l��"Àh�z���ows{¤p�l�w�xq~ Ö	é�� t � �uqt � r�t�x � u����qz�w � p���t���~���vqt � ��w�}�u�wyn�u�n·t����ow�}��·r�l�t � t�xq��}�t�x�wsu�nql���w�}�t�{·pµª�w�}�~ Ö
ê�u�t � w�ý {�� ��À � � Ð � pË û���� � w%� í }7r � | x�t���z � uq��w � � �nq�u�nqt � w � ��t����mnql�v�~�{Âv�z���t�lÂ��uqt � t � n�p � t���v�n � t ��� p�t � }Awsp � n�}�~�ªpm}�t�x�wsu���}�n p�nqp � w�}�~ ýOw�ý {�� � Ö À z�sv�z���wsv�n�w�nqp � t���v�n � t ��� rqtu�vqwyt���w � n�xqv�t�n���n2ªÂv�z� � z�v�n�{ n·t���t��sv�z���wsv�n�{ Ö
ë�t��qw � p��°t � }�w � n � j�� � � t�ª+t � �H}�t�x�wsu�nql�t � zv�n�w·Ásuqw ��� l�t�v�v�~�ª���p � l�t{qp � �¤� rqtu�v�w � t��s}At-h�v�tHtr�n�p�zv�v�~�}�n � ~���w

p�l�w�xqp � � z�}�n � ��~�u�t·��~irqt�u�w��sv�~�}(xqt�rqtu�v�wsv�n�w�p�t�p � z � z��nq�u�nqt � w � �uqt � t � v�t � ~�}�n¯rql�nq��t�l�z�}�n � v�z�rql�nq}�w�l w Å x�nqtÀx�z�}�n � � �"v�v�wsu j v�~�}�n	xqn�t�x�z�}�n � uqz � n�v�v�~�}�n � l�zvq��nqp � t�lqz}�n¤n¤x�l Ö � z � z � how�vqt � ~�}�n��uqt � z}�nÊn�v � w�|�lqz�u j v�~�ª	}�n � À
l�t�pÞª+ws} � vqzrql�nq}�w�l���u�t � t�} � z{q}�w�l�z � hoxq���ows|�t�}��u j � n � nq��l�z � t�lqzon �IÖ x Ö
I ¥ s f u w s%t�u w

º ÖJç j � � tvqt �*Ä Ö l Ö l z � w � }At�xqwsu�n�l�t � zv�nq��Ásuqw ��� l�t�v�v�~�ªÊpµª�w�} w�û Ð�� � � r Ë }7��è�û�r | Å�Å Ó n�p � w�}�~ � t�}�r j � � w�l�vqt{°}�z�À
� w�}Az � n � n·n	n2ª�rql�n�u�t2how�v�n�� ² }Az � w�l�n�z�u�~?}�w�hoxq�"v�zl�t�xqv�t�{ � t�vq��w�l�wsv���n�n Ö�Ó }�t�u�wsvqp �ß²�� ��x�À � t Ó }�t�u Òÿð �6½I¾�¾ �vÖ
Ä ~�r Ö º ¾ Ö�Ó Ö � ¾ À ��ï�Ö

½ Ö�p z�rqt��mv�n � t � z n Ö À Ö êAnq��u�nqt � w � z wv� í }7r � | r�z � w � z�}At�xqwsu�n�l�t � zv�nq� w�û Ð�� � � r Ë }7��è�û�r | Å�Å Ó nqp � w�}�~ � t�}�r j � � w�l�vqt{}Az � w�}Az � n � nmnon2ª�rql�n�uqt-howsv�nq� ² }Az � w�l�nqzu�~�}AwXh�xq�"vqz�l�t�x�vqt{ � t�vq��w�l�wsv���n�n ÖÓ }�t�u�wsvqp �ÿ²"� ��xqÀ � t Ó }�t�u Òßð �H½I¾ º ¾ ÖÄ ~�r Ö º�º Ö�Ó Ö � ¿ À º ¾H¾ Ö
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À w � t��v�t�p � j nqpÞª�t�x�vqt{�n�v���t�l�}Az���n�n � ��z�x�z���z"ª � w�t�l�n�n°��n�u j � l�z��n�n�r�l�n � t�xqn �	� v�w�t��¦ª+t�x�nq}�t�p � nHn�p�psuqw�x�t � z � j
n���}�wsv�wsv�n�wyl�w��owsv�nq��r�l�n � zl�nqz��n�n·n�pµª�t�xqv�~�ª�x�z�v�v�~�ª Ö
l l�n�}�wsvqw�v�nqw�}�w � t�xqt �Ê� t���}�����w�v�n�{,x�z�w � � t���}�t-h�vqt�p � j rqwsl�ws{ � n0t � p�uqt-h�v�~�ª � l�z�w � ~�ª0��z�x�z��(pst�p � t���t�xqv�~�}�n

|�lqz�v�n��qz�}�n�x�uq�ov�wsu�n�vqw�{�v�~�ªyxqn�����w�l�w�v���n�zu j v�~�ª���lqz � vqw�v�n�{ � ��zp � v�~�ªorql�tnq� � t�xqv�~�ª � l�w��owsv�nq�0u�n�vqws{�v�~�ªo��z�x�z��
� t���uqz�p � ��ª�pynq� � w�p � v�~�}�n·|�lqz�v�n���z�}�n Ö

� wsu j � x�zv�vqt�{(lqz��t � ~è� � u���w � p��°��nqpsu�wsv�v�t�w·nqp�p�uqw�xqt � z�v�n�w	nq�s}Aw�vqwsv�nq�0l�w��owsv�nq�0r�uqt�p � n2ªh��z�x�z��(vqwsu�n�v�ws{�v�t�{
�Ãn�u j � lqz��n�n r�l�n nq��}�w�vqwsv�n�n nqpÞª+t�xqv�~�ª�x�zv�v�~�ª Ö Ä x�z�v�v�t�{¤l�z���t � w�}�w � t�xq~ � t���}����owsv�n�� nqp�rqt�u j �s��� � p�� � nqp�psu�w�xqt�À
� zv�n�n0��n�u j � lqz���n�t�v�v�~�ª � w��qwsv�n�{Hp�rql�t� � u�wsv�nqw�}Gvqz��qzu j vqt|�t¤|�lqz�xqn�wsv � z�xquq����z�x�z���n � ws�qw�v�nq� � p � � z2h�n�v�w � l�z�psÀ
r�t�u�t-howsv�v�t�{ � v�� � l�n � l��"|�t � t�|�t � t�v � ��lqz�r�n � zv�n�� Ö�Ó ��t�l�}��u�n�l�t � zv�~?r�t�p � zv�t � � n � l�wÆª���z�x�z�� � z � t�|�t � w��qwsv�nq��xquq�
� l�wÆª � n�rqt ��� z�l�n�z���n�{ ²

º Ö rql�n ��z�x�z�v�n�n }Azu�~�ª � t���}����owsv�n�{ r�zlqz�}�w � l�t �`� n ¸ Ç � t���}����owsv�nqwopsuqz���t�{ vqwst�xqvqt�l�t�x�vqt�p � j �yÈ
½ Ö rql�n ��z�x�z�v�n�n � t���}����ow�v�nq� � t�v � ��l�zor�n � zv�n��
�%Ö rql�n ��z�x�z�v�n�n � t���}����ow�v�nq��� � tv � ��l�z�p � � z2h�n�v�~��
ϕ
Ä � z�hox�t�}hn�� � l�wÆªÂpsu��"��zw � p���t�l�}��u�n�l�t � zv�~G��z�x�z���n�x�uq� � t���}����owsv�n�� ���"v � ��n�n�x�z � u�wsv�n�� Ö
Ä rqw�l � t�}Êp�u��"��zw�r�t�u�����wsv�z���z�x�z���z ç n�l�n�ª"uqw�x�uq����lqz � vqwsv�nq� l �"zp�p�tv�z � � t�u j �qw Ö Ä t � � t�l�t�}¯n � l�w � j w�}¡psu��"�qz���ª

r�t�u��"�qwsv�~;��z�x�z���n ç nql�n2ª"u�wÃx�uq�Â��l�z � v�wsv�n�� è z�r�u�zp�z � � t�u j �qw Ö
Ä lqz���t � w�lqzp�p�}Az � l�n � z�� � p�� l�w��owsv�n�� � � z � ��z�x�z���n ç n�l�n�ª�u�w�x�uq����l�z � vqwsv�nq� l �"zp�p�tv�z � � t�u j �qw � � z � n¡��z�x�z���n

ç n�l�n�ª"uqwmxqu��	��lqz � v�wsv�n�� è z�r�u�zp�z � � t�u j ��w Ö n � }�w � n�} � � � t�l�ws��w�v�n�w�rqw�l � t{Ê��z�x�z���n¯rql�w�xqp � z � u�wsvqt � v�w�p � tu j � n2ª
� z�l�n�zv � zqª ² ��� n�xqw�t����ows|�t·l�w��owsv�nq� � l"�"x�zqª ö ��l j w �q��� n�xqw��qz�p � v�t�|�t�l�w��owsv�nq� rql�n¡��z�x�zv�n�n¡}Azu�~�ª � t���}����owsv�n�{
rqz�l�z�}�w � l�t �F� n ¸?� � tu j �qw � zvqzu�n � n���w�p � t�} � n�x�w Ö
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}�� �(� �w��
%�>T�« 1�.Î7Ê_�L��©yÍ�
%Ê>Q��«+�ìÞ(�6Ì
T Å�� R�
���ª~�%��� �(�.��ÐX��Î,Ì � T�« 2
1 �	Î,Ì2Î�
(P�Q%�5Íq���LP Ê�Þ@Î�
�PzÌ«�T_�%�q©yÍm�	Êq��Î-�%�6Ì2Î�
.����ò � TXÞ@ÎIÐ��2ÐX����TXP�Q���Í��6�%�q«�T 
�PG�*Ì
TzÌ�ä

�.Î�Ü�Î�� �
2 �	Î,Ì2Î�
(P�Q%�5Íq���LP Ê�Þ@Î�
�PzÌ«�T_�%�q©yÍm�	Êq��Î-�%�6Ì2Î�
.����ò � TXÞ@ÎIÐ��2ÐX����TXP�Q���Í��6�%�q«�T 
�PG�*Ì
TzÌ�ä

�.Î�Ü�Î�� �
1 ± C ¦�¢v�H�c§�¢��H�L��¢I� � J â,â,â c����,�I� @ JH× � 2 ± C ¦�¢v���c§b�fH�v¢�����¡"R 9 ×jc�Jv¢�¦"V5����J @ JH×

36iki_r s w%�¹¥_� Ö ^�©-�L� P Å � # Ì�P_� Ì
T\��Ü���
>�q©IT~P����,Ì-���ÝST_�%�>���qÊ>R�
ÿ�"!\Î # Ì�P_��Ê�
6Î�«���T\�.�.���YÍ%�qÝ"Ì
T7Í%�*ÎoÞ Å ��� Å T_Q*Ì�
��«�ÎòQ�ÊvÊq�����2Í�R Å ��P�Q��2ÍêÐ�
6Î�«��6Ì2Î�Ï.�����.���2Í·«+� Å �q©;«SR�Î2Q.TzÌ
T ¬ ��� V'�-�
�����¡  +�¢*)$,�£�¤�.�¢�0�0�¥§¦/.`¨ª©   £�«I¢X.`¨¬R,/.�¤�'*)-.F®*'¯£F¦¯¦/.`¨ª¤�£   ¦*.
é uqw ��� l�t � z � �"��}�vqz��Âr�uqt�p � z��Â|�lqz � n � z���nqtv�vqz�� � t�u�vqz���z�x�z�w � p���}Aw � l�n � t�{�� º � ²

ds2 = 2dudv − L(u)2e2β(u) ch(2γ(u))d(x)22 − L(u)2e−2β(u) ch(2γ(u))dx23 + 2L(u)2 sh(2γ(u))dx2dx3,
Ç º È

|Lxqw
β(u)

n
γ(u)

À�rql�t�n�� � tu j v�~�w����"v � ��n�n ��zrqz���x�~ � z����ows|�t � l�w�}�wsv�n � z�}�r�u�n � ��xq~;|�lqz � n � z��nqtv�vqt{ � tu�v�~±°
L(u)

À
��t�vqt � ~�{h��z ��� t�l¯|�l�z � n � z���n�t�v�vqt�{ � t�u�v�~ Ö�² z�x�z�x�nq} � t � z�l�n�zv � v�~�{Ê}�w � l�n���w�p � n�{ � wsv���t�l � r�z � w � wF³m´�µ.¶D· º � xquq�r�l�t�p � l�zvqp � � z�À � l�w�}�wsv�n·p � t�t�l�xqn�v�z � z}�n

[v, u, x2, x3]
� nqpsr�t�u j �s�+� � p � l�t�wsv�v���� � t�}�z�v�x�� ¿ ©\¸ Õ�¹ ¸ � ��n���u�nqt � w � � ¹ ¸ Ø.º�» © ²

¹ f6¼°Ø¾½J�¿LÀLÁ�¿cÚ�º C à Û C à±» Û À�J�J
À 9 Ú8à @�@]Â Û à @�@�Â Û�Ã 9-Ä
Ä ¿LÁ�J�Å
½ Û@Ã ÿ�À�J Ã ¿ Û ºIÚ8à Û à ç Ø0fÈº4à,àÆ»YÚÝ× ç*ÛÚ9à Û W ç Ø0fÈº4à�Wq»YÚÝ× ç*Û Ú ¶ Û ¶ ç Ø0fÈº ¶�¶ »YÚÝ× ç*Û Ú ¶ Û Â ç Ø0fÈº ¶LÂ »cÚÝ× ç*Û Ú Â Û Â ç Ø0f{º Â
Â »YÚ × ç » ç,ç(Æ
� p�rqtu�vqw�v�nqw � t�}Azv�xq~ ��z�x�z�w �·� wsvq��t�l Ö Ä ~Æ��nqp�uq��� � t�v � l�z � zl�n�z�v � v�~�{¡}�w � l�n���w�p � n�{ � wsvq�st�l � z � z � how��qz�p � v�~�w�r�l�tÀ
n�� � t�x�v�~�w rqw�l � t|�t�n � � t�l�t|�tÊrqt�l"�+x � t ��� psn�} � t�u�~ Ì l�n�p � t�����wsuq��Ç]À]|�tÊnÈÇ\ÇXÀ÷|�tÊl�t�x�z � º �÷� � w�vq��t�l ú n�����n � ú n�}�z�v�z �é {�vq� � w�{�vqz�n p � z�uq��l ú n�����n�� É � Ö
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4�J���ô����h�»õ.ö.÷�ø¼ù¼ú6ò®û�ü2��ü ý��*ý
Ê��ÌË +�¦¯Ík£�,ÏÎ   +-)	,¯£�¥ú.�¬4¦*'*)~¦�£�¬a£Ð©¯£   ¨
ç uq� � ~Æ��nqp�uqwsv�nq� � wsv���t�l�z�Ásu�w ��� l�t�}Az|sv�n � vqt�|�t�r�t�u���� É � ��z�x�z�xqn�}ÒÑ�À � w ��� t�l�v�~�{�rqt � wsv���n�z�u�n p�t���x�z�xqnq}°r�l�t���w�x���l���Ó
¹�Ô º�Åq»ÖÕ ºØ×�Ùïÿ
Ú.Å0ÛØ�"R�W�ÙÜ�"R ¶ ç Ù�×�Ùïÿ Ã Å0ÛÜÝ�ÙßÞ ç » Æ
¹ Z ¼ØÕ�ÿ"J�à�½áÛ_½Là
àJ � Ã Ù Ô çsâ à�½2À âsã Ù�ä0Ù�Å�Ùq�
��Ù â Ù Z Å�åWÙ·a�Ù�æ�Ù 6 Ù]ç Æ
¹ ã ¼ØÕ ã à�ÿ Ã Û_½LàLà�J � Ã�è(Æ
¹ a¡¼ØÕ�º Ã ¿�I6Û â Ù â Õêé @�@ ã è » Æ
¹ �L��¼ÜÕjÿ"J�à
½áÛ\ä è à�ÿ�Á�ÅLà ã%Ã à2ÿ�¿�J�ÀLÁ�à�J�Ù�À�J�J�à2ë Æ à2ÿWÛ�ä�Ù�½Là
à�J � Ã�è ¿ ã � ÿ"J�à�½ Æ
¹ Z Å�åì¼ÜÕjÿ"J�à
½áÛßå è à�ÿ�Á�ÅLà ã%Ã à2ÿ�¿�J�ÀLÁ�à�J�Ù�À�J�J�à2ë Æ
¹ º Ã ¿�I6Û � Å E�E Û Ô º=å�»6Ù��L�6Û_Å è
è C Û � Å E�E Û Ô º�Åq»6Ù��
��Ûßå è
è
è Ù@ÅÒÕíé @�@ ã è »
¹ ¿ ã � ÿ"J�à�½ Æ
¹ æî¼ØÕ�º Ã ¿�I6Û Z Å�åWÛßå è Ùqå¾Õ0a è » Æ
¹ 6 ¼ØÕ¾½Là ã Ý�¿�J
Á�Û\æ�Ù�À�J�J�À 9 è Æ
¹ ç¡¼ØÕ¾½J
¿
ÀLÁ�¿�Ûdº C é Ù C é±»6Ù�à2ÿWÛ 6 è
è
¹ ¿ ã � ÿ"J�à�½�¼
Ä ~�r�t�u�vqwsv�nqw�rql�t��qw�xq��l�~?x�zw � zv � nqpsn�}�}�w � l�n���v�~�{ � w�vq��t�lÊÁsu�w ��� l�t�}Az|sv�n � vqt|�t�rqt�u���Ó n � v�t�psn � wsu j vqtÂvqws|�t � ~�À

��nqp�u�nq} � t�v � lqz � z�l�n�zv � v�~�{�n p�}�w���z�v�v�~�{ � wsv���t�l�~�Ásu�w ��� l�t�}Az�|�v�n � vqt|�t�rqt�u���Ó

ï@�ÌË +�¦¯Ík£�,ÏÎI¦*+-,�¬R'*'�ð´'�¥§©*0  �ñ «J.òÎ   +�¢*)$,�£�¥ú.�¬4¦*'�)�¦¯£�¬a£ó©�£   ¨
Ä ~���n�psu�n�} � wsv���t�l�Ásvqwsl�|�n�n�À÷nq}�r��u j p�z�Ásu�w ��� l�t�}�z�|�v�n � vqt|�t�rqtuq��� É �÷� n�psrqtu j ���+�Ârql�t���w�xq��l�� ²
¹ ç
¿�ëô¼ÜÕjÿ"J�à
½áÛ_½Là
àJ � Ã Ùmç�¿.é>Ùqç�¿+W�Ù]õ�¿ è
¹ â à�½�À âsã Ù�a6Ù�Å0Ù�å�Ù�æL×�Ù�æ�Ù 6 Ù�ö
ë�Ù·J Æ
¹ ã ¼ØÕ ã à�ÿ Ã Û_½LàLà�J � Ã�è(Æ
¹ a¡¼ØÕ�º Ã ¿�I6Û`J6Ù·JÖÕêé @�@ ã è » Æ
¹ æ�×¡¼ÜÕjÿ"J�à
½áÛßå è à�ÿ�Á�ÅLà ã%Ã à2ÿ�¿�J�ÀLÁ�à�J�Ù�À�J�J�à2ë Æ
¹ º Ã ¿�I6Û
Û�é�j Â è�K Û C f�¿LÁ"R�½Là Ä ÿ�Á Ã ÛÜç�¿.é è º�Å0Ùqåd» g
g ÛXé�j Â è�K f�¿LÁ"R�½Là Ä ÿ�Á Ã ÛØõ�¿ è º\Å0Ù]å�» K f�¿LÁ"R�½�à Ä ÿ�Á Ã Û�ç�¿+W è
è j [ Å0Ù@Å�Õêé @�@ ã è »
¹ ¿ ã � ÿ"J�à�½ Æ
¹ æî¼ØÕ�º Ã ¿�I6Û\æL×�Ûßå è Ùqå¾Õ0a è » Æ
¹ 6 ¼ØÕÈÀ�J�J�À 9 ÛXé @�@]Â Ù¯é @�@�Â Ù}ºÜà2ÿWÛ�æ è » è(Æ
¹ öLëô¼ÜÕÖ½J�¿LÀLÁ�¿�Û�º_é ÙÌéÆ»6Ù�à2ÿWÛ 6 è
è
¹ ¿ ã � ÿ"J�à�½�¼
|�xqw ø�¡�÷ Àÿrql�t�n�� � w�x�wsv�nqw � t�v � lqz � z�l�n�zv � vqt|�t�n�p�}�w���zv�vqt�|�t � w�vq��t�l�t � Á�uqw ��� l�t�}Az|�v�n � v�t�|�t�r�t�u���° ø�¡Gø Àÿrql�tnq� � w�x�w�v�n�w
� t � zl�n�z�v � v�t�|�t�n � t�v � lqz � z�l�n�zv � vqt|�t � wsv���t�l�t � Ásu�w ��� l�t�}Az�|�v�n � vqt|�t�rqtuq� � ¶ ¸ À � tv � l�z � zl�nqzv � v�~�{¯}�w � l�n��qwsp � n�{
� wsvq�st�l0Ó

ù �¯ú ,*.�¤F¦/+�¦*'@¨ ��û ¦¯ü )	+ û ¦*.
â wsr�w�l j }At-how�}0r�w�l�w�{ � n � � ~ � t�xq����lqz � v�wsv�n�{�|�l�z � n � z���n�t�v�v�t�|�t�r�t�uq�(Ó ð lqz � v�wsv�n�wcý�{�v�� � ws{�v�z�nq}�w�w � � n�x ²

Rik − 1

2
gikR =

8πk

c4
Tik

ÇßÉ�È
|�xqw

Rik
À � wsv���t�l ú n�����n �

gik
ÀX}�w � l�n��qw�p � n�{ � wsv���t�l �

R
À�p � zuq��l ú n�����n �

Tik
À � wsvq��t�l�Ásv�w�l�|sn�n�À]n�}�r��u j p�z�}�z � w�l�n�n

Ç � � u����qz���Ásuqw ��� l�t�}Az|�v�n � vqt�wÆrqtuqw�È�� É � Ó Ó t���x�z�x�nq}Êr�l�t���w�xq��l��oxquq����z�x�zv�nq����lqz � v�wsv�n�{]ý�{�vq� � ws{�v�z�ÇßÉ�È � p�rqt�}�t�� j �
rqt�p � l�t�wsv�n��Âu�n�vqw�{�vqt{ � t�}��n�vqz��n�n � wsvq��t�l�t ��� n�psr�t�u j �s�+� � t�}�z�v�x��Nþ ÿ Ø�� ¿ »t× ��nq�u�n�t � w � n ¹ ¸ Ø.º�» � ²
¹ ö��Lë��2ö%Å ã ����¿LÁ�Ú%à
	���¼ÜÕ����à�½0Û_½Là
à
�	 Ã ÙÜç�¿.é ÙÜç�¿���Ù�ç�¿ ¶ è�â à�½�À â æ�× ÆæL×6¼ÜÕ â Å ã ��½Là Ä ÛXé ÙÜç�¿.é Ù���é�j���ÙÜç�¿���Ù��������%Å0ÙÜç�¿ ¶ è ¿ ã 	����à
½�¼
ð rql�t�p � nq}�rqt�u��"�qwsv�v�~�w���lqz � vqwsv�nq�(Ó � ��rqwsl � t|�t���l�z � vqwsv�nq�]ý�{�vq� � w�{�vqz�psu�w�x��+w ��²

−2e2β(u) cosh(2γ(u)) d∂
∂v
ψ(v, u)2

L2(u)
= 0,

l t�psu�w�xqv�w�wyp�t�t � vqt���w�v�n�w � ~�r�t�u�vq��w � p��Âu�n�� j�� psu��"�qz�w � � t|�x�z��Ã��v � ��nq�
ψ(v, u)

��z � n�psn ��� tu j � t�t �
u
²

ψ(v, u) = ψ(u).
Ç � È
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l t�xqp � z � uq���¡Ç � È � t�p � z � �mnqw�p�����l�z � vqwsv�nq�Ân���r�l�t���z��n2ª � rqt�u��"��nq} ²

2(L2(u)(
d

dv
β(u))2 cosh(2γ(u))2 + L2(u)

d

du
L(u) + L2(u)(

d

du
γ(u))2 − e−2β(u) cosh(2γ(u))( ∂

∂x2
φ(x2, x3))

2−

−2( ∂

∂x2
φ(x2, x3)) sinh(2γ(u))

∂

∂x3
φ(x2, x3) + 2(

∂

∂x2
φ(x2, x3)) sinh(2γ(u))(

d

du
ψ(u))− Ç=Ñ�È

−e2β(u) cosh(2γ(u))( ∂

∂x2
φ(x2, x3))

2 + 2e2β(u) cosh(2γ(u))
∂

∂x2
φ(x2, x3)

∂

∂x3
φ(x2, x3)

d

du
ψ(u)−

−e2β(u) cosh(2γ(u))( d
du
ψ(u))2)L2(u) = 0

�m��� +-,�¤�.`¨ ©/.�,/.�0�,*.�¤F¦*+�¦*' û�� .F¢�«k¤�+  N  .
ð lqz � v�wsv�n��mrqt�u�� � vqz��ow�}¯p�u��"��zwÆl�w���z�� � p���t � v�t�psn � wsu j vqt�rq� � n�v�wsnq� � w�p � v�~�ª�����v � ��n�{0Ó ç uq�mrqtu�v�t�|�t�trql�w�x�wsu�wsv�nq�
r�t�u�����z�x�z�xqn�}hpsnqp � w�}��Â��lqz � vqwsv�n�{ � z � p � w�u�u�zS� É �÷� nqpsr�t�u j �s�+��p�uqw�x������ow�w ²
¹ ö��Lë�����À-å Ã Ý�¿ â
â �
æ
 Ã é(¼ÜÕ�½Là�Ý��
	�Å�!�!6Û#"���½Là ã Á�6Ù%$�à
à
�	6Ù&$'!�� è ¼
|Lxqw)( � ¿ »qØ.¹ � À+*�,�-/.�0+1�2�1
043/1�-+.'-+5768.�9:-+;<,
0mÁ:=+9<*+.'0+,'>?1�@<-+3+.'-/,�@A,�B/,�=/CED+F�G ø À+H:3/>I2�,�=+5 Ì 043/H:.�,�J8JK9:=/CK2�.�,
0+,
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A
(b)
k

v �_¢?� � �&�	�
�5���=��¢&� v ¤=�M¡��=�=¢&�:¤ � � �=�*�&¥1���'�5�
¡1�`�&���=¢&�:¤_�:�&�5�:�d� � �'��� ~ � ����� � �&�*� v�� �����5 d� � Ú

f
(a)

(b)(c)

v z��_�I 	�_¢?�1¡��=�O¢?�&���#¡O�(�5 ��=�,���=� ¼ ¡O���_�=¢?���
�����¡1�`�&���=¢1�(¤_�:�&�5�:¦�d¢1� �&� �
SU(2)

 *¤_�M�����_ *�±¡� *��� ¤=���5��� �
�*¤=� v�¦ �1¤=���=�
f(a)(b)(c) ≡ ε(a)(b)(c)

Ú G v z	�_��¡O�(�& 	�(�:���(��¤��d�,��� �M���K¦5 	�=¤(��� k � n xj �_�=¢&��� � �M�� *�& 	�_�	����z*¤=�����½¥&�&�(�1�&��sp�?¢5�,¤=�5�K�&�&¦

D

dτ

(
dxk

dτ

)
≡ d2xk

dτ2
+ Γkjl

dxj

dτ

dxl

dτ
=

1

m
Fk ~ w �

� ¢&�P�� 	�(�:¤����?�	�� M� �(�(¦��1¢&�:¤=�&�*�1���I�&¤=�&y��*�&�������: 	�=�&¥1�� u���( * M�(¦
m
� �M���5�*¦& 	�=¤=�&�	�� *���1� �
�(¢&�*�1¥5�*¤= M¡O�(�d���=� � �

Fk ≡ GI(a)F k(a)l

dxl

dτ
, ~ � �

¤à¡O���_�=¢1�(¦{���M�(  � �1�5�:¤=��� � �*¢&�	� �*�1�&���p�&�M¢5�'�I��¢1���&r��M�(¢\�>���(¤ ¼ z*¤_�'���7¥1�5�:�&�&¢1�,��}
�&sà M��¤_¢1�	� �*�5��� x � � �&  � �'�&r �*�>�	��d�M� � �	�=¢1�&�&�M M¡?�5���K�5�1�&�&¥1� ¼ ¤I¡O� �=�=¢1��s c = 1 x
§¨���ª©±®u|�¤ ® ²�¯±°�|e~±®H~à«£¥¬«�H} ®I�«
o#�> 	�=r���*�=  � �&�&�(¤>�'�à�5�( 	�(�&¥��I�5¤(�5y��	�= ��ñ¤=��¤(�5�	�
�&�	� � ���&� ¼  M� �P�A�:�1�5��� �5��� �1�&�����`�&r(�&�7�m� �(�&� � ���5��� j � v�� �&�*� ~  	� xkþl*nâ� x j ¡?�M�5�* 	�=¤=� � � �_�*�1¥&�5�'�5�:¤/¡?�'�1���(¢&�(¤=�(�1�5�(�M� � ������� ���5  � ���1r��*�_�	���_�:�&�5�(�#¢&�	���*�1�5�#�?¢&�:¤=�&�*�&�1¦ � �&�*� v�� �����& d�

A
(b)
k = δ

(b)

(3) δ
ϕ
kA

(3)
ϕ = −δ(b)(3) δ

ϕ
k

ν

G (1− cos θ) , ~ � �
� ���1�O�5�*�1�5�=�ÿ¤�¢5���(� �_� kþl*n xO� �*���M�(¢/�5� � ¢\�1yq�*�1�5�( 	�=� � �'��� � �1�M� v�� �����& d�7��� �M�	�
¤�z	�_� �à ��&�O���:�7�_���1r_¡O�
�M�&�&���&�*�&�'�&�*¤=�,�¡?��� � �(�&�*���=�Gt

F
(3)
θϕ = − νG sin θ . ~ Ø �

® �'�&���=¢1�(¤_�:�&�1��� � �'���c�=�:¡O�(�d�u�=� � �7� �=�&�= *���= ���¡I¢&���M¢\�>�5� � ���&�*¦I  � ���_�*�1¥&���`���'� � � �:¢5�`���&���&r(�&�7�§�I¤
�M¢1� �&� �(¤_��� � ¢&� v 	�_¢5�,�5 	�(¤_�=ÚK����� � �5�( M¡O� v ¤_�'�&�5�:¤=��s#�d¢&�:¤=���=�,¥&�&�(�&�1��s � �'�5�*¦q�=�:¡1�&� � �'�5�*¤(����¡O�(���7�&�M�?¢&�:¥&�1�
�5 M ��5�K�5�(¤_�'�&�& *r ¼ �5� � ¢1��� �M¢ ¼¤I¢5�'�=� �(�:s k Ø ¼ Ó n x
� �(�&�&�=�#¢1�	���*�&�&�#�5��� �1�&�����`�&r(�5��¢&�( 	�
�5¢1�*�1�&��s��?¢5�,¤=�&�*�&�1¦�d¢&�:¤=���(�:¥&�&�(�1�5�(�M� � ����� � ¢1�K�� 	�(�,¤ �5�K�5�c�����_¢1�&¡O�(¦ kml*n t

ds2 = B(r)dt2 −A(r)dr2 − r2
(
dθ2 + sin2 θdϕ2

)
, ~ Ó �

�P�5�
B(r) =

1

A(r)
= N(r) = 1 +

r2 (κ− 4Mr)

2 (r4 + κq)
. ~%¯ �

o��(¢5�'�����_¢��5��� �1�&�����`�&r(�5�= ��=�
q
v ¤_���1�&�1�&�5� � ���&�:y����_���&r(�����AÚ

M
v �( *��� � �_���=�&�&�M M¡?�'�F���( M d��� �(�&� � �����GÚ

κ
v � �d�&�1�7�1¥&� v¢&�(¤_�:�&�5�����d¢&�:¤=���(�:¥&�&�(�1����� � �= ��_�`�?�1���'� kmlMn x
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´¨~¬�®uµ�¯«¯¢��|�°e~à«±®¨¶£���¡©±®u|�¤o· ²�¯°�|e~®H~«£¸
¹»ºc¼.½�¾>¿cÀ9Á�ÂÄÃu¿�À�Å7ºc½�º�ÆcÇ¨ÈÊÉ;º�¾1À
Ë ¢5�,¤=�&�*�&��� ~ l,� �5� � �> M¡?�'�I���:�5�*¤(�1�&�&��¦�¡?¤>�,�5¢5�'�=�&�1�&��¦�1���_�K�d¢5�`�

d

dτ
[I(a)I

(a)] = 0 ⇒
(
I(1)

)2
+
(
I(2)

)2
+
(
I(3)

)2
= I2 = const . ~ Ù �

o
¢?�
(a) = (3)

�?¢5�,¤=�&�*�&�&� ~ l,�   � ���_�*�1¥&�5�'�5��� ~ � � ���(�	�/ *�=� �=�&� ���*�1�5�
d

dτ
I(3) = 0 ⇒ I(3)(τ) = I(3)(0) = I|| = const , ~ © �

 ��5�K�5�(¤_���_���1r=�&� ¼ I(3) �* 	�=r � ¢&�M�5���&r(�&��¦��&���_�*�M¢5�'��&¤=�5y��K�&������M�=  � �&�5� x Ë ¢&�:¤=�&�*�1���p����� (a) = (1)
�
(a) = (2)

� �(�M�,�
�:�7�=r � �*¢&� � �5 d�,�&�£¤/¤=�?���

d

dτ
I(1) = Ω(τ) I(2) ,

d

dτ
I(2) = −Ω(τ) I(1) , ~ l ¨ ��H�5�

Ω(τ) ≡
[
ν(cos θ − 1)

dϕ

dτ

]
. ~ l=ld�

���=¢����`�&r(�5�=�
¢&�	���*�1�5�
z��=�&sI�?¢5�:¤(�5�*�1�&¦��� �M�	��¤=�?�
I(1)(τ) = I(1)(0) cosΨ(τ) + I(2)(0) sinΨ(τ) , ~ l w �
I(2)(τ) = I(2)(0) cosΨ(τ)− I(1)(0) sinΨ(τ) , ~ l � ��H�5�

Ψ(τ) ≡
τ∫

0

Ω(τ ′)dτ ′ , ~ l � �
�����M���`�&r(�&���u�*�5�M�5�*�1���� *¤ ���M�:�&�  M�(� �=�&� ���*�&�&�	�

(
I(1)(0)

)2
+
(
I(2)(0)

)2
= I2 − I2|| ≡ I2⊥ . ~ l Ø �

Ì»½�¿cÅ7ÂK½ÍÆcº�¼�½�¾>¿�À.Á�ÂÄÃu¿cÀ�Å7º�½�ºcÆ�ÇÏÎ�Æcº�À�Ð�Æ�ÑcÆ
Ò�Ó>Ô�Õ=Ö�Ô1×1Ø9Ù.Ú.ÛgÜÝØ.Ú9×�Þ�ß\Ö�Ô�àáÕ=Ó>Ø9â�Þ�Ú9Ø.ã
o
�( M¡O���1r_¡?���5���=��¢&� v ¤=�M¡��=�=¢� *���1� ~ � � ¼ �5�*¦& 	�=¤=�,�7}��K¦��������: M *�1¤=�&�,� ���: 	�=�1¥&� ¼ �=¢��=�(�d�:���'�&�*���5�	�=��¢1� v ¤_�M¡��_�=¢?���	�� M¡O� v¢1�= ��=� ¼ ��� �M�	��� �M ��_�/ M�(� �=�&� ���*�1�5�=t

d

dτ

[
gik

dxi

dτ

dxk

dτ

]
= 0 ⇒ gik

dxi

dτ

dxk

dτ
= 1 . ~ l Ó �

® �:�5 ��=�,���(�#�&���_�*�d¢?�5¢1�(¤>�,�&����¤=�7�(¢5�:�5���P�5�&�1�&¥&�*¦I¤� *���&���> ��&�(¤=���/�5�(¢��§�5¢1�(¤_¡?�p�5�	�=��¢1� v ¤_�M¡��_�=¢&�
 M¡O�=¢1�= 	�(� x u��'�5�*�I�§�
�&  � ���&r �*�>����¡,���: M *�&�&�M M¡?�,�P�����_�M�5�&¡1�{�5�:s_�:y����K�&�����1���_�K�d¢5�`�5�:¤à�&¤=�&y��K�&��� ¼ �����&�,y��*�&�1��� ¤ k ¯ n ¼ � ¢1��� �*�&���_���1r=�5��¡�&�(¤=�(¦F�d�d�A�M�&� x
ä�Ø9Ú�Ô�å�Ø9Ù�Þ�æ\ç.Ø9ÜÝå�Ô�æ,èÊ×�Ô�éBÓ>Ö�Þ�å�Þ�Ú.Ø
Ë ¢5�,¤=�&�*�&�&� ~ w ��� ¢1� k = t

�A�:�	� � �*¢1¤=��¦��&���_�*�M¢5�'���&¤=�&y��*�&���
d

dτ

[
B(r)

dt

dτ

]
= 0 ⇒ dt

dτ
=

K

B(r)
, ~ l ¯ �

 K¤��,�*��¤>�'��}
�&¦�¡O�=�=¢_�&�&�5���=�&�=�§¤_¢1�	���#�� M���= 	�=¤=�*�&�&�=��¤_¢1�	���#���: 	�=�&¥1� x j z	�_�����&���=�*�d¢&�'�5�§�&�	���&�1�7�=¢����,¥&�&��� �����*�=  � �&�&��5�( ��=�&¥1� ¼ ��¡O�:�5 	�(�:���=� K ���(���&�&�I� � ¢1�K�������?�	�_ *�I���
�( K��� � �_���=�&�&�M M¡?�&s/�> ��&�(¤(�&¦ x
êìë Ø�å�í4×�Ô�à.î>Ú.ÛgÜÝØ.Ú.×�Þ�ß,Ö.Ô�à�Õ�Ó>Ø.â�Þ�Ú.Ø9ã
ï  ��1� � �'�5�,y����=r

k = ϕ
¤ ~ w � ¼ �_� � ���&�O�&�*�&�&�=�7�?¢5�:¤(�5�*�1�5� � ¢?�&¤_�M�&���_ *�p¡¤(�1�5�At

d

dτ

[
r2 sin2 θ

dϕ

dτ
− α cos θ

]
= 0 , α ≡ ν

m
I(3) = const , ~ l Ù �

���5�*�d¡O���&���_�*�M¢1�5¢?�_�	�= ��At
dϕ

dτ
=
J + α cos θ

r2 sin2 θ
. ~ l © �

j ���_ *�,�_ 	�(¤=�5�½���M�(  � �&��� � �= 	�=�'�O�&�5���
J
� ¢&� � �(¢1¥&�&�(�5�'�&r(�����O���&�(¤=� �§������� �*���(���5�( 	�=�1¥&� x
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o
¢1�

k = θ
�?¢5�,¤=�5�K�&�&� ~ w � ��� �M�	��¤=�?�Xt

r2
d2θ

dτ2
+ 2r

dθ

dτ

dr

dτ
− r2 sin θ cos θ

(
dϕ

dτ

)2
= α sin θ

dϕ

dτ
. ~ w:¨ �

�   � �'�&r��K�#����*���§���(�`�&r=�1��¦��1���_�*�M¢5�'�p�5¤=�&y��*�&��� ~ l © � ¼ � �'�&�O�&���� ��5�K�5 	�=¤=�&�=t

d

dτ

[
r4
(
dθ

dτ

)2
− 2

∫
dθ

(J + α cos θ)(J cos θ + α)

sin3 θ

]
= 0 , ~ w l,�

� �= ��5���5�*�d�c�5�*�d¡O��¤_�( M 	�(�:�&�(¤(���=re� �M¢?�1�5�&�(�5�'�&r(�&��¦�&���_�*�d¢&�'���&¤=�5y��K�&���At

r4
(
dθ

dτ

)2
= χ2 − (J + α cos θ)2

sin2 θ
. ~ w(w �

ó �5�M *r
χ2
v ¡O�:�5 	�(�:���=���1���_�K�d¢1�&¢&�:¤>�:�1��� x

ôcÔ�Õ�Ø�Ô�à�îAÚ.Û6Ü�Ø.Ú.×�Þ�ß,Ö.Ô�à�Õ�Ó>Ø.â�Þ�Ú.Ø9ã
o
¢1�

k = r
�?¢5�:¤(�5�*�1�5� ~ w �   � � � �=}
r����_¢1�*s7�5�:¦1�5�*�&�1��s7¤=�7�����&���_�*�d¢&�'�&�(¤��5�	�M��� �K���1���=���&r(�5� � ¢?�&¤=�M�5����¡
 ��&�K�5�,��}��	�§�¢&�	�*�'�1r'�=�'�=�At

d

dτ

[
A(r)

(
dr

dτ

)2
− K2

B(r)
+
χ2

r2

]
= 0 ⇒ A(r)

(
dr

dτ

)2
− K2

B(r)
+
χ2

r2
= −E2 , ~ w:� �

� ¢&�P���= ��=�,¤ �����I¤/���'����¢5�(  � �(¢,�?y��*�1�5� � ���(����¡O�(�& 	�(�:���(�
E2 x

õ ò>ò�×1Ú�òAèÊÞ�Ú.Ø�Þ¢å�Þ�â�Õ=íöç�òAÚ.æ,×�Ô1Ú9×�Ô�å�ØÝØ.Ú9×�Þ�ß,Ö9Ø.Ö.òAÓ÷Ô1Ú9Ø.ã
� ���_�M¢?¤>�`� ds  *¤ ���M�:��  � �:¢5��� �	�=¢&� ��¤:���'�&re�_¢&�(�M¡��_�=¢?�&�

τ
 M�=���=�5�����*�&�&�	�

ds2 = E2dτ2 , ~ w,� �
¤{���	�»�&�*�d¡O��,�(�K�5���=r_ *�   � � � �(}�r � �5�:¦?���*�1�&��s��&���_�*�d¢&�'�&�(¤à�5¤(�5y��*�1��� x uq�������( * *�&¤(�5�(¦ ���: 	�=�1¥&�

E2 = 1 ¼ ������=�	�	���: M M�(¤_�(¦
E2 = 0 x ï  ��&�Ê�_¢5�:�M¡��=�=¢1�����5�( 	�=�1¥&� �1�1�½�&�&���=��� ¼ �����( *��� � �_���=�&�&�M M¡?�&s{�> ��5�(¤(�&¦ ���¢�=�* M¡O�(�&�*�&�&�= 	�(�

� ���1�O�&���
A(∞) = B(∞) = 1 ⇒

(
dr

dτ

)2

|∞
= K2 − E2 . ~ w(Ø �

u�¢1�O�M���§�� ��&�(¤>�'�§� ¼ � �(¢5�'� �	�_¢ K ¤=��¢&�(y��(�	�_ *���&�M¢&����¢5�,�&���`�&r(�&�,�� *¡O�=¢&�( 	�=rI�5�( 	�=�1¥&�������(�M M¡O�(�&�*�&�&�= 	�(� x ï  ��&�ì�=¢5� v�M¡��_�(¢1���p�5�( 	�=�1¥&�m�½�&�&���=��� ¼ �5�M���,s_�M�5�������5  � ���1r��M�:¤>���=r���¢?�O�M�5�� M�(� �=�&� ���*�1��� x
§ |���øà¯���ù½²ú�û«�H} ®I�«¯¢��|p°e~«à« ¬�¯°�®H¶à¬��I¯à«¢¸ú}?|p«�ü ®H~à«£¥ «£ýH��ù;ø«¢~¢��|��e¸
©±°�ù7¬�«¢ ¢¤ |þø����±®ÿ~®u« «£~«¢« °����e~���µ;�þ«�e~��eø����¢¥ {	²���� ~�µ�°
��É4ÎeÉ7¾A¿cÀ�� ÆÏ¼�¿cÀ.½NÑ�¼�É7¿cÆ
	
o
¢1�� *�= 	�(�:¤��5�*�1�&���d�M���:�d¢5���#�/���: 	�=�&¥1� ¼ �_�/�* 	�=re�d�,¤=�5 K��� �= ��=�

r(τ) ¼ θ(τ) ¼ ϕ(τ) ¼ ¡,���7�&�*¤=�,� ¢&���1r/�&�d¢&�(�	�/¢5�d�5�5�'�&r(���'�¡1¤>�d��¢&���=�?¢5�

±(τ − τ0) =
r∫

r0

dr′
√
A(r′)√

K2

B(r′)
− E2 − χ2

(r′)2

. ~ w:Ó �

ï  ��1�����#z	�_�:�d�/ M�(� �=�&� ���*�1�����:���(�	�= ��I¤=��¢&���*���=r
r(τ) ¼ �_� θ(τ) ����� �*���(�'�1r=�&�����,s>�M�5���_ *�p��� ~ w=w � ¼ � ϕ(τ) v ��� ~ l © � xï  ��&���5�( 7�1���_�*¢&�M *�_�	�q�_¢5�:�M¡��=�=¢1�������: 	�=�1¥&� ¼ �=� � �(¢&��� �	�_¢ τ  ��&�K�5�_�	���5 M¡,���½�&���=r
��� ~ w=w � � ~ l © �   � �����(}
r�� ~ w(Ó � x

� ���_�*�M¢1�5¢1�(¤_�:�&�&� � �'�&�O�5�K�&�&��sp *�=� �(�5� ���*�1�&¦�A����� ¼  M�=���=¤_�	�= 	�=¤_�K�&�5�?t

cos θ(r)=− Jα

(χ2+α2)
+Q sin



arcsinψ(r0)−

√
χ2+α2

r∫

r0

dr
√
A(r)

r2
√

K2

B(r)
−E2−χ2

r2



 , ~ w ¯ �

± [ϕ(θ)−ϕ(θ(r0))] =

=arctan

{
(J+α)

√
χ2+α2

[(1−Q)(χ2+α2)+Jα]
S[θ]

}
− arctan

{
(J+α)

√
χ2+α2

[(1−Q)(χ2+α2)+Jα]
S[θ(r0)]

}
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+arctan

{
(J−α)

√
χ2+α2

[(1+Q)(χ2+α2)−Jα] S[θ]
}
− arctan

{
(J−α)

√
χ2+α2

[(1+Q)(χ2+α2)−Jα] S[θ(r0)]
}
, ~ w(Ù �

�H�5�#¤(¤_�K�5�*�&�� ��5�K�&�,��}
�5��¤=  � ��� �(�*���_���&r=�1�������=���*���M�&�*�&���Gt

Q ≡ |χ|
χ2 + α2

√
χ2 + α2 − J2 , ~ w(© �

ψ(r0) ≡ (χ2 + α2) cos θ(r0) + Jα

(χ2 + α2)Q
, ~ �=¨ �

S[θ] ≡
√

(χ2 + α2)(Q− cos θ)− Jα
(χ2 + α2)(Q+ cos θ) + Jα

. ~ � ld�
® ��� � r����_�M¢?�5�(�c� �M�5���&�&¢&�:¤>�:�1�5�c�_¢&�(�M¡��_�=¢?�&¦�¤��d�,¤=�5 K��� �= 	�(�à� �p� � ¢5�,¤ ���,�7}��1s � �(¢&��� �	�_¢1�(¤�� �M�����1� � ¢&�P�� 	�_�:���/¤=� v
� ���1�&���=r�¤I ��&�K�5�,�7}��1s�¢&���=���(�:s x
»À��÷¼�É7¼�À Æ��À���ÀiÅ;¿�À��P½�ºcÆ
	¡Æ���É�����Æcº�À
j �=  � ���1r��M�:¤>�:¤����5 *r�� � ¢1�K�����&�*�1�5�	� ~ l(l,� ¼ ¤=���1�5 ��&���{���( ��_� �=�I¤_¢&�(}��*�1������M�=  � �&�5�

Ω(τ) = −ν(J + α cos θ)

r2(1 + cos θ)
, ~ �_w �

�c�d���=�	���F�#���*� ~ l � �

Ψ(τ) = ν

cos θ(τ)∫

cos θ(0)

dξ(J + αξ)

(1 + ξ)
√

(χ2 − J2)− 2Jαξ − (χ2 + α2)ξ2
. ~ �=� �

� ���_�*�M¢1�5¢1�(¤_�:�&�&�½�A�'�	�/ ��5�P�5�,��}
�1¦�¢&�	�*�'�1r'�=�'�&t

Ψ(τ)=
να√
χ2+α2

{
arccos

[
(χ2+α2) cos θ0+Jα

Q(χ2+α2)

]
− arccos

[
(χ2+α2) cos θ+Jα

Q(χ2+α2)

]}

+2ν

{
arctan

[
(1−Q)(χ2+α2)−Jα
(J−α)

√
χ2+α2

S[θ(r0)]

]
− arctan

[
(1−Q)(χ2+α2)−Jα
(J−α)

√
χ2+α2

S[θ]

]}
. ~ �(� �

ó �:¤(�5 *��� �= 	�(r�� � � �(¢&��� �	�_¢&�
τ
� ¢1�`�?¤ ���?�	�_ *��¤z	�_�:¦¢���(¢��§�'�5��� � �= M¢1�K���:¤>�,�&�&�7�£� �=¢&���M����t

Ψ
�d�:¤(�5 *���� �

cos θ ¼ �pz	�(�¤=���1�&�&�1����¤=��¢&�(y��(�	�_ *��5�M¢1�	�
r
¤I *���&� ~ w ¯ � ¼ �c�d�:¤=�& *�����( 	�=r

r(τ)
�d�,���:�����1���_�K�d¢5�`�5��� ~ w:Ó � x

Ì»¿cÆ�Ð�½�¿��9Æ
��É�����Æ�ºcÉ7Å7À�	���À��÷¼�Æ��cÀ�����É;ÑIÉ�	 �PÀ�	
�!	»Å"�cÉ=Ác½Bº�½�Ð�Æcº�ÆcÐ�À.Á$#7ºcÉ7¾AÉáÐ�É7ºcÉ%��É7Á�	
ÈBÃ�&('Ýºc¾1À
uq�����_�(�d� ¼ ���_���(� � �=¤=�	�=���(r±���¤=� � ¢&�= (t=� �,y��	�?�&� ���: M *�&¤(���'� ���M�=  � �1�5�(¤_��� �5�( 	�(�&¥5� � �=¡O�:���=r= �� ¤ � �'�5���&�	�§�&�&� v
���`�&r=�&�(�M��� �(�&� � �����I����¡O�(�5�K�&�5��� ~ �5�*�1�'�5�*¤=� � � ¢&�( M ��_�`�?�1�&��� ��¥5�*���_¢5� ¼ ¢&�( M 	� ���_¢1���{�5�:¦?���*�1�&��� � �M¢?¤=���7�&���=�*�d¢&�'�&��&¤=�&y��*�&��� � ¢?�� ��5�K�&�,��}
�&sI�> ��&�(¤(���Os

r = R0 = const , θ = θ0 = const , ϕ = ϕ0 = const . ~ �=Ø �

� �*��� �,�(�'�1r=�&�ÿ¦��1���_�K�d¢5�`� ~ l © � ¤�z	�_���� ��&�O���:�.�_¢1�	�(�_�	� ¼ ���_���(�{¤(� � �'�&�&���5�( *r� M�=���=�5�����K�&�5� J+α cos θ = 0 ¼ � ¢1�&���	��z	�_�¤=� �	� �,y��5� ¼ �_�'�&r_¡O�
�M ��&� |J | < |α| x � �M¢?�1�&�5�(�5�'�1r=�&��¦/�&���=�*�d¢&�'� ~ w=w � �=¢&�	�:�>�	� ¼ ���_� �:� χ = 0 ¼ �
 d�'��?�M���/���'�5y��*���:�7�=r
¢&�:¤=�*�

θ0 = arccos[− J
α
] x_� ��¢5�,�&���`�&r(�5�(�M�
�&���_�*�d¢&�'�5� ~ w(� � Ö �O�5�	�_���£�_�(�d�q�#�(¡��=� ¼ ���_� E = 1

���������( * *�&¤(�5�(¦p�5�( 	�(�&¥&� ¼ ��5�K�&�>�	� ¼ ���_�/¢5�: M 	�_�`�O�&�&�
� ���_�:�5¡1�{���M�:¤=�& d�:�1���9�H�5�I¥5�*���_¢5�����:s_�M�5���= ������
�> ��5�(¤(���
N(R0) = K2 x o
�'�5�,y��*�1�5���_�:�5¡1�

� �=¡O�`�e�(�,�������> 	�_�:¦&�&�1¤=�7� ¼ �M ��1� N ′(R0) = 0
k ¯ n x j ¢5�(}��K�&�5�7���*�=  � �&��� � ¢?��z	�_�����d��� �(¢&�,y��*�5� ¼ � �= M¡O�'�&r_¡?� Ω = 0 x uq���

� ���_¢1�&¡1� ~%¯ ��� �M¢1¤=�=�#���#z	�(�&sI�> ��&�(¤=�1¦���(�	���?¢5�,¤=�&�*�&�&���5���=¤��M¢��_�(�M� � �=¢\�>��¡?�

2(K2 − 1)(R40 + κq) +R20(4MR0 − κ) = 0 . ~ �(Ó �
Ë  ��5�:¤=�5���> 	�=�(¦&�1�&¤=�= 	�(�¤(� � ���1���?�	�_ *� ¼ �* ��&�

(κ− 6MR0)(R
4
0 + κq) + 2R40(4MR0 − κ) = 0 . ~ � ¯ �

j �5�( ��=�5�( 	�=� ¼ � ¢1� M = 0
� ���&�O�1���

R0 = (κq)
1
4 ¼ � ¢?�&���	� � ���5�,y��*�1�5�#�> 	�=�(¦&�1�&¤=� ¼ �M ��1� K2 = 1 + 1

4

√
κ
q x



åcçeè4éuê çcbfädä)îed»ä�fgbHdihjf6bHkfêml�ä�ìKíïîfðfãXçIãonqpqresutuv�l#æ1w�x#w y á�)
§�¯±°I¬�¶«® «à¬���µ�«
l x o
�'�&�O�5�K�&�b�:���`�&���=�&�&�M M¡?�5��¤=��¢&�(y��*�1���ñ�������M�d�5�(�M¢5� �#���à�?¢5�:¤(�5�*�1�&¦£�_¢5�:�M¡��=�=¢1�1¦£���( * *�&¤(�&��sñ���M�(  � �1�5�:¤=��sñ�5� v 	�=�&¥ ¼ ¡O� �_�(¢1�����d�:¤(�5 *�,��� �p�5�	�(��¢&�*s� � ¢5�,¤ ���,��}
�1s � �(¢&��� �	�=¢&�(¤

I(3) ¼ K ¼ J ¼ χ ¼ �ì�_�	�  d���§�7�K�M�'�5�,y��K�����= *�&�(¤>�/�����
���	�(�'�1r=�5�:�d��¡O��� � r����_�M¢1�&�(�d�F� �M�����1�5¢1�(¤_�:�&���à�5�1���'� �&¡1�±���M�=  � �&�&�(¤(��s±�5�( 	�=�1¥{¤ � ���5�I�5�	�§�1�&�����`�&r=�&�(�d�F���:�5� � �����
j � v�� �1�M� xw x o
¢1�= 	�_�K¦��
�&¦ � ¢?��� �M¢ � �(¡?���*��¤_�(�	� ¼ ���_�����M�5���&r/��� � �> M¡?�:�	�e�_�(�1�5�=��¢1�	���*�1�5� ¼ �?¡?���K��¤>���7}��M���5�/�5�'�1�&�1�5�#�> 	�=�(¦&�1� v¤_�(�d� � �'�5�,y��*�&���¢5�:¤(�5�:¤_�M *����5�( 	�=�1¥&�£¤ � ���&�#�&�	�§�&�1�����'�1r=�&�(�d�����:�5� � ����� j � v�� �&�*� x
ª «¬�®#¯±°I¬�²�¯±°
kþlKn+* x µ7x5µÿ¶:Àþ¶(Ä(,.-�¶/-10 * x 2�x�ÃA¶MÇO¶43HÅMx�È�É>Ê(ËHæ65*Ë�7XÎKáéáCÎKÝPË�8 ~ w:¨=¨ ¯ � xk w n+* x µ7x5µÿ¶:Àþ¶(Ä(,.-�¶/-10 * x 2�x�ÃA¶MÇO¶43HÅMx å ÝÆß(Ïdæâáèß(áéæ�Ü(êß(ê�ë�ì�Ü(ËHí/Ü=îmÜHï(Ê(¼ l � ¼ l ~ Ø:� � ¼ Ù=Ó ~ w(¨(¨=Ù � xk � n:9 x ;/x�<¸=-&Ô?x?>A@&Ü:Ï:Ü�ì§æçíIÎKê&áèÜ(¼ Ó_Ø ¼ Ó(Ù=© ~ l © ¯ ¨ � xk � n ´�xCB½¹&·5¶:Ä_¸,»±ì îmß(ËHËHæ65Hß=î Û É&ÎÆÜ(ÝPÊÜED å ß/@=ï>ÎAF�æèÎ*îmë(Ë ~6G ºH,.- ÖJI 3H¸/-LKA-C,m» I ºHÅM,N3CÇ G º I ÅÆÅM¼ G ºH,.- ÖJI 3H¸/-�¶/-O0 ³�P(Q ¸(ºR0G¼ w:¨=¨=w � xk Ø n+* x µ7x5µÿ¶:Àþ¶(Ä(,.-G¼5¿ÿx S�x 9 ¹&ÅÆÀT,mÄ_¸,»�x�ì�Ü(íAU&áCÎKË�Í�ÎKê�ë/@OË�ë>Î�îMV/W�5Hß_ë>ÎKí�æ�Î�ë_Î*Ë�XO5*æèÎKê!5PÎKËHY È�ß(ÝPæçËH¼ �_w,� ¼ 9(I ºH, I ZMZ ·G¼ Ó l © ~ l ©=© ¯ � xk Ó n+* x µ7x5µÿ¶:Àþ¶(Ä(,.-G¼&´�x B�x�;
¹1ºH·&¶/-&¸,»(¶O¼�<�x5Ã!,.[+01¶(Â1À�x]\OÜ/@OÝPê�ß=îXÜ^D�Þàß:áâÉ&ÎKíIß(áéæ_5Pß=îAÈ�ÉOÊ:ËHæ65*ËH¼ �(� ¼ Ø l w(¨ ~ w(¨(¨=� � xk ¯ n:9 x�< I ,T-O· I ºHÔ1x å ÝÆß(Ïdæçáèß:áéæ�Ü(êß(ê�ë�ì�Ü(ËHíIÜ(îmÜPï(Ê ~6` ¸=Â1-�<a,mÀ I Ç�¶/-10 9 ¸/-&ÅM¼1¾�b�¼ l © ¯ w � x

û�����7û/�fûÿô ñ\òKódò��eû#ðuòÜþ�ó�������������»ûÿö\öxûfþ)û�ñ»ûQý���� ò �pðuù^ûÿôô���Wódò
ù " ; "&%�ú	�Gú,6 �:+ 1

ýE2 ' 2,� < 4?2�
dc#@CBX@��Gú,û��:6���
 ) 6&2 + @�� < 2��=@	� J&L��=<*< 25N J - �Aú < 6 � N\� < 4
ýE2 ' 2�� < 412�
fe �=<F) BEúS� < � + @Æ6&6��.
��_@HgO6 � û � e*2EDO@ < 4?2�
 ) 6&2 + @�� < 2��_@	� J&L��(<M< 2&N J - �Gú < 6 � N#� < 4

1 Q5RPS1TOU=VXW T>V � !(h*SOh,Y?T=]>^dS&TOU=VXaC](\
j � � ¢1�= /��¢1�	���*�&���Os��à�5 M ��5�K�5�(¤>�,�&���?s� S���M¢?�&�&�M M¡?� *���N� �	�=¢1�&�1�&��s� ��=�'�=�&�&�M M¡?�&s6� �M�����&�*¦à¤����=}��*¦��=�M�=¢?�&�à��� v�5�= K���_���1r=�&�= 	�=� ~ji � i �#� � v�� ¢&�My��5�	�§�{�(¡��(�O�'�&�*� x ® �(¡{���K¤_�M 	�(�5� ¼ �`�&�d���=¢5�,�&�&�M M¡?���{¡,���( * *�1�½�5¡?�:¥1���±o
�	�=¢&�(¤_���d¢5�,¤=� v�=�,¥&�5�:�&�1��s � ���&�*¦ kmlKn �?¤����?�	�_ *���M�5�&�������u� �=}
�&��s��1�5 	�=¢1�,� �*���=�:¤��5 * ��5�K�5�(¤_�:�&����M¢5�:¤(���(�:¥1�5�:�&�&��s � �'�5�*¦ x o
�(z	�_� �§�¢5�( * 	� � �_¢1�*�&�&�� c�(���&�M�����=}
�&s � � �*�1¥&�&¦ � � �*¤=�����?�	� � ¢1�_�:�5�'�1���*�&¢&�:¤>���=r � �(¤_�P���*�1�5��y��1�5¡O�(�d�p�d¢5�,¤=���(�5¢1�?}��*�d�����(¢5�� 

�_�(�&¡1�g�M¢1�*�&����'�1�d�	�(¢5�:�1�5�* M¡O�(¦�¡��5�( M *���7�5¡?�,¥&�1��o
���_¢&�:¤>� xj ���:�&�&�(¦�¢5���(� �_��¢&�( M ����'�_¢1�1¤>�:�	�_ *�� S�7�M¢1�1�5�M *¡1�� *���N� ���_¢1�1�&���'�H���M�5���&r7y��1�5¡O�(�d�½�d¢&�:¤=���=�&¢1�,��}��*�d�7���:¢5�7 9�=���&�M�
� �=}
�1s � ���*�1¥&�&¦ ¼ �&�	��¤�¢5�'�=���=�,s k w nmvHk � n x o
¢&�P� � �'���,�M�:�	�_ *� ¼ ���_�;� �M�����1r#�����5�,�A�:�	�# 	���M¢?�&�5�* M¡O�(¦� *���������_¢1�&�*¦��c�?¤����?�	�_ *�
 	�=�'�=�&�&�M M¡O�:¦ ¼ � x � x � �	�_¢?�&�&�M M¡?�5�H�7�O�&¡1¥&�1��&�u�M�:¤=�& *���/� ��¤=¢&�	� �*�1�5�:¦ � �M¢&�����K�&�5�:¦ xuq�����d� � �5 *�6� �	�=¢1�&�&�M M¡O�:�d���&���_�M¢?¤>�`����¤(�7�=¢&�:�&��¡O�=�(¢_�5�&�5���=� ¼ � � �*¤_�'���,��}
�&�q�M� � �5 d�'�=r

ds2 = F (r)dt2 + 2L(r)dtdr − r2(dθ2 + sinθ2dϕ2), ~ ld��P�5��¤=���&�1�&�1�&�
F = F (r)

�
L = L(r)

 K���(r¢� �	�_¢?�&�5�* M¡1�&�g�7�O�5¡?¥&�&� ¢5�d�5�5�'�&r(�5�(¦ � �M¢1�	� �*�&�&�(¦
r
Ú
t k ¤_¢1�	� �*�1�����¡?�(�=¢_�&�&���'�(�?Ú

θ
�
ϕ
q
�?�*�&�(¤=��� � �M¢1�	� �*�&�1���=Ú= M¡O�(¢&�( 	�=r
 *¤=�	�(�����&r �I�_�:�5�(¤= M¡?�����M¢5�:¤(���(�:¥1�5�(�1���'� � �= 	�=�'�O�1�����

GN
�K���M Kr

¤=�7�=¢&�:�1�Z¢5�:¤(�&�7�§���K�5�1�&�1¥5� x i � ¢1�K�����&���_���1r�¡O�(¤>�:¢1�5�:���=�5�:�d��� �	�_¢1�1�5�M *¡O�(�d���_�*���M�=¢&�
gαβ ¼ ���=¤_�*�5���7}
�&¦�¤=��¢&�(y��*�1���~ l,� ¼ ¢5�:¤=�*� det(gαβ) ≡ g = −L2r4sin2θ.

�  Hs>�M�1�����c�d�,���:�1�5�(¦£� �	�_¢?�5¡?� ~ l,� ¼ ¤=¤=�K���	�� ��5�K�&���7}
�5�c�_���_¢5�d�5� ~ �(¢��_�:�5�=¢��§�5¢1�(¤>�,�&�1��¦à� v �_�'�*�5 �¤�¡?�( M���_���1r=�&� �� ¢&�( 	�_¢&�:�5 ��=¤_�7¤_¢1�	� �*�&� � t

g(0)µ =
√
Fδ0µ; g(1)µ = Lδ1µ +

1

2
F δ0µ; ~ w �

g(2)µ = − r√
2
(δ2µ + i sinθ δ3µ); g(3)µ = − r√

2
(δ2µ − i sinθ δ3µ); ~ � �

gµ(0) = L−1 δµ1 ; gµ(1) = δµ0 +
1

2
FL−1 δµ1 ; ~ � �

gµ(2) =
1

r
√
2
(δµ2 +

i

sinθ
δµ3 ); gµ(3) =

1

r
√
2
(δµ2 −

i

sinθ
δµ3 ), ~ Ø �

�P�5�
i k �§�&��������K�&�&�1�&¥5� ¼ ���d¢1�*�&�M M¡1�&���&�?���M¡O K� � ¢&���=�*�*�������*���M�&�*�&���

0, 1, 2, 3 xË ¢5�:¤(�5�*�1������¦1���q�_�*¦1����¤e�=�	�_¢&�,�5�1��sI� �=���*���M�&�*�&���?sp ��5 	�_�:�&�1�5¡O� �¤e���=¢����u�_�K���M�(¢5��z*�5�*¢1�M�1� v ��� � �'�1r_ d� ~ � � � ��d� � �5 *��¤_���I��¤/¤=�?���
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G(α)(β) = R(α)(β) −
1

2
g(α)(β)R = −æT(α)(β), ~ Ó �

�H�5�
G(α)(β) k �_�K���M�(¢m��¦1���q�_�*¦1���OÚ

R(α)(β)
v �_�*���*�=¢am �1�&�&�9Ú

R = R
(α)

(α)

v  M¡?�`���?¢1�5��� ¡&¢1�1¤=���*���OÚ
æ = 8π k� �= ��_�`�?�1��������¦&���q�_�*¦&�5�7¤
¤=�7�(¢5�,�&�5�:¦I���'� �I K�5 	�=�	� ���P�5�&�1�&¥ x=� � � �1�5�d�'�1r=�&�(¦ � �( M¡?�`�5�*¤=�(¦py��1�5¡?�( 	�=���d� � �5 *��¤_�(�	�= ��¤��A�,�&�5���  ��1�?�5�(�#¡?�:¡

T(α)(β) ≡ T fluid(α)(β) = (µ+ p)u(α)u(β) − pg(α)(β) ≡ µu(α)u(β) + pb(α)(β), ~%¯ �
�H�5�

µ(r) k � �&� �=�&�= 	�=r¢���: M *� v z*�&�M¢1�M�1�EÚ
p(r) k �A�:¤��5�K�&�5��1���M�'�&r(�5�:¦ � �( M¡?�'�&�*¤=�(¦£y��1�5¡O�= 	�=�9Ú u(α) = g(α)µ

dxµ

ds
k� v  M¡O�=¢1�= 	�=r�¤��_�	�_¢&�,�&�&��s ���=� �K���M�5�K�&���?sAÚ

b(α)(β) = u(α)u(β) − g(α)(β) k � v�� ¢1�=�M¡��_�=¢ ��� � ¢1�= 	�(�:�& 	�=¤=�*�&�&� � �d�5� �:�&�,��*� � �M¢ � �(¤_�*¢>s?�&�= 	�(r ~ ���&��� v � ���_¢1�&¡?� � ¼ �=¢��_�(�d�:���`�&r=�1��¦ñ� v  M¡O�=¢&�( 	�=� ¼ b(α)(β)u(α) = 0;
¤= M�c�7�O�5¡1¥1�&�6�d�:¤(�5 *�����=���&r=¡O�I� �

¢&�,�&���`�&r=�&�(¦ � �M¢1�	� �*�&�&�(¦ xj �(  � �'�&r��*�(¤>�:¤����& *r *¤ ���Kr��á���*y��5�� M¡?�`���?¢1�&�(¦�¡1¢1�1¤=���K�5�(¦�� ��&�K�������_�*���*�=¢&��z*�5�*¢1�M�1� v ��� � �'�1r_ d�
R = æT,

� �M¢1� v
� �����	���1¢&�:¤(�5�*�1������¦&�����=�*¦&�5� ~ Ó � ¤/¤(�1��� ¼ � � �*¤=�������7}���� �5  � ���&r �M�(¤_���=rI *¤=�(¦5 ��=¤>���_�*���M�=¢&��z*�5�*¢1�M�1� v ��� � �`�1r_ d�?t

R(α)(β) = −æ
(
T(α)(β) −

1

2
g(α)(β)T

)
. ~ Ù �

u��:�1���'�{ *�& 	�_����� � �*¢&� � �5 *��¤_�(�	�_ *� � �= ��&� � �M�� 	�(�:�&�(¤_¡?��¤��5�M�������_¢1�1�5�M *¡1�&s¢�7�O�5¡?¥&�1¦{¤ñ¤=�?���� *�& 	�_�	�§� �����_¢1�*s
�?¢&�:¤=�&�*�1�&¦

ε

x
(lnL)′ =

χ

2
(µ+ p); ~ © �

ε

x
(lnL)′ − ε

2

(
F ′′

F
+

2

x
(lnF )′ − (lnF )′(lnL)′

)
= −χp; ~ l ¨ �

− 1

x2
(1− ε) + ε

x

(
ln
F

L

)′
= −χ1

2
(µ− p), ~ l(l,�

�H�5�
¤_ M� � ¢&�:���*¤=�M�5�1�����(�M¢1�,�_ *�� �(�5�= K���_���1r=�&� � �*¢&�	� �*�1�5�(¦
x = r/R, R

qp¤=�&�	�
�&�1¦�¢5�,�&�&�_ u���(¢&� ¼ χ = æR2,
¤=¤=�K���*�5�

�(�:¡&y��
 ��5�P�5�,��}����� *¤��,�*re� �My��5�g�7�?�&¡1¥1���,�§�Et
ε(x) = F (x)/L(x)2.

�  M¡,���½�������=� � �M¢?r � �5���=�5�( 	�=re���( * *� v z*�5�M¢?�M�1�����A�,¤ �5�K�&�5�
����z	�_�:¦� *�& 	�_�	�§� ¼ � �'�&�O���:�	���&�1�5�*¦1�5�(�#�&�1�H�7�M¢&�K�&¥&� v�`�&r(�5�=�#�?¢5�,¤=�&�*�&�&�#  � �M¢&�����K�&�1�7� ��¡O�(zS�H�7�1¥&�&�*���(���§�������7�O�5¡?¥&���
G(x)
t

G′′ + f(x)G′ + g(x)G = 0, ~ l w �
�H�5�

G =
√
F , f(x) = (lnϕ)′ ¼ ϕ(x) = √ε/x, ��¡O�=zS�H�½�&¥&�&�*���

g(x)
¢5�:¤=�*�

g(x) =
2(1− ε) + xε′

2x2ε
. ~ l � �

o#�,�_�	�{� � ¢1�K�����5�*�1�5�7�5�:¤_�(¦ � �M¢1�	� �*�&�&�(¦
ζ = ζ(x) ¼  M�:���5�( *�&�I *�=� �(�5� ���*�1���

dζ =
xdx√
ε(x)

, ~ l � �
�?¢&�:¤=�&�*�1�5� ~ l w � ¤ñ�?¢5�,¤=�&�*�&�&�I������&���&�1�5�*¦1�5�:�d� � ¢&�( 	�_¢&�:�5 ��=¤_�*�1�5�:�d���= *¥1���������=�=¢5��� �=�&�= *���_���1r=�&� � �M¢&�	� �*�1�5�:¦ ζ  � �M¢1�	� �*�&�&�(¦�nè�5�( 	�_���_�(¦Co

G′′ζζ +Ω2(ζ(x))G = 0. ~ l Ø �
� �(¡I¡?�:¡/¤=��¢5�:y��*�&�&� ~ l Ø � ¼ ¤_�(� �=}����M�(¤_�(¢\� ¼ �&�;� �,y��	�c�(�7�(r � ¢&�(�1���=�*�d¢1�&¢1�(¤>�,�5�#¤�z��5�	� �*���(�(¢1�1��s��7�O�5¡?¥&���Os ¼ �_��¡?¤>�d� v¢&�����H���: 	�_� �(���

Ω2
� ¢1�=}��#�5  � ���1r��M�:¤>���=r � ¢?�¤=���1�5 ��&�*�&���?sI¤I ��5�K�&���7}��*¦6�d� � �& *�Et

Ω2 = − d

dy

(
Φ

y

)
, ~ l Ó �

�H�5�
y = x2,

�H�7�O�5¡?¥&���
Φ

�?¤ ���?�	�_ *���:���`�5�:�d� �ñ�1r��I�=�(�5�:¤_ M¡O�:�d���d¢&�:¤(���(�:¥1�5�(�1�5�:�d� � ���_�*�&¥1���`����¤=�1�,�_¢1��y��1�5¡?�:�d�H���(¢&�
�¤=��¢5�:y��(�	�_ *�������d¢5�,¤=���(�:¥1�5�:�&�1��sp�?¢5�:¤(�5�*�1�&¦�&�M¢1�	�u�7�?�&¡1¥1���

ε
¡?�:¡

Φ = 1− ε = χ

x

∫
µ(x)x2dx =

χ

2
√
y

∫
µ(y)
√
ydy. ~ l ¯ �

® ¢&��� �u�_�:�d� ¼ ���# *�5 ��_�	�§���d¢&�:¤=���(�:¥&�&�(�1�&��sp�?¢5�,¤=�&�*�&�1¦ ~ © �Cv ~ l=ld� �5���_¢1�,�&�5�����,¦��=� M�=� �(�5� ���K�&�5�������I�A�,¤ �5�K�&���At

χp = − Φ

x2
+

1

x
(1− Φ)(lnF )′. ~ l Ù �



åcçeè4éuê çcbfädä)îed»ä�fgbHdihjf6bHkfêml�ä�ìKíïîfðfãXçIãonqpqresutuv�l#æ1w�x#w y â y
o
¢1�K�� 	�(�,¤=���?�_� � �M¢?re�7�O�5¡?¥&���

Ω2
¤�¤=�1�5�
¢\�>�A� � � � �*¢&�	� �*�1�&�7�

y

Ω2(y) =

∞∑

n=0

any
n. ~ l © �

u��'�&�M�#¤(�7�=�M¢1�	� ¤_ M�
an
¢&�:¤(�&�7�§���&�'��� ¼ � x � x Ω2 = 0. � �(�H�A� ~ l Ø ��� ¢&�K¤_¢5�:}��(�	�_ *��¤/�?¢5�:¤(�5�*�1�5�

G′′ζζ = 0 ~ w:¨ �
�F�7�O�5¡1¥1���

G(ζ) = C1 · y + C2,
�H���

C1, C2
q � �= ��_�`�?�1�&�����1���_�K�d¢1�&¢&�(¤_�:�1��� x

� �  M�=���=�5�����*�&�1¦ ~ l Ó � � ~ l ¯ �  M¢&���*� � ���1�?�5�(�	� ¼ ���_�ÿ¤(�7�=�=¢?� Ω2 = 0
���=¤_�K���(���½�M�5�&�=¢1�M�5���'�H� �M�5���&r��M¢5�:¤(���=�&¢1�,��}��K�d�

���:¢5�½  � �&� �=�&�= 	�(r������( M K�
µ0 = const. �   � ���1r��*�(¤>�,�&�5�� *¤��,�*��� �My��&���7�O�5¡?¥&���,�§�

ε, F
�
L,
�;�(�:¡&y����_ ��5�:¤=�1¦� 	�
�&¤=¡1�

 M��¤=�&�	�
�&��� ¢&�����K�&�5���qp�¤>�:¢1¥��
���&r(��� ¼ � ¢1�1¤_�M�&����¡����*¤=�M 	�=�&� �§��¤(�&�,�_¢&�K�&�&�	�§�p¢1�	���*�&���rp ¤_�(¢1¥��
���1r(�A� xo
¢?� z��_� �b�&�M� �ds_�M�5��� �¢�d��� �	�(���=r ¼ ���_�à M�(�*�5�( *�&���=�M�=¢1�	� � k � n �d¢&�:¤(���(�:¥1�5�(�1�5�(� � �'�5� ¼  M���K���:¤>�:�	� �=�ñ S���M¢?�&�&�M M¡?� *����� �	�_¢?�&�&�1�7�  	�(���=�1�5�M M¡?��� ¢5�:  � ¢1�K�����5�*�1�5�	� ¤_�M}��* 	�=¤>� ¼ � ��`�&�d�	�(¢5�,�&�5�* M¡O�(¦à¡,���: M *�1�½�5¡?�:¥1�&��o
�	�_¢&�:¤>�p���=�5�( *���= ���&���(�/¡g�(� � �
D,

�&���=��¡g�=� � �
0.j ���'�����  ��&�O�5�(� ¼ �d¢&�:¤(���(�:¥1�5�(�1�5�(� � ���5���M�5�5�(¢&�M�&�5�(�M�/¢&�(  � ¢&�P�����&�*�&���py��1��¡O�( 	�=�����=�5�( *���_ *�p¡��'�1�d�	�(¢5�:�1�5�M *¡O� �§��=� � �

0,
� x � x � � �5 K��¤>�(���_ *��¡O�(�����=¢��§�5� � �&�= M¡?����¢&�����*�&�&�	� �?¢5�,¤=�&�*�&�1¦F��¦&���q�_�*¦&�5� xj ���*r�� �	�B�_� � �M¢?r

n = 0
¤I¢&�����&�,y��*�&�1� ~ l © � x �.�_� � ¢1�1¤_�M�5����¡ � �( 	�_�`�O�&�5�:¦:nè���( ��_� �_�so Ω2 = a0 ≡ Ω20 = const.

o
¢1�
�> ��5�:¤=�1� � �'�5�,y����_���1r=�5�( 	�=�

Ω20
� �(}��M�/¢&�	���*�1�5���?¢5�,¤=�5�K�&��� ~ l Ø � ¤=� � �5 *��¤_�(�	�_ *��¤�¤=�?�����*�(¢�� �(�&�1�5�* M¡O�(¦ñ�= *¥1�����&�&¢1� v��}��*¦ì�½�?�&¡1¥1�&�

G(ζ(x)) = G0cos(Ω0ζ(x) + ϕ0), ~ w l,�
�P�5�

ϕ0
qp Æ�5¤(�&�q�#���*� x

| ��¢?�O�d�(¦� 	�_�(¢&�:�&� ¼ ��� ~ l Ó � � ~ l ¯ � ���,s>�M�5��� ¼ ���=�� M�(� �=¤=�	�_ 	�=¤(�,��}���� � �5� �(�5�= ��=rì���: M *� v z*�&�M¢1�*�&� � ¢1�K�� 	�(�:¤����?�	� M� �=�:¦ � �(¢&���=�'�&�1�5�M *¡O�=�
¢5�:  � ¢1�K�5���5�*�1�5�
µ(x) = µ0(1− bx2), ~ w(w �

¶ �7�O�5¡?¥&��� G � ¢1�1�&�����:�	��¤=�?�

G(x) = G0cos(Ω0(ln(
dε(x)

dx
)/(2
√
C4 +

√
ε(x))) + α0), ~ w:� �

�P�5�
ε(x) = 1− C3x2 + C4x

4; C3 = χR2/3; C4 = χR2b/5.

�   � ���1r��M�:¤>�:�1�5���?¢5�:¤(�5�*�1�&¦F�'�O�d� �_�K�&���  � � � �1���M�'�1r=�5�:¦�y��?��¡O�= ��=�������g�d�d�A�:�1�5�:¦�� �	�=¢1�5¡?� ~ ld� � � ¢1�=}��(�	�I¤=� v�&�5 ��5�*�1�5��¡O��� � �(�&�*���g�_�K���M�(¢5� j �*¦���� ¼ ¡O� �=�=¢1��¦¢� �,y��	�F�(�7�=rF�M� � �5 d�,�¤F�_���_¢5�d�5�1��s�¡O� � � �(�5�K���(�:s�¤����=}��	�Z ��&�O���:�¡1�:¡

W(α)(β)(γ)(δ) = R(α)(β)(γ)(δ) +R(γ)[(α)g(β)](δ) −R(δ)[(α)g(β)](γ) −
1

3
Rg(γ)[(α)g(β)](δ). ~ w,� �

o
¢1�(���K¤_�M�1�p���_� �(¢5�:y��K�&�&�u�=�*���M�(¢5� j �*¦����I�5��� v � �M¢?�5�=���K¤_¡��1�1�5�(¤=� � ¢&�( 	�_¢&�:�5 ��=¤_�� ������_¢1�&¡O�(¦
eij = diag(1, 1, 1)

 
� � � �=}
r � ~ εkmn q � ���1�5�( 	�=r��Z�:���=�5 K����� �	�_¢1�1�1�&��¦ *���§¤_�����
�*¤=� v�¦ �1¤=���=� �

Ωαβk = δαk δ
β
0 −

i

2
εkmnδ

α
mδ

β
n, ~ w(Ø �

� ���1�O�&�����=�* M ��5�P���:¤=�,�
3× 3

�����_¢?�&¥&� j �*¦����

W =
( η

2R2

)
x2 × diag(2,−1,−1), ~ w(Ó �

� ¢&�P�� 	�(�:¤����,��}
�,�b M� �(�(¦±¡?�:�&�(�1�&�5�* M¡1�1¦�¤=�1�¢���'�_¢1�1¥&� j �*¦����ì�=� � �
D
������¢5�: M 	�����=¢1�&¤_�(�	� �:�d�� ��&�O�5��� � ���'�&�M�	�=¢&� v�&�5�* M¡O�(¦±¡,���( * *�1�7�&¡?�:¥1�&� � ¢&�( 	�_¢5�,�5 	�(¤�����ì�����=�(�M�

x 6= 0 ~ η = 2m/R
q�¡O� � � �(¡��=�&�= 	�=r ¼ m qì�
¤>�:¢1¥������&r:���:¤_ M¡?���

���: M d�����:¢5� � x
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m§�&  xmãOu � �:+ @���gO6 �=< �'��41ú��,ú < �S� � c;� <*' � �5412�2ñ@M@�3�� � @P4��125NI6Aú�35û �=< 4 �(< �'� ) 3��Aú + û&N�vAw
21gI3�úS�Gúyx�@	�S� �,+
p zy{?| q "

j �_�(�&¡O�
x = 0 ~ ¥&�*���_¢¢���(¢5� ��� ¢&�:�5 Hs>�M�5����¤(��¢&�,y��5�*�1�5�������_¢?�&¥&� j �*¦����¢�=� � �

D
¤£�(� �

0,
� x � x �5� � ¢&�*¢1��¤=�1��¦� �M¢1�*s>�M�

x → 0
 *� � ¢&�(¤=�,y��A�:�	�_ *�� M¡?�M�5¡O�(� �=¢&���*�1�7���������K�5�*�1�5�	���=� � � � ¢&�( 	�_¢5�,�5 	�(¤>� ~ D → 0

� ¼ ���_�� M�(� �=¤=�	�_ 	�=¤(�>�	����	� �*�&�*�&���£¢&�:�&�*�u�����_¢?�&¥1� j �*¦����
W
 
r = 3

���
r = 0 x o
¢1�Iz	�_���¤��=¡1¢&�M ��=�5�( 	�=�e�_�:�5¡1�

x = 0
� �&� �=�&�= 	�(r�y��?��¡O�( 	�=�

� �= ��_�`�?�1���/�à¢5�,¤=���
µ0.
u�¢?�O�M���§�ñ ��5�(¤_���§� ¼ ¤ ���&���*�ñ¥5�K���_¢&�/¤_�M}��M ��=¤_� � �(�����=���&�M Py������:�	� � ¼ ��'�1�d�	�=¢&�:�1�5�M *¡1�&¦��=� ��M¢5�,¤=���(�:¥1�5�:�&�&�(�d� � �'�����M 	�=r

0.

� �:¡1���� �(¢5���*� � ¼ � �'�&�O�5�K�&�&��¦I¢&�K�'�&r'�(���#���:s_�M�5���= ���¤ � �'�&�5���± M�(� �=¤=�	�_ 	�(¤=�&�p ����(¤_�M¢Oy��5�*�1�5�	�¢�_�M�(¢&�	�§� k � n x�} ���&�M��=�(�d� ¼ �'�1�d�	�=¢&�:�1�5�M *¡1�'��¡,���: M *�1�½�5¡?�:¥1���/�d¢&�:¤=���(�:¥&�&�(�1�&��s � �'�5�K¦ *¤��,�d�:�5�� �¢1�	���*�1�5�	��¡?���:�&�&�M M¡O�(�M��s>�(¢&�(¡��=�M¢1�& 	�=�1�&� v *¡O�(�d���?¢5�,¤=�5�K�&���

λ3 + pλ+ q = 0, ~ w ¯ ��H�5� � �(¢5�'� �	�_¢1�
p
�
q
� �(�M�,���(�=�=r/���:¦?���K�&� � ���d�,���:�1�5�(¦6�=�* M ��&�K���:¤_�(¦F�����_¢?�&¥5�

W
¡?�:¡

p = −1

2
SpW 2; q = −1

3
SpW 3. ~ w(Ù �

Ë ¢&�:¤(�5�*�1�5� ~ w ¯ � � �,y��5�I¢&�( M 	���'�_¢1�1¤>���(rI¡?�:¡�> ��&�(¤=�&�
z*¡O 	�_¢&��� �,���������p�&�M¡O� �=�=¢&�:¦�n � ���_�*�1¥&�5�'�&r(�5�:¦1o��7�O�5¡?¥&�1�

V (λ, p, q) = V0 +
1

4
λ4 +

1

2
pλ2 + qλ, ~ w:© �

�H�5�
V0 = const.

| �(�*�5�( *�&���_�M�(¢1�1�I¡1�'�(�( 	�_¢1��� ���S�7�=¢����,¥&��� ~ w:© � � � �5 *��¤_�(�	��¡?���(�( ��_¢&� �7�/ ��=�=¢1¡1� Ë ���=�1� x j{� �5�( M¡O�= 	�=�/� � ¢5�:¤����,� v}
�1s � �(¢&��� �	�_¢1�(¤
p
�
q
¢1�	���*�1���/�?¢5�:¤(�5�*�1��� ~ w ¯ � ¼ ¤_�(� �(}����d�(¤=�=¢\� ¼ ¢&�(  � ���5�:�*�����_ ���¤c�_¢&�Ks/� �'���( ����Os ¼ ���u�_¢&�*sc�&�1�&���Os

�¤I�M�5�&�(¦6�_�:�5¡O� ¼ ¡O�(�H�A�c�§���(�M¢5�:�1�&�1�&¤_�(�	��� 	�(���=�&¡O�(¦ ~  	� x ¢1�&  x l,� x
� �*¤=�M 	�=�&� ¼ ���_� � ¢1���=�M *¡O�(�5�K�&�5�£���`�&��s{¤_� ��� �?}��*�1���Os �'�&�M�	�=¢&�:�&�&�M M¡?�&¦��=� ��� ¢1�= 	�_¢&�:�& 	�=¤_�ì� �,y�������	� �*�1���=r= *�

~ � ¢1�z	�=� ��¢5�:�1�u�����_¢?�&¥1� j �*¦������ �*���?�	�_ *�p M¡?�M�&¡O� � �7k Ø n x�| �=�(�5¡?���M¢&�K�&�����_�*�=¢?�&����:�1���M���#�'�M�(¤(��s � �M¢&�Ks>�M���:¤pw v �d�¢1�M�A���=�(�5¡?�I 	�(�=¢&¡?� ~ p = q = 0
�  M�=���=¤_���_ 	�=¤(�>�	���#�'�M�(¤=� � � � �*¢&�*s_�M�5��¤��=� �

0
¡?�(¡����,���=�'�5�M�� *����� �	�_¢?�&�1�&�,�"n��#���K��o x} ���&�M�F�=�(�d� ¼ � �(¢5�'� �	�_¢ p �:�5�'�&�(�M�1�5�*�B�=�	� � �M¢&���=�?¢&�(Ú � ¢&�:���*¤=�M�5�5���

∂V /∂p
q{zK���_¢1� � �1�EÚ

∂2V /∂p2
q��_� � �&�=����¡O�( 	�=� ¼� �K���,�1 *r/¡?�:¡���(�5�� M¡?�M�5¡O��� � ¢?�

p = 0.j ���'�����£ ��&�O�5�(�
�1¢&�:¤(�5�*�1�5� ~ w ¯ � �����*�	�I�&¤>�I M�:¤ � �d�A�'��}
�&s�¤=�M}��M 	�=¤=�*�&�1��s�¡O�(¢1��� ¼  *�,�����I¡O���_�=¢?��s� �� �(¢5���(�&�7��K���:¡?���±¢&�:¤=�5�u�_¢&���=r_�	�§��¡O�(¢1����t
λ2 = λ3 = α0 = (η/(2R2))x2; λ1 = −2α0.

o��:¢5�'�����_¢1�
p
�
q
¤=��¢&�(y����I�= ��/�&�M¢&���

α0¡?�:¡
p = 3α20; q = 2α30.

u��& M¡&¢?���§�1���:���
Q = (p/3)3 + (q/2)2 = 0

�M�,�A�:�	� � �'�&�?¡1�,�(�1�5�* M¡1�\� � �(¢&���(���&�
p = −3(q/2)2/3

~ � ¢&�(�M¡1¥1���¢�&�1�&�1�  *¡��5�,���(¡ � ¼ ���=¤_�K�����7}
��� � ¢&�= ��_¢5�,�5 	�(¤=���=� � �
D. � �:¡ ¡?�(¡ q > 0,

�_�ñ¢5�: M 	�����_¢?�&¤_�(�	�§��¦  ��&�O�5�:¦
 *�=� �(¤_�	�_ K¤=�>����¡&¢?�&¤=�(¦ ¼ � � � �*�&�*�&�&�(¦�����¢1�&  x l ¡&¢1�M 	�_��� x ® ¢1� � �.�_�(�M� ¼  M�( 	�_�`�?�1�5� ¼ �����
¡O���_�=¢1�(�d� λ = α0 ~ �_�(�&¡?� � �*¢&�*�M���_��½�?�&¡1¥1�&�

V (λ, p, q)
� ¼ �5�*�> ��_�(¦1�&�1¤_� xuq�����5�:¦?���*�1�&��s�¡O�=¢1�&�*¦à�1¢&�:¤=�&�*�1��� ~ w ¯ � zM¡O 	�_¢1�	���'�1r=�&�����*���M�&�*�&���£�7�O�5¡?¥&�1�

V (λ, p, q)
� �(�*���6�:�7�=rF�d� � �5 d�,�&�¡?�:¡

V (λ2, p) = V (λ3, p) =
1

12
p2 + C; V (λ1, p) = −2

3
p2 + C, ~ �(¨ �

�H�5�
q
�
α0
¤=��¢&�(y��*�1�b�&�M¢&�	� � �:¢5��� �	�=¢

p.
j �_�(�&¡O�

p = q = 0
���'�������������_ *�� M¡?�M�&¡1��¤��_�(¢1��s � ¢1�(���*¤_�M�&�&��s � �

p
� �

�½�?�&¡1¥1�&�
V : ∆(V,p,p) = 1/6

�
∆(V,p,p) = −4/3,

���_�� *�=� �(¤_�	�_ ��=¤=�_�	�� *¡?�d�&¡1��¢5�,�&�*�q�����=¢1�1¥&� j �K¦�����¤c�=�(�5¡O�� 	�=�(¢&¡?� x
| �5�P���:¤>���_���&r=�&� ¼ �5� � ¢&�M¢?��¤=�1�������	� �*�&�*�&��� � �M¢&�����*�*�5�:¦ x ~ x → 0

� � � �:¢�� �	�=¢&�(¤
p, q ~ p → 0, q → 0

�ÿ� ¢?�&¤_�M�&���¡¡?���(�( 	�_¢1�����(t5�'�1�d�	�(¢5�,�&�5�* M¡1�1¦6�=� �� ¢1�= 	�=¢5�:�& 	�=¤_�� M¡?�M�&¡O� ��� �*���1�	�= ��I¤/¥5�*���_¢&�7�5�����*¦F���(¢1�(¤=�(¦ì���M�5���&� ~ D → 0
� x



åcçeè4éuê çcbfädä)îed»ä�fgbHdihjf6bHkfêml�ä�ìKíïîfðfãXçIãonqpqresutuv�l#æ1w�x#w y â4á
ï  ��&�¤(��¢5���K���=r/¡O��� � �(�&�*���(�K�����_¢?�&¥1� j �*¦����p�&�M¢&��� � �5� �(�5�= ��=r����: M *� ¼ �_�c�����_¢?�&¥1� j �*¦���� ~ w:Ó � ���,y��5� � �M¢1� � � v d���=r�¤/¤=�?���

W =
( η

2R2

)(
1− µ(x)

µ0

)
× diag(2,−1,−1). ~ � l,�

i �_ ������� *¢5���K��¤(�1���K� � �M¢&�*s_�M�ì�����_¢?�&¥&�
W

�=� � �
D
¤����'�_¢1�1¥&���(� � �

0
� ¢1�� ��_¢&�	�4�&�*�&�1� � �5���=�5�( 	�=�6���( * *�

µ(x)¡ � �= ��_�`�?�1�5�:¦¤_���1�&�1�&�5�
µ0.m§�: M 	� � �_¢1�*�1�5�7 ��1�?�5���/ 

n = 1
� ¢1�1¤_�M�5���� M�(�*�5�( *�&� ~ l Ó � � ~ l © � ¡I¤=��¢5�:y��*�&��� Ω2 = a0+ a1y. � �:�P���� M�(� �=¤=�	�_ 	�(¤=� v��}��M�
¢5�(  � ¢&�P�����&�*�&�&� � �&� �=�&�= 	�=�����( M K���M� � �����	�_ *�¡?�(¡ ~ c qI�5�*¡O� �_�=¢&��� � �( 	�_�`�O�&�5��� �

µ(x) = µ0(1− bx2 − cx4). ~ �=w �o
¢1�(¤_�P���*�1�&��¦��,���`�5�(�*�&�&�1�7��� �(¢5���*� � �:���`�&���7¤/�=¡1¢&�* 	�=�5�( 	�=�p¥5�*���_¢5�#�d¢5�,¤=���(�5¢?���7}��*�d�c���:¢5� � ¢1�1¤_�M�5����� � �,�=r�¡
� ¢&�P�5�ÿ�5�?}��*¦p *���(�O�:¥1�&�9t(¤�¥&�*���=¢&� ~ �I¤c���`�5�(¦��*�d���=¡&¢1�M 	�=�&�= 	�(� � ���:¢5����� �M�	�{�'�1�d�	�(¢5�:�1�5�M *¡1�1¦��=� � �M¢5�:¤(���(�:¥1�5�(�1�5�:�d�
� �����

0,
��¤�( 	�(�'�&r(�5�:¦ ���( ��=�����(¢&�ñ�d¢&�:¤=���(�:¥&�&�(�1�5�=� � �'�5� � ¢1�&�5�,���5�My����ì�=� � �

D.
Ë �&�	� � �= ��&�K�5�,��}
�1s���5�K�5�(¤�¤¢5�����5�,y��*�&�1� ~ l © � ~ n > 1

� �&�1�5�K�d���5�(¤=�(�d���5�7�����_�:¤����?�	� xu�¢?�?�*���§�  ��5�:¤>���§� ¼ ¤��(¡&¢1�M 	�=�&�= 	�(� ¥&�*���_¢&�£���(¢&�?�����M�(¤(��¦ � �M¢1�*s>�M� w v �M�{¢&�M���à¤� 	���M¢1�1�5�* M¡1�  *����� �	�_¢?�&�1�5� ��d¢5�,¤=���(�:¥1�5�:�&�&� � � ���&��y��?��¡O�:�d�����(¢&��¢&�d�`�&���*�>�	�= ��¤=�&�c�d�:¤(�5 *��� �= 	�=�ñ� �p¤=�7�=�(¢5�
n (n ≥ 0)

¤�¤=��¢&�(y��*�&�1� ~ l © � ¡1�:¡���	� �*�&�*�&�&�
�'�1�d�	�=¢&�:�1�5�M *¡?�:�d���=� � � � ¢&�( 	�_¢5�,�5 	�(¤>� v ¤=¢&�	� �*�1� x
ª «¬�®#¯±°I¬�²�¯±°
kþlKn o
���_¢&�:¤ ��x ó x?~
�/�y�������R���y�������y�y���s�������M�O�1�d�y�$�O�y���C�����O�=�O�y�����1x q � x t&���M�?¡?� ¼ l ©=Ó=Ó x qp�_©=Ø�  xk w n } �(¢5�,�5�:¤ ��x � x������O�����(�O���M�O�1�����O�y���O�y�¡ ¢���C�O�M£/�C�1¤¥����£/���C¦C���� �����§=�/�H§/���¨�©�O�s�1����£J�1���O���"��§/£s�(�Oª��R�1�1�y��1�4�E£��1���O���«ªa�O�� ��y���$��¤ ×=×(j �M 	�=�1�5¡ ® ¢5�( K�5�`�?¢& M¡O�:�d��M�= *�,�A�:¢& ��=¤_�*�1�5�:�d��O�&�&¤=�M¢& K���_���(� x �����*�&�&�M M¡?�5���¢�����_����� v

�(�&�&�M M¡1�&�7���M�?¡?� x qw:¨=¨_w x q�¬ l x q |7x Ø vHl w xk � n } �(¢5�,�5�:¤ ��x � xm¼ j �5�( M�:¤ � x j x���y�4���O�®§/£s�(�Oª��R�1�O�y¯R�®¯6�(£��4�C���/�O°�¤����s¯s��±�£s�(£ ×=×:j �M 	�(�&�&¡ ® ¢5�( K�5�`�?¢& M¡O�:�d��d�= *� v���(¢1 	�=¤_�K�&�&�(�d���O�&�&¤=�M¢& K���_���(� x �����*�1�5�M *¡1�&���6�����=�	�����=�1�5�M *¡1�5�7���M�?¡1� x qw(¨(¨_Ø x q�¬ l x q |7x ��q l=l xk � n } �(¢5�,�5�:¤ ��x � xL���¢£��O¯s���M��£4�1¦C���s ��H�²�$�1�O�«�H³����1�1¦C���� ��´�������
�s���O�1¦(�1�4¯R�a¯6�(£��y�1��£4�O�O���C�O�y¯s�q�O�H�(� ×(×(j �M ��=�&�&¡® ¢&�( *�&�`�1¢1 M¡O�(�M���d�( *�,�A�:¢& 	�(¤_�*�1�5�(�M���O�&�&¤=�M¢& K���_���=� x �����*�1�5�M M¡?�5�������'�_�	�����=�1�5�* M¡1�&�/���M�?¡1� x qw:¨=¨(Ó x qd¬ l x q |7xØ v © xk Ø n } �(¢5�,�5�:¤ ��x � x¶µ%�J§J��°����s�1���·�/�!�y���A�(£4�O�����¸�¹ 4�O£=�����O³��1 �£4�O�(�»º$�R�A�!�4�/£ ×'Ë � v �ôu�¢?�1yc�(� ���(¢1�M���:¤
��� x o x �#�,�§�,�N�:� x � x v½l © ¯ Ó x q�Ù�  x q/u�� � x ¤ j � � ����� l � x ¨ ¯ x ¯ Ó�¬ w(Ó=�=w v ¯ Ó x
ûÀö\òNù^û/�Qûÿód÷�� ñ^ó
�\ôõòNó����µñ\ó
�\ôõòKö\òNö����½¼Ródô����QûI�S÷b� � ùd¼RýxòKóRûI�S÷b�ôõö»ûÿþ7ûeû�¾Qó�����\øó�Àû/�Qû

ù " ; "&%�ú	�Gúd6 �:+ 1 ¼ $�" ù "1¿ + úd6 �:+ 2
1 ýE2 ' 2�� < 412�
�c�@CB§@��Aú:û��(6���
 ) 612 + @�� < 2��_@	� J&L��(<M< 2&N J - �Gú < 6 � N#� < 4 ¼ 2 ýE2 ' 2,� < 4?2�
c#@CB§@��Gú:û��(6���
 ) 612 + @�� < 2��_@	� J&L��=<M< 25N J - �Gú < 6 � N#� < 4

1 Q5RPS&TOU(VXWbT>V�� !(hMSOhdY?T=]>^dS&TOU=VXaC]=\ ¼ 2 Q5RHS&TOU=VXW»(yÀ1U Ý T:e1[ Ý ^MS5T>U_VXaC](\

{j|p®;} ®H~à«±®

�  M ��5�K�5�(¤>�,�&�&�7¡O� � � �5�M¡O K�&��s��§�5�:�d�=���=¢&���*�1¦g� �,y��	�c�(�7�=r � ¢&�( ��5�My��K�5���M}�� � �q� �(�1�,���K���(�'�1r=�&�7�¢5�'�=� �(�,s+Á?�M�> M d�
�®m§�����:�5� � ���=�M�=¢?�&��& M¡&¢?�&¤��5�*�1�&��s � ¢&�( 	�_¢&�:�5 ��=¤&ÚO¡����: M *�1�5�M *¡1�5��m§�����,�5�(¤(� � �:¤_�M¢>sO�5�( 	�=�g�O¤ ���,�1�5 *r � �M¢?¤=�7�§� � ¢1� v
���*¢5���§��¡O� � � �&�M¡O *�1��s��§�5�:�d�=���=¢5�'�*�&¦ x m �����,�5�:¤>���d�M� � �	�=¢1���I���_�M�=¢?�����7�O�5¡?¥&�1¦��§�&�(�M�1s�¡O��� � �5�*¡O *�&��s � �M¢1�	� �*�&�1��s¢5���K¤=�&¤_�'�1�5 *r
�&�	�d�:¤(�5 *��� ����¢1�O��� ���5¢1�O�*�½�5� l ©=�(¨ v s��d�M���:¤ ¼ � �=¡?�7�&�=�(�=�&�I� �(�9�P�5�&�&�*�1�   � � � �=}
r ��zM¢��§���_�(¤=�(¦/�I¡1z��5� v¢&�(¤=�(¦��d�M�������_¢1�1� x jZl ©:� ¯ � x j �*¦��1r/�F��¢&�* 	���:�&��¢5�'�M¢&���=���=�`�&�6�_�*�=¢1��� � �(���=��¡O��� � �5�*¡? K�&��s�� �&�(�d�(� �(¢5���K�&¦ ¼ ¡O���_�=¢&����(�=����¢5�'�*¤=���=��¤����'�1r=�&�*¦����	� ¤I¢&���(� �(�:s6��¡����,��� ¼ ��¢&���1�&s_�M¢5� ¼ �#r����5�:�?���M¢&�����#�&¢&�*���=�M¢?�*� xi �&������� � �M¢1¤(��s � � � �7�_�=¡���=�G�K�5�1�&���=r6�_�*�=¢1��� � �=�&�= *���_���1r=�5�( 	�=�à�±¡O��� � �5�*¡O *�&��¦±�:���`�&��� v ¤(¤_�K�5�*�&�&�e�§�&�����:¦
¤_¢&�����K�&�5�:¦�¡?�(�=¢_�&�&���'�=�b�����à�&�	�=��¢&�Ks�� �M¢?�5�:�d� � ¢1�= 	�=¢5�:�& 	�=¤_� v ¤_¢1�	� �*�&���:�=��� � ¢1�K� � ¢1�1���,�:���*}��o#�>�:�5¡?�:¢&�/� � �&� v¡?�:¤_ M¡?��� x �9�=���?���	�p�,�u����¤e�_�*�1r/  � �`�O¤ �5�K�&�&�	� ���=}��*¦ì�_�M�=¢?�&��� �(�5�= K���_���1r=�&�= 	�(� x ® ��� � �5�M¡O K�&��� � �M¢1�	� �*�&�1���#¤=�&�(¤=r���M�&�1������� � �`�?¤����,�=r_ *��¤�5 M ��5�K�5�(¤>�,�&���?s � �g�=�M�=¢?�&�à� �(�5�= K���_���&r=�&�= 	�(�à  l ©=Ó=¨ v sñ�d�M�5�(¤ x o
¢1��� �M¢&���K� �,y��	�� ��1�?y����(r
�����_�M�� *¤_�	�=� � �M�5� �:�&��sg�=�	�_¢5�d�u��	�(�*¤_� ¼ ® �M¢1¢5���Lp ���1��� ¼ � �	�_�M�&�   � �1�5�=¢?�5�:�d���5 K�&�5 ��5�*�1���po
�K�5¢&�:�,�d� kmlMn x



y â�â ± ãfädå.²Üæ�³Våcçeè4é»êëä�ìhíïîfðfãRçIã
o
¢1��� �M¢1�&��¤ñz	�_��y���¤_¢1�	��� � �`�O¤=���5 *�¢\�O�{¢5���(� � ¼  K¤��,�d�:�1�&��s±  � ���1�O�5�*�1�5�	���5�:¤=��s±¢&�����K�&�&¦{�?¢5�,¤=�&�*�&�1¦���¦&� v

�q�=�*¦&�5��  � ��� �=}
r�� ¡O��� � �5�*¡O *�&��s � ¢1�M� �(¢5���*�(¤>�,�&�1¦ x j ���( ��=�5�( 	�=� ¼ �(�(¡����'�*��¤>�:�	� �=��¢&�����*�&�&� ® �M¢1¢5��¤�¤>�:¡1�O�,� �7�����¤=¢5�:}�����}��*�d�= ��ì�_���5� � �'�&�O���:�	�_ *� � ¢?� � ¢1��� �*�5�K�&�&���&�M¡O� �=�=¢&�:�d�p¡O� � � �&�M¡O *�5�:�d�I�5�*�M���5��� �=¢��½�5�(�M� � ¢&�M���=¢5�'�M�(¤_�:�1����¡¤(�5�����&�	�§��¢1�	���*�&���rp ¤_�(¢?¥��
���1r(�A� xo
�M�5s_�M� ¼  K¤��,�d�:�1�&��¦� 7¤(¤_�K�5�*�&�&�	��¡O��� � �5�M¡O K�&��s/¤_���1�&�1�&� ¼ ¤=�M¢&�`�,�=�5� ¼ �����&y��*�¤�¡?�(¡O�(¦ v �_��� �M¢1��¢5�: 	�
�5¢?���=r�¡����: M 
� ¢&�*� �=¢&���M�:¤>�:�1�&¦�� ¼ �_�	�� d���§�7� ¼ �����5�K�M�&���=r��5�:s>�,y����*�1�5�#¢&�	���*�1�&¦��?¢&�:¤=�&�*�&�1¦F��¦1���q�_�K¦&��� ¼ �=�:¡¡?�(¡6�½���*�1�5�M *¡O�(¦�¤_� v
�1�&�1�&�&�(¦��O¤ ���1�	�= ���¡1¤>�d��¢&���#�&���=�M¢1¤_�'���I� �My��5���&¤=�,�����_�(�&¡?���§�e�§�5�:�d�=���=¢5�'�*��� x i �e�:�,���	�
�( 	�(�:¤>�'�=r_ *��¤_�*}��* 	�=¤_�K�&�1�7�
�p¤� ��&�O���:��¤=¤_�P���*�1���I¡O��� � �5�*¡? K�5�:¦�� �	�_¢?�5¡?�I��¡O� � � �5�M¡O *�&�(¦p *�5 ��_�	�§� ¡O�=�=¢_�&�&�5��� x j  ��&�K�� ��=¤=�&���_�:�d� ¼ ���_�
¤=�M}��M 	�(¤_�*� v�1��¦��&���_�M¢?¤>�'�g� �,y��&� � �= ��_¢&�:���=r��5¤(�,�N��  � �= M���_���§�9t

ds2 = gαβdz
αdzβ + gᾱβ̄dz

ᾱdzβ̄ , ~ l,�

ds2 = 2 gαβ̄ dz
α dzβ̄ , (α, β = 1, . . . , n; ᾱ, β̄ = n+ 1, . . . , 2n), ~ w ��H�5� ~ l,� � �=¤=�*���:�	���(�(¡����'�*��¤>�:�	� � � � � ¢&�= ��_¢5�,�5 	�(¤=�� *�� 	�=¢1�?¡��(�?¢1�(¦ � ¢1�(���K¤_�K�5�*�&��� ¼ � ~ w ��v z*¢��§���=�(¤=�7� ��¡&z��5�M¢1�(¤=�7�� ¢&�( 	�_¢&�:�5 ��=¤>�'� ¼ �_��¤_� �����,y��&���&¤>� � �M�&s>�M�A� ¼  M�(� �=¤=�	�_ *¤(�,��}
�&s��A�,�&�&�7�à 	�_¢?�?¡��(�?¢&��� x j ���:�&�&�(¦I¢5�'�=���_�½¢&�( M 	���'�_¢1�1¤>� v���_ *��¤=� �	� �,y��5�= 	�(r � �*¢&�*s_�d���½� �7¤_�M}��M ��=¤_�*�1�5�:¦e� �	�_¢1�&¡1��¡�¡O��� � �5�*¡? K�5�:¦�¤=�?�A� ~ l Ó � x uq�������=}
�5�( 	�=� � �M�5s>�M����¤=¤_�M�&���_ *�

�§�&�(�d��� �M¢1�&�=��¡O��� � �5�M¡O K�5�=� � ¢&�= ��_¢5�,�5 	�(¤_� x
Â ù�~¢��|e~¢¤ ®ÿ��øà¯±®;}�®I�{®H~«�¥ « �+Ã��eýI~°�©±®H~à«£¥

m§�: M 	� � �_¢?���ñ¤_�M}��M ��=¤_�*�1�5�(�
2n
v � �M¢?�5�(�7�§�&�(�d�(� �=¢&���*�&�

M2n

¡��5�( M M�
Cr
Ö �M�,�A�,�&�1�7� � �=¡&¢?�7�=�5���à�(¡&¢1�M 	�=�&�= 	�'�,� � ¼ ¤¡?�:y��5�(¦�����¡O���_�=¢?��s���� �M�	�_ *�# *�& 	�_�	����¡O�=�=¢_�&�&�5��� {xi} x j ���'�&r(�5�*¦����	�F�(�,�5�	� � ¢&�K� � �'���:�*�'�=r ¼ ���_�������(�&�5 *¡1�&�§�&�?���*¡? K�� ¢1�1�&�����'�I�c�*�5�M�5�*�1���

1, . . . , n, 1, . . . , n = 2n = dim(M2n) x ï  ��&�6�§� � ���&�,y����

zα = xα + ix(α ),

zα = xα − ix (α ),

}
~ � �

�H�5�ñ�d¢&�K�5�M *¡1�5���1�1���*¡O *� � ¢1�1�&�����'�I���*���M�&�*�&���
1, . . . , n

�_� � �'�&�O�&��� ¤��d�,���§�5� v �d�&�5���*���M�1�5�=�à M�(� �=¤=�	�_ 	�=¤(�5�£� �My��5�
¤=�M}��M 	�(¤_�*�1�&�7�§����¡O� � � �5�M¡O *�1�7�§��¡O�=�(¢_�5�&�5���(���§�

(zα, zα)↔ (xi).o#�> ��=r
D
v �������: 	�=r�¤�¡O� � � �&�M¡O *�&� � � ¢&�= ��_¢5�,�5 	�=¤=�

Cn(z1, ..., zn) x ó �d�A�,�&����5� D zM¢��§���=�(¤=��� �	�_¢?�5¡?� � �c�7�=¢��§�'�5�
~ l Ó � ~ �5�*¢��_�:¦�� �(� �*�5�d�5�(�	� ¡O� � � �&�M¡O *�5�(�# M� � ¢\�1y��*�1�5� � t

ds2 = 2 gαβ̄ dz
α dzβ̄ , (α, β = 1, . . . , n; ᾱ, β̄ = n+ 1, . . . , 2n).

� �5�:�d�=���=¢&���*�&�#�����*�(¤_��� zM¢��§���_�(¤=�=� ¼ �M ��1��5���5���{¤=¤=�K���K����z*¢��§���_�:¤>��� �	�_¢?�&�&�M M¡?�������(¢���� ~ l Ó � x uq���I¡O� � � �(�5�K���
� ���_¢1�&¡1�  � ¢&�:¤_�P���&�1¤=�  ��&�K�&���7}
�5�# M�(� �=�&� ���*�1��� k w n t

gαβ = gᾱβ̄ = 0,
gαβ̄ = gβ̄α = ḡᾱβ = ḡβᾱ.

~ � �
j  K���1�I�> ��5�:¤=�&¦zM¢��§���_�:¤_�= ��=�����'�_¢1�1¥���¡O� � � �(�5�K���_�:¤�� �	�_¢?�5¡1�

G = (gij)
��� �M���� ��&�K�5�,�7}��1¦����&�(�1�&��¦¤(�1� ~ H vz*¢��§���=�(¤>�c�����_¢?�&¥�� � t

G =

(
0 H
H 0

)
, H = (hαβ). ~ Ø �

} �,�5�	� � ¢1�K� � ���5�:�*���=r ¼ ���_�7¤
¢&�( M ����'�_¢1�1¤>�:�	� � � � ¢&�( 	�_¢&�:�5 ��=¤_��¡&¢?�O�5�*�1�5��¢5�,¤=�5�7�&�'��� ¼ � �	�=¢1�5¡?�;�O¤ ���1�	�= ��� *���N� ��� v¢?�&�1�5�:¦à�±¡O�:¤>�:¢1���,���=�&� � �= 	�=�'�O�&�&�(¦ x9� �:�H�A��¤_���	� �,y��5��¤=¤_�P���*�1�5�������_¢1�1�5�M *¡O�(¦ K¤����K�5�( 	�=�� �(���1�&�7�����=¢5�'�M� � x o
¢?��5�'�&�,y��*�&�1���> ��5�(¤(�&¦�zM¢��§���_�(¤=�= 	�=����c� �	�_¢1�&¡1���M� � �& *rI K���§¤_���&�(¤ ® ¢1�5 ��_���H�7������� � ¢&�=}��:�	�_ *�Gt

Γαβγ =
1

2
gαδ

(
∂gδβ
∂zγ

+
∂gδγ
∂zβ

)
, Γαβγ =

1

2
gαδ

(
∂gβδ
∂zγ

− ∂gβγ

∂zδ

)
, Γαβγ = 0. ~ Ó �

® z��&�M¢&�:¤=�K�§�&�(�d�(� �=¢&���*�����?¤ ���,�I�_ *� � �M�5¡��5�( M M����z*¢��§���=�(¤=��s��§�&�(�d�(� �=¢&���*�1¦ x �.�=���§�5�(�M�=� �(¢5�'�*�����(�=�1��� �=¡&¢1�7�(�
o x ��x p �&¢&�(¡?�:¤=�7� ~ ® �'�d�:�& M¡1�1¦��O�1�&¤_�*¢& *���_�	� �Xk � n ¼ ¡?�(¡ A q � ¢1�= 	�_¢&�:�& 	�=¤>��¤ l ©_w(Ø�� x,� �_�'�&r_¡O��¤ l ©=�(��� x z	�(� � ¢&�( 	�_¢&�:�5 ��=¤>��:�=�&� � �M¢1�M� �=¡&¢?�7�=�ö� x ® z��&�M¢&��� k � n xË  ��&�(¤=���
¡&z��5�M¢1�(¤=�= 	�=�����:¡����d�5��¤_���I�½�M}����(���5�*�� 	�_¢1�(�M�&���(�M¢5�:�1�&�&�*�&�������7� �	�_¢?�5¡?� ¼ �&�	���_ ��5�:¤=���
zM¢��§���_�(¤=�= 	�=� ¼ �5��=�	���5�9� �*�5�*�� 	�_�(���½�,�5���&���=r�¤(�&�����,�&�5��z	�=���F�§�&�(�d�(� �=¢&���*����� � �½ ��5�P�5�,��}
��� � ¢1�&�1�&�5��� x ���(¢��§�'�&������u� �	�_¢?�&�&�M M¡O�(¦
 K¤��,�*�5�( 	�=�à�£�_�*���*�=¢5��¡1¢1�1¤=���K�&�  *�?}��M 	�(¤_�*�1�5�� � ¢1�=}������_ *� ¼ ¡O�(�H����� �	�_¢?�5¡?�p¡&z��&�M¢1�(¤>� ~ ¡?�:¡£�(�,�5�	� � �=¡?�'�d�:�&���1�5y�� ¼�5�( ��=r± *���§¤_���&�(¤ ® ¢?�5 ��_���H�������{���'�5y�����:¤��=� �����=�1�5�M *¡1�B�M�:�&�'�1���=r= �� � x ® ¢1� � �6�_�:�d� ¼ �_�*���M�=¢ ¡1¢1�1¤=���K�&�Äm§�����:�5�ñ�
�=�*���*�=¢:m �1�&�1��¡&z��5�M¢1�(¤_���§�5�:�d�=���=¢5�'�*���I¤=��¢&�(y����I�= ��I¤_ M�K�d���5�M¢1�	�7�M�5�1�I M¡?�`���?¢1�1��� ¤=�M}��M 	�=¤=�*�&�&� �*�5�M�&�&�,�ö�½�?�&¡1¥1���
Φ x



åcçeè4éuê çcbfädä)îed»ä�fgbHdihjf6bHkfêml�ä�ìKíïîfðfãXçIãonqpqresutuv�l#æ1w�x#w y â�z
û�ÅÇÆÉÈ�Ê�È�ËÇÈ(Ì�ÍÉÈ u ��¢�� ���_�(¤_�H� �	�_¢?�5¡?�

gij
���'�*��¤>�:�	�_ *�/¡&z��5�M¢1�(¤_�:¦ ¼ �M ��1�/¤=� � ���1���,�I�_ *�� ��&�K�5�,��}
�&��zM¡?¤=�&¤_�'�&�*���(�&���

�> ��5�:¤=���
∂gαβ̄
∂z̄γ

− ∂gαγ̄
∂z̄β

= 0,
∂gᾱβ
∂zγ

− ∂gᾱγ
∂zβ

= 0; gαβ̄ =
∂2Φ

∂zα∂zβ̄
. ~%¯ �

o
¢?�&�5���������¤=� � �'�&�&�*�&��� ~ l � � �5�M���ds>�M�5�������
���( 	�(���_�(�1�5� ¼ ���_� �:�{ *¡1�`���?¢1�5���u�7�O�5¡?¥&���
Φ
�(�=�5��¤_�M}��M ��=¤_�*�1�5���*���M� v�5�(¦ xuq����¡&z��&�M¢&�:¤_�(¦6� �	�_¢?�5¡?�� *¤ ���K�5�= ��=�6�d� � �& *��¤>�'�I�_ *��¤I ��&�K�&���7}��	��¤=�?��� k Ø n t

Γαβγ = gαδ
∂gδ̄β
∂zγ

,Γᾱβ̄γ̄ = gᾱδ
∂gδβ̄
∂zγ

= Γαβγ . ~ Ù �

i  	�(�'�1r=�1����¡O� � � �(�5�K���=�  *¤ ���*�&�= ��=��¢5�,¤=�1���1������¤I *���1� *¤_�:¦5 ��=¤p¡&z��&�M¢&�:¤_�( 	�=�F� �	�_¢?�5¡?���� d�'��� � ¢?�5 M�(�K�5�1�5�*�1�5� v 	�=� x	� ���'�&�(�M�1�&�&�ÿ� �`�&�1�&�&�ñ�����&�'�����=���&r=¡O�� ��5�P�5�,��}
�&� ¡O� � � �:�5�K���=�£�_�K���M�(¢5�ÿ¡1¢1�1¤=���K�&�Îm§�����,���?t
Rijkl̄, R

i
jk̄l, R

ī
j̄kl̄,R

ī
j̄k̄l xó ���M�5�K�&����¡O� � � �:�5�*�����_�*���M�=¢&�I¡1¢1�&¤(���K�&�Ïm �����:���/�ì�_�*���M�=¢&�+m§�&�1�&��¡&z��&�M¢&�:¤>�e�§�5�:�d�=���=¢5�'�*����� � ¢&�K�5�����,�I�= �� � �

���=¢��§�'�5��� k w n t

Rαβγδ̄ =
∂Γαβγ
∂z̄δ

; Rβγ̄ = −∂
2 ln(
√
g)

∂zβ∂z̄γ
, g = det(gαβ̄)

2, ~ © �
���_� � � �K¤_�����1���I 	���=¢�� �'�1�5¢1�(¤>�'�=rI ��&�K�5�,�7}��*�#�,�=¤_�*¢Oy����K�&�5� xñLÆ�È�Ê�ËÇÐ(Ñ©È(Ì�Í�È uÉÒ��E�1�d ��H���O���!�s�C���Ó�
�s���O�1¦C���� ��4¯R�����s��§/�M�(£� ��H���(�!�s ����1�y¯s�� 4ÔR�?�j�!�4�/£$� �1�y¯s�y�y�H�(£�§4�(�d�!�J�(�1¤����H�¯s�H�O�H� �M��³��1�É���¡³�°��C ��O�(�(���1Y����+���s�(§/�H�� J�1�!�4�(§4�1�Ï�y£4�1�1�4¯R��� �1�4¯R�y�y�H�(£�§/���¡���yª��4���s���=�R�1�O���(£��/�s�Î�1°y�O¤�Y��������s���� �1�4¯R�y�y�H�(£y§4�O���!�J�(�!�s���H�d���O�4�s ��(�#x�.�_�����*���M�5�(�	� ¼ ���_� � ¢?�p���=� �(}��*�&�1���_�*�=¢1�1�I�M¢5�:¤(���(�:¥1�&����¦&�����=�*¦&�5� ~ji � i � �5�
 ��1�?�5�:¦I¡O� � � �&�M¡O *�&�ÿs/¡1z��5�*¢&�(¤(��s� �&�(�d�(� �=¢&���*�1¦� ì�7���*�1�5�M M¡O�:¦ �=�(�5¡?�B�M¢&�*�1�����&�*¥5���5�M M�(� �(¢5���K�5�±�&  � �'�&r��*�(¤>�'�=r{�d�'�5�����(¢��7�1���£�7�O�5¡?¥&�1� ¤{¡?�M�5�M ��=¤_�
¡?��� � �(�&�*����� �	�_¢?�&�&�M M¡O�(�M���_�*���M�=¢&� x
§ÿ��«»�±®H¶ìù½«ÖÕ�«¢¶�°e «�¥×Õ «£ý�«£©±®uù;¶ì�e¸ « ®#¬�¯«£¶«

uq����� � �& d�:�1���F�7���*�1�5�* M¡O�(�d� � ¢1�= 	�=¢5�:�& 	�=¤_� v ¤_¢1�	� �*�&�ì�_¢1�	�(�_�	�_ *���&�	�=��¢1��¡O�=�=¢_�&�&���'�=�
t5¤=¢&�	���
t
�£�=¢1� � ¢1�= 	�=¢5�:� v 	�=¤_�K�&�&����¡O�=�(¢_�5�1�����(�

x, y, z x o
�'�5�,y���� t = x0; x = x1; y = x2; z = x3,
�_�:�H�A�ñ�5���=��¢&��¡O�(�=¢_�&�&���'�=�i� �,y��&�

�d� � �5 d�'�=r/¤/¤(�1�5�
xµ,
�H�����&�?���M¡O 

µ
� ¢?�&�&�����(�	�c�*���M�&�*�&���¨ ¼ l ¼ w ¼ � xj  *���1���= M���=�*�1�5�( 	�_�*¦I *�1�M���'�=�?¢1�{�&  � �'�&r �*�>�	�§��s�¤ i � i �§�5�:�d�=���=¢5�'�*�&¦ ¼ � ¢?�/¡O��� � �5�*¡O *�1�7�&¡?�:¥1�&��� �	�_¢?�5¡?�� *�?}�� v 	�=¤=�,���p ��&�K�5�,��}
�&� � �M�5s_�d�&�
t1� �M�5���7�&¥1�5¢&�:¤>�'�=r�� �	�_�M�&�á� �&�(�d��� �M¢1�&�(�d�¡O� � � �5�M¡O K�5�(�M��:�5�'�1���d������� � ¢&�( 	�_¢&�:�5 ��=¤>�¢5�������*¢1�5�( 	�=�à�� ��A�,�&�&�(¦ K�&�M�5���=�?¢1�(¦ñ���&�ñ�O¤_���1�&�1���=r�¢5�������*¢1�&�= 	�=r � ¢1�= 	�=¢5�:�& 	�=¤_� ¼ �5� � ¢1�����*¢��5��Óp���&�Ù ¼ �¢�d���=�	�

¤=� � �'�&�1���=r� *�?y��*�&�&�I¤ñ�����5�( 	�=r����'�����ÿ���(�	�§��s � �M¢1�	� �*�1�&��s ~ ¢&���	� �M¢?�5�( 	�=r�� �
� ���_��� � �( 	�_¢&�(�*�&���à M�*�&�*�&�1¦±���1�±�&  v� ���1r��M�:¤>�:�1��� � �(¤=�=¢1� �_�:¤ x o
�M¢?¤=��¦ � �M�5s>�M� ¢5�( * 	�����_¢?�&¤_�(�	�_ *� ¼ �5� � ¢1�����*¢ ¼ ¤¢� �(�&�(�d¢&� �7�1� kml*n x �
�*¡?���_�=¢?��� � ¢1��� �M¢?�� ¢1��� �*�5�*�1���I¤ �_�=¢1�(�d� � �M�5s>�M����¢5�: M 	� � �_¢1�*�1��¤ k Ó n ��A�`�5�M��¤/���: 	�_�`�?}��*¦�¢&���=���_� xo#�> ��=r
M
q7�(¢1�5�K���=�&¢1�_�	� �=� �  M�*¤(�5�=¢?�����:�&�(¤_��¤_�*}��* 	�=¤_�K�&�&�=�9�§�5�(�M�=� �(¢5�'�*�5� ¼ �d�,���:¤>�:�	� �=�.� �	�_¢?�5¡O�:¦ ds2 = gµ νdx

µdxν , (µ, ν =
0, 1, 2, 3)

 p *�1�M���'�=�?¢&�(¦ ~jØ q�q�q � x o
�M¢1�*¦1�5�	������¡,���: M *�&�&�M M¡O�:�d���5���=��¢&�*s,� �M¢?�5�(�M� � ¢&�( 	�_¢&�:�5 ��=¤>� v ¤=¢&�	� �*�1� ¼ � � ¢&�P��� v���?�	� �(�d�
M ¼ ¡£���M ��=��� �M¢?�5� �§�

Ḿ ~  � K�&�M�5���=�?¢&�:¦ ~jØÙØ qqqq �Æ� ¼ ¤=¤_�P�1���5� � ���&�1���_���&r=�1�,��¤_¢1�	� �*�&�1�,��¡O�=�(¢_�5�1�����(�
τ = x(−0) ~ �1�d¢5�'��}
�,� ¢&���1rF� �1��� �:¦±¤_¢1�	� �*�&�&�(¦ � �M¢&�	� �K�&�5�:¦ � � � ¢1�= 	�=¢5�:�& 	�=¤=�*�&�1�,��¡O�=�=¢_�&�&�5���=�

w = x5 x i  *�&�(¤ v�����I�5�( 	�(r�¢&�( *�&�	�_�(¤�¤�¢5��� ¡?�,s/�A�:�1�5�:¦¢5�'�=� �(�K�(�=�5� � ¢1�(¤=�K���*�5��¤� *�& 	�_�	� ���:���`�&���=�&�&�M M¡?�&s�¤=���&�& ��&�*�&�1¦LÚ ¶/Û1À I x uq���
�_�(�d� ¼ ���_� �:� � ���&�O�1���=rà�H���:�*���O�&�&��¦§�¢&�	�*�'�1r'�=�'��¤��A�,�&�5�:¦ � ¢&�:�d¢5�'����� ¼ �&�M� �ds>�M�&��� ���(�=�5�g�M� �7�&¡O *�5¢1�(¤>�'�=r�¢5�'�	� �M¢ v�5�= ��=r��& M ��&�K�5�_�	� �(�d���§�5�(�M�=� �(¢5�'�*���ñ�¢�d�d�A���(r� *�& 	�_�	�§��¡O�=�(¢_�5�1����� x j �7�=�=¢¢5�������*¢1�5�( 	�=�Ó� �(�= *�&�(¤>�,�� ��5�K�&���7}
���§� M�=� �(¢5�:y��*�1���,�§�Et � ¢&�( 	�_¢&�:�5 ��=¤_� v ¤=¢&�	���p�5���5y��5�e�(�7�=rI�5���=�5�����*¢1�1�7� ¼ ���_� �:��� �,y��&���:�=�5�I�= *�?}��M 	�=¤(���=rp¡O��� � �5�M¡O K� v
�7�5¡?�:¥1�����* 	�_�M 	�(¤_�*�1�&�7�±� �=¢&���M��� x ® ¢1� � ���_�(�d� ¼ �����&y��5�� M�ds?¢5�,�&���(r_ *�/ *�&�M�5���=�?¢&�?t �O�H�O��ªa�1���^�1���1£�� � ¢1�I¤_¢&�����K�&�1��s¡?�(�=¢_�&�&���'�(�:sI� �y���O�C�!£/�����1���O£J� � ¢1� � ¢&�= ��_¢5�,�5 	�(¤_�*�1�&��s � �*¢&�	� �*�1�&��s xó ��� �*�1���à¤_�M}��M 	�(¤_�*�1�&����¡O�(�=¢_�5�1���'�=� ���#¡?��� � �&�M¡O *�&��� � � � ¢5�,¤=���&� ~ �5�*¢��(���5�,�p�&�?���M¡O *� ����=� �K���M���:�	��¡O� � � �5�M¡O  v�5�=�# M� � ¢\�1y��*�1�5� ¼ ��� � ¢?��� �M¢ ¼ z0 = z0

� t

z0 = x0 + ix(−0) z1 = x1 + ix2, z2 = x3 + ix5,

z0 = x0 − ix(−0), z1 = x1 − ix2, z2 = x3 − ix5. ~ l ¨ �
j ¤=�K����� ���c� �&�(�d�(� �=¢&���*�1�

Ḿ
zM¢��§���_�:¤=��� �	�_¢?�5¡1� ~ l Ó � x

Ü�¯«¢« ®#¯ ø���ù7¬c�p®H~«�¥ ¶ÖÝ7�{®#¯¢��|p° «»~���µ����+ÃI¯±°eý�«�¥ ø���ù7¬c�q¥F~£~��e¸ ¶à¯«¢|p«£ýI~¢¤ßÞ
¥ì|��¢¥ì�¶à ®uµ���ù9¥ «~���µ;���:ÃI¯°�ý7«±®u« � ¸£~Öá ¬�®H¸£~±°



y â�° ± ãfädå.²Üæ�³Våcçeè4é»êëä�ìhíïîfðfãRçIã
j ¡?�M�5�M ��=¤_�½���( ��=�5�:�d�� ��1�O�����/�?¢5�,¤=�&�*�&�1¦p�d¢5�,¤=���(�:¥1�5�:�&�&�(�d� � �'������¦1���q�_�K¦&���q� �,y��5��¢5�: M 	�����=¢1�&¤_���=r��1¢&�:¤(�5�*�1���

� ������¤(�1���
Rij = κ ·gij , κ = const.

�.�=�/�?¢&�:¤=�&�*�&���c� �,y��5��¢5�: M 	�����_¢?�&¤_���=r
¡?�(¡��?¢&�:¤=�&�*�&������¦1���q�_�K¦&���½������ ��1�O����� ¼¡O�:�H�A�F�=�*���M�(¢{z*�&�M¢1�*�&� v ��� � �'�1r_ M�
Tij

�1���
r � �( 	�_�`�?�1�&�7�ö�§�5�,y����_���&�	�����'�1�&�5�(�	�= ��à� �ì� �	�_¢?�&�&�M M¡O�(�M�F�_�*���*�=¢&�
gij x�����*�1�5�M *¡O�(¦e� �M�5���&r � �(�(¡O�:�d� � �'���c� �:y����� ��&�?y����=r � ¢1�= 	�=¢5�:�& 	�=¤=� ¼ ¡O���_�=¢1�=���5��¤= M�	� *¤_�(�	� � ¢&�����?y��*�1�&�/�M�5�&�=¢1�d�&�5� ¼� ¢1�1�5�	� � �&� �=�&�= 	�=r������_�*¢1�1� � �= 	�_�`�O�&�5��¤=��¤_ M�	� � ¢&�( 	�_¢&�:�5 ��=¤_� k ¯ n xj �7�(�M¢&��� ¤I¡?�M�5�* 	�=¤_�# M¡?�`���?¢1�&�(¦6�7�O�5¡?¥&�1�

Φ ¼ �M�,�A�'��}
�,�á�§�&�(�d�=���=¢&���*�&� ¼  ��5�P�5�,��}
�,���7�O�5¡?¥&����t

Φ = − 4

λ
ln(1−A · S2), ~ l(l,�

�H�5�
S2 = z0z0 − z1z1̄ − z2z2̄ qp¡?¤>�,�5¢5�'�/¢5�( * 	�_�`�O�&���I¤ � �5�( M¡O� � � ¢&�= ��_¢5�,�5 	�=¤=� xj ���1�5 ��1��� ¡O��� � �(�&�*���(� ¡1z��5�*¢&�:¤>��� �	�_¢?�&�&�M M¡O�(�M���_�*���*�=¢5�

gαβ̄
� �����=¢��§�'�5� ~ l � � x

g11̄ =
4A

λ(1−AS2)

(
1 +

Az1z1̄

1−AS2

)
,

g22̄ =
4A

λ(1−AS2)

(
−1 + Az2z2̄

1−AS2

)
,

g33̄ =
4A

λ(1−AS2)

(
−1 + Az3z3̄

1−AS2

)
,

gαβ̄(α 6= β) = − 4A2zᾱzβ

λ(1−AS2)2 .

~ l w �

���,¦1�5�	���_�K���M�(¢Lm§�&�1�&��� M¡?�`���?¢1�1����¡&¢1�1¤=���*�&�I��¤/¢&�	�K���1r'�=�'�_� � ¢?�1�5�	��¡� M�(� �=�&� ���*�1����t
Rαβ̄ = λ · gαβ̄ . ~ l � �

| ¡?�'���1¢?���'�à¡1¢1�1¤=���K��� R �������A�,�&�&�(�d�� ��&�O���'���?¤����?�	�_ *� � �= 	�_�`�O�&�&�(¦à¤_���&�&�1�&�&�(¦à�±¢5�,¤=���
6λ xE� �(¡?����� �(¢5���*� � ¼¡1z��&�M¢&�:¤_���§�&�(�d�(� �=¢&���*�&�� u� �	�_¢?�5¡O�:¦ ¼ � �= ��_¢&�(�*�&�&�(¦�����( *�5�:¤_���½�?�&¡1¥1�&� ~ l=l,� ¼ �?¤����?�	�_ *���§�5�:�d�=���=¢5�'�*�5��� ��¦&���q�_�*¦1���

� �= ��_�`�?�1�5�(¦�¡1¢1�1¤=���*�&� xo
���1�O�5�*�1������ *¤ ���*r
¡&z��5�M¢1�(¤_�:¦e� �	�_¢?�5¡?�������� M¡?�'���1¢?�5�(¦��7�O�&¡1¥&�1�
Φ
 =�§�&�(�d�(� �=¢&���*�����§����¦&�����=�*¦&�5�H�#�:¡��=�1�5�M *¡1�

�O¤ ���?�	�_ *�B�d� � �5 *r ���?¢&�:¤=�&�*�1�&¦ö��¦1���q�_�*¦1��� ~ ����� ���:�1�5�(�M� ¡O�(�&¡&¢1�	�=�&�(�d�{ ��1�?�5��� �/� ¢?��� �_ *�,�_ ��=¤=�1� �����_�*¢1���`�&r(�&��s
�& 	�_�:�&�1�5¡O�(¤�¡1¢1�&¤(���K�&� � ¢1�= 	�=¢5�:�& 	�=¤_���&�*�d¢&�:¤=���=�,¥&�&�(�1�5�(�M� � ¢&�:�5 Hs>�,y��5�*�1��� x
Ü ¯«¢« ®#¯ ø���ù½¬�¯¢��®H~à«£¥ ¯±® á ®H~à«£¥ ²�¯±°�|e~±®H~«£¸ � ¸£~Öá ¬�~±®H¸£~±° }��¢¥âÝ½¯�«�«��
¬c��|p° «~���µ;���:ÃI¯°�ý7«£¥

���:¦?���	��zM¢�� ���_�(¤(�������_¢1�&¡1� ¼ �,�5�(¤ �&�	�=¤=�=¢\�,��}
�,� �?¢5�:¤(�5�*�1���,����¦1���q�_�*¦1���Ot

Rik − 1

2
gikR = −κTik, ~ l � �

�H�5�
Rik
v �=�*���M�(¢Lm§�&�&�1� ¼ R v  M¡?�`���?¢1�5����¡&¢?�&¤(���*�5� ¼ κ =

8πG

c4
v zK¦&���q�_�K¦&�&�(¤_ M¡?�'���d¢5�,¤=���=�,¥&�&�(�&�5��� � �( 	�_�`�O�&�5��� ¼ Tikv �_�*���M�=¢z*�&�M¢1�M�1� v ��� � �'�1r_ d� xo
�=¡?�:y��	� ¼ ¡?�(¡I¤(�������O�����
�&�M¡O� �=�=¢1���½¢&�����K�&���/�1¢&�:¤(�5�*�1�&¦ ~ l � � ���u�§�5�:�d�=���=¢5�'�*�&�¡O� � � �5�M¡O *�&�(¦p¢5�'�	� �M¢1�&�= 	�(�

3D� ¢1�p�5�'�5�,y��*�1�&�� � ¢1�K�5���5�*�1�&��s��> ��&�(¤=�1¦��5��� �	�_¢?�5¡?� x �
���:�d¢5�,�&�1�&�&¤_���p���=}
�5�( 	�=� ¼ � ���&�:y����� M¡O�(¢&�( 	�=r� K¤_�	�(��¢&�:¤=�&�(¦�P�5�1�&�&¥&� ~ Ö�ã l�� xm§�: M 	� � �_¢?���  ��1�?�5�:¦ ¼ ¡O�:�P����� �	�=¢1�5¡?���O¤ ���?�	�= ��p¡O�(�����=¢�� �&� v�� �&�= *¡?�:¦ ¼ � x � x �d� � �5 K��¤>�(���_ *�¤/¤(�1���(t

ds2 = U(z0, z0, z1, z1, z2, z2)(dz0dz0 − dz1dz1 − dz2dz2). ~ l Ø �
o
¢&�P� � ���5�,y���� ¼ ���_�

U0 =
A

(z0z0 − z1z1 − z2z2)2 .
~ l Ó �

o
�=¡?�:y��	� ¼ ���_� � ¢1���(�(¡O���{¤=�7�=�(¢&�q�7�O�5¡?¥&�&�
U0
� �'�&�O�&���{¢1�	���*�&�&���1¢&�:¤=�&�*�1�&¦6��¦1���q�_�*¦1��� ¼ �O¤ ���,��}��M�* ����:���`�5� v�M� � ¢1�	���*�&������¢?�1�����,����qp�M�&�5�(�M������¤>�:y��5�K¦��
�&s�¡O�= 	� �'�5�(�*�&�5�* M¡1�1s�¢&�	���*�1�&¦ xj ���1�5 ��&�*�&���7¤� *�5 	�=�	� ��Ú ¶4Û&À I � �=¡?�'�*��¤>�'�I� ¼ ���_���_�,y��5�M 	�=¤=�*�&�&��¢&�:¤=�1�à�&�'�����=�*���M�(¢
¡1¢1�1¤=���*�&�Îm§�����,��� v�® ¢?�5 	�=���H������� ¼���(�(¡&y����_�*���*�=¢ m �1�&�1�#�� M¡?�`���?¢1���'��¡1¢1�1¤=���*���Ot

Rijkl = 0, Rik = 0, R = 0 x � �	�_¢1�&¡?�ÿ� � �& *��¤>�:�	� � �&�= M¡O�(� � ¢&�( 	�_¢5�,�5 ��=¤_� v¤=¢&���N� ¼ �5� � ¢1��z��_� � ¡O��� � �(�&�*���=�K� �	�_¢?�&�&�M M¡O�(�M���_�*���M�=¢&���5�H�?¤����,�I�_ *�p¡O�:�5 	�(�,���(���§� xi �5�K¤=�1�&�5� ¼ � ¢?���=�:¡O� �ñ¤(�7�=�=¢1�I�½�?�&¡1¥1�&�
U0 ~ l ¨ � �:�5�(¤��5�	�(¤_�=¢\�?�	���?¢5�,¤=�5�K�&���,�¢��¦1���q�_�*¦1��� ~ © � x �
�u�(�(¡O�(��¢&�����*�&�&�

�O¤ ���?�	�_ *���&�S�7���*�&�1�&�7� ¼ �(�(¡p¡?�:¡I¤(���'�&�p� ���5 ��_�(�1�&�5¡?� � ���������'�5y��*��¤(� � �'�&���,�=r= ����*�'�1���&�M�*¤_ *¡1�1¦��d�:¡?�:���M¢5�,¤=���(�:¥1�&� x



åcçeè4éuê çcbfädä)îed»ä�fgbHdihjf6bHkfêml�ä�ìKíïîfðfãXçIãonqpqresutuv�l#æ1w�x#w y â�ð
o
¢1�

zµ → ∞, zµ → ∞ ���'�5y��5�¤=� � ���&�����(r_ *� U0 → 1 ¼ ��¤����'������ ��1�O���(� U0 → 0 x o
�=z	�_���§���5�*� �ds>�M�5��� �¤=¤=�M 	�=��( *��� � �_� �(�5¡1� � �:¤_�K�5�*�&���
U0
�5�c�=�M M¡O�:�5�*�1�5�( 	�=� xo
¢1�(���K¤_�K�5�	�����d�ì�7�O�5¡1¥1�5�*¦

U0
�&�1�5�*¦1�5�(� � ¢&�M���=¢5�'�M�(¤_�:�&�&�

U = 1− U0 = 1− A

(z0z0 − z1z1 − z2z2)2 . ~ l ¯ �
j ���1�5 ��&�*�1��� � �(¡?���*��¤_���I� ¼ ���_� R = 0 ¼ �&��¤= M�
¡O� � � �:�5�*���=�K�_�*���M�=¢&��m �1�&�&�����'�1�&�1�&�£� ���&�'��� xj �*¢1�5���� *�¡�?¢5�,¤=�&�*�&����� ~ l � � x&� �(¡¡?�(¡ R = 0 ¼ �_� Rik = −κTik xuq�������:¡&¢1�= M¡O� � �&�&�M M¡?�&s��_���g�_�*���M�=¢z*�&�M¢1�M�1� v ��� � �'�1r_ d�

Tik
¢&�:¤=�*�Et

Tik = (p + ρ)uiuk − pgik, ~ l Ù �
�P�5�

p
v �A�,¤ �&�*�&�&� ¼ ρ v�� �5� �(�5�= ��=r�z*�5�*¢1�M�1� ¼ ui v ¡O� � � �:�5�*���=� Ó v  M¡O�(¢&�= ��=� ¼ � � ¢1�K�5�����?�	� �(¦� M�=���=�5�����*�&�����§�

uα =
√
2U

∂S

∂zα
, uα =

√
2U

∂S

∂zα
, S2 = z0z0 − z1z1 − z2z2. ~ l © �

���:¦?����� � �&� �=�&�= 	�(r/zK�5�M¢?�M�&�
ρ x uq����z	�_�:�d�/ *¤=�M¢1�&�	� ~ l Ù �   uiuk � � �= ��&�#� � ¢&�=}��*�1��� � �'�&�O�&���

− 1

κ
Riku

iuk = ρ. ~ w:¨ �
�#�&y�� � ¢?�&¤_�P���*�5�q�M� � �& *r�¤=��¢&�(y��*�&�1¦������I¡O��� � �(�&�*����Ó v  *¡O�=¢&�( 	�=�p¤�¡O�(¤>�:¢1�5�:���(�5�(¦p��¡O�(���_¢5�,¤>�(¢?���,���=�&�(¦����(¢�� � x

u0 =
z0

2S
, u0 =

z0

2S
, u0 =

u0
U
, u0 =

u0
U
,

u1 =
z1

2S
, u1 =

z1

2S
, u1 =

−u1
U

, u1 =
−u1
U

,

u2 =
z2

2S
, u2 =

z2

2S
u2 =

−u2
U

, u2 =
−u2
U

.

~ w l,�

j ���1�5 ��&�*�1��� � �(¡?���*��¤_���I� ¼ ���_� uiui = 1 ¼ �K���M�&��� ui ���K¦5 	�(¤=���=���&r(�5�c�O¤ ���1�	�= ��I¤_�*¡��_�(¢&��� Ó v  *¡O�=¢&�( 	�=� x���:¦?���K�&�&���§�����u�(�(¡O�:¦������_¢1�&¡1�
¤(��¢5�(y��K�&���#����� � �&� �=�&�= ��=��z*�&�M¢1�M�1���
�A�:¤��5�*�1��� ¼ �7�=�:¡&y����?¢&�:¤=�&�*�&�&�� M�= ��_�`�?�1��� ¼ *¤��,�*��¤>�'��}��M��z	�=�¤_���&�1�&�&�1� ¼ �d� � �& *��¤>�'�I�_ *��¤/¤(�1�5�

κρ =
20AS6

(S4 −A)3
, κ p =

4AS6

(S4 −A)3
, p =

1

5
ρ, S2 = z0z0 − z1z1 − z2z2. ~ w(w �

ä °e¶����¡©®H~«®

j �5�( 	�=�`�1}��*¦�¢5�'�=���_� � ¢1�&¤=�K���K�&���&�M¡O� �_�(¢1��� � �(���,�=���ñ�����_�M�=¢?�&�±zM¢��§���_�(¤=��sà�{¡&z��&�M¢&�:¤=��s± ��_¢1�?¡��(�?¢ ¼ �M� � �5 d� v�&���= K�5�(¤(�&�����5���H���M¢1�*�&¥1���`�&r(�5� v �d�*� � �	�_¢?�&�5�* M¡1�&�� M�(� �=�&� ���*�1���p�����p¡1z��5�*¢&�(¤(��s�� �&�(�d�(� �=¢&���*�1¦��� S�7�=¢��§�'�1�5¢&�:¤>�:�&�
���=¤=�M¢Oy��5�*�1�5�����&�*¤_���	� �,y��5�( 	�=� � ¢?��� �*�&�*�&��� ¡1z��5�*¢&�(¤(��s � �	�=¢1�5¡  ��d�'�5� � �(¢��7�1�7� ��¡O� � � �:�5�*���(���§�K� �	�_¢1�1�5�M *¡O� v�d�6�_�*���M�=¢&��¤ i � i x �.�_��� �K���M���:�	� ¼ ���_���5  � ���&r �M�(¤_�:�1�5�I¡&z��5�M¢1�(¤_�:¦{ ��_¢1�?¡��=�?¢?�Z������¡O�(�5 ��_¢1�O�5¢1�:¤>�:�1�����½���*�1�5�M *¡1�&s
���M�5���5�K¦à¤ i � i �&�*¤_���	� �,y��5��¤=�=  � ���1r��M�:¤>���=r= ����_�	� �§�&�(�d�(� �=¢&���*�&�	�m� �	�_�M�5�(¤� � �M�5s>�M�5�(¤ ¼ ¢&���M¢&���(� �(�:�&�1��s��������d� v�5� � �=¢��7�1��s6�7�O�5¡?¥&�1¦ x
� �(¡&y�� � ¢&�M�������:�5 	�=¢1�&¢&�(¤_�:�&� ¼ ¡?�:¡�  � � � �(}�r �  M¡?�`���?¢1�5�:¦��7�O�5¡?¥&�1�
¤(¤_�M ��=��¡1z��&�M¢&�:¤_�;�§�&�(�d�=���=¢&���*�&� ¼ �O¤ ���,��}��*�M *�� �&�(�d�(� �=¢&���*�&�	� ��¦1���q�_�*¦1��� xj ¢5�'�=���_� � �= ��_¢&�(�*�5�I�_�:�&�&�=�ÿ¢&�	���*�1�5�ÿ�?¢5�,¤=�5�K�&�1¦e��¦&���q�_�K¦&�5�½�������§�5�:�d�=���=¢5�'�*����¡O� � � �5�M¡O *�&�(¦�¢5�������*¢1�&�= 	�=�

3D ¼�?¤ ���,��}��M�M *��� �(� �=}��*�&�&�	� ¢&�	���*�1������¢?�1�1���,���
���������_¡&¢?�7�_�:¦ j  M���5�*�1�5�:¦ x u��,�&�&�=�#¢1�	���*�&�&�H���,y��5���&���=�M¢ � ¢&���=�&¢1� v¤>���=r�¡?�(¡�� �M�����&rì���M ��=��� �M¢?�5�(¦ j  *���5�K�&�5�:¦ ¼ �d� � ���1�5�K�&�5�:¦{¢&�:¤=�&�(¤=�M *�5�:¦� *¤_�	�=� � �M�5� �(�&�(¦�y��1�5¡O�= 	�=r �  I�?¢5�,¤=�&�*�&�&�	� M�= 	�=�'�O�&���
p =

1

5
ρ,
¤p���'�1�&�1�5�#� �e� �M�����&� ¼ � ¢&�K���5�,y��*�1�5�(¦ ��x ��¢1�?�1���:�&� � ¼ �����¡?���_�=¢1�(¦��?¢&�:¤=�&�*�&�&�
 M�( 	�_�`�O�&����* 	�=r

p = 0 ~ �&�M¡O�(�d�*¢&�*���=���'� � �=�1r � x uq��� M¢&�:¤=�&�*�&����?¢5�:¤(�5�K�&�5�
 M�( 	�_�`�O�&���p�����¢5�:¤(�5�:¤_�M *�&�(�d��z��5�M¡��_¢&�����,�M�1���=�&�(�d�������&� v
�5�*�1����¤�� �:���&�&� �¤_�	���M ��=¤_�*�1�5��� � ¢1�= ��_¢5�,�5 	�=¤=��¢5�:¤(�5�

p =
1

3
ρ.
o
���1�?�&�*�&�&�=�=�K�5�M *r�¢1�	���*�&�&�;� �,y��&��� �=���=}����=r��5� � � v

��� �:�&���7�§�5�:�d� � �M¢?�&��� j  M���&�*�&�1���� ��&�	�=�1�7� �/¢&���	� �M¢?�5�= ����,�§�
m = 2n ≥ 6

���1¢&�:¤(�5�*�1���,�§�/ M�( 	�_�`�O�&���
p =

1

2n− 1
ρ x

ª «¬�®#¯±°I¬�²�¯±°
kþlKn ¿XÀþ¶:Â I ºM3CÇf2�x ` x1å I ºH[�,T3H,þ¶/-�¶/-10�;�¶(À I ºH,þ¶/- å ÎÆÜ(ípÎKáéÝPÊpæçê�Í½Î*îmß(áéæâÏdæçáéÊ × 2�x ` x�¿XÀþ¶(Â I ºM3hÇ_x v µ I ºHÀT,.- t 9 Û?ºH,.-1Ô I º v ´ I ºHÀþ¶:Ô1¼ l © ¯ Ó xk w ne® x � �&� ¼>|½x�} �dsO�5�*¢ x(æ��O�!�y��§4�O£ �:¦(�1�E�O£�ç��R�����1x o
�M¢&�*¤=�M�p ��:�&�*� x k � x t � �K� v ¤_�7�&�&�= 	�_¢&�:�1�5�(¦c�1���_�M¢&���=�O¢1� ¼ l ©_Ø ¯ x



y âC� ± ãfädå.²Üæ�³Våcçeè4é»êëä�ìhíïîfðfãRçIã
k � n p��&¢&�=¡O�:¤�o x ��x(º��y�����s�1�1�1�4�A�1�H�!���=�R ����M�!�4�
�:���s�(§/�H�O�/�$�4���M�!�y¯s� �O�M���O�� �£���Í�æèÎKíIß:ê&ê?V �4�4���:�/�!�y���A�(£/�1�����/£y� ×(×
� �K¤ x �½��� x v ����� x � � v ¤>� � ¢1� ® �'�d�:�& M¡O� � �O� v �=� x1| �M¢ x w x q l ©_w=Ø x q ��x w=Ø x�|7x Ù=Ó vPl(l � xk � n ; ä Â&À I º
2�x Ü è ÎKÝ�ÎKæçê�Î è ÎKíIÎKÝHé_ÎKê1ËRê�ÎKÝKáCÎ�ë�Î*ÝPí�æâáéæçËFÉ&Î�ÞÎKáéÝPæ65 ×=×:* ·1Â9x Ú ¶43HÂ9x 9(I [�,T-9x!å#¶/[�·&¹?ºHÔ1x v
l ©=�=� x v µ�0Ax © x v�9 xl ¯ � vHl ¯ Ó xk Ø n }½x ��x u��,�=¢&�:¤=�1� ¼5|7x o x �
�:¤=�5¡O�:¤ ¼���x ��x �������K�5¡O� x�ìÇ�/�H�?�^�
�s�C�O£J�©¯s���H�
�s���O�(�AÌ���s���y���¢�d�/�O�(�O��ª��s�C�(� ×�v.� x Á#� x¢1�K� x �7��� x v ����� x �1��� xm¼ l ©(Ù=Ó xk Ó n ��x � x4} �(¢5�,�5�:¤ ¼ j x ��xd� ¤_�:�5�:¤ x!�Î�=�O�����R�!�s�C�1�� ��H���(�!�s ����1�����O���?�����R�1�1�������y�����s�������M�O�C���y�$�O�y���C�����O�=�O�y���$� ×(×� ® | � v w(¨(¨=©?t,�����_�*¢1���`�&� ���M�O�&�5�:¦�¡O�(�����M¢&�K�&¥1�&�� 	�=�,���K���_�:¤ ¼ �:  � �&¢5�,���_�:¤������'�5�M�&��sp�O�&�*�&��s v �7���K�5¡O�(¤�� ® | � ví�íAí ´ ZMZMZ ~ w:¨=¨(© � x vN® ¢5�: *�5�`�?¢& M¡ ¼&| ���:�5¢& *¡1�&¦6���P���M¢&�'�1r=�&��¦��O�1�&¤_�*¢& *���_�	� ¼ w:¨=¨=© xk ¯ n o
���_¢&�:¤ ��x ó x1º%�!�y���A�(£4�O�����/£�îï�1�1±$���s�C�O£ ×
v9� x t1Á>�= *�,�A�:¢& 	�(¤_�*�1�5�(�7���P�A���=���&r= 	�=¤=���7���*�5¡O� v ���'�_�	�����=�1�5�* M¡O�(¦��1� v
�=�M¢5�'�=�?¢1� ¼ l ©=Ó l x

ôªû#ðuòKý��^óRûI���Wö��\ò �eü��RóRûp�ñ�������\òdüSù����úû�¾�ðÁòNù��Qû/��üÿû�üRýuû/�»ü��Qûÿø�ü��Ró
öÅù���öWóRûÿø
�Àû/�ÿû

ù " ; "&%ÿúS�Gúd6 �:+ 1 ¼ ù " ñ "9! < 2&3 �:+ 2
1 ýE2 ' 2�� < 412�
�c#@èB§@��Aú:û��(6���
 ) 612 + @�� < 2��_@	� J&L��(<M< 2&N J - �Gú < 6 � N#� < 4 ¼ 2 ýE2 ' 2�� < 4?2�
c#@CB§@��Gú:û��(6���
 ) 612 + @�� < 2��_@	� J&L4�=<M< 2&N J - �Gú < 6 � N#� < 4

1 Q5RPS1TOU=VXW T>V � !(h*SOh,Y?T=]>^dS&TOU=VXaC](\ ¼ 2 Q5RPS&TOU(VXWóò>TXaF[=T=ò(\O^dS&TOU=VXaC](\

| �5�:�5 ��=�'��¤=�1���=¢&�*�1���,�� 	�_¢?�?¡��(�?¢&�/¤=�M}��M 	�=¤_�����=¢5�'�*�>�	�= �� � �M�à¤=� �K�5�*¦5 	�(¤=�5���� K���&r(�5�:�d���d¢&�:¤=���(�:¥&�&�(�1�5�(�M� � ������¤� ¢&�:¥5�M * M�/¡O������� �  d�p���¡O�:�5�*�1�&��s� 	�(�,�5���Os�z*¤=�����7¥1�&�¢���( * *�&¤(�&��s�: 	�_¢1���7���*�&�&�M M¡1�1s�� �(�9�M¡��_�(¤ x o
¢?�z	�=� ��¡?�(y��&��¦¤=� �*�1�5¡?�'��}
�&¦I ��5�:¦/¤_�*}��* 	�=¤>�
� � �& *��¤>�:�	�_ *��¢5�'���&�1�&�1�7� ���1¢&�:¤=�&�*�1���,� �� *�= 	�_�`�O�&��� x4ô �:¢5�:¡��_�M¢?�&�7� � ¢?��� �M¢1� � � �M�5� � v�&�(�M�I���=�G�M¡��(�c�?¤����?�	�_ *�p�&�*¦��_¢&�:�&���'���*¤_���K�A��qp� �(�9�*¡��/ 
�(�&�*�&r�¤=�� *�=¡O�(¦ � �&� �=�&�= 	�=r � �6���'�1�7� ¢5�d�5�&�_ M� � xj �5�( 	�_�`�?}��*¦�¢&���=���_�u� �	�_¢?�&�&�M M¡?�&¦��&���_�M¢?¤>�'�g�M� � �& *��¤>�:�	�_ *�¤/¡?�(�=¢_�&�&���'�(�:s } �(�?�5�Et
ds2 = G2 (r) dt2 + 2L (r) dtdr − r2

(
dθ2 + sin2 (θ) dϕ2

)
, ~ l,�

�H�5�
G2(r) = F (r)

�
L(r)
q�� �	�_¢?�&�&�M M¡?�5�u�7�O�5¡1¥1�&��¢&�,�5�5�'�1r=�5�:¦ � �M¢&�����K�&�&�(¦

r ¼ t qp¤_¢1�	� �*�&�5����¡O�=�=¢_�&�&�5���(� ¼ θ � ϕ q�O�*�5�:¤=��� � �M¢1�	� �*�1�&��� x uq���/�,�����= 	�=¤_��¤=�7�(�M¢1�	�  *�& 	�_�	�§�I�K�5�1�&�1¥ ¼ ¤�¡O���_�=¢1�(¦ *¡?�(¢&�( 	�=r� K¤_�	�(� c = 1
���M¢5�:¤(���(�:¥1�5�(�1���'�

� �= ��_�`�?�1�������#r �I�_�:���
GN = 1

�?¤����,�I�_ *���(�	�M¢5�'�	� �M¢?�&�7�§��¤_���&�&�1�&�5���§� x m§�(  � ¢&�K�5���&�*�&�&�N���'�_�M¢1�1�
¤7�( ��_¢&� �7���*�1�5�* M¡O� ����=�G�M¡��=�
q� S���M¢?�&�5�* M¡1�� *����� �	�_¢?�&�&�&�=� x�� �*���M�=¢�z*�5�*¢1�M�1� v ��� � �`�1r_ d��¤(�7�=¢5�,�ñ¤ � ¢?�����1�5y��*�1�&���?���d�`�&r(�5�(¦ � �( *¡?�'�5�K¤_�(¦y��1�5¡O�= 	�(���6�d� � �5 *�ÿ¤>�(�	�= ��¡?�(¡
Tik = (p (r) + µ (r)) · uiuk − p (r) gik, ~ w ��H�5�

p(r)
q/�A�,¤ �&�*�&�&� ¼ µ(r) q � �5� �(�5�= ��=r�¤_�M}��M 	�(¤>� ¼ ui qp� v  *¡O�=¢&�( 	�=r ¼ gik q�� �	�=¢1�1�5�M M¡?�&¦��_�K���M�(¢ xË ¢&�:¤(�5�*�1���g��¦&���q�_�K¦&�����������I��¤=�1�Et

Rik − 1

2
Rgik = −κ · Tik, ~ � �

�H�5�
Rik
qI�_�*���M�=¢
m �1�&�1� ¼ R q7 M¡?�'���1¢?������¡&¢?�&¤(���*�5� � ¢&�( 	�_¢5�,�5 	�(¤>� ¼ κ q7z*¦&���q�_�*¦&�&�(¤= M¡?���#�M¢5�:¤(���(�:¥1�5�:�&���'� � �( 	�_�`�O�&�5��� xj ���:�&�&� �  ��1�O���(�� *�5 	�=�	�����?¢5�,¤=�&�*�&�1¦F��¦&���q�_�*¦&�5�� *¤_�M�5���_ *��¡� ��5�P�5�,��}
���?�_¢1�	�{�1¢&�:¤(�5�*�1���,��t

ε(x) = 1− χ

x
·
∫
µ(x) · x2dx; ~ � �

G′′ +

(
ε′

2 · ε −
1

x

)
·G′ +

(
ε′

2 · x · ε +
1− ε
x2 · ε

)
·G = 0; ~ Ø �

p′ = − 1

2 · ε ·
(
χ · x · p+ 1− ε

x

)
· (µ+ p) , ~ Ó �

�H�5�c�q�_¢?�&s�� �*�5�M���(���p�&�1�H���*¢&�*�1¥&�&¢&�(¤_�:�1�5� � � � �*¢&�	� �*�1�5�:¦
r ¼ ε(x) = F (x)

L2(x) ¼ x = r
R ¼ R q¢5�,�&�&�_ ��( 	�_¢1���7���*�&�&�M M¡O�:�d����=�G�M¡��(� ¼ χ = κ ·R2 x

| �5 ��_�	���p�?¢5�,¤=�&�*�&�1¦ ~ � �Cv ~ Ó � q�5���1�&�&�*¦&�5����&�1�H���*¢&�*�1¥&���`�&r(������ *�5 ��_�	���p�?¢&�:¤=�&�*�1�&¦�¤ �_�=¢1�(�d� � �=¢\�>��¡?� x u��,�&�5��� K�5 	�=�	���ñ��� � �'�&���?�	�_ *�±���¢�d��� ¡?�&�,�_�(¦ ¤=¤=�K���K�&�5����§�5�:�d�= 	�(� � �*�1�����=�(¦Ê�7�O�5¡?¥&�1� ¢5�:  � ¢1�K�����5�*�1��� � �&� �=�&�= 	�=�����( M *� x�9�=���7�O�&¡1¥&������'�5y����p¤=�M 	�=�ñ M�	�`��¡?�:¡��,�(�ÿ¤>���7}����ñ���&����� �	�=r��= M���=�*�1�5�( 	�=�ñ¤�¥5�*���_¢&� x j ¤=�K�����m�7�O�5¡?¥&��� � �&� �=�&� v ��=�ì���( M K��¤p¤=�1�5�� *�*���:y��*�&�&�(¦ñ���5� � ¢&�M¢?��¤=�&�(¦��7�O�5¡1¥1�&� ¼  M�M���M¢Oy��:}��*¦ � �(¢&��� �	�_¢?� a � b ¼ ¡O� �_�(¢1����¡O�(���_¢&�'�&�5¢?�,���¡O�'�&�1�5�M ��=¤_�� ��5�=�K¤I¤(�&�,�_¢1�*�&�&�*¦ 	�=¢1�?¡��(�?¢?���( ��_¢&� �7���*�1�5�M *¡O�(�d�/� �(�9�*¡��(�?t

µ(x) = µ0 ·
(
1− b · x+

sin(a · (x+ 1))2

a

)
, ~%¯ �



åcçeè4éuê çcbfädä)îed»ä�fgbHdihjf6bHkfêml�ä�ìKíïîfðfãXçIãonqpqresutuv�l#æ1w�x#w y âC)
�P�5�

µ0
v ¥5�*���_¢5�`�&r=�5��� � �5���=�5�( 	�=r x �#�&y��#���M� �(¢5�:y��*���d¢5���7�5¡ ~%¯ � ¼ � �= 	�=¢&�=�K�&�&�ÿ¦��������*���M�&�*�&�1¦ � �(¢&��� �	�_¢1�(¤

a = 10
�

b = 1 ~  	� x m§�5  x ld� x j �&�,�_¢1�*�&���,�p ��_¢1�?¡��(�?¢&� � ¢?��z��_� �������*�	���_¢&�Ks> ��&�(¦&�&�=��¢&�(  � ¢&�K�5���5�K�&�&��¤=�M}��M 	�=¤_� x

m �&  xmãOu �#û � �,6 �=< �'�$x�ú <M< �
"

| � ¢1�����*¢&� ���½�?�&¡1¥1�&� � �&� �=�&�= 	�=�¢���: M *� ���'�1�&�1�5�:¦±� ��¢5�: M 	�����=¢1�1¤>�(�	� �:¦�� �,y��5��� �*�5�(¡O� �§���=r_ *� ¼ ��� � ¢1��� �M¢ ¼ ¤kþlKn x ��� *�& 	�_�	�§���1¢&�:¤(�5�*�1�&¦ ~ � �Cv ~ Ó � � �,y��&�{���`�5�,y����=r{�_ ��5�:¤=���  	�
�&¤=¡1�£ �¤(�5�	�
�1��� ¢&�	���*�1�5��� x uq��� ¡?�(y��5�(�d�±���
�1¢&�:¤=�&�*�1�����:�&����� �	�I� ¼  M�(� �=¤=�	�_ 	�=¤=�*�&�&� ¼  ��&�K�5�,��}
�1¦¤=�1�Et

ε(x = 1) = 1− η; G(x = 1) =
√

1− η; ~ Ù �

G′(x = 1) =
η

2 · √1− η ; p(x = 1) = 0, ~ © �
�P�5�

η =
2m

R

qp¡O��� � �(¡��=�5�( 	�=r/�( 	�=¢&���½���*�1�5�M *¡O�(�d�/� �(�9�*¡��(� xm§�: M 	� � �_¢?��� �&�*¦��_¢1�(�1�&�,� �*¤_���K�5�{� ¤=���1�5 ��&��� �M��¡O��� � �(¡��=�5�( 	�=r x j �=  � ���&r �M�(¤_�:¤����& *r{�_ ��5�:¤=�&�	� ~ Ù � ¼ � ���&�O�1����1¢&�:¤=�&�*�1�5����� � �(¢&��� �	�_¢?�
a ¼ b ¼ ¢1�	���*�&�&�I¡O���_�=¢1�(�d�g�(�,�5�	�g�d�,¤=�5 *�	�=r�� �6���: M *��K¤_�	�K�&�

m ¼ ¢5�,�&�&�_ d� R ¼ ¥5�K���_¢&�'�&r(�5�:¦� �5���=�5�( 	�=�
ρ0 ¼  *¤��,�d�:�1�5�:¦   � �5���=�5�( 	�=r � µ0

 M�(� �=�&� ���*�1�5�	�
µ0 = ρ0 · c2 ¼ � �= ��&� � �M¢1�*s>�M����¤à *�& 	�_�	�§�±�K�5�1�&�1¥ ¼ �H��� M¡O�=¢&�( 	�=r/ *¤_���=�

c 6= 1
t

∫ 1

0

µ (x)x2dx =
2m

χR
, ~ l ¨ �

j  M�#¤_���1�&�1�&�&� � �M¢&�K¤_�K�5�*�&��¤/ *�5 ��_�	�§� | Á |7x j � �Kr�� �	� sO�:¢5�(¡��_�M¢?�&���H�7���K�&�5�* M¡1�&� � �(¢&��� �	�_¢?���&�*¦��_¢1�(�1�5�(¦��*¤=�	�K�&�
t

R = 1.5 · 106cm, m = 1.9891 · 1033g, ρ0 = 4.8064 · 1014g/cm3. ~ l(l,�

� �(�H�A�
¢&�����K�&�5�½�?¢5�,¤=�5�K�&��� ~ © � �A�:�	� a = 10 ¼ � �(¢5�'�����_¢ b = 1 x uq���/� � ¢&�P�����&�*�&��� � �&� �=�&�= 	�(�����( M K�
µ0
�I�A�,¤ �&�*�&���

p0¤/¥5�*���_¢&�7�&  � ���&r �*�>�	� � �:¢5��� �	�=¢1�&�&�M M¡O�(���?¢5�:¤(�5�*�1�5�� M�= ��_�`�?�1���p¤(��¢&�,y��5�*�&�&�(�d�����M¢��§� v �*���d�?t

ρ0 = (sinh (ξ)− ξ)K/c2; p0 = (sinh (ξ)− 8 sinh (ξ/2) + 3ξ)K/3, ~ l w �
�P�5�

K = m4c5
/(

32π2~3
) ¼ m v ���: M d� � �(¡O�`�B���M¢��§�&�(��� ¼ c v  *¡O�=¢&�( 	�=r{ K¤_�	�(� ¼ ~ v�� �= 	�_�`�O�&�5��� oH�5�:�5¡?� ¼ � �(¢&��� �	�_¢

0 < ξ <∞ x j ¢1�	�*�'�1r'�=�'�_� � �'�&�O�&��� � ¢1� ξ = 1
t

ρ0 = 1.0038 · 1014g/cm3, p0 = 1.07 · 1033dyne/cm2. ~ l � �
j ���&�& ��&���à  � � � �=}
r�� ~ © � ¡O� � � �:¡��=�&�= 	�(r η ¼  M�=���=¤_�	�= 	�=¤=�,�7}��,�B�K���M�5�K�&��� � �:¢5��� �	�=¢5�

a = 10
�
µ0 = 1.0038 ·1014 ·c2 xj ���_�(�d� � �'�&�O���:�	�

η ≈ 0.16 x uq���  M¢5�,¤=�5�K�&��� ¼ s>�(¢5�:¡��_�*¢1�5�(�F�*�5�M�5�*�1�5��¡O� � � �(¡��(�5�= ��=� ¼ ¤(���&�& ��5�*�1�5�(��  � �����(}
r�������'���ÿ�A�'�_���1r=�1��sI�A�,�&�1��s
η ≈ 0.1 x

� �(¡1��� � �(¢5���*� � ¼ ¤����?¤e�§�5�(�M�= 	�=� � �*�&�5���=�,�ö�7�?�&¡1¥1��� � �&� �=�&�= 	�(�g���: M *��¤/¤=�?��� ~%¯ � �§� ¼ ��� � ¢1��� �*¢&���5�*¦��_¢&�:�&�&�(¦�*¤_�	�P�5� ¼ ¤=���&�& ��1���&�g�*�5�M�5�*�1�5�#¡O��� � �(¡��=�5�( 	�=� ¼  M�(� �=¤_���_ 	�=¤(���7}��M�#���'���*¦F���M�5���&� x® ¢1� � �q�_�:�d� ¼ �5�M���ds>�M�5�����������_�:¤(���=r ¼ ���_���=�:¡?����� �M�����1rp M�I ��&�(�& 	�_�(¦� 	�_¢?�1¡��=�O¢1�(¦�� �'���d�A�(�����'�&�M�	�=¢&�:�1�5�M M¡?�����(� v
� � � � �Io
���_¢&�:¤=� ¼ � �*�����7}
���  *�¤p¡?�:y��5� �  ��5�(� x u�¢?�O�M���§�� ��5�:¤>�'� � ¼ ¤p¡?�(y������  ��5�=�
 *�?}��* 	�=¤=�_�	�e�_�:�5¡?� ¼ �H��� � �M¢?¤>�'�� ¤��_�=¢&��� � ¢&�:���*¤=�d�&�&��� � �5���=�5�( 	�=�����: M *�	� �(¢5�(}��'�I�_ *� ¤�&���&r x j ���: 	�=�&�= 	�=� ¼ �(�(¡O�(¦��_�(�&¡?�:¦ �=¡?���*��¤_�(�	�= �� ¥5�K���_¢
�5 M ��&�K�5�_�	� �(�d�c���(¢5� x j �=¡1¢&�M 	�(�5�= ����Ose�(�(¡?�&se�_�(�&�M¡p¤=��¢5�:y��*�&�&�#������� �	�_¢?�&�&�M M¡O�(¦��7�O�5¡1¥1�&�

G(ζ)
 H�(���1r����(¦F�_�(�1�5� v 	�=r�� �(�,������¤(�&�,�_¢&�K�&�&���à¢1�	���*�1�5�	�«p�¤_�(¢1¥��
���1r(�A� ¼ �����/¡?�(y����:�d�� ��5�`�/��� �	� ¼ �M 	�_�* 	�=¤_�K�&�5� ¼  *¤_�:¦����'�=�=¢ � �= ��_�`�?�1�&��s�&���=�*�d¢1�&¢&�:¤>�:�1��� x �.�=�����*�5�d�5�(�	� � ¢1�1���,���5�*y��5�( 	�=r��d¢&�:¤=���(�:¥&�&�(�1�5�(�M� � �'���I¤�z	�(�&sI�=¡1¢&�* 	�=�5�( 	�'�?s/¡�'�1�d�	�(¢5�:�1�5�M *¡O� �§�



y z(l ± ãfädå.²Üæ�³Våcçeè4é»êëä�ìhíïîfðfãRçIã
�(� � �

0 ~ ¡O�(�����=¢��§�5� v�� �5�= *¡O� �§� � x j �= 	�(�'�1r=�1��s��_�(�&¡?�:se���M�5���&��M¢5�:¤(���(�:¥1�5�(�1�5�(� � �'�5� � ¢1�1���d���&�My����c�=� � �
D. � �(¡1������=¢&���M��� ¼ ¤(�&�,�_¢?��������*¦  ��5�(�& 	�_�:¦?� �M�����1� �'�1�d�	�(¢5�,�&�5�* M¡1�1¦?�=� � �d¢&�:¤(���(�:¥&�&�(�1�5�:�d� � �'���¢� �*���?�	�_ *�At9¤�¥&�*���_¢1� ~ �{¤�K�d���(¡&¢&�* 	�=�5�( 	�=� � �M ��=rg�=� �

0 ~ ¡O�(�����=¢�� �&� v�� �&�= M¡?�&¦ � ¼ � �M¢&�Ks>�M�1�F�d�'�_�	�£¤g�=� �
D. Á �_�(�&¡1���M¢1�*�&���ì�=�M�=¢?�&�¢�����M�(¤(��s

� �M¢1�*s>�M���:¤��K�5�M *r�¢&�M�'�&���*�>���_ *���#���*�(¤=��¦ � �M¢&�Ks>�M��w v �M��¢1�M�A� ¼ �H�����#�'�d���§�+nè¤_�M}��M 	�(¤>�4o�¤(�� 	�=� � �'�I���`�&�d���=¢&�:�&�&�M M¡?�5�;�=� v
� � �d¢5�,¤=���(�:¥1�5�:�&�&�(�d� � ����� k w n ¼ �� H�=�(�5¡?���M¢&�K�&���e�_�M�(¢1�1�¡?���(�: 	�_¢&� � k ¡?�'�=�: 	�_¢1���#�� 	�(�=¢&¡?� x u��'�5�*� ¼ ¤_��¤��_�(¢&� �� ��5�(�� ¢&�:�5 Hs>�M�&����� � �,�=r������M�:¤=��¦ � �*¢&�*s_�d�ñw v �d�I¢1�M�A��¤/�d¢5�,¤=���(�:¥1�5�:�&�&� � � ���&�
���u�=� � �

D
¤��=� �

0 ¼ ¤=� �*¤=¢5�:}����? *r��d�'�_�	� ¡
�(� � �

D
�¢� x � x ��� � �(¤=�M¢>sO�5�= ��=�£���:¢5� x j �5�	�
�&�M�I¢&�����*�&�&�+p�¤_�(¢1¥��
���1r(�A� ¼ ¡?�(¡ñ���*¤_�* 	�=�5� ¼ � ¢1�1���,���5�*y����¡£�(� � �

D.u�¢?�O�M���§�± ��5�(¤_���§� ¼ � ¢?� � �M¢1�	� �M}��*�&�1��� ��¥&�*���_¢&�g���:¢5��¡ � �*¢&�S���*¢1�1�±�����'���ÿ���(�	�_ *�ñ�5�*¢&�K�5�(¤_�:�&�&���'�1�d�	�(¢5�,�&�5�* M¡1�1s
�(� � �(¤��d¢&�:¤(���(�:¥1�5�(�1�5�:�d� � �������&�M¢1�	�u�#���M�:¤=��� � �M¢1�*s>�M�5��w v �M���=� � � xj ¢&�( M ������_¢?�&¤>�:�	� �(¦Ê� �M�����&� �5�:s_�d�&���á�=�:¡&y�� � �M�1�=¤=�M¢Oy��5�*�&�&�g�_�M�(¢&�	�§� k � n ¼ �,�=¤=�M¢Oy�������}��*¦ ¼ ���_�ñ S���M¢?�&�&�M M¡?� K����� �	�_¢?�&�&�&�=�7�d¢&�:¤=���(�:¥&�&�(�1�5�=� � ���&�u� �,y��	� � ¢1�1���,���5�My��'�=r��_�'�&r_¡O��¡��&¤=�,� �`�&�d���=¢5�,�&�&�M M¡?�����=� � �'��t

0
�
D.

ª�«¬�®#¯±°I¬�²�¯±°
kmlKn i  K� � �:¤ ��x õ x���y�4���O�f§=�=�M§/�y�"�J�:�^�!���1�������������O°� ��$°J�!��� ×(×�� ���_�*¢1���`�&� ¦ ���=��¢1�5�,�5¥5���_�:¦ j  M�M¢&�( M *�1¦5 M¡O�:¦à�5� v�O�1�5�(¦�¡O�:�1���*¢&�*�1¥&�1�� ��=�,���*���_�(¤ v �7���*�&¡O�(¤/�ì� �'�5�M�5��s��O�5�K�&��s j � ® | � vHl � x v.Ë �#�Ot � �K� v ¤_� �½| �ömX�= * *�&� x w:¨=¨=Ù x
|7x Ó_w xk w n } �(¢5�,�5�:¤ ��x � x�÷!���M�O�(�d �£4��£=�s�A�!�R³q�d£��O¯��s�M��£4�1¦C���� �£��� y�!£/�J���1³ï�C �£/�1�(�Lº$�s���!�4�/£ ×=× | � x �_�	�*�& M�(¤��I�:���&�*¦&�&�(¦�5� v�O�1� x ¡O�:�1���*¢ x �7��� x �#�:¡ v �=� ® Á Ë ~ w(¨(¨c�&�	� ® ���d�,�5 M¡O���§�p�O�&�1¤_�M¢1 *���_���=� ¼ ® �'�d�:�1r ¼ �5�`���(¢1rIw:¨=¨(� � x v�® �'�d�:�1r ¼ w:¨=¨(� x v
|7x l ¨ ¯ xk � n } �(¢5�,�5�:¤ ��x � xL���¢£��O¯��s�M��£4�1¦C���� ��H�²�$�1�!�«�M³����O�C¦C���� ��´�������
�s���O�1¦(�O�y¯R�a¯6�(£��y�1��£4�O�O���C�O�y¯s�q�O�H�(� ×(×(j �M ��=�&�&¡® ¢&�( *�&�`�1¢1 M¡O�(�M���d�( *�,�A�:¢& 	�=¤=�*�1�5�(�M���?�1�&¤=�M¢& K���_�	�(� x �����*�&�&�M M¡?�5���?���'�_�	�����=�1�5�M *¡1�&�/���M�?¡1� x qw:¨=¨=Ó x q®¬ l x q |7xØ v © x

û�¾Àû#ðuö»ûÿø ðñ��öWüXýuûÿø\ö»ûÿø�ô�û
ð»òKý��úþcó��������������\ó
ö:øúù òNþ)û ü��ÿ�
�����\ò8üSù^ûÿþ7û ���Wó��
ù " ; "&%�ú	�Gúd6 �:+ 1 ¼ ù " ù "Cû @ 
54?2&6 2

1 ýE2 ' 2�� < 412�
�c#@èB§@��Aú:û��(6���
 ) 612 + @�� < 2��_@	� J&L��(<M< 2&N J - �Gú < 6 � N#� < 4 ¼ 2 ýE2 ' 2�� < 4?2�
c#@CB§@��Gú:û��(6���
 ) 612 + @�� < 2��_@	� J&L4�=<M< 2&N J - �Gú < 6 � N#� < 4
1 Q5RHS&TOU=VXW T>V � !�hMSOh,Y?T(]>^,S&TOU=VXaC](\ ¼ 2 Q5RPS1TOU=VXWbT,e(üO[,e�a�(�ý,��þ`&&Ude?^=ÿ,S&TOU=VXaÆ`=[dS

j ¢5�'�=���_�/¢5�: M 	�����=¢1�&¤_�(�	�= ���¤=�&�,�_¢1�*�1���,��5¤=�_ ��5�:¦&�5���ì� �M�����1r��d¢&�:¤=���=�5¢?�,��}��*�d� ��=�'�=�&�&� v  M¡O�:�d�g���(¢5� ¼ � �	�_¢1�&¡?�������¡O���_�=¢1�(¦g�d� � �5 *��¤_�(�	�_ *��¡?�:¡
ds
2 = εL2dt2 + 2Ldt dr − r2dΩ2.Á9¢&�:¤(���(�:¥1�5�(�1�&�����?¢&�:¤=�&�*�&���g��¦1���q�_�*¦1������� �	����¤(�1�Et

Gµν = −8πTµν ,�H�5�
Gµν
v �_�*���M�=¢6��¦&�����=�*¦&�5� ¼ � Tµν v �_�K���M�(¢�z*�&�M¢1�M�1� v ��� � �'�1r_ d�
�����p�?���d�`�&r(�5�(¦ � �( *¡?�'�5�K¤_�(¦�y��1�5¡O�= 	�(� ¼

Tµν = (µ+ p)uµuν − pgµν ,
�H�5�

µ(r)
v�� �5� �(�5�= ��=r����( M K� ¼ p(r) v �A�,¤ �&�*�&�&� ¼ uµ v � v ¤_�M¡��_�=¢� M¡O�(¢&�= ��=� ~ ¤ *� � �,�_ ��=¤=�,��}��*¦� *�& 	�_�	� �����_ *�5���=� � ¼ gµν q� ���_¢1�1�5�M M¡?�&¦��_�K���M�(¢ x

| �5 ��_�	�����?¢5�,¤=�5�K�&�1¦F��¦&�����=�*¦&�5�������I���:�1�5�(¦g� �	�_¢1�&¡1� *¤_�M�&���_ *��¡g�_¢1�	�{�1¢&�:¤(�5�*�1���,��t

ε = 1− 2

r

∫
4π r2µ (r) dr; ~ ld�

L′′ +

(
3ε′

2ε
− 1

r

)
L′ +

(
ε′′

2ε
+

1

εr2
− 1

r2

)
L = 0; ~ w �

2L′

rL
= 8π

(µ+ p

ε

)
. ~ � �

�9�=�� *�5 ��_�	�����5� � ���&���1���_ *�/�����d��� ¡1�1�,�_�(¦g�d�d�A�:�1�5�����M�(¡O�(�5��¢5�(  � ¢1�K�����&�*�1��� � �&� �=�&�= 	�=�����( * *�
t

µ(r) =





µ0, r < R0;

µ0R
2
0/r

2, R0 < r < R,

0, R < r.



åcçeè4éuê çcbfädä)îed»ä�fgbHdihjf6bHkfêml�ä�ìKíïîfðfãXçIãonqpqresutuv�l#æ1w�x#w y z y

� �(¡O�=��¢5�:  � ¢1�K�����5�*�1�5�����( M K�i�M�,�A�:�	�£���:¢  ��d�&�5�(¢&�M�5�1�7�á�>��¢&���Z¢5�,�&�&�_ d�
R0
� ���=�'�5�(�&¡O�(¦��_�'�5}
�1�&�

R − R0 ¼� �5���=�5�( 	�=r�¡O� �=�=¢&�:¦�  � �,���(�	�/ 
¢&�( M 	�=�`�?�1�5�	� � ���d�:¡O�(�&��� �(¢5���(�&��s¡?¤>�,�5¢5�'�_�(¤ x���O�&¡1¥&���
ε(r)

�_�:�H�A�c� �,y������(�7�(rI�5�:¦?���*�5��¤e�O¤=�5����¤=�?���=t

ε(r) =





1− 2M0r
2/R30, r < R0;

1− 6M0/R0 + 4M0/r, R0 < r < R;

1− 2M/r, r > R.�P�5�
R0
v ¢5�d�5�1�>  ¼ � M0

v ���: M d�/�M�&�5�=¢1�M�5�&�(�d���O�5¢5�����:¢5� ¼ R,M v ¢5�,�&�&�_ ����1���=�*�d¢5�`�&r(���������( M d��¤_ M�*�M�e���(¢5� x
�  Hs>�M�1�ñ���I¤=�1���F�7�O�5¡?¥&�&�

ε(r) ¼ � �,y��&���d�(¡,���½�&���=r ¼ ���_��¢1�	���*�&�&�	� ������M�&�5�=¢1�M�5�&�(�d�F�O�5¢5�g�:�:�5�	��¤=�1�,�_¢&�*�1�5�*�
¢&�	���*�1�5�
p�¤>�:¢1¥��
���&r:�A� ¼ �7�O�5¡?¥&��� L ������¡O� �_�(¢&�(�M����� �M����¤=�1�Et

L(r) = C1 +
C2√

1− 2M0r2/R30Ë ¢5�:¤(�5�*�1�5��y�� � ���������=���&�(�&¡1�£���(¢5�p�&�?y��&�p�5 M ��&�K�5�(¤>�'�=r � �M��¢1� �(�&�M� x Á9¢&�:¤(���(�:¥&�&�(�1�5�=� � �'�5��¤(�&�,�_¢1�����=���&�(�&¡1����:¢5�p�M ��=r� K� � �M¢ � � �K�&¥&��� � �'��� ¼  *� �K���:¤>�:�	� �(�d� d��� �(¦ñ���=���&�(�&¡O�(¦ ¼ � � ����� ¼  M� �P�A�:¤_�(�	� �(�d���>��¢1� �����:¢5� x � � � ¢1�K� � � v�5�,y���� ¼ ���=�c�O�5¢&��¤(�5�( *�������'�1��¦�¤_¡��5�,��¤��d¢&�:¤=���(�:¥&�&�(�1�5�=� � ���5� ¼ � x � x � �=�&� ���*�1�5� M0/r
���`�5� x o
�M�� ��=�,¤=�����7�O�5¡1¥1���

ε(r)
�����I� �(���5�:�5¡?�¤��?¢5�:¤(�5�*�1�5� ~ w � � ¼ ¢5�: M¡��5�,�&��¤>���p�M�7¤/¢\�>� � � M0/r ¼ �:�d¢5�,�&�&�1���  *���=���&r=¡O���1�&�&�*¦&�1�7�§�����5�*�5���§�Et

m �&  xmãOu�� �Aú�c�2&4 � ú + 2 < 2Ox �=< �d2�x�@	�S�529D?@ < 4 � 
«c ) 654��12&2
L

� �
x = r/R

"
R0 � 0.2R

J 3 ) 6541�,2,� � b = 0.6
J�< 35û ��� 6Aú,N

û12&6125N � b = 0.8
"

L′′ − 1

r

(
1− 6M0

R0

)
L′ +

6M0

rR20
L = 0. ~ � �

o
¢1�&¤=�K����� z	�=���?¢&�:¤=�&�*�&�&�#¡�¡?�,�5�(�1�&�&�M M¡O� �§�p¤(�1�&� ¼  H�5���5�:¤e�d�'� �*�&�g�7�O�&¡1¥&�1�Et

L = f(r)exp(−3M0

r
).

Ë ¢5�,¤=�&�*�&�&� ~ � � �=�(�H�A�c�d� � �������_ ��¡?�:¡9t

f ′′ − 3

4r2

((
1− 6M0

R0

)2
− 8M0

R0

)
f = 0. ~ Ø �

�.�_���1¢&�:¤(�5�*�1�5�9� �,y��	�I�(�7�=r� *¤=�K���K�5�7¡��?¢5�,¤=�5�K�&��� Ë �����_�M¡O�*¢5� ¼ ���*�M��¢1�	���*�1�5�	�F�?¤����,�I�_ *�# *�=� �(¤_�	�_ ��=¤=�,��}
�&��  � � v¥&���`�&r(�&���7�7�O�5¡?¥&�1� ~ �½�?�&¡1¥1�&� Ë �����_�*¡O�M¢&� � x m§�'�����,�M�'���1s�¤
¢\�O� � � M0/r
¤
�=¡1¢&�M ��=�5�( 	�=���&�'��� ~  M�(�*�5�( *�&�
 Æ�����5�:�&�&� �§�¢5�:�&�M� � ¢&�P� � �'�5�,y��*�1��� ¼ ���=��z	�_�����=�5�����K�&�5�u���`�5� � ¼ � ���1�O�&���{���_�(�d�:¤_�=�#¤=��¢&�(y��*�1�5�#����� L t

L(r) = C3

(
1− (1− b2)(b− 1)R0

(2b+ 1)r

)
r1−b + C4

(
1− (1− b2)(b+ 1)R0

(2b− 1)r

)
r1+b, ~ Ó �

�P�5�
b =

√
1− 6M0/R0 x



y z�t ± ãfädå.²Üæ�³Våcçeè4é»êëä�ìhíïîfðfãRçIã
® �(�& 	�(�:���=�

C
� �:y��5�����,¦��=� ¼ � ¢1�(���K¤_�M�1���*�5�,��¡?�,�  	�
�&¤=¡1��¢&�	���*�1���������6�O�5¢5�/ �� �=�'�5�:�5�*� v �1�7� � ¢?�

r = R0
�

���=�'�5�(�&�*�1�5�(�M� v  �¤=�5�����1��� ¢&�	���*�1�5�	�Óp�¤>�(¢?¥��
���1r(��� � ¢1�
r = R x Ë ¢5�,¤=�5�K�&���� 	�
�&¤=¡1����� �	�I��¤=�?�Xt

C3

(
1− (1− b2)(b− 1)

(2b+ 1)

)
+ C4

(
1− (1− b2)(b+ 1)

(2b− 1)

)
= C1 +

3C2√
6 + 3b2

, ~%¯ �

−C3
(
(1 + b+ b3)(b− 1)

(2b+ 1)

)
+ C4

(
(1 + b+ b3)(b+ 1)

(2b− 1)

)
=

9C2
2

1− b2
(6 + 3b2)3/2

, ~ Ù �

C3

(
1− (1− b2)(b− 1)R0

(2b+ 1)R

)
R1−b + C4

(
1− (1− b2)(b+ 1)R0

(2b− 1)R

)
R1+b = 1, ~ © �

−C3
(
R(2b2 − b− 1) +R0(b− b3 + b4 − b2)

2b+ 1

)
R−1−b + ~ l ¨ �

C4

((
R(2b− 1) +R0(b

3 − b)
)
(b+ 1)

2b+ 1

)
R−1+b = 0.

Á9¢&� �7�&¡q�d�,¤=�5 K��� �= 	�(�������_¢1�1�5�M *¡O�(¦��½�?�&¡1¥1�&�
L
� �7�=�	�*¢5�������*¢1�5�:¦ � �M¢&�	� �K�&�5�:¦

x = r/R
�����#¢&�����1�&�1�&��sI�*�5�M�5�*�1�&¦

b
� ¢1�1¤_�K�5�*�����¢1�&  x l x

m§�&  x �]u ýA�Gú + 6A@H6&2A@%x�@	�S�529D?@ < 4 � 
Lc ) 6&4��&212 L J1+ �#D=2 < ûA@H616 � 
�ú,6Aú,û12��,2EDO@ < 4?2¢� < 35û ��� 6Aú,N�û?2&6&2&N,��2ñD=2 < ûA@Æ6&6 � � 3 ) 6&4 ��d2������
b = 0.8

J
R0 = 0.2R

J
x = r/R

"

uq�����=�(�d� ¼ ���_���(���(¥&�*�&���=r6�=�(�&�&�= 	�(r� Æ�����5�:�&�&�(�d� � ¢?�����1�5y��*�1��� ¼ � �= ��_¢&�:���£�&�& ��5�*�1�5�(�/¢&�����K�&�5�/�?¢&�:¤=�&�*�&��� ~ � ��5� � ¢&��� �My��,�_¡O�
[R0, R]

�� M¢5�,¤=�&��� �*�d�/ ����:¦?���*�1�&�7� �:�5�'�&���=�1�5�M M¡?���{¢1�	���*�&�&�	� ~ ¢?�5  x w � t® �(¡
¤=�1�&�5� ¼ ���,¦1���K�&�&�=���,���'�1���(�&�5�* M¡O�=� ¤=��¢&�(y��*�1�5�������u� �	�=¢1�1�5�M M¡O�:¦c�7�O�5¡?¥&�1�
L
���(�	���M�:¤=�7���*�&�1���=�*�5�M�5�*�1��� � � *¢5�,¤=�5�K�&���  ��5 ��=�&�1�&�7� ¼ � �( M¡O���1r_¡1���d¢&�:¤=���(�:¥&�&�(�1�5�=� � ���&� ¼  M� �K���:¤_�(�	� �=�7�M�5�&�=¢&�M�&�&�7�£�>��¢1� � ¼ ¤�� �(���&�(�5¡O� � ¢1�K� � ���5� v�*�:�	�_ *�
 ��5���(�7� x i �&���:¡O��¤7 ��1�O���(� ¼ ¡O�(�H�A�=���( M M�½�M�5�&�=¢&�M�&�5�:�d�;�>��¢&�ÿ�&�� ��&����¡O����¤_���&�5¡?� � �½ *¢5�:¤(�5�*�1���{ �� �(}��*¦����( M *�(¦

���:¢5� ¼ ���:¦?���K�&�5�(� ¢&�	���*�1�5� �,���(¤��5�	�(¤_�=¢?���_���&r=�&� � � �& *��¤>�:�	��M¢5�,¤=���(�:¥1�5�:�&�&�=� � �'�5��¤=�1���=¢1�����(¢5� x
| �(�*�5�( *�&�6�_�M�(¢&�	� � kml*n  S�7�M¢1�1�5�M *¡1� *���N� �	�=¢1�&�1�5�(���d¢&�:¤(���(�:¥1�5�(�1�5�(� � ���&��� �,y��	� � ¢1�1���,���5�My��'�=r�¡�'�1�d�	�=¢&�:�1�5� v *¡1�����=� � �'�F�&���=�

D,
�1���(�

0.
m§�: M 	�����=¢1�&¤_��� � �( ��5�:¦&�5�½���:�1�&�,�����M�5���&r ¼ � ¢1�1s>�M�5����¡��&�M¢&�K�5�(¤_�:�&�����=� � �(¤7�d¢5�,¤=���(�:¥1� v�:�&�1��s � ���5�K¦ ~  M�(�*�5�( *�&� �`�&�d���=¢5�,�&�&�M M¡O�(¦ ¡��5�( M K�1�7�&¡?�:¥&�1�

o
���_¢&�:¤>� � t � ���5�g�>��¢&� � ¢1�&�5�,���5�My����à¡��(� � �
0 ~ ¤=�1�,�_¢&�K�&�5�*�¢1�	���*�&�&�®p�¤>�(¢?¥��
���1r(��� � Ú � ���&� ¼ � �(¤_�*�5����}��M��� �=�'�5� v�&�*�1�5� �§�/¢1�	���*�&��� q�¡��=� � �

D ¼ �
¤=�&�	�
�5�M� � ���&��p ¤_�(¢?¥��
���1r(�A�#q��=� � �
D ¼  M�(�*���: *�5���_�*�=¢&����� kml*n x o
¢?�pz	�_� � � �M¢1�*s>�M�� �*y��5���(� � �'�§�

0
�
D
�5�
�d¢&�:�1�&¥5�;�>��¢&�#��� �=�'�5�:�5¡O�(¦�M ��=r��#�'�M�(¤(��¦ � �M¢1�*s>�M��¤ �_�=¢1�(�d��¢&�M���
¤��d¢5�,¤=���=�,¥&�&�(�&�&� � � ���&� ¼ *� � ¢&�(¤=�,y��A�'��}��1¦5 *� ¼ ¤/�5�( 	�(�5�= ��=� ¼  *¡?�d�&¡O�=���=¢5�'�*�&�7� ���	� �*�5�K�&�5��� ¢5�,�&�*�����'�_¢1�1¥&� j �K¦���� k w n x



åcçeè4éuê çcbfädä)îed»ä�fgbHdihjf6bHkfêml�ä�ìKíïîfðfãXçIãonqpqresutuv�l#æ1w�x#w y z�á
ª «¬�®#¯±°I¬�²�¯±°
kþlKn } �(¢5�,�5�:¤ ��x � x ��� £��O¯����M�(£4�1¦C���� ��M� �$�1�O� �M³����O�C¦1�s�� �� �s�(�����s���O�1¦(�1�4¯R� ¯6�(£��4�C��£/�1�O���1�1�	�¯R� �1�H�(� ×=×:j �M 	�(�&�&¡ ® ¢5�: *�5�`�?¢& *¡?�:�d� �M�= *�,���(¢& ��=¤_�*�1�5�:�d� �?�1�&¤=�M¢& K���_�	�(� x �����K�5¡O� v �����=�	�����=� v�&�M M¡?�5���5�M�1¡?� x qw:¨=¨(Ó x q�¬ l x q |7x Ø v © xk w n } �(¢5�,�5�:¤ ��x � x�÷!���M�O���� �£/��£/���A�O�s³��a£��O¯s���M��£4�1¦C���� �£��� y�!£/�J���1³ï�C �£/�O���qº$�s�A�O�/�4£ ×(× | � x �=�	�*�5 *�(¤����(���5�*¦1�5�:¦
�5�M�O�&� x ¡O�:�1���M¢ x �7��� x �#�(¡ v �=� ® Á Ë ~ w(¨=¨H�5�	� ® �'�d�:�& M¡O� �§���O�&�1¤_�M¢1 *���=�	�=� ¼ ® �'�d�:�1r ¼ �5�`�,�=¢1r�w(¨(¨(� � x v>® ���d�,�&r ¼ w:¨=¨(� xv |7x l ¨ ¯ x

û��ÿûp�côªû�ò ö»ûeü�����û�¾Sö��Wó
öò òKö�����ù^ý��eü��RòNóRû/� ñ\òKó
�����^ö\÷b� �\òNódö^÷���ðu÷ªó
- " ; "1%�@Pû � �54?2�
 1 ¼ ù " ù " - 2��&25û1û �:+ 2 ¼ ýÿ" � " LE)A' 216 3

1,2,3 .�úS�&2 � 6Aú,û��:6���
�2 <M< ûA@èB �:+ ú��_@Hû�� < 412�
�N(B§@��&6���
 ) 6&2 + @�� < 2��=@	��
 ; ¿I8A¿� J�L4�=<M< 2&N J
; �(< 4 + ú

1 Q5RPS1TOU=VXW��&R	$\�>V_[4ü,(S&(ò>^=ò>T:e\"#� ! aC](\ ¼ 2 Q&RPS&TOU=VEW��1U:]OU=V_V_[ Ý RS���>^=ò>T:e,"#� ! aC](\ ¼ 3 Q5RPS1TOU=VXW� �=]=ÿ#�OU	�=\=Y&Ude?^>V>U�(/ü aC](\

| ¢1�K�5���§�&�:y��* 	�=¤>�
�&�M¢&�����K�&�1��s � ¢&�����&�	�±�( 	�=¢&���½���*�&¡1�I *�?}��* 	�=¤=�,���#�&¤_� ¼ ¡?���d�`�5�= Krc�:� ¼ �&�½ K¤��,�d�:�1�&��� � ¢1� �'�5�	�§�k � �*s>�:�&���	� � �(¢5���*�(¤>�,�&���  *¤=�M¢>s,���( M *�1¤=�1��s��5�*¢1�&��s�&��¢ ~ | �g¦ u � ¤¢�>��¢&�:s±�*�'�5�(¡��(�5¡ kml ¼ w ¼ � ¼ � n �  *�?}��M 	�(¤_�(¤_� v�&�5��5�*�?���*���=�1�½�&¥&�&¢1�(¤_�:�&�1��s{�5 ��_�(�1�&�5¡O�:¤à�M�'����� v �����1�?�&�*�1��� ¼ � �:���:¢1�?y��*�&�1��s �M�'�N��� v ���= M�*¢1¤>���=�=¢1�����§� Á�SAB ³�ø�k Ø n� ¿ I ºH[�, � k Ó n x i ��� �	�=��� ¤{ K¤��,�*�  �z	�=��� ¼ ���_�ñ¤��=�'�&r��
�1�5 	�(¤_�ì� �M�����&�*¦ ���=¢��§�5¢1�(¤>�,�&��� | �g¦ uª�_¢?�:�&�5�������=�My��'�=r
� �&�,y��M 	�=¤=�*�&�&�(�d��¢1�:y����K�&���£���K�5�M�����: M *�1¤=�&��sà�5�*¢1�&��s��5��¢ x i �:���:¢1�?y��*�&�&� � �= ��5�K�&�&�1sà¡1¢5�,¦&�5���d�'�_¢1�,�&�&���=���&r(�5���
�����'���ÿ�A�'�_���1r=�1���7�A�:�1�&��� � ¢1� �=�1¤_�=¢1�*�&�1¤=� xi �`�&�1�&���=���1r=�5�:¦��( M� �(�*�&�&�= ��=r�� ¤=�7�(¢5�:�1�5�:�d���5���§�� *¥5�*�5�(¢?����� �(¢5�'�M�(¤>�,�&��� � �M¢1¤(�&�1�&��s�&�M¢1�1��s�&��¢ kþl ¼ w ¼ � n �O¤ v���?�	�_ *�����(¢��§�5¢1�(¤>�,�&�&�#�5�M¢?�&��s/�5��¢ �sO�:¢5�(¡��_�M¢?�5�(¦�¡����: 	�_�*¢1�5�:¦ 	�_¢1�?¡��=�?¢1�:¦ x j ���:�1�5� �� *¥&�*���:¢1�1��o ¦ ub���=¢5�'�*�,�I� v ��à¤�¢1�	�*�'�&r'�(���_�/¡O������� �  d�g�d��� ¡?�&�,�=��s � �'�5�*¤(��s± 	�=�*�5�(¡��d�,�5���1�d���5�����M�5�'��� � ¢&�:¥5�M * d�6�*¤=�	�K���(� �(¢5���*�(¤>�:�&��� x � �: M *�o ¦ u ¤>�:¢1r(�5¢?�����_ *��¤6�
�&¢&�=¡?�&s � ¢&�K�5�����,s�¤g�d�:¤(�5 *��� �= 	�=����¤=�7�=¢&�:�1�&��s����M���`�&r(�&��s��> ��&�(¤=�1¦ xG� �:¡ ¼ ¤��5�����	�  ��1� v���(� ¼ ¢5�( * *�&���(�:�&�1��¦ �&�5 ��5�*�1�5�à�&���=�M¢1¤_�'�Ê���( M ño ¦ u �* 	�=r

10−23M¯ . M . 10M¯ x ���:���=���&�M�ì���: M *�1¤=�&���ào ¦ u� �=¢&���*�,�I�/¤/�A�'�1r=�&�*¦����	� | �g¦ u ¤I¥5�*���_¢5�,s��*�'���:¡��=�&¡ ¼ �Io ¦ u � ¢1� � �My����_�:�&�1��sg���: M �� �=¢&���*�,���p¡,���( ��_�M¢?� ¤=�&�,�_¢?�
�M�`���(¡��=�5¡ x o
¢1�K� � ���5�:�*�(�	�= �� ¼ ���_����� �*�&�&�à¡,���( ��_�M¢1� �5�M¢?�&��s�5��¢ � ¢&��� �My��,�_�:�&�&��s?���( * 6���:�M�,�à�5�������ÿ�A�'�=r_ *��¡?�:¡
�M�'�N��� v �& 	�_�:�&�&�&¡1� ¼ �d�(¢1�*�M�& 	�_¢1�&¢&�:¤>�:�1�&��� ¿ I ºH[�,éx �����§� � �=¡?�'�d�:�&� ¼ ���_�#¡,���: 	�_�M¢?� �&�M¢1�1��s��&��¢ � ¢&�����*y��,�_�(�1�&��s����( *  ¼�&���=�*�5 *�1¤=�&�
�����1�O�����7}
�&s/ *¤_�����d�� K�5�	�����KsO�:�1���	���
�5  � �(¢&�K�&��� ô �:�?¡1�&�1�*� k ¯ n ¼ � �(�M�,���5�	�_�M¡��=�5¢1�(¤_���=r= *�I¡?�(¡��_�(�&�*�&�1���
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, ~ � �
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∂
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+D(S)dK

dI
e2α−2β3A3 = 0. ~ l � Ö,�

- I 3½¹&Å�-&¸80 Ô=¸/·5¶ Ö Ä+3H¸�3HÂ I ÅMÛ1,T-&¸:º[Ó I À.0 IdÕ ¹5¶y3H,m¸=-9x + Â I ÅMÛ1,T-&¸:º[Ó I À.0 IdÕ ¹5¶y3H,m¸=- Q ¸(º%3HÂ I [ I 3ÆºH, Ö ~ w � 3P¶(Ä I Å�3HÂ IAQ ¸:ºH[
ie−αγ̄0

(
∂t +

α̇

2

)
ψ −mψ +

1

2
K(I)

dD
dS

ψ = 0, ~ l � �

0�Â I º I γ̄µ ,mÅ%3HÂ IÀä , ºP¶ Ö [p¶43ÆºH, ÖJI Å Q ¸(º[Ô�¶y3½ÅMÛ5¶ ÖJI*v 3H,T[ I x12 Õ ¹5¶43H,m¸/- ~ l � �ÿÖ ¶/-�· I º I 0�ºH,T3M3 I -�¶(Å
ψ̇a +

α̇

2
ψa + ieα

(
m− 1

2
K(I)

dD
dS

)
ψa = 0, a = 1, 2, ~ l Ø ¶ �

ψ̇b +
α̇

2
ψb − ieα

(
m− 1

2
K(I)

dD
dS

)
ψa = 0, b = 3, 4. ~ l Ø · �

9 ¸=Àm»(,T-&Ô ~ l Ø � 0 I ÓO-10+3HÂ IAQ ¸(ÀmÀþ¸80%,.-1Ô Ö ¸/[�Û�¸=- I -�3HÅ�¸ Q 3HÂ I ÅMÛC,.-1¸(º[Ó I À.01Å
ψa = Ca exp

[
−α
2
− i
∫ (

m− 1

2
K(I)

dD
dS

)
eαdt

]
, Ca = const. ~ l Ñ=¶ �

ψb = Cb exp
[
−α
2
+ i

∫ (
m− 1

2
K(I)

dD
dS

)
eαdt

]
, Cb = const. ~ l Ñ(· �

¿1ºH¸=[ ~ l Ñ � 0 I ¶:ÀþÅÆ¸ÓO-O0
S = S0e

−α. ~ l ¯ �
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¿�,T-5¶:ÀþÀ Ç_¼OÀ I 3ÿ¹1Å�ÅÆ¸(Àþ» I 3HÂ I 2�,T-&ÅE3 I ,T- IdÕ ¹5¶43H,m¸/-&ÅMx Z -+01¸/,.-1Ô�ÅÆ¸?¼OÀ I 3ÿ¹1Å�Ó1ºHÅE3�0�ºH,T3 I 3HÂ I -&¸/-�3ÆºH,m»�,þ¶:À Ö ¸/[�Û�¸=- I -�3HÅ�¸ Q 3HÂ I�I - I ºHÔ(Ç[I¸/[ I -�3H¹C[´3 I -&ÅÆ¸:º½¸ Q [p¶43 I ºH,þ¶(À�Ó I À 0?ÅMx Z -�»(, I 0 ¸ Q ~ l Ø ��Q ºH¸=[ ~ Ù � 0 I Ó1-O0
T 00 = mS − 1

2
K(I)D(S) + 1

2

(
Ȧ21e

−2β1 + Ȧ22e
−2β2 + Ȧ23e

−2β3
)
e−2α, ~ l Ù ¶ �

T 11 =
1

2
K(I)

(dD
dS

S −D(S)
)
+

1

2

(
Ȧ21e

−2β1 − Ȧ22e−2β2 − Ȧ23e−2β3
)
e−2α

− D dK
dI

A21e
−2β1 , ~ l Ù · �

T 22 =
1

2
K(I)

(dD
dS

S −D(S)
)
+

1

2

(
Ȧ22e

−2β2 − Ȧ23e−2β3 − Ȧ21e−2β1
)
e−2α

− D dK
dI

A22e
−2β2 , ~ l Ù Ö,�

T 33 =
1

2
K(I)

(dD
dS

S −D(S)
)
+

1

2

(
Ȧ23e

−2β3 − Ȧ21e−2β1 − Ȧ22e−2β2
)
e−2α

− D dK
dI

A23e
−2β3 , ~ l Ù 0 �

T 21 =
(
Ȧ1Ȧ2e

−2α −D dK
dI

A1A2
)
e−2β1 . ~ l Ù I,�

T 32 =
(
Ȧ2Ȧ3e

−2α −D dK
dI

A2A3
)
e−2β2 . ~ l Ù QP�

T 13 =
(
Ȧ3Ȧ1e

−2α −D dK
dI

A3A1
)
e−2β3 . ~ l Ù Ô �

¿?ºH¸=[ ~ l Ù � ¸=- I ¶(ÀmÅÆ¸@Ó1-O0?Å
T = mS +

3

2
K(I)

dD
dS

S − 2K(I)D(S)−D dK
dI

(
A21e

−2β1 +A22e
−2β2 +A23e

−2β3
)
. ~ l © �

Z -�»(, I 0 ¸ Q ~ l Ù � ¶4-O0 ~ l © � ÅFÇ?ÅE3 I [ ¸ Q 2�,T-&ÅE3 I ,T- IdÕ ¹&¶43H,m¸=-1Å%-&¸80�3P¶(Ä I Å�3HÂ IAQ ¸:ºH[
α̈− α̇2 + β̇21 + β̇22 + β̇23 = −κe

2α

2

[(
mS +KD − 3

2
K
dD
dS

S
)
+
(
Ȧ21e

−2α +D dK
dI

A21

)
e−2β1

+
(
Ȧ22e

−2α +D dK
dI

A22

)
e−2β2 +

(
Ȧ23e

−2α +D dK
dI

A23

)
e−2β3

]
, ~ w:¨ ¶ �

β̈1 = −κe
2α

2

[
−
(
mS +

1

2
K
dD
dS

S −KD
)
+
(
Ȧ21e

−2α −D dK
dI

A21

)
e−2β1

−
(
Ȧ22e

−2α −D dK
dI

A22

)
e−2β2 −

(
Ȧ23e

−2α −D dK
dI

A23

)
e−2β3

]
, ~ w:¨ · �

β̈2 = −κe
2α

2

[
−
(
mS +

1

2
K
dD
dS

S −KD
)
+
(
Ȧ22e

−2α −D dK
dI

A22

)
e−2β2

−
(
Ȧ23e

−2α −D dK
dI

A23

)
e−2β3 −

(
Ȧ21e

−2α −D dK
dI

A21

)
e−2β1

]
, ~ w(¨ Ö,�

β̈3 = −κe
2α

2

[
−
(
mS +

1

2
K
dD
dS

S −KD
)
+
(
Ȧ23e

−2α −D dK
dI

A23

)
e−2β3

−
(
Ȧ21e

−2α −D dK
dI

A21

)
e−2β1 −

(
Ȧ22e

−2α −D dK
dI

A22

)
e−2β2

]
. ~ w:¨ 0 �

+ Â I 3ÆºH,þ»(,þ¶(ÀT,N3CÇ�¸ Q ¸W× v 0�, ¶:Ô=¸/-5¶(À Ö ¸/[�Û�¸=- I -�3HÅ�¸ Q 3HÂ I 2�,T-&ÅE3 I ,T-f3 I -1ÅÆ¸(º Q ¸:º�µ Z [ I 3ÆºH, Ö À I ¶=0?Å%3H¸
T 12 = T 23 = T 31 = 0, ~ w l,�

Q ºH¸=[å0�Â1, Ö Â�¸=- I Ó1-O01Å
Ȧ1
A1

Ȧ2
A2

=
Ȧ2
A2

Ȧ3
A3

=
Ȧ3
A3

Ȧ1
A1

= D dK
dI

e2α. ~ w=w �

¿?ºH¸=[ ~ w(w � ¸=- I I ¶:ÅM,þÀ ÇjÓ1-O01Å
Ȧ1
A1

=
Ȧ2
A2

=
Ȧ3
A3

, ~ w(� �

À I ¶=0C,T-1Ô�3H¸�3HÂ IAQ ¸(ÀþÀm¸80%,.-&Ô/º I Àþ¶43H,m¸=-1Å7· I 3=0 IJI -�3HÂ I 3HÂ1º IJI#Ö ¸/[�Û�¸=- I -�3HÅ�¸ Q » IMÖ 3H¸(º�Û�¸43 I -�3H,þ¶(À t
A1 = A, A2 = C21A, A3 = C31A, ~ w,� �

0�,T3HÂ C21 ¶/-10 C31 · I ,.-1Ô Ö ¸/-&ÅE3P¶4-(3HÅ�¸ Q ,T-�3 I Ô:ºP¶43H,m¸=-Gx



åcçeè4éuê çcbfädä)îed»ä�fgbHdihjf6bHkfêml�ä�ìKíïîfðfãXçIãonqpqresutuv�l#æ1w�x#w y z�ð
Z -�»(, I 0 ¸ Q ~ w l,� ¶/-10 ~ w(� � ¸/- I I ¶(ÅM,mÀ ÇjÓO-O0?Å�3HÂ5¶y3

α̈− α̇2 + β̇21 + β̇22 + β̇23 = −κe
2α

2

[(
mS +KD − 3

2
K
dD
dS

S
)
− 2DI dK

dI

]
, ~ w(Ø ¶ �

β̈1 = β̈2 = β̈3 =
κe2α

2

[
mS +

1

2
K
dD
dS

S −KD
]
. ~ w(Ø · �

Z -�»(, I 0 ¸ Q ~ w(� ��Q ºH¸=[ ~ l � � ,N3 Ö ¶4-�· I ÅÆÂ&¸80%-f3HÂ&¶43
β̇1 = β̇2 = β̇3. ~ w Ñ �Z -�»(, I 0 ¸ Q ~ w=Ø · � ¶4-O0 ~ w Ñ � ¸=- I#Ö ¸=- Ö Àm¹O0 I Å�3HÂ5¶43�3HÂ I β Å�0C,]× I º½·>Ç�ÅÆ¸/[ I#Ö ¸=-1ÅE3P¶/-�3½¸=-1À Ç>¼C-5¶4[ I À Ç

β1 = β, β2 = β + β21, β3 = β + β31, ~ w ¯ �
0%,T3HÂ b ¼ β21 ¶/-10 β31 · I ,.-1Ô�ÅÆ¸=[ I ¶:ºH·1,N3ÆºP¶,ºÆÇ Ö ¸/-&ÅE3P¶4-�3HÅMx 9 ,.- ÖJI 3HÂ I Å I½Ö ¸=-1ÅE3P¶/-�3HÅ�À I ¶=01Å�3H¸ 3HÂ I 0�,]× I º I -�3�Å Ö ¶(ÀT,.-1Ô�¶:Àm¸=-&Ô$0�,]× I º I -�3
¶ P ,þÅM¼]3HÂ I º I ,þÅ
¸=-&À Çñ¸/- I ¸/ÛC3H,m¸=-À I�Q 3d¼É,N3
,mÅ 3H¸�Å I 3 β21 = β31 = 0 x + Â&¶43
[ I ¶/-1ÅA3HÂ I�Ö ¹1ºÆº I -�3
[I¸(0 I À�¶(ÀmÀm¸80�Å$,mÅÆ¸43ÆºH¸=Û1,�Õd¶y3H,m¸=-9xZ -&Å I ºM3H,.-1Ô D dK

dI
e2α ,T-(3H¸ ~ l � � ¸/- I Ó1-O0?Å�3HÂ I�IdÕ ¹&¶43H,m¸=- Q ¸:º A t

AÄ+ Ȧ2 − 2β̇AȦ = 0, ~ w:Ù �
0%,T3HÂ�3HÂ I ÅÆ¸=Àm¹�3H,þ¸/-

A =

√
C1

∫
e2βdt+ C2, ~ w:© �

0�Â I º I C1 ¶4-O0 C2 ¶:º I ¶,ºH·1,N3ÆºP¶:ºÆÇ Ö ¸/-&ÅE3P¶/-�3HÅMx³ -�¶ ÖMÖ ¸(¹1-�3½¸ Q ~ w,� � ¶/-10 ~ w ¯ � ¸=- I -1¸	0ÃÓ1-O01Å
I = −QA2e−2β , Q = 1 + C221 + C231 = const. ~ �=¨ �

Z -�»(, I 0 ¸ Q ~ � � ¼ ~ w=Ø · � ¶4-O0 ~ w Ñ � 3HÂ I�IdÕ ¹5¶y3H,m¸=- ~ w=Ø ¶ ��Ö ¶4-�· I º I ¶:ºÆºP¶4-&Ô I 0�¶:Å
6β̇2 = κ

[
2mS −D d

dI

(
IK
)]
e2α. ~ � l,�

Z -j0�Â&¶43 Q ¸(ÀmÀþ¸80�ÅM¼�0 I
Ö ¸=-&ÅM,.0 I º7ÅÆ¸/[ I ÅÆ¸/[ I#Ö ¸=- Ö º I 3 I
Ö ¶(Å I ÅMxfæ²*ç8ç8è¨é#ç8ç@ç8ê6³¡¯.°�ë,ì�é#è¡í�î@³¨±	ï�své#³¡ç1é�¯�ð½é�ë	ñ&÷SkGò�²&¯¬é*¯.ó�°�¯.°�¯.è¡³U¯.é�²*ë�³¨±Gô
- I 3 ¹&Å Ö ¸=-1ÅM, 0 I º�3HÂ I [p¶(ÅÆÅÆÀ I ÅÆÅ ÅMÛC,.-1¸(º�Ó I À 0C0%,N3HÂ�å I ,mÅ I -O· I ºHÔ vjZ »=¶4- I -1Ä_¸�-&¸/-&ÀT,T- I ¶,ºH,N3hÇ_x(¾�¸43 I 3HÂ5¶y3d¼4,T-$3HÂ I ¹C-1,]Ó I 0�-1¸=-&ÀT,T- I ¶:º

ÅMÛ1,T-&¸:º�3HÂ I ¸(ºÆÇ/¸ Q å I ,mÅ I -?· I ºHÔ1¼�3HÂ I [p¶:ÅÆÅM,þ» I 3 I ºH[bº I [p¶/,T-1Åÿ¶(·1Å I -�3d¼O¶/-O0p¶ ÖMÖ ¸:ºR0C,T-&Ô
3H¸�å I ,þÅ I -O· I ºHÔ1¼�3HÂ I Û&¶:ºM3H, Ö À I [p¶:ÅÆÅ�ÅÆÂ&¸(¹&À.0
· I ¸=·�3P¶/,T- I 0{¶(Å/¶�º I ÅÆ¹1ÀT3�¸ Q�Õ ¹&¶/-�3H,�Õd¶43H,m¸/-�¸ Q ÅMÛ1,T-&¸:º�Û1º I [p¶43M3 I º k w(¨ n x Z -Ö3HÂ I -1¸=-1ÀT,.- I ¶:º/Ô I - I ºP¶(ÀT,�Õd¶43H,m¸=- ¸ Q7Ö Àþ¶(ÅÆÅM, Ö ¶(À!Ó I À.0IdÕ ¹5¶43H,m¸=-1ÅM¼!3HÂ I [�¶:ÅÆÅM,m» I 3 I ºH[ 0?¸ I Å�-&¸/3�Û�¸(ÅÆÅ I ÅÆÅ�3HÂ I ÅM,þÔ/-1,]Ó Ö ¶/- Ö�I 3HÂ&¶43�,N3 Û�¸(ÅÆÅ I ÅÆÅ I Å
,T-d3HÂ I ÀT,T- I ¶,º�¸/- I ¼G¶:Å�,T3#·>Ç®-1¸:[ I ¶/-1Å0 I Ó1- I Å%3H¸/3P¶:À I - I ºHÔ(Ç ~ ¸:º�[p¶:ÅÆÅ � ¸ Q 3HÂ I -&¸=-1ÀT,.- I ¶:º`Ó I À 0�ÅFÇ?ÅE3 I [�x + ÂO¹&Å[0%,T3HÂ1¸=¹�3�Àþ¸(ÅM,T-&Ô+3HÂ I Ô I - I ºP¶(ÀT,N3hÇ�0 I�Ö ¶/- Ö ¸=-&ÅM,.0 I ºA3HÂ I[�¶:ÅÆÅÆÀ I ÅÆÅ�ÅMÛ1,T-&¸:ºCÓ I À.0�Û&¹C3M3H,T-1Ô m = 0. ¿1¸(º
å I ,mÅ I -O· I ºHÔ vjZ »(¶/- I -&Ä=¸�-&¸/-&ÀT,T- I ¶,ºH,N3hÇÅ0 I Â5¶d» I D(S) = σS2 x Z -�3HÂC,þÅ Ö ¶(Å I 2 Õ x~ w=Ø · � 3P¶(Ä I Å�3HÂ IAQ ¸(ºH[

β̈ = 0, ~ �=w �
0%,T3HÂ�3HÂ I ÅÆ¸=Àm¹�3H,þ¸/-

β = bt+ b1, ~ �(� �
0�Â I º I b ¶/-10 b1 ¶:º I ¶,ºH·1,N3ÆºP¶:ºÆÇ Ö ¸/-&ÅE3P¶/-�3HÅMx Z -�»(, I 0 ¸ Q ~ �=� � 2 Õ x ~ �(� � -1¸80 º I ¶=01Å

AÄ+ Ȧ2 − 2bAȦ = 0. ~ �:� �
+ Â I IdÕ ¹&¶43H,m¸=- ~ �(� � ¶:ÀmÀþ¸80�Å�3HÂ IAQ ¸=ÀmÀm¸80�,T-&ÔpÅÆ¸(Àþ¹�3H,m¸=- t

A =
√
e2bt − C, ~ �=Ø �

å I º I C ,mÅ7¶4-�¶,ºH·1,N3ÆºP¶:ºÆÇ Ö ¸/-&ÅE3P¶4-�3dx Z -{0�Â5¶y3 Q ¸=ÀmÀm¸80½ÅM¼�0 I
Ö ¸=-1ÅM,.0 I º7¶�ÅMÛ IMÖ ,]Ó Ö ÅÆ¸(Àm¹C3H,m¸=-f3H¸�3HÂ I 2 Õ x ~ �(� � t
A = Debt, ~ � Ñ �

0%,T3HÂ D · I ,.-1ÔI¶4-�¶,ºH·1,N3ÆºP¶:ºÆÇ Ö ¸/-&ÅE3P¶/-�3dx Z -1Å I ºM3H,T-&Ô ~ � Ñ � ,T-�3H¸ ~ �=¨ � ¸=- I ÓO-O0?Å
I = −Q̄D2, Q̄ = e2b1Q = e2b1 [1 + C221 + C231]. ~ � ¯ �

³ -�¶ ÖMÖ ¸(¹1-�3½¸ Q ~ � Ñ � ¶/-10 D Q ºH¸=[Ù3HÂ I 3ÆºH,m»�,þ¶:À.,N3CÇ�¸�× v 0�,þ¶(Ô=¸/-5¶:À Ö ¸/[�Û�¸=- I -�3HÅ�¸ QÇI - I ºHÔ(Ç v [I¸=[ I -�3H¹C[´3 I -&ÅÆ¸:º[0 I ÓO-10
K =

b2

σS20
I + C3, ~ �(Ù �

0%,T3HÂ C3 · I ,T-&Ô/ÅÆ¸/[ I ¶,ºH·1,N3ÆºP¶:ºÆÇ Ö ¸=-&ÅE3P¶4-�3dx5¿�,T-5¶:ÀmÀmÇ�,.-1Å I ºM3H,T-&Ô K Q ºH¸/[ ~ �(Ù � ,T-�3H¸ ~ � ld� ¸/- I ÓO-O0?Å
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(6 + 2κQ̄D2)b2 = κσS20C3. ~ �=© �
2 Õ ¹&¶43H,m¸=- ~ �=© � Ô=,m» I Å�3HÂ I º I Àþ¶y3H,þ¸/-�· I 3=0 IJI -®0�,�× I º I -�3 Ö ¸=-1ÅE3P¶/-�3HÅMxaI²*ç1é)îe³¨±8ïãõÇ³U¯�³UõÇ²*è!öW°�÷�ê6è¡³¡¯.ñ
- I 3�¹&Å Ö ¸=-1ÅM,.0 I º®3HÂ IÖ ¶:Å I 0%,N3HÂÏ[�,T-1,T[p¶:À Ö ¸(¹1Û&ÀT,T-1Ô1x Z -�3HÂ1,mÅ Ö ¶:Å IÖQ ºH¸/[ 3HÂ I{³ × v 0�,þ¶(Ô=¸/-5¶:À Ö ¸/[�Û�¸=- I -�3HÅ�¸ Q�I - I ºHÔ(Ç v[I¸/[ I -�3H¹C[´3 I -&ÅÆ¸:º[0 I ÓO-10

Ȧ1Ȧ2 = Ȧ2Ȧ3 = Ȧ3Ȧ1 = 0. ~ �=¨ �
¿?ºH¸=[ ~ �_¨ ��Q ¸(ÀþÀm¸80�Å�3HÂ5¶y3�¶43�À I ¶(ÅE3ï3�0�¸
¸ Q 3HÂ I 3HÂ?º IJI�Ö ¸/[�Û�¸=- I -�3HÅ Ai ¶,º I�Ö ¸/-&ÅE3P¶4-(3d¼W0�ÂC, Ö Â�[ I ¶4-&Å§¸=-&À Ç�¸=- I ¸ Q 3HÂ I�Ö ¸=[�Û�¸/- I -�3HÅ
¸ Q Fµν ,þÅ%-&¸=-�Õ I ºH¸?x�- I 3½¹1Å½¶(ÅÆÅÆ¹C[ I 3HÂ&¶43 Ȧ1 = Ȧ 6= 0 x Z -�»(, I 0�¸ Q Ȧ2 = Ȧ3 = 0

Q ºH¸/[ö3HÂ I�I À IMÖ 3ÆºH¸/[p¶(Ô/- I 3H, Ö Ó I À.0 IMÕ ¹&¶43H,m¸=-1Å,T-�3HÂ1,mÅ Ö ¶(Å I 0 I Â5¶d» I
A = C

∫
e2β1dt+ C1, A2 = const., A3 = const., ~ � l,�

0�,T3HÂ C ¶/-10 C1 · I ,T-&Ô/ÅÆ¸/[ I ¶,ºH·1,N3ÆºP¶:ºÆÇ Ö ¸=-&ÅE3P¶4-�3HÅMx�Á�¸=[�Û�¸=- I -�3HÅ�¸ Q 3HÂ I�I - I ºHÔ:Ç v [I¸=[ I -�3H¹C[´3 I -1ÅÆ¸(º�,T-f3HÂC,mÅ Ö ¶(Å I º I ¶=0
T 00 −mS = T 11 = −T 22 = −T 33 =

C21
2
e2β1−2α. ~ �>w �

2�,T-&ÅE3 I ,.-vÓ I À.0 IdÕ ¹5¶y3H,þ¸/-&Å%,T-�3HÂ1,mÅ Ö ¶:Å I 3P¶(Ä I Å�3HÂ IAQ ¸(ºH[
α̈− α̇2 + β̇21 + β̇22 + β̇23 = −κC21

2
e2β1 − mκS0

2
eα, ~ �=� ¶ �

β̈1 = −κC21
2

e2β1 +
mκS0

2
eα, ~ �=� · �

β̈2 =
κC21
2

e2β1 +
mκS0

2
eα, ~ �_� Ö,�

β̈3 =
κC21
2

e2β1 +
mκS0

2
eα. ~ �=� 0 �

K�-&ÀT,mÄ I 3HÂ I7Ö ¶:Å I 0%,N3HÂ:,T-�3 I ºP¶ Ö 3H,T-1Ô I À IMÖ 3ÆºH¸=[p¶:Ô=- I 3H, Ö ¶4-O0pÅ Ö ¶(Àþ¶:º!Ó I À.0?ÅM¼(,.- Ö ¶:Å I ¸ Q [�,T-1,T[p¶(À Ö ¸=¹CÛ&ÀT,T-&ÔC0 I Â&¶,» I β̈1 6= β̈2 = β̈3 ¼
0�Â1, Ö Â{ÅÆÂ&¸80�Å�3HÂ I ÅMÛ5¶ ÖJI*v 3H,T[ I ,.-Î3HÂC,mÅ Ö ¶(Å I+I ÅÆÅ I -�3H,þ¶(ÀmÀ Ç�¶4-1,mÅÆ¸/3ÆºH¸/Û1, Ö x½Ò%0C0C,N3H,m¸=-¸ Q ~ �_� · � ¼ ~ �=� Ö,� ¶/-10 ~ �_� 0 � ¼E¸=-{¶ ÖMÖ ¸=¹1-�3�¸ QÖ ¸>¸(ºR0C,T-&¶43 I�Ö ¸/-O0�,N3H,þ¸/-9¼&Ô/,m» I Å

α̈ =
κC21
2

e2β1 +
3mκS0

2
eα. ~ �=� �Z - Ö ¶(Å I ¸ Q [p¶:ÅÆÅÆÀ I ÅÆÅ½ÅMÛ1,T-1¸(º[Ó I À.0:3HÂ I ÅFÇ?ÅE3 I [ ~ �_� ��Ö ¶/-�· I�I ¶:ÅM,þÀ Ç�ÅÆ¸=Àm» I 0�3H¸�¸=·C3P¶4,.-

e2β1 = − 2η2

κC21
cosech2(ηt), η2 = const., ~ �_Ø �

¶4-O0
e2α = e2β2 = e2β3 = sinh2 (ηt). ~ � Ñ �+ Â?¹1Å!0 I Å I�I 3HÂ&¶43�0C, º IMÖ 3�,T-�3 I ºP¶ Ö 3H,m¸=-L,mÅ I ÅÆÅ I -�3H,þ¶(À Q ¸(º�,mÅÆ¸/3ÆºH¸/Û1,�Õd¶y3H,þ¸/-dÛ?ºH¸ ÖJI ÅÆÅ½¸ Q ,T-1,N3H,þ¶(ÀmÀ Ç�¶/-C,þÅÆ¸43ÆºH¸=ÛC, Ö ÅMÛ&¶ ÖJI*v 3H,T[ I x

ø Ì,ÉÇÏnâ	Î¸Ú/Ð	Ì,É

<¢,N3HÂ1,T- 3HÂ I�Q ºP¶/[ I 0�¸(ºHÄ#¸ Q µ�,þ¶/- Ö Â1,=3hÇ�Û I*vjZ5Ö ¸(ÅM[p¸(Àm¸=Ô=, Ö ¶:À([I¸�0 I À I »_¸=Àm¹C3H,m¸/-�¸ Q 3HÂ I ,T-1,N3H,þ¶(ÀmÀ Ç�¶4-1,mÅÆ¸/3ÆºH¸/Û1, Ö ÅMÛ&¶ ÖJIKv 3H,T[ I ,T-
Û1º I Å I - Ö�I
¸ Q ¶/-f,T-�3 I ºP¶ Ö 3H,T-1ÔIÅFÇ?ÅE3 I [ ¸ Q ÅMÛ1,T-1¸(º7¶/-10 I À IMÖ 3ÆºH¸/[p¶(Ô=- I 3H, Ö Ó I À.01Å%,mÅ�ÅE3H¹O0�, I 0Gx Z 3%,þÅ�ÅÆÂ1¸	0%-�3HÂ5¶43�3HÂ I ,.-�3 I ºP¶ Ö 3H,T-&Ô�3 I ºH[ Ö ¶4-�· I
»(, I 0 I 0à¶(Å I × IMÖ 3H,m» I Û&Â1¸/3H¸/-©[p¶(ÅÆÅMx + Â I Û1º I Å I -�3
[I¸(0 I À ¶(ÀmÀm¸80�Å�¶(ÅFÇ�[�ÛC3H¸43H, Ö ,mÅÆ¸/3ÆºH¸=ÛC,�Õd¶43H,m¸=-±¸ Q ,T-1,N3H,þ¶(ÀmÀ Ç¶/-C,mÅÆ¸/3ÆºH¸=ÛC, Ö ÅMÛ5¶ Ö�I*v3H,T[ I x
ª�«¬�®#¯±°I¬�²�¯±°
kmlKn Ò�x 9 xOS�¸(À 0?Â5¶:· I º�¶4-O0 Ú x Ú x5¾�, I 3H¸1¼�Í½ÎKÏ(Ì9ÞàÜdë_Ì9È�ÉOÊ:Ë*Ìþ¼&Ò�2G¼ w ¯ ¯~ l © ¯ l,�k w n ;/x ä x&¿?ºH¸>¸=[ I ¶/-10v-�x12�ÅÆÅ I -9¼ Û É&Î
Ï(Î*îmÜ�5*æçáéÊ�ÜED�î æmï,ÉOáÿß(ê�ëIÝÆß_ë:æ�Ü�ê�ß:Ï(ÎKË!Ò Ö ¶=0 I [�,þÅM¼?¾�b ~ l © Ñ © � xk � n µ½x ¾�x + ¶MÇ1Àm¸:ºd¼Oå�x <Zx G ¶:ºHÄ I ºd¼5¶/-10 ä x ¾�x*-9¶/-1Ô I -O· I ºHÔ?¼AÍ½ÎKÏ(Ì9Þ�Üdë>ÌGÈ�ÉOÊ:Ë*Ìþ¼&ÒEã&¼ � ¯ Ø ~ l © Ñ © � xk � n - xO0 I µ�ºH¸=Ô(À., I ¼ Û É&ÎÆÜ(ÝKæ�Î�ï>ÎKêAÎKÝFß=îþÎ�ë>ÎKË�U?ß(ÝPáéæ65MîþÎKË�ßIËjU&æçê:S#¶:¹C3HÂC, I º v ´�,mÀþÀþ¶,ºHÅM¼ G ¶:ºH,mÅM¼ w -O0�2�0Ax ~ l ©_Ø:� � xk Ø n Ò�x å�xCB½¸=Å I - Q I À 0{ÎKá�ß(î&Í�ÎKÏ(Ì9ÞàÜdë>ÌGÈ�ÉOÊ(Ë*Ìþ¼1Ò&�9¼ ¯�¯�~ l © Ñ Ù � xk Ñ n 2�x B�x�<a,mÀmÀT, ¶4[IÅM¼ ` x 2�x�¿&¶(ÀmÀ I ºd¼�¶4-O0�å�xCåA,mÀmÀé¼AÈ�É>Ê(Ë*Ì9Í½ÎKÏ(Ì?7XÎKáéáCÌþ¼&���G¼ ¯ w l ~ l © ¯ ld�k ¯ n B�x 2�x5Á�ºP¶/-10&¶:ÀþÀé¼]W½íIÌ�\?Ì9È�ÉOÊ:Ë*Ìþ¼�äGã&¼�Ñ ©(Ù ~ l ©(Ù=� � xk Ù n Ú x Ò�x�Á�Â I ºH-1,mÄ_¸,»�¼5Á7x ` x?S I ºH· I ºd¼1å�x B�x ³ 3M3d¼&¶4-O0�å�x ` x!S I ºH· I ºd¼�È�ÉOÊ:Ë*Ì9Í½ÎKÏ(Ì]7XÎKáéáCÌm¼��*�G¼ �=�(Ù=� ~ l ©(©_w � x
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� ©�� µ�� 2�� 9?Ö Â5¶ I�Q I ºd¼AÈ�ÉOÊ:Ë*ÌEÍ�ÎKÏ(Ì]7XÎKáéáCÌþ¼&���G¼�� © Ñ������ ©(©=©�� �� � ¨�� 2��5¿�,mÅÆÂO·&¶ Ö Â�ÎKá�ß(î&È�ÉOÊ:ËMÌ9Í�ÎKÏ(Ì]7XÎKáéáCÌþ¼AÑ*2G¼ Ø ��� ��� ©=© � � �� ��� � -!� ä ¶d»�,mÅM¼*Ò"� 9 �1S�¸=À.01Â&¶(· I ºd¼5¶4-O0 Ú � Ú �5¾�, I 3H¸1¼AÈ�ÉOÊ:Ë*Ì9Í½ÎKÏ(Ì]7XÎKáéáCÌm¼�25äA¼#��� ¨�$ ��� © ¯ Ø%� �� � $�� B&�*-9¶(Ä I ÅM¼AÈ�ÉOÊ(Ë*Ì9Í½ÎKÏ(Ì?7XÎKáéáCÌþ¼&�*�9¼#� Ù�$ Ñ���� ©=©(Ù�� �� ��' � ` ��-9¹1¸1¼*-(� )hÁ�� + ¹9¼5Ã�� )j;*�Cå�¹G¼&¶4-O0f2�� ) ` ��-9¹&¶/-9¼�È�ÉOÊ:Ë*ÌEÍ�ÎKÏ(Ì]7XÎKáéáCÌm¼�"*�G¼ ¨=Ù � Ù=¨ �+� $(¨=¨ ' � �� �,� � b�¹#� Ò"� G ¸=Û�¸,»�¼�b�¹#� G �ÇB�Ç?·5¶(Ä=¸,»A¼�S-� ¾-� 9 Â1,mÄ(,.-G¼§¶4-O0{µ�, 'Æ¶4- 9 ¶(Â&¶/.ÿîþÎH5*áéÝFÜ(íIßMï=ê�ÎKáéæ65&0�Î*îmë�ê æçáâÉ±æçê�ë4@15PÎÆëàí/ß(ËHËHæçÏ(Î�áCÎKÝKí
1
ì�ß:Ë*Î
ê�æâáâÉ�Ë6U5æçê�Ü:Ý20�Î*îmë:Ò½º í ,m»43� � Ø�� µ�� 9 ¶:Â5¶�¶/-O0LS-� ¾"� 9 Â1,mÄ(,.-G¼]\?Ì9Þàß(á É&Ì9È�É>Ê(Ë*Ìþ¼�2��G¼ Ø ' ¨_Ø ��� ©=© ¯ � �� �1Ñ � µ�, 'F¶/- 9 ¶(Â&¶?¼�È�ÉOÊ:Ë*Ì9Í½ÎKÏ(ÌGÐ
¼��1ÒE¼#� $ ' Ø:¨ �+� $:¨=¨ � � �� � ¯ � µ�, 'F¶/- 9 ¶(Â&¶?¼�È�ÉOÊ:ËHæ65*Ë�ÜED7È�ß(ÝPáéæ65MîþÎKË�ß(ê�ë�>A@15MîþÎKæâ¼�2�Ñ 9 ¹CÛ1Û1À5�4�(¼ 9 ��'?¼6� $:¨=¨ Ñ � �� � Ù�� µ�, 'F¶/- 9 ¶(Â&¶?¼�È�ÉOÊ:Ë*Ì9Í½ÎKÏ(ÌGÐ
¼�Ñ?ÒE¼#� $ � ¨ ' ¨ � $:¨=¨ Ñ �� � ©�� µ�, 'F¶/- 9 ¶(Â&¶?¼�È�ÉOÊ:ËHæ65*Ë�ÜED7È�ß(ÝPáéæ65MîþÎKË�ß(ê�ë�>A@15MîþÎKæâ¼1Ò&�6� Ø%� ¼ Ñ Ø Ñ�� $:¨=¨=©%� �� $:¨�� <7�/å I ,mÅ I -O· I ºHÔ?¼98Pê&áéÝFÜdë/@C5*áéæ�Ü(êáèÜ
áâÉ&Î�@Oê&æ 0ÿÎÆë20�Î*îmë�áâÉ1ÎHÜ:ÝKÊ�Ü^D7Î*îþÎKípÎKê1áèß(ÝKÊ%U?ß(ÝPáéæ65MîþÎKË�� Z -�3 I ºHÅ Ö , I - ÖJI G ¹1·&À:�m¼M-G¸=-101¸=-;�<� © Ñ<Ñ � �
=?>A@-B�CED?FHG*= CEIA=?JK>ML?GN@-OPGRQSG*T�F U?>A@-L F?>VOPG
ðH>�Q�FW@YX-I2C�ùZ>[= F?>[O\B-F ]?Cxk8kR]HG¾�õR^ =?L F

_a` ¿ `�b=�%c � ��d�egf�h g 1 ¼ i `kjR` ��ú�l ��d 2
1 �"m��!x egf<h 
fe ��e�n�o ú	� e � d mpl�l���
 n l hqd m�� erh ��m	�gsut ��e�erhuv s1�"m��!x��<w 2 �"m��!x egf<h 
e �%e�n�o ú	� e � d mpl�l���
 n l hqd m�� erh ��m	�gsut �%e�erhuv s1�"m��OxN�

1 xuyrzu{9|%}6~7�<{�����������(��(����� w 2 xqypzu{9|%}�~��<{����������u���(���%�

���q��� �q�r�q�q�,�A�%�u�	���E� �,� � � � � � � ���%���u� ���?�q�,� �q�g� � ����� � � � �<� � � � �2� � �q������� ��� ��� � � � �%� �����u����� ���q�g�u� ����� ���A� � � )� ��� � � ���?���u���&�,� � � � � �u��� � ��� � �%�&� � �%� � � �u� � �%� �%�g� �������%� �%� � � ���'� ���u�%� �%� � �g�u ¡�u��� �9��� � � � ��¢���£ � ���<� �u� � �q��� ����q� � � � �u�,� � ��� � �%�q���"�g� � ��� � �!�	��� �u�9��� � �u� � ZMZ2�u� } ���9� ��� � � �4�

ds2 = dt2 − 2R(t)
√
be(1)dt−R2(t)[a(e(1))2 + (e(2))2 + (e(3))2],¢ �q�

a, b − const, e(1) = dx − zdy, e(2) = dy, e(3) = dz. ¤ � ��� £ �,���u a�e� � �q��� ��� �`� �u£ �u  � � �9�%� � � � ��¢��u£ � ���<� �¥�u�	�&� )� �u� � � � � Ë �q� � �<�q���%�q�g� � �£� � ���q��� � ���+�q� �,� �(����� � ���'�I� � ���F�%�	���q���q� ��� � � ���!� �;¦&§q¨ � �,��� ���ª©!� ��� § �/�q��«���£ � �q� � ©��¢ �q��� �q« ��¬ �u� ¨ � §q¨< «%� ¨ ��� �u®��%« � ��� ��� ¨ �"� � �9�%��« � �¥£��q��«%� � �q® § � £ �,� � � � � �q��� ¢����ª©!� ��� § �¥�q�,«���£ � �q�9��©¯¢ �u��� �u« ��¬ ���¨ � §u¨ � «�� ¨ «�� § � �9� ��� �u®��%« � ��� ��� ¨ �-� � �9����« � ��° �g� ®�� �
±g�q��� ¢��u� ) �u©�� � § � � � �5°�²�³ ����� �q®���« � ��� � ���
�"� � �9����«%�*�q© ��� « � � �

T
(1)
AB = (ε+ π)uAuB + (σ − π)χAχB − gABπ,

¢ �q�
uA = (1, 0, 0, 0), χA = (0, 1, 0, 0). °�²�³ £u�u��«���¢��-�q® § � £ �,� � ¨

T
(2)
AB = wkAkB ,

¢ �q�
kA = (k0, k1, 0, 0), k0 = k1. i[´ � �9�%�,©(� § ��¢,�u£ � ����� � ©!� ��� § �H©(��� � �N�q�,�u� § � ®�� ��� « �N� §u¨ ���u�u� ��� � ¨ � «�� � ���H� ��µ §u¨<)¬ �q� �u� ���?��« ��� �u� �q� ® � �u«%� ¨ ��� � § �,�u� ��� � �%�q���"�g� � � © �

¶¸·¥¹-º�»ª¼
¹"½ »ª¼
� � �N¾ � � �u¿ �<�%À � � � ��� �;Á�§=�/�����$�(�©�4°4§/�/�%Â! ��(§4�1 �£ w $�Ã%Ã � w i�Ä w � �q'�)�Ñ9�

LEG
=�Å¥G*IAOÆ= JK>V] IA>�G�¾RI2C?Ç�G
X-CE=?F ^ÈXÉOÊGAËH>�Q�^ ÌÍL CNQ�Î+D JÆÏpL?Q�>�Ð = CÑ@L?G*OÆ] C+L B"FHÅSF L?CED F?>[ÐÈ=?CÍBRG
I
Ò ` i `qb�Ó�Ô�Ó,Õ<Ó�d 1t Ó%e,erhuÖ�egf�h�ÖNn l hud mØ× erh;Ù m Ùao × nqÚ
c�Û l4Ü�× ÓØo�Ó�d s4t Ó%e�erhuv s4Ý Ó%egf�d Ü

1 xqyrz�{9|%}�~�Þ���}��yý9�%��{�z9Þ�}%ß%�!�����(à?Þ<��}<y���ÿ9���=ò�{��9á�ß%â!�����
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�Iú��
� �q� ´ �%« �[�u� �,��©!�%« ���,� � § � ����©!� ��� § � � ¿ � § �<¬� �ê ¿�§ � � �q� ���9��©�� � «�� µ �u� ��¬ � � � ��� «�� � w � � ������ a� �q�,� § �g� � ������À ���q� ¨�*�q� ´ �%« ���?ë � ì�� � § ��� �u©�� � � ��� � �g)�í � �4î � � � ���u  ©ï� ´%ð � �u«%�%©ï« � � � �u� ¨ � §u¨ � «%� ¨ ä ) © ����� � ���q� �u��« � � � � ´ �&� ¢�� � � �4�

SD =

∫
dDx

√
− det(GMN )LD� § � ¢ �q��� �-� ��� �%©

LD = −RD
2κc

+
i~c
2

(
ΨΓM∇MΨ

)
+ h.c.,

° � � � � ¨ µ � � © � § � �<��� «�� ¨ �q�&µ � �q� ä ) © ����� ��¢����q� �,��� � � �u© ��� � ��� © � ��¢��%� ´ �q� ®g� ¨ MD = V4×Bd
w ¢ �q�

V4
ê ��) © �����q� ¨¢,�u� ��� �u� ���,���<� �%��« � w �,�%�%« � �%�g�q© � ¨ � µ �u®,�u£ � ���<�q©¡� � �%�,« �q��� ��« � �%© ) ����� © �,�q� © w �E�%��� « ���,���q��� � � �%�,« �q��� ��« � � Bd � �u�r� )�,« ��� §u¨ � « �,� ´ ���òñ ) «�� � �*� § ��� �9� � ���<�q©��ª© � � À « � ´ � ©��ò�9�%©�� � �u«%� µ �q� ��¬ ��� �6ó � « � �u£ � ���<�u�¥« �g� ®�� � � �u�g� ��« ��� §u¨ � «�� ¨ �« � « �u���q� �%© � � ��� 3 GMN = G(A)MG

(A)
N

w ¢ ���
G(A)M , A = 0...D − 1

ê § �%� � § ���u  �ô� � «�� � � � ©!� � � �������u  � ��� ´ � � �q®eä�%� ��«�� � � �
� � � � � « � § ��� ��©ï� � �%��« �q��� ��« �%� TMD �qõ ��� ´ � § �,�%  � � § � ´ � � � ��£ �u a� �u� §q¨ ��� �u�g�q� §q¨< «%� ¨ � � � �9� ±�µ�µ � ¬ � �,� )«   ¢ ��� ©!� � �u£ � ���9��¢�� �u� ® § ��� �,� � ¨N§ ��� � § ��� ��¢�� ��� � �,�q� �q� �q� ´ � ���N± �9�,�u� �u�,�u¬ � � § �%�� �� ¢ ��� ©!� � �q� ��� «%� �u� B4 �uì2§ � £ � �äAö�÷��ä&öAø���« ��� £ �  «A÷ ) © ���<� ���*©!� ��� § �R¢ �q��� � ) �,� § �%�� ��&� ® � �u©(� �q� �q�,« � ���R�Nø ) © �,��� ���*©!� ��� § �-¢ �q��� � ) ± § � �u« � �%� § � ´  ��� ® � �u©!� ��� �u��« � ��� ���%��« ��� «���« �%�,�u� � � �,)ùí � �¿�§q £ �g�%  © ± § � © �,� «��%© �����u� ���S©(� �q� § � ¨ � §u¨ � «�� ¨ � �%®�©!��� � ����« � �u�,�u� § � ®�� ����� � ¨ ��� � § �,� ����� � �9� ��µ � � © �� �� � �u� )� ´ �u� ®�� ����� �u�Æ© � « � �u��� � � ´ �%®�� �u� ��©Y� � �u«%� �u�/± «��ò� � � � � � �q«ò� � � ´ ��� ��£ ��  ©É� § � ¢ ��� ©   © � ��� � §u¨ �<� ����� � � � �u® �u� w� � � � � � ¨ � �q©Æ��� �����,� � � ©�� � � � � � � § �g� �9� � ����� � © � ��� �(ú £ � «/�9� ��µ � � © � ��¢��/� �u� � ´ �u� ®�� ����� � ¨ �ªµ���� ©��q� �u� �%©P� � �u«�� )��� � � � � � � �u«-�+�q� ¨ � § �,� �  � � ´ ��� ��£ � ��¢��
© � �,��� � ��¢�� � � § ����� w ��� ���g��� §u¨ � ©!��¢��R�9� �qµ � � © �u  © ��� �,�%©ï�g�u� � � �<� ��¢��-�u� §q¨4�ì �%�%« � � À&�,� � � © � � �q� ��� ´ ��« ���g�u� ���N�N�9� ��µ � � © � ���+© � ��� � ©�� µ���� ©��q� � � � ® ��� �q�g�q«&�%«A�q© �  � � � � ¨ � « � � � ���
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�1�
�E�A«¬p�6y��¯®6�À�6~V{Dz����Ä���!}�ÎP°��?±5�^}J~�Ð����
� � � �m² Ü�� � × Ó�� 1� Ü � Ü �B� � ��Ö ¤ Ó9� � � Ü�× ��Ù��G�p���uÛ�Ö � �����H� × � �4Ù@��Ù ¡�¢ Ó9�£� � �B¡ � Ü � Ü ��

1 ¥�¦ §�¨H©Fª>«¯³G¨���©�¶9´H¶G¨@ªF²�§�¨H©Fª/µY¶9´

´hµX¶ · ¶�· Ë.¸ ¹ Í È ¸ Û ¸ ÊLÍÌ�É È¹nÈ Ë ¶ º ¸ Û µBÌ ºnÈ ¸ ?�¹ ÎX¹F¸ É ËXº Ê Ë 0 ¸)» ¹nÈ Ê ` P£a Ë.¸ ¹£¹ ¸ ÊLÍÌ�É È�¹nÈ Ë ¹ É ¸&»�¸ Ê�¼ ¹WÈ�È ¸ Û ¸ Ç É Ë ÜX¹nÈ Ë ¶

d(d(δxA)/dS)/dS + 2ΓABC(dx
B/dS)(dxC/dS) + ΓABC,D(dx

B/dS)(dxC/dS)δxD = 0,
: P <

ÛpÇB¹AÇ µX¶ · µ ¸ º£Ú ¸ Û ¸ º µ�Êj½BÌ&¶ θ = π/2 A,B,C,D = 1, 3, 5, 0 2-¾ » Ê�Í�Ì�É È¹nÈ Ë�Î^¸�·¸ Í È ¸ Û ¸ Ç É Ë ÜX¹nÈ Ë ¶

d(dxA/dS)/dS + ΓABC(dx
B/dS)(dxC/dS) = 0 A,B,C,D = 1, 3, 5, 0

:kO <

Ç µ.¶DÉ Ý ¹ Í�Ì È�È�Ý�¿�Û ÍÌ È Ë ½ È�Ý�¿ Ê º µ ¸ É Ë�Î : È Ì · Í Ë.¸ ¹ Í ¬ Ç É Ë ÜX¹nÈ Ë ¶ ·�¸ Ú ÍLÊ Û ¸ É ¸�Î�¸ Í ¹9Ë · ¹ <�Ë!Ë.»)· ¹ Í�É Ý�¿ Ë È · ¹WÛ ÍÌ$µ ¸ É�:kO <Ê Ç Ì ¹ · º ¶ È Ì Î · Ë º É)¶ »aÀ.· ¶�· Ë�ËX¸�· Ê$µ À º Ì Ë Í ¹ Ì Ú · Ë É È ¸ Û ¸X·�¸ · ¹nÈ º�Ë ÌlµÌ ¬ ÉFÉ ¹WÇB¹WÈ�È ¸ Û ¸ É ¸ ¹ ·FÍ Ë Ú ÊEÉ6ÍÌ ¹F¸ · ¹ ` O a 2 ´hµ.¶ · Í ËX¸ ¹ ÍÌÍÌ ºnº ¸�¸ ·@Í Ë.¸HÁ Ê È�Ú º�Ë.Â ? Ì Û Í�Ì ÈÜ Ì Ç µ.¶ ¸&¹F¸&¹ ¼ ¹nÈ�È ¸�ÎJ· ¶�· Ë.¸ ¹ Í È ¸�Î�¸ ¹ ·@Í Ë Ú Ë�Ã ¹ Í�Í�Ì ` O a =

L = (dx0/dS)2 − Σ(dr/dS)2/∆− {A23∆P 2 + (Q2)sin2θ}/Σ)(dψ/dS)2 + 2{{A3P∆+

+a2(sin2θ)(Q/a)}/Σ}(dψ/dS)(dx5/dS)− {(∆ + a2sin2θ)/Σ}(dx5/dS)2 = 1,
: 7 <

ÛpÇB¹ ∆ = r2 − αr − a2 ¬ Σ = r2 − a2 ¬ P = a ¬ Q = r2 − a2 ¬ a ê
· Ì�ÍÌ ¸ ¹ ·@Í�É@ÍÌl¼ ¹nÈ Ë ¶ Ë º · ¸ ½ È Ë Ú Ì Û Í�Ì�É Ë ·9Ì º�Ë�Ë ¬ α ê
Û ÍÌ�É Ë ·9Ì º�Ë¸ È�È�Ý Î Í�Ì Ç Ë Ê ºF2

» É ¹WÇB¹ ¸_¸)¹9¸)» È Ì�½ ¹nÈ Ë ¶ ξ1 = δr ¬ ξ3 = δψ ¬ ξ0 = δx0 ¬ ξ5 = δx5
�
ψ, x0 Ä Ê Û µ ¸ ÉGÌ&¶ Ë É@Í ¹ ¸ ¹nÈ�È Ì&¶ Ú ¸F¸ Í Ç Ë È Ì&· Ý�2X¾ ·9Ì Ú ¬Ë.» : P < ¬ :kO < ¬ : 7 <'·�¸ µ�Êj½ Ë.¸ Ê�Í�Ì�É È¹nÈ Ë ¶�É ¸)»�¸ Ê�¼ ¹nÈ�È ¸ Û ¸ Ç É Ë ÜX¹nÈ Ë ¶ ì�Å"ó =

d(dξ1)/dS + σ1((dξ
3)/dS) + σ2((dξ

5)/(dS) + σ3ξ
1 + σ4ξ

0 = 0,
:QC <

d(dξ3)/dS + σ5((dξ
3)/dS) + σ6((dξ

5)/(dS) + σ7ξ
0 + σ8ξ

1 = 0,
: í <

d(dξ5)/dS + σ9((dξ
3)/dS) + σ10((dξ

5)/(dS) + σ11ξ
1 = 0,

: nF<
d(dξ0)/dS + σ12(dξ

5)/dS + σ13ξ
1 = 0.

: ø <

K�ÇB¹£º À

σ1 = −{2r0(1− α/r0 − a2/r20)(B1hψ −B4H5)/(B1B3 −B2B4) + (α/2r20) · · (B3H5 −B2hψ)/(B1B3 −B2B4)},

ÛpÇB¹
B1 = −2(∆ + a2)/Σ,
B2 = 2(A3r0P∆+ aQ)/Σ,
B3 = −2{A23∆P 2 +Q2}/Σ,
B4 = (A3P∆+ aQ)/Σ,
H5 = B1(dx

5/dS) +B2(dψ/dS) = const =

= [21/2r0(1− α/r0)/(α/r0)1/2 + 2(1− a2/r20)a](dψ/dS)0,
hψ = B3(dψ/dS) +B4(dx

5/dS) = const =

= −[1 + (1− a2/r20)/(2α/r0)1/2]2r0a(dψ/dS)0;ÁAËX»nË ½ ¹£º£Ú Ë�Î�Ë È · ¹ Í�É@Ìlµ ds º Éi¶ » Ì ÈJº Ë È · ¹ Í�É@Ìlµ ¸&¸ dS º ¸F¸ · È ¸&Æ ¹WÈ Ë ¹ ¸

dS = ds(1− n1/Φ21 − n2/Φ22),
Φ21 = ∆/Σ,

Φ22 = a2/Σ.

´6Ìlµ ¹£¹ ËX¸ ¹£¹ ¸
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σ2 = 2(2α/r0)
1/2(1− α/r0 − 2a2/r20)(dψ/dS)0;

σ3 = −(1 + a2/r20)(dψ/dS)
2
0 + (α/r30)(dx

5/dS)0;
σ4 = a(dA3/dS)0(dψ/dS)0(dx

5/dS)0;
σ5 = −2a2(dA3/dS)0(r0(1− α/r0 − 2a2/r20))(dx

0/dS)0;
σ6 = −2(a/r0)(dA3/dS)0(1− α/r0)(dx0/dS)0;
σ7 = −(a2(dA3/dS)20 · (1− α/r0)(dψ/dS)0(dx0/dS)0;
σ8 = {(1 + ((2α/r0)

1/2/(a/r0))(1− 2α/r0 − 2a2/r20) · (dψ/dS)0+
+(1− 2α/r0 + 6a2/r20)(dx

5/dS)0}(a2/r20)(dA3/dS)0(dx0/dS)0;
σ9 = −2ar0(dA3/dS)0 · (1 + a2/r20)(dx

0/dS)0;
σ10 = −2(a2/r0)(1− α/r0)(dx0/dS)0(dA3/dS)0;
σ11 = −{a(1− a2/r20) · (dψ/dS)0 + (a2/r20)(1− α/r0)(dx5/dS)0}(dA3/dS)0(dx0/dS)0;
σ12 = −2ar0(1− α/r0)(dψ/dS)0 · (dA3/dS)0;
σ13 = −a(dψ/dS)0(dx5/dS)0(dA3/dS)0;
(dx0/dS)0 = const = h0.

Å ¸ µ�Êj½ ¹nÈ�È Ì&¶ º Ë º · ¹ ¸ Ì Ç Ë�ÁIÁ ¹ Í ¹nÈ º�Ë Ìlµ À È�Ý�¿ Ê�Í�Ì�É È¹nÈ Ë�Î Êj½ Ë · Ý É@Ì ¹ ·^É ¸&»�¸ Ê�¼ ¹WÈ Ë ¶ ËN·�¸�· ¶-· Ë�ËX¸�· Êlµ À º Ê ¬ ·�¸)» É ¸ µX¶L8
¹ ·$ÍÌ º£º ½ Ë · Ý ÉGÌl· ÀoÇ1ÁIÁ ¹nÚ · Ý�º ¸ ¹ ¼ ¹nÈ Ë ¶!½BÌ º · ¸ · Û ÍÌ�É Ë ·FÌ º�Ë¸ È�È�Ý�¿MÚ ¸ µ ¹ ¹ Ì È Ë�ÎIË Ê º · ¸9Î ½ Ë É ¸ º · À ì�Å"ó É ¸)¹F¸&¹ ¼ ¹WÈ�È ¸&¸·�¸ µ ¹ þ Í ¸ º£º Ì�8 Å�¹ Í�Í Ë+ËHÃ ¹ Í�ÍÌ º Êj½ ¹ · ¸)¸ Í ¹ Ì Ú · Ë É È ¸ Û ¸R·�¸ · ¹WÈ º�Ë ÌlµÌ · Í Ë Ç É Ë ÜX¹nÈ Ë�Ë ì�Å"ó ¸ · È ¸ º Ë · ¹ µ À È ¸ þ ÌlµÌ Ú · Ë Ú ¬
È�¹ Î ·@Í ¸ È�È�Ý�¿ » É ¹ » Ç ¬ ÉFÍÌ&¼.Ì Â ¼ Ë ¿Gº ¶�½ ¹ Í È�Ý�¿�ÇÝ Í 2
�C�!�A�I�K���N�8�K�
` PWa � 2 � � �	�>�7lú�	!Q ��� ñ �62 O � � � � /�/ 0edW<���gúd C[�;032#4�5&� ¬ G ¬ CFC H ¬ P H ø 7 2` O a ú�2 õ�K Ì Ú Ë Í ¸ É î ¹ ÊLÍÌ�É È¹WÈ Ë ¶ ¿ÃÇ É Ë ÜX¹nÈ Ë ¶ º ¸ º Í ¹WÇ ¸ · ¸ ½ ¹nÈ�È ¸�Î · ¹ Í ¹ ¸ ¹nÈ�È ¸9ÎÈ¸ Ì º£ºnÝ : ì�Å"ó < ÉD· ¹ ¸ Í Ë�ËÈÃ Ì$µ�Ê º Ý 8Ã µ ¹ Î È Ì /�/�É iFv9cntne6hHw8Ê"Ë�i9m9v % gxhHi�h�jGf ¬   ¬ Ol� P � 2
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�E� Í ��² Ü�× �XÎ�Ó�� 1

Ï Ü Ù Ü�× � � �uÖ ¤ Ó9� � � Ü�× ��Ù��G�p���uÛ�Ö ¤Ô� � Ü ���4Ù Ü�× �4Ó�ûpÎ��Y� Ü�¤ Ó ¤ � � �n� � ��Ö � ����G� × �p�;Ù@��Ù ¡�¢ ÓF�n� � �¡
� Ü � Ü ��

1 ¥¦ §�¨H©Fª3«ÑÐG¨F¶9�L¨�ójÒ&³G¨F¶L©��°9±G²�§�¨H©Fª3µY¶9´

» Í�Ì ¹9¸ · ¹ ` Pna ¹ Ý µ ¸6· Í ¹WÇ µ ¸ ÜX¹nÈ ¸ Ú ¸ È Ár¸ Í ¸ È ¸ 8 Ë È ÉGÌ�Í Ë Ì È · È ¸ ¹ ¸)¹9¸)¹ ¼ ¹nÈ Ë ¹ · ¹ ¸ Í Ë�Ë º ·@ÍLÊ È!È Ì ¸)¹ ð ¹£Ú · Ý ¹9¸ µ ÀiÆ ¹ Î Í�Ì » 8¸ ¹ Í È ¸ º · Ë 2.Ó Ì º · È�Ý ¸/Ë º µ�Ê�½Ì&¶ ¸/Ëo¸�¸ Ç¹ µ Ë ¶HÉ)µX¶ Â · º ¶�· ¹ ¸ Í Ë ¶ º ·@Í�Ê È ËoÇWÎ È Æ · ¹ Î È ¸ É º£Ú Ìl¶8· ¹ ¸ Í Ë ¶ Û ÍÌ�É Ë ·9Ì º�Ë�Ë 2 ´6Ì È�È Ì&¶Í�Ì ¹9¸ ·9Ì�¶HÉ)µX¶ ¹ · º ¶ · Í ¸ Ç ¸ µ ÜX¹WÈ Ë ¹ ¸ Ë º£º µ ¹WÇ ¸ É@Ì È Ë�ÎJËJ¸)¹9¸)¹ ¼ ¹nÈ Ë�Î Í�Ì º£º ¸ Ì&·@Í Ë ÉGÌ ¹ ¸�¸9Î~¸�¸ ÇB¹ µ Ë 2XÅ Í Ë�ËX» Êj½ ¹nÈ Ë�Ë Ú ¸ º ¸�¸ µ ¸ 8
Û Ë ½ ¹£º£Ú Ë ¿ · Í Ë µ ¸ ÜX¹nÈ Ë�Î!· Í ¹WÇ µBÌ Û Ì ¹ ¸x¸�Î · ¹ ¸ Í Ë�Ë È�¹ ¸)¹ ¿ ¸ Ç Ë.¸�¸ Êj½ Ë · Ý É@Ì&· À É)µ Ë ¶ È Ë ¹ÑÈ Ì$µ Ë ½ Ë ¹ É ¹ ¼ ¹£º ·FÉ@Ì ¬ ½.· ¸�· Í Ë É ¸ Ç Ë · Ú
È Ì9ÍLÊ Æ ¹WÈ Ë.Â Ú ¸ È ÁA¸ Í ¸ È ¸9ÎdË È ÉGÌ�Í Ë Ì È · È ¸ º · Ë$· ¹ Í�É ¸ È Ì�½BÌlµ À È ¸9Î · ¹ ¸ Í Ë�Ë$Ë ÚR¹£¹ ¸�¸ Ç Ë.ÁAË Ú Ì º�Ë�Ë 2 ´6Ì È�È Ìl¶$Í�Ì ¹F¸ ·FÌ ·�¸ º É)¶L8¼ ¹WÈ Ì ·¸ µ�Êj½ ¹nÈ Ë.Â º Ì ¸�¸ º ¸ Û µBÌ º ¸ ÉHÌ È�È�Ý�¿ ÊLÍÌ�É È¹WÈ Ë�Î ÉN· ¹ ¸ Í Ë�Ë�Ë È�Ç Ê º�Ë Í ¸ ÉGÌ È�È ¸�Î Û ÍÌ�É Ë ·9Ì º�Ë�ËJ` Pna É º µ�Êj½BÌ ¹ · Í Ë º Ê�· º ·9É Ë ¶É ¹ ¼ ¹£º ·9ÉGÌ ¬ · ¹nÈ »£¸ Í Ç È¹ Í Û Ë�Ë 8 Ë.¸/· Êlµ À º ÌX:sÔ�Õ ¾ < Ú ¸ · ¸ Í ¸�Î6ËX¸ ¹n¹ · º ·@ÍLÊ Ú ·FÊHÍLÊSÔÖÕ ¾ Ë ÇB¹ Ì$µ À È ¸9Î Ü Ë ÇÚ ¸ º · Ë ¬ É » Ì ËX¸x¸ Ç¹ Î º ·FÉFÊH8Â ¼ ¹ Î º.º£Ú Ì$µ.¶LÍ È�Ý ¸�Ë�·¸ µ.¶ ¸/Ë 2B» Ç · ¸9Îo¸�¸ ÇB¹ µ Ë É ¸)» È Ë Ú Ì Â · Ç É ¸ µ ÂÖº�Ë�¸ È Ë ÍLÊ Â ¼ Ë ¹ É ¸ É@Í ¹ ¸ ¹WÈ Ë Û ÍÌ�É Ë ·FÌ º�Ë¸ È�È Ì&¶M: Ge < ¬
Ú ¸ º ¸�¸ µ ¸ Û Ë ½ ¹£ºnÚ Ì&¶d: Λe < ý ·�¸ º · ¸ ¶ È�È Ì&¶m0 ¬ ÛpÇB¹

Ge = − w0
16πξY

, Λe = − 1

2ξY
(−B + ΛY 2)

Ë ý º Í ¹WÇ�È Ë�Î Ú ÉGÌ Ç Í�Ì&· ý ºnÚ Ìlµ.¶LÍ È�Ý�¿ ·¸ µ ¹ Î Y ≡ (X,X)
8rÉ ¹ µ Ë ½ Ë È�Ý�Ú ¸ · ¸ Í Ý�¿ ¸�¸ Û Ê�· ¹ Ý · À º ¸ Û µÌ º ¸ ÉGÌ È�Ýèº
È Ì ¹ µ Â Ç Ì�8· ¹ µ À È�Ý ¸/Ë Ç Ì È�È�Ý ¸/Ë 2�K�ÇB¹£º À Λ 8 ·¸ º · ¸ ¶ È�È Ìl¶ º Ì ¸x¸ Ç¹ Î º ·FÉ Ë ¶ º£Ú ÌlµX¶�Í È�Ý�¿ ·¸ µ ¹ Î ¬ w0 8 » Ìl·@ÍÌ�É ¸ ½ È Ìl¶ Ú ¸ Èº ·9Ì È ·9ÌS· ¹ ¸ Í Ë�Ë 2

Å ¸ µ�Êj½ ¹nÈ�Ý Ì È Ìlµ ¸ Û ÊLÍÌ�É È¹WÈ Ë�Î Õ Î È Æ · ¹ Î È Ì Ç µ.¶ ¸ Ì Ú Í ¸ º£Ú ¸9·�Ë ½ ¹£º£Ú ¸9Î º Í ¹WÇÝ =

Gαβ =
1

2ξY
[−n− 2

2
B + ΛY ρ]gαβ +

1

Y
[∇α∇β − gαβ¤]Y +

w

2ξY
T(e)αβ ,

: P <
ÛpÇB¹ Gαβ 8×· ¹nÈ »£¸ Í�Õ Î È Æ · ¹ Î È Ì � T(e)αβ 8pÔÖÕ ¾ ·¸ µ ¹ Î�¸ Ì&· ¹ Í Ë�Ë : È Ì · Í ËX¸ ¹ Í Ë Ç¹ Ì$µ À È ¸9Î Ü Ë ÇBÚ ¸ º · Ë�< 2�ì µ ¹ ÇBº ·FÉ Ë ¹ ¸!Ç · Ë ¿ÊLÍ�Ì�É È�¹nÈ Ë�Î ¶HÉ)µ.¶ ¹ · º ¶ » Ì Ú ¸ ÈJº ¸ ¿ Í�Ì È�¹nÈ Ë ¶ Ç È�¹ Í Û Ë�Ë ¬ Ë.¸ ¹ Â ¼ ¹nÛ ¸ É Ë Ç =

−n− 2

2
∇βB +∇βY · (ξR+ ρΛY ρ−1) + w∇αTα(e)β = 0.

:kO <
ì ¸ ¿ ÍÌ È ¶�¶ Ë ÇB¹ ¸ µ ¸ Û ËXÂ · ¹ ¸ Í Ë�Ë º ·FÍ�Ê È ¬ · Í ¹WÇ ·¸ µÌ Û Ì ¹ ¸ ¬ ½.· ¸"Á Ê È�Ú º�Ë�Ë XA = XA(σµ) ¬ Û Ç¹ A,B = 1, 2, . . . , D; µ, ν =

0, 1, . . . n− 1 ¬ ¸ · ¸)¹ Í�Ì Ü Ì Â · n 8 ¸ ¹ Í È ¸ ¹ ¸ È ¸ Û ¸F¸&¹ ÍÌ »nË ¹ Π ¸9·�Ë ºnÝ ÉGÌ ¹ ¸�¸ ¹ ¸ ¹ ·@Í Ë Ú ¸9Î gµν , É D 8 ¸ ¹ Í È ¸ ¹ · µ ¸ º£Ú ¸ ¹ · Í ¸ º ·FÍÌ È 8
º ·FÉ ¸ 8rÉ@Í ¹ ¸ ¶ M º ¸ ¹ ·@Í Ë Ú ¸9Î ηAB . Å Í ËØÇ · ¸&¸ É9É ¸ Ç Ë · º ¶ Û Ë�·¸ · ¹ » Ì ¬ ½.· ¸JË ÈLÇ Ê º�Ë Í ¸ ÉGÌ È�È Ì&¶ ¸ ¹ ·@Í Ë Ú ÌI: ¸ · ¸)¹ Í�Ì ÜX¹nÈ Ë ¶ <
(∇µX,∇νX) º Éi¶ » Ì È Ì º ¸ ¹ ·@Í Ë Ú ¸9Î�¸ È ¸ Û ¸9¸)¹ Í�Ì »nË ¶ M ·�¸ º Í ¹WÇBº ·FÉ ¸&¸ÙÁA¸ Í ¸ Êlµ Ý =



���! �"R#S�_¡����T*�¢$�3£'¡�¢¥¤¦£p¡VU�#¨§W�'&A(+*�,�-X�/-ª©&«&¬�J®J¯°§Y�>±�²V± ã+�qã

Bgµν = (∇µX,∇νX) µ, ν = 0, n− 1,
: 7 <

0 Ì º£º ¸ Ì&·@Í Ë É@Ì ¹ ¸ Ì&¶ ¸x¸ Ç¹ µ ÀI·�¸)» É ¸ µ.¶ ¹ · Ë È · ¹ Í · Í ¹ · Ë Í ¸ É@Ì&· À ÍÌ » É Ë · Ë ¹$»'º£¹ µ ¹nÈ�È ¸�Î Ú Ì Ú Í�Ì » É Ë · Ë ¹ n = 4
¸ ¹ Í È�Ý�¿¸)¹ ð ¹£Ú · ¸ É ¬ É&µ ¸ ÜX¹nÈ�È�Ý�¿ É ¸ È ¸ Û ¸)¸ ¹ Í È ¸ ¹ · µ ¸ º£Ú ¸ ¹ · Í ¸ º ·@ÍÌ Èº ·FÉ ¸ 8 É@Í ¹ ¸ ¶ Π 2�¾VÈ · ¹ Í ¹£ºnÈ ¸I¸ · ¸ ¹ · Ë · À ¬ ½X· ¸ º Ê�¼ ¹£º ·9ÉFÊ Â ·Í ¹ Æ ¹nÈ Ë ¶ ¸�·�Ë ºWÝ ÉGÌ Â ¼ Ë ¹ Ç É ¸ µ Â�º�ËXÂ »�º£¹ µ ¹nÈ�È ¸9Î ¬ Ú ¸ ÛpÇ Ì6É ¹ µ Ë ½ Ë È�Ý Y, Ge, Λe

¶LÉ&µ.¶ Â · º ¶ Á Ê ÈÚ º�Ë ¶ ¸/Ë ÉFÍ ¹ ¸ ¹nÈ Ë 2
�Ú�!�A�I�K���N�8�K�
` PWa *'2 � U 2.� � 
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�Äq�ÛiÜMq�}�qXÝ)ÞpßTv�Û�z>�-àÙá�t�q�}£â�ãpÞ�àÂwTv�or��t�wTq�t�v�ÛDwrq.äù��wpÞr{�q�s�orq.åTwrq.äæår}���{+ÜMu
ç�� � � � ¤ � Ü Ù��H� � 1Ï Ü Ù Ü�× � � �uÖ ¤ Ó9� � � Ü�× ��Ù��H�p���qÛ�Ö ¤Ô� � Ü ���;Ù Ü�× �4Ó�ûdÎ5�Y� Ü�¤ Ó ¤ � � �n� � �uÖ � �����H� × � �4Ù@��Ù

1 ¥¦ §�¨H©9ª3« ©�÷�¯L¨Dó���ß9±�µÔ©�áG²F÷�§�¨H©@ª3µ#ôF°£§

�áwrwTq�s��XãpÞ�à 2 � × �Y�>��Ù Ü �%ÔB�p�uÛ × �W� � Ô��%Ù Ü Ù�ÛN���£�rÔ��Y�6Ó�� Ü ��� � �5� ×4Ü �9��Ó��G�n� �4Ó�Ö � ÓF� ��Ó�Ô�Ó ¤ � � �n� � Ó�Ö��2ÓÔ�/�rÔL� ¡ Î × �k�#ÔqÓ�ÚE�Ô�Bû�4Ó�Ö_�A��Ù%Ó × Ó����;è�éëêp�jìÑ� �.í �n��Ù��%Ô��Ô� Ü�¤ Ô Ü � ��Ü�� � � Ô��pÖ ��Ü2× �	îE�p���uÖ.� Ü�ï �W�£��Ù%Ó�Ô � ��Ó����;Ù@�rÔ��9��Ó�ÖX�D��Ù%Ó�Ô � ��Ó��9�4Ù@�rÔ��9�4Ó�Ö6��Ù Ü û
�5���!ðW��Ó�Ô-ñÖò����3� ÒI�3� ��Ù%Ó�� × �W� � Ô��%Ù Ü Ù%Ó��Pè ükêÑ�k�3�rÔ Ü �d�%Û���ÓÔ��Ó!��Ó��n�2Ó�ÚE��ÓF��Ù��I��Ó,Õ ×;Ü �5�p��� �SÜ �����Ó�Ù × Ó$Î����d���£�rÔ��Ô���4Ó�Ö
� Ü ��Ó�� × �p�T�Ô���4Ó��Ùð�Ù Ü Î��"Î × �^�%Û�Î4Ó�Ô����p������ð �5� ×¤ ��Ù�� � �W� � ��Õ � �gÔ�Ó��9� � � Ü �5� ×4Ü ���4Ó��G�n� � � ñ � Ó��£Î4Ó����p�4Ù �

εn/ε > 5/32
�

�Ú�!�A�I�K���N�8�K�
` PWa ´ 2 ë 2)¾VÛ£È Ì&· À ¹ É ¬ ë 2 þ 2)¾VÛnÈ Ì&· À ¹ É 2 ÃVË È�¹ · Ë ½ ¹£ºnÚ Ì&¶ ¸�¸ ÇB¹ µ À È�¹ ÍÌ�É È ¸ É ¹£ºWÈ ¸�Î Ì È ËX»£¸ ·@Í ¸9· È ¸9Î É º£¹ µ ¹WÈ�È ¸9Î 2�ó Ì&· ¹ Í Ë Ìlµ ÝO�8 ¸9Î 0 ¸ º£º Ë�Î º£ºnÚ ¸9ÎHÆ Ú ¸ µ Ý 8 ºn¹ ¸/Ë È Ì�ÍÌ � ì ¸ ÉFÍ ¹ ¸ ¹nÈ�È�ÝÑ¹ · Í ¸)¹ µ ¹ ¸ Ý · ¹ ¸ Í Ë�Ë Û ÍÌ�É Ë ·9Ì º�Ë�ËIË Ú ¸ º ¸�¸ µ ¸ Û Ë�Ë �¼: � 
 � $ � � 8
Ol�)� H < ¬ Ã Ì » Ì È À = Ë.» Ç 8 É ¸ � 4 ¸ µ Ë Ì È ·�� ¬ Ol�)� H ¬ ºF2 n ÷�8ùø íG2` O a ��� 2 � 2 ,�+���� !10 � � ��� ñ � 2 �N� 2V� U)� � � K ��� �#K X 2 O � ��� !�	�)� � !�	$ K � � �"!�	$ � ��(°$ � �	� � � ��� ����� ñ � � i � ��+ ��( + 
 � �)��! � !�	� ����� l � ��� � � �c� U���!
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 � � 2 � 
 � ����! � !��� ��ó � � � �c� � � + X ¬ ]   :kO&�)� n@< ¬ � �EC ¬ i 2 7 O P 8 7 O%ø 2

�E{?ª��${D~�z�~Öô ~A����~ �6�
� {!�D{?©/}J�!�D{D�6�����J{
Ð �6�J�6�6~A�Ñ« Î
z����6��~r���?Ð
z�~A}J���.���6�$�6�E�6�^{*ÐÄ�\��©������.�${*Ðõ©��+ËRz.{�ËR�����
�1���^� Ë$}J�Ä�
����§T{��.z.{Dy��${*Ð

y^}���§��Ñ«%���÷öd{D��~��\~r�.z������ê|�{D�+ËR�+Ïpy���z��
���EÏpz6{D|E���$�E{����
� � � � � ¤ � Ü Ù��H� � 1 ¬ �.� �.��� ¤�Ü)ø Ó���Ó�� 2

1 Ï Ü Ù Ü�× � � �uÖ ¤ Ó9� � � Ü�× ��Ù��G�p���uÛ�Ö ¤Ô� � Ü ���;Ù Ü�× �4Ó.ûpÎ5�Y� Ü�¤ Ó ¤ � � �n� � �uÖ � ����G� × �p�;Ù@�,Ù ¡¢ ÓF�n� � �¡ � Ü � Ü ��� ¬ 2 Ï Ü Ù Ü�× � � �uÖ ¤ ÓF� � � Ü�× ��Ù��H�Ô���uÛ�Ö ¤p� � Ü ���;Ù Ü�× ��Ó.û£Î��Y� Ü�¤ Ó ¤ � � �n� � ��Ö� �����H� × � �4Ù@��Ù ¡�¢ Ó9�£� � �B¡ � Ü � Ü ��
1 ¥¦ §�¨H©Fª3« ©�÷9¯L¨Dó�ß9±jÒ��9´L²F¶G¨�§9Þ�ª%ßF¶�µY¶9´B¬ 2 ¥�¦ §�¨H©Fª>« ¨/µÙ¨3µÙ¨F÷G¨Dó���°�¯�°F±@²@÷�§�¨H©Fª3µ#ôF°£§

ùæú"û�ü?û�ýNþNû

» ` P£a Ë.» ·FÍ ¹ ¹9¸ ÉGÌ È Ë ¶.Í�Ì�É ¹nÈº ·FÉGÌ Ç Ë È Ì ¸/Ë ½ ¹£º£Ú Ë ¿Vº£Ú ¸ Í ¸ º · ¹ Î.· µÌ »�¸ Ý ËAÇ µ ¹£Ú ·@Í ¸)¸ Ì ÛnÈ Ë · È ¸ Û ¸Ñ·¸ µ.¶mÿ È Ì ¸ ºnÈ ¸ É ¹ ÊLÍÌ�É È¹WÈ Ë�ÎÕ Î È Æ · ¹ Î È Ì Ë ÊLÍ�Ì�É È�¹nÈ Ë�Î ó Ì ÚHº É ¹ µ-µBÌ ¹ Ý µ Ë º Ár¸ Í ¸ Êlµ Ë Í ¸ ÉGÌ È�Ý ÊLÍÌ�É È�¹nÈ Ë ¶�Í ¹ µ.¶�· Ë É Ë º · º£Ú ¸�Î�¸ Ì Û£È Ë · È ¸9Î Û Ë Ç Í ¸ Ç Ë È Ì�8¸�Ë Ú Ë : 02ó þ ´ <�¸ Ì Û£È Ë · ¸ Ì Ú · Ë É È ¸9Î
· µÌ »�¸ Ý É Û Í�Ì�É Ë ·9Ì º�Ë¸ È�È ¸&¸I·¸ µ ¹F2�» Ç · ¸9Î ÜX¹ ÍÌ ¹9¸ · ¹ ¹ Ý µ È Ì Î Ç¹nÈ » Ì ¸ ¹ ½BÌl· ¹ µ À È�Ý Î
Ú µBÌ º£ºAeEm��Lu�Ö3×�q�c��DcWu�h � ·¸ µ�Êj½ ¹nÈ�È�Ý�¿ ÊLÍÌ�É È�¹nÈ Ë�Î 0�ó þ ´ ¬ ¸9·�Ë ºnÝ ÉGÌ Â ¼ Ë�Î Ç É Ë ÜX¹nÈ Ë ¹ ¸ Ì ÛnÈ Ë · ¸ Ì Ú · Ë É È ¸�Î µ ¸ Ú Ì$µ À È ¸)ËX»£¸ 8·@Í ¸�· È ¸�Î�· µÌ »�¸ Ý É ·�¸ µ ¹ · µ ¸ ºnÚ ¸�Î Û Í�Ì�É Ë ·9Ì º�Ë�¸ È�È ¸�Î É ¸ µ È�Ý : Å þ » <�Ë È Ì » ÉGÌ È�È�Ý Î Ò qLfFv�hGoXf9Ò u�h�eEu�Ö>o�h�ËGØ�fWqu�Ö>o�hRv9mpÐ Õ
uf�oVh : � % �)ø < 2�õ Ì Î Ç¹nÈ�È�Ý Î Ú µÌ º£º Í ¹ Æ ¹WÈ Ë�Î ¬ É ¸ 8 · ¹ ÍLÉ Ý�¿ ¬ ¸�·�Ë ºnÝ ÉGÌ ¹ · taË��Dcntne�v9cWu�u�m Õ ucÙÐ�h�uBc � u�Ö�c��9qBm�	�cntntnÖ ¬ Ú ¸ · ¸ Í ÝÑ¹¸ · º Ê�· º ·FÉFÊ Â ·�É8µ Ë È¹ Î È ¸&¸;· Í Ë.¹ µ Ë ÜX¹WÈ Ë�Ë!¸ Ì Û£È Ë · È ¸�Î Û Ë Ç Í ¸ Ç Ë È Ì ¸/Ë Ú Ër� É ¸ 8 Éi· ¸ Í Ý�¿ ¬ 8 º Ê�¼ ¹£º ·FÉ ¹nÈ�È ¸ Í ¹ µX¶-· Ë É Ë º · ºnÚ Ë ¹· Í ¸lº ¹£ºnºnÝ É º ¸ ÝÑº µ ¹ · Í ¹ ¸&¹ µÌ Ç Ì È Ë ¶ ¹ ¹ »�¸ Ì ºnº ¸ É ¸ Û ¸�Ç µ ¹£Ú ·FÍ ¸)¸ Ì Û£È Ë · È ¸ Û ¸ Ú ¸&¸/·¸ È�¹nÈ ·FÌXÉ ¸ Ì Û£È Ë · ¸ Ì Ú · Ë É È ¸9Î�· µBÌ »a¸ ¹92
» ` O ¬ C a ·¸ Ú Ì » Ì È ¸ ¬ ½X· ¸ � % �)ø É ¸ Ì ÛnÈ Ë · ¸ º Á ¹ ÍÌ ¿ · Êlµ À º Ì9Í ¸ É ¸�¸ Û Ê�·~¶HÉ)µX¶-· À º ¶dÉ ÝÑº ¸ Ú ¸)Ç1ÁIÁ ¹£Ú · Ë É È�Ý ¸ ÇB¹ · ¹£Ú · ¸ 8Í ¸)¸ Û Í�Ì�É Ë ·9Ì º�Ë�¸ È�È ¸ Û ¸VËX» µ�Ê�½ ¹nÈ Ë ¶ È�¹ Î ·@Í ¸ È�È�Ý�¿ » É ¹ » Ç>2iÅ Í Ë È º�Ë�·�Ë Ì$µ À È Ì&¶XÉ@Ì Ü.È ¸ º · À Ç µ.¶A· ¹ ¸ Í Ë�Ë Û Í�Ì�É Ë ·FÌ º�Ë�Ë � % �)ø ¬

Ú Ì Ú · Íj¶ ¸�¸ Û ¸�Ç1ÁIÁ ¹nÚ ·9Ì Ú ¸ È É ¹ Í-·FÌ º�Ë�Ë Ç È¹ Í Û Ë�Ë Û ÍÌ�É Ë ·9Ì º�Ë¸ È�È�Ý�¿ É ¸ µ È É Ç µ ¹£Ú ·@Í ¸&¸ Ì Û£È Ë · È Ê ÂGÇ È�¹ Í Û ËXÂ ¬ · Í Ë É ¸ Ç Ë · Ú
ÿ�
��������������������������������������! �"��������#�����������$��%��������&������"'����)(����*+�,������-���./����'�0�,�1��2).436587%9;:
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È�¹ ¸&¹ ¿ ¸ Ç Ë.¸�¸ º · Ë�¹F¸ µ ¹£¹VÇB¹ ·FÌ$µ À È ¸ Û ¸EË É º£¹£º · ¸ Í ¸ È�È�¹nÛ ¸DË º£º µ ¹WÇ ¸ É@Ì È Ë ¶ Ç · ¸ Û ¸ ¶LÉ&µ ¹nÈ Ë ¶ 2�» ` í a È Ì ¸ ºnÈ ¸ É ¹ Í ¹ µ.¶�· Ë É Ë º · º£Ú ¸�Î
Ú Ë È�¹ · Ë ½ ¹£ºnÚ ¸9Î · ¹ ¸ Í Ë�Ë Ç Ì È ¸ º ·@Í ¸ Û ¸ ¹ ¸)¹9¸ ºnÈ ¸ ÉGÌ È Ë ¹DÛ Ë Ç Í ¸ Ç Ë È Ì ¸�Ë ½ ¹nº£Ú ¸9Î · ¹ ¸ Í Ë�Ë � % �Vø12 » ` P£a ¬ ` O a ¬ ` 79a ¬ ` C a ·�¸ Ú Ì » Ì È ¸ ¬½X· ¸ � % �Vø Í ¹ Ìlµ ËX» Ê ¹ · º ¶EÉ º Ê�¼ ¹£º ·FÉ ¹nÈ�È ¸N¹ ¹£º£º · ¸ µ ÚLÈ ¸ É Ë · ¹ µ À È ¸9Î ¬ È�¹ ÍÌ�É È ¸ É ¹£ºWÈ ¸9Î
· µBÌ »a¸ ¹ ¬ È Ì ¿ ¸ Ç ¶�¼ ¹ Î º ¶EÉEÌ È ¸&¸ Ìlµ À È ¸
º Ë µ À È�Ý�¿ ¸ Ì Û£È Ë · È�Ý�¿ ·�¸ µ.¶ ¿�2�» Ç · Ë ¿ Ê º µ ¸ É Ë ¶ ¿ É º µ ¹WÇBº ·FÉ Ë ¹6º Ë µ À È ¸ Û ¸�¸ Ì ÛnÈ Ë · ¸ · ¸ Í ¸�¸)» È ¸ Û ¸
ËX» µ�Êj½ ¹WÈ Ë ¶ º Ê�¼ ¹nº ·FÉ ¹WÈ�È ¸
È Ì9ÍLÊ Æ Ì ¹ · º ¶ Ë.»n¸ ·@Í ¸9·�Ë ¶Pµ ¸ Ú Ìlµ À È ¸ Û ¸ ÍÌ º · Í ¹WÇ¹ µ ¹nÈ Ë ¶ Ç µ ¹£Ú ·FÍ ¸ È ¸ É · µBÌ »a¸ Ý ¬ ·�¸)Ç · ¸)¸ Ê Á Ì Ú · ¸ Í$Ì È Ë.»n¸ ·@Í ¸9·�Ë�Ë8¸ Ì Û£È Ë · ¸ 8Ì Ú · Ë É È ¸9Î+· µBÌ »a¸ Ý ¶LÉ&µ.¶ ¹ · º ¶MÉ ¹£º Ài¸ Ì º Ê�¼ ¹£º ·FÉ ¹nÈ�È�Ý ¸ Ç µ.¶ Ç1ÁIÁ ¹nÚ · Ë É È ¸ º · ËH¸ ¹a¿ Ì È Ë.»�¸ Ì ¸)¹ ÍÌ »n¸ ÉGÌ È Ë ¶ � % �)ø12x» ` n a
È Ì ¸ ºWÈ ¸ É ¹ ¸)¹ ¼ Ë ¿ ÊLÍ�Ì�É È�¹nÈ Ë�Î 02ó þ ´ ·¸ º ·@Í ¸ ¹nÈ Ì Û Ë Ç Í ¸ Ç Ë È Ì ¸/Ë ½ ¹£º£Ú Ì&¶ ¸�¸ Ç¹ µ À � % �Vø ÉJÌ È ËX»£¸ ·@Í ¸9· È ¸9Î$· µÌ »�¸ ¹ · Í Ë» Ì Ç Ì È�È ¸9ÎoÁ Ê È�Ú º�Ë¸ È Ìlµ À È ¸�Î º É)¶ »WË�¸ ¹£Ü.Ç Ê · Í ¸ Ç ¸ µ À È ¸9Î^Ë�·�¸9· ¹ Í ¹ ½ È ¸�Î Ú ¸)¸/·�¸ È¹WÈ ·9Ì ¸/Ë Ç Ì�É)µ ¹nÈ Ë ¶ · µBÌ »a¸ Ý�2» ½BÌ º · È ¸ 8
º · Ë ¬ É ` n a ÍÌ º£º ¸�¸ ·@Í ¹nÈ · Í ¸ º · ¹ Î.Æ�Ë�Î É@Ì9Í Ë Ì È ·P·9Ì Ú ¸9Î º É)¶ »WË 8�µ Ë È�¹ Î È�Ý Î 2.¾�ºnº µ ¹ Ç ¸ É@Ì È Ë ¹ ¬ · Í ¸ É ¹WÇB¹nÈ�È ¸ ¹ É ` n a ¬ É Ý ¶LÉ Ë µ ¸
º Ë µ À È Ê Ây» Ì�É Ë º ËX¸�¸ º · À�· Í ¸lº ¹£ºnº Ì � % �)ø ¸ · º · ¹ · ¹nÈ Ë Ì È Ë.»£¸ ·@Í ¸�·�Ë�Ë^· µBÌ »a¸ Ý ¬ ½.· ¸E· Í Ë É ¹ µ ¸ Ú^È�¹ ¸)¹ ¿ ¸ Ç Ë.¸�¸ º · Ë^·¸ º ·@Í ¸ 8
¹WÈ Ë ¶ Ç Ë È Ì ¸�Ë ½ ¹£ºnÚ ¸9Î ¸�¸ Ç¹ µ Ë Ç É Ë ÜX¹nÈ Ë ¶NÌ È ËX»£¸ ·FÍ ¸9· È ¸�Î ¸ Ì Û£È Ë · ¸ Ì Ú · Ë É È ¸9ÎM· µÌ »�¸ Ý É ·¸ µ ¹�Û Í�Ì�É Ë ·9Ì º�Ë�¸ È�È ¸ Û ¸�Ë.» µ�ÊH8½ ¹nÈ Ë ¶ 2 ´6Ìlµ ¹£¹ ¬ É ` ø a ¹ Ý µ ¸$· Í ¸ É ¹ ÇB¹nÈ ¸ Ç¹ ·9Ìlµ À È ¸ ¹ ½ Ë º µ ¹nÈ�È ¸ ¹ ¸�¸ ÇB¹ µ Ë Í ¸ ÉGÌ È Ë ¹ � % �Vø · Í Ë ÍÌ » µ Ë ½ È�Ý�¿ · Ì9ÍÌ ¸ ¹ ·@ÍÌ ¿Ì È ËX»£¸ ·FÍ ¸9· È ¸�Îo¸ Ì Û£È Ë · ¸ Ì Ú · Ë É È ¸9Î�· µÌ »�¸ Ý É º Ë º · ¹ ¸ ¹XÚ ¸)¸/·XÀ)Â · ¹ Í È ¸�Îo¸ Ìl· ¹ ¸ Ì&· Ë Ú Ë % � !U��"� � !�	$ � 2 Õ�· ¸�Ë º£º µ ¹WÇ ¸ ÉGÌ È Ë ¹¸ ºnÈ ¸ É Ý É@Ìlµ ¸ º À È Ì?½ Ë º µ ¹nÈ�È ¸)¸ Í ¹ Æ ¹nÈ Ë�Ë È¹ µ Ë È�¹ Î È ¸ Û ¸ ÊLÍÌ�É È¹nÈ Ë ¶ Ç È¹ Í Û ¸&¹ ÌlµÌ È�º Ì º ·�¸)¸�¸ ¼ À)Â º · ¹ º�Ë Ì$µ À È�Ý�¿ ¸ ¹ · ¸ Ç ¸ É½ Ë º µ ¹nÈ�È ¸ Û ¸�Ë È · ¹nÛ Í Ë Í ¸ ÉGÌ È Ë ¶ 203¹ » Êlµ À ·9Ì&· Ý ¬ ·�¸ µ�Ê�½ ¹nÈ�È�ÝÑ¹ É�Í�Ì ¹F¸ · ¹ ` ø a É º ¹ µ ¸)¸ ·¸ Ç ·9É ¹ Í Ç Ë µ Ë ºÔÇ¹ µBÌ È�È�ÝÑ¹ ÍÌ È�¹£¹ Ì È Ì�8µ Ë · Ë ½ ¹nº£Ú Ë ¹ ¸lº ¹nÈ�Ú Ë�·�¸ É ¹ ÇB¹nÈ Ë ¶ ¸ Ì ÛnÈ Ë · ¸ Ì Ú · Ë É È ¸�Î�· µBÌ »a¸ Ý É ·�¸ µ ¹Ñº Ë µ À È ¸�Î Û ÍÌ�É Ë ·9Ì º�Ë¸ È�È ¸9Î�Ë Ê�· ¸ ½ È Ë µ Ë È¹nÚ ¸ · ¸ Í ÝÑ¹
¿ Ì9Í�Ì Ú · ¹ Í Ë º · Ë Ú Ë � % �Vø12î)ÇÈ Ì Ú ¸ ¬ · Í Ë É º£¹ ¸ Í�Ì » È ¸F¸)¹ ÍÌ »nË�Ë�¸�¸ ÇB¹ µ ¹ Î�· µBÌ »�¸ Ý É ¸ É º£¹a¿ º�Ë · Ë Í ¸ É@Ì È�È�Ý�¿ Í�Ì ¹F¸ ·9Ì ¿ Ë º£º µ ¹WÇ ¸ ÉGÌ$µ º ¶�µ Ë.ÆSÀ º µ�Êj½BÌ Î¸�¸ È ¸9·�¸ µX¶�Í Ë.»£¸ ÉGÌ È�È ¸�Î Û ÍÌ�É Ë ·9Ì º�Ë¸ È�È ¸9Î É ¸ µ È�Ý º ·�¸ µX¶�Í Ë.» Ì º�Ë ¹ Î e+ 2�Å Í ËKÇ · ¸&¸y¹ Ý µ ¸�·�¸ Ú Ì » Ì È ¸ ¬ ½.· ¸ º µ�Êj½BÌ ÎK¸�¸ È ¸ 8·�¸ µX¶�Í Ë.»£¸ ÉGÌ È�È ¸�Î Û Í�Ì�É Ë ·FÌ º�Ë�¸ È�È ¸9Î É ¸ µ È�Ý1º ·¸ µX¶�Í Ë.» Ì º�Ë ¹ Î e× º É ¸ Ç Ë · º ¶ º ·�¸)¸�¸ ¼ À)Â · Í ¹ ¸&¹ ÍÌ »£¸ É@Ì È Ë�Î Ú ¸F¸ Í Ç Ë È Ì&· ËÁ)Ë.»nË ½ ¹£ºnÚ Ë ¿ É ¹ µ Ë ½ Ë È6Ú6º µ�Ê�½Ì Â+·¸ µ.¶LÍ ËX» Ì º�Ë�Ë e+ 2%î)ÇÈ Ì Ú ¸ ¬ º µ�Ê�½Ì Î6¸ ÇÈ ¸ É@Í ¹ ¸ ¹nÈ�È ¸ Û ¸ º Ê�¼ ¹£º ·9É ¸ É@Ì È Ë ¶ Ç É9Ê ¿ ·¸ µ.¶LÍ Ë.» Ì�8º�Ë�Ë Û Í�Ì�É Ë ·9Ì º�Ë¸ È�È ¸�Î É ¸ µ È�Ý ¸ º ·9Ìlµ º ¶ È¹ Ë º£º µ ¹WÇ ¸ ÉGÌ È�È�Ý ¸ 2G» Ç · ¸9Î º ·9Ì&· À ¹ ¸ Ý ÍÌ º£º ¸�¸ ·@Í Ë.¸RË.¸ ¹nÈ�È ¸ ·9Ì Ú ¸9Î º µ�Êj½Ì Î 2)Å Í ËÇ · ¸)¸ Ê Ç Ì$µ ¸ º À ºnÈ ¶�· À Íj¶ Ç
Ç ¸�·¸ µ È Ë · ¹ µ À È�Ý�¿ Ê º µ ¸ É Ë�Î ¬ º ·¸)¸�¸ ¼ À)Â Ú ¸ · ¸ Í Ý�¿ É ` P£a ¹ Ý µÌ6Ê º ·9Ì È ¸ É&µ ¹nÈ Ì Ár¸ Í ¸ Ì ·¸ · ¹nÈ º�Ë 8Ì$µBÌ Ç µ ¹£Ú ·@Í ¸)¸ Ì ÛnÈ Ë · È ¸ Û ¸X·¸ µ.¶�É ¸ Ì ÛnÈ Ë · ¸ Ì Ú · Ë É È ¸�Î
· µÌ »�¸ ¹ ¬ Ë · ¹ ¸ º Ì ¸ Ý ¸+· Í Ë Ç Ìl· ÀX·¸ µ�Êj½ ¹nÈ�È�Ý ¸ ÍÌ È¹£¹ Í ¹ » Êlµ À ·9Ì&·9Ì ¸¹9¸ µ ¹£¹ ¸&¹ ¼ Ë�Î ¿ Ì�ÍÌ Ú · ¹ Í 2�»'¹ » ÇB¹ É º ·9Ì&· À ¹ · Í Ë È ¶-·9Ì º Ë º · ¹ ¸ Ì ¹ Ç Ë È ËXº ¬ É Ú ¸ · ¸ Í Ý�¿ = (c = G = ~ = 1) 2
<!=?>A@CB�@�DFEG=HB�@ ú = ýAýJI ûLKNM = ú"ýAû ýNþJOPMAû E ONQ�þNú�þ B Q B�R�@�SP>T=?D ýAþJQ�ý @�SUD þIü+M @ ü�þNý =?> þ R þOú
D M = ú�þJQ =?V þ @ ýNý @�>XWJ@HE û
Y0Z1[?\^]`_baT]�c0\^d?\Fe!agfhf?\^Zjik_lcnmko1fb_hikf?\^oj\qpb\/[brs]qph[?m4tuc0v
» ` P£a É · Í ¹ Ç ·¸ µ ¸ ÜX¹nÈ Ë�Ë ÍÌ�É ¹nÈ�º ·FÉ@Ì Ç Ë È Ì ¸/Ë ½ ¹£ºnÚ Ë ¿ É@Í ¹ ¸ ¹nÈ Ë�·¸ Ç ¸)¹ È�Ý�¿�º£Ú ¸ Í ¸ º · ¹ Î ¬ vi ¬ · µBÌ »�¸ Ý Ë8Ç µ ¹£Ú ·FÍ ¸)¸ Ì Û£È Ë · È ¸ Û ¸·�¸ µX¶Fw�=

p

T ij v
j = εpvi;

f

T ij v
j = εfvi; (v, v) = 1

: P <
È Ì ¸ ºnÈ ¸ É ¹Xº ¸ ¿ Í�Ì È�¹nÈ Ë ¶ ·¸ µ È ¸ Û ¸ · ¹nÈ »n¸ Í�Ì Ç È¹ Í Û Ë�Ë 8 Ë.¸/· Êlµ À º Ì · µÌ »�¸ Ý Ë8Ç µ ¹£Ú ·@Í ¸)¸ Ì ÛnÈ Ë · È ¸ Û ¸6·�¸ µX¶ ¬

T ij =
p

T
ij+

f

T
ij ,

:kO <
T ij,j = 0

: 7 <
¹ Ý µBÌ ·¸ µ�Êj½ ¹nÈ Ì ·�¸ µ È Ì&¶ º Ì ¸x¸ º ¸ Û µÌ º ¸ ÉGÌ È�È Ì&¶ º Ë º · ¹ ¸ ÌEÊLÍÌ�É È¹WÈ Ë�Î Í ¹ µX¶-· Ë É Ë º · ºnÚ ¸9Î�¸ Ì Û£È Ë · È ¸9Î Û Ë Ç Í ¸ Ç Ë È Ì ¸/Ë Ú Ë8¸ Ì Û 8
È Ë · ¸ Ì Ú · Ë É È ¸�Î
· µÌ »�¸ Ý É · Í ¸�Ë.» É ¸ µ À È ¸&¸ Û Í�Ì�É Ë ·9Ì º�Ë�¸ È�È ¸)¸N·¸ µ ¹ ¬ ¸9·�Ë ºnÝ ÉGÌ Â ¼.Ì&¶ Ç É Ë ÜX¹WÈ Ë ¹ Í ¹ µ.¶�· Ë É Ë º · º£Ú ¸9Î!· µÌ »�¸ ÝË�Ç µ ¹£Ú ·@Í ¸)¸ Ì Û£È Ë · È ¸ Û ¸.·�¸ µ.¶!É » Ì Ç Ì È�È ¸)¸ Û ÍÌ�É Ë ·9Ì º�Ë¸ È�È ¸&¸+·�¸ µ ¹F2

» ½Ì º · È ¸ º · Ë ¬ ¹ Ý µ ¸D·�¸ Ú Ì » Ì È ¸ ¬ ½.· ¸6· Í Ë�·¸ µ ¸ Ü Ë · ¹ µ À È ¸ º · Ë^· ¹ Í�É ¸ Û ¸EË È ÉGÌ�Í Ë Ì È ·9Ì Ç µ ¹nÚ ·@Í ¸)¸ Ì Û£È Ë · È ¸ Û ¸6·�¸ µ.¶�=
Inv1 = FijF

ij = 2H2 > 0
:QC <

Ë ÍÌ�É ¹nÈº ·FÉ ¹VÈ Êlµ Â Éi· ¸ Í ¸ Û ¸DË È É@Ì9Í Ë Ì È ·FÌH=
Inv2 =

∗
F ij F

ij = 0
: í <

È�¹ ¸&¹ ¿ ¸ Ç Ë.¸ Ý ¸\Ë Ç ¸ º ·9Ì&· ¸ ½ È�Ý ¸ Ê º µ ¸ É Ë ¹ ¸ ÍÌ » Í ¹ ÆXËX¸�¸ º · Ë ÊLÍÌ�É È¹WÈ Ë�Î : P < ¶LÉ&µ.¶ ¹ · º ¶ ËGtùÐm�v�hc�vnoXmÔqBm�xÃcWu�um�tne6h+oXf9Ò Õ
u�h�e6um�Ò mn�mpÐHwMv0�HÐf�i£oIË ¬ · 2 ¹F2 ¬ Í�Ì�É ¹nÈº ·9É ¸ È Ê&µ Â º ¸9· Ê�· º ·FÉFÊ Â ¼ ¹ Î È Ì · Íj¶ ÜX¹WÈ�È ¸ º · Ë�Ç µ ¹£Ú ·FÍ Ë ½ ¹£º£Ú ¸ Û ¸.·¸ µ.¶ Ei =

Ei = Fjiv
j = 0.

: nF<

» ÁA¸ Í ¸ ÊlµÌ ¿ :QC < 8): n@<�Ë Ç Ìlµ ¹£¹ = Fij 8'Ì È · Ë º Ë.¸ ¸ ¹ ·@Í Ë ½ È�Ý Î · ¹nÈ »n¸ Í ó Ì ÚHº É ¹ µXµÌ ¬ ∗F ij 8 Ç ÊHÌlµ À È�Ý Î Ú�È¹ ¸ Ê�· ¹WÈ »£¸ Í =
∗
F ij=

1

2
ηijklF

kl,
: ø <

ÛpÇ¹ ηijkl 8 Ú ¸ ÉGÌ�Í Ë Ì È · È ¸6·�¸ º · ¸ ¶ È�È�Ý Î Ç Ë º£Ú Í Ë.¸/Ë È Ì È · È�Ý Î · ¹nÈ »£¸ ÍM:�· ¹nÈ »£¸ Í � �"��� 8 � �	�)�	! �F<W` ÷ a 2
Å Í Ë É Ý ·¸ µ È¹WÈ Ë�Ë Ê º µ ¸ É Ë ¶DÉ ¸�¸ Í ¸ ÜX¹nÈ�È ¸ º · Ë : n@< Ê º µ ¸ É Ë ¹rº ¸ É · Ì Ç¹nÈ Ë ¶ Ç Ë È Ì ¸�Ë ½ ¹nº£Ú Ë ¿Dº£Ú ¸ Í ¸ º · ¹ Î : P < É Ý ·�¸ µ È ¶ ¹ · º ¶É º£¹nÛpÇ Ì ¬ È¹ » Ì�É Ë º Ë.¸�¸6¸ ·.Ê º µ ¸ É Ë�Î :QC < 8 : í < 2<î)ÇÈ ËX¸MËX» Ì�Éi· ¸ Í ¸ É È Ì ¸ ºnÈ ¸ É ¹rº ·@Í ¸ Û ¸9Î Ú Ë È�¹ · Ë ½ ¹£ºnÚ ¸9Î�¸�¸ ÇB¹ µ Ë
· µBÌ »a¸ Ý ¹ Ý µ ¸
w�y?�,-���"'�hz

p{ ��'�,��)�,�'�}|0"G�,�1��2).4��~1����-���"��hz f {b� "G�������~�2)���,|,���*0����2)����(�����3�"'������,����������3����������2����-���3���:
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·¸ Ú Ì » Ì È ¸N` í a ¬ ½.· ¸ Ê º µ ¸ É Ë ¹ É ¸�¸ Í ¸ ÜX¹nÈ�È ¸ º · Ë : n@<hÁ Ì Ú · Ë ½ ¹nº£Ú Ë ¶LÉ)µX¶ ¹ · º ¶ º µ ¹ ÇBº ·9É Ë ¹ ¸ ØpqBc � gxm�v9m�ÒWm��Fq�hÓpÐ�hgxÃc u�hHw ¬ · 2 ¹F2 ¬¸ Ì$µ ¸ º · Ë ? Ì�Í ¸�¸ Í ¸ É ºnÚ ¸�Î Ç µ Ë È�Ý Ç µ.¶ Ç µ ¹nÚ ·@Í ¸ È ¸ É ¬ λe = c/ωc

¬ ·�¸ º ÍÌ�É È¹WÈ Ë.Â º�¿ Ì9Í�Ì Ú · ¹ Í È�Ý ¸K¸ Ì º Æ ·FÌ ¹F¸)¸ È�¹ ¸ ÇÈ ¸ Í ¸ Ç 8
È ¸ º · Ë ¬ r =

Λ =
c

rωe
¿ 1; ωc =

eH

me
,

:5÷ <
Û Ç¹ ωc 8 ? Ì�Í ¸�¸ Í ¸ É º£Ú Ì&¶�½Ì º · ¸ ·9Ì Ç µX¶ Ç µ ¹£Ú ·@Í ¸ È ¸ É 2
� m4cn\`Zj\^o�[Hm4Zj\^]`mkfbfb��aTv�d?mk]^f?agfb_hr�cnmko1fb_bikfb\^�lo1_��?d?\u�H_bfbm4c0_b�h_

Å ¸ µ È Ì&¶ º Ë º · ¹ ¸ Ì º Ì ¸�¸ º ¸ Û µÌ º ¸ ÉGÌ È�È Ìl¶DÊLÍÌ�É È¹WÈ Ë�Î Í ¹ µX¶-· Ë É Ë º · ºnÚ ¸9Îv¸ Ì ÛnÈ Ë · È ¸�Î Û Ë Ç Í ¸ Ç Ë È Ì ¸/Ë Ú Ë : 02ó þ ´ < Ç µX¶ · µÌ »�¸ ÝÉ Û ÍÌ�É Ë ·FÌ º�Ë�¸ È�È ¸)¸I·¸ µ ¹ ¬ ·¸ µ�Êj½ ¹WÈ�È Ì&¶�É ` P£a ¬ º ¸ º · ¸�Ë · ËX» ÊLÍ�Ì�É È�¹nÈ Ë�Î ó Ì ÚLº É ¹ µ-µBÌ · ¹ Í�É ¸�Î Û Í�Ê ·�· Ý =
∗
F
ik
,k = 0;

: H <
Ê�Í�Ì�É È�¹nÈ Ë�Î ó Ì ÚLº É ¹ µ-µBÌ6Éi· ¸ Í ¸�Î Û Í�Ê ·�· Ý =

F ik,k = −4πJ idr
: P � <

º · Í ¸ º ·FÍÌ È�º ·FÉ ¹nÈ�È ¸9·¸ Ç ¸)¹ È�Ý ¸ ØpqBc � gxm�v�Ö>o eDm�jGmÔo =

J idr = −
2F ik

p

T
l
k,l

FjmF jm
; (Jdr, Jdr) < 0

: P9P <
Ë8» Ì Ú ¸ È Ì º ¸ ¿ ÍÌ È¹nÈ Ë ¶ ·�¸ µ È ¸�Î8Ç È�¹ Í Û Ë�Ë 8 Ë.¸/· Êlµ À º Ì º Ë º · ¹ ¸ Ý =

p

T
ik
,k+

f

T
ik
,k = 0.

: P O <

»'º µ ¹ ÇBº ·FÉ Ë ¹ ÊLÍÌ�É È¹WÈ Ë�Î : P � < Ç ¸ µ Ü.È ¸ É Ý ·�¸ µ È ¶�· À º ¶!ÊLÍÌ�É È¹nÈ Ë ¹AÈ¹ · Í ¹ Í Ý É È ¸ º · Ë Ç µ.¶ Ç Í ¹ Î.Ár¸ É ¸ Û ¸ · ¸ Ú ÌH=
J idr ,i = 0.

: P£7 <

î · ¸ ¹ · Ë.¸ ·9Ì Ú�Ü.¹ Íj¶ Ç ·¸ µ ¹ » È�Ý�¿�º ·@Í ¸ Û Ë ¿!º µ ¹ ÇBº ·9É Ë�Î ÊLÍ�Ì�É È�¹nÈ Ë�Î�¸ Ì Û£È Ë · È ¸9Î Û Ë Ç Í ¸ Ç Ë È Ì ¸/Ë Ú Ë =
∗
F ik J

k
dr = 0;

: P C <
vi

p

T
ik
i,k = 0;

: P í <
Hi

p

T
k
i,k = 0.

: P n@<
�Ad?aj��Z1igmk]^[?agfb_baTi4agfhtg\/d?m&��mk��Z1]�au[h[Hm!�bagd?agtAZj\^pbv�i4Z1ik]`v����q_?aAf?mkpbd�r�e!agfhf?\`Z1ik_
Ã�¸)¸/·¸ È�¹nÈ · Ý · ¹nÈ »£¸ Í�Ì ó Ì ÚHº É ¹ µ-µBÌJÊ Ç ¸&¹ È ¸J· Í ¹ ÇBº ·9Ì�É Ë · À ½ ¹ Í ¹ »!· Ì�Í�Ê · Í ¸ º ·@Í�Ì Èº ·FÉ ¹WÈ�È ¸�·¸ Ç ¸&¹ È�Ý�¿ v9cWj@eEmpqm9v$t£m��XË@e Õ
tne�v$Ë��H��c � uf��9qLwgxÃcWu�u�m�tneEh Ç µ ¹£Ú ·FÍ Ë ½ ¹£º£Ú ¸ Û ¸ ¬ Ei : n@< ¬ Ë8¸ Ì ÛnÈ Ë · È ¸ Û ¸ ¬ Hi

¬ ·�¸ µX¶ ` H a =

Ei = Fjiv
j ; Hi =

∗
F ji v

j ,
: P ø <

·FÌ Ú ½.· ¸ =
(E,E) = −E2; (H,H) = −H2; (v,E) = 0; (v,H) = 0.

: P ÷ <
Ô ¸ ÛpÇ Ì�· ¹nÈ »£¸ Í ó Ì ÚHº É ¹ µ-µBÌ Ë Ç ÊGÌlµ À È�Ý Î ÚJÈ¹ ¸ Ê ¸�¸ Ü6È ¸ É Ý ÍÌ »WË · À ½ ¹ Í ¹ ».· Ì9ÍLÊ · Í ¸ º ·@ÍÌ Èº ·FÉ ¹nÈ�È ¸9·�¸ Ç ¸)¹ È�Ý�¿ É ¹nÚ · ¸ Í ¸ É
º ¸9· Ê-· º ·FÉFÊ Â ¼ Ë ¿�È Ì · Íj¶ ÜX¹nÈ�È ¸ º · ¹ Îd` H a =

Fij = viEj − vjEk − ηijklvkHl;
: P H <

∗
F ij= viHj − vjHk + ηijklv

kEl,
:kOl� <

· Í Ë ½ ¹ ¸ =
1

2
FijF

ij =
1

2

∗
F ij

∗
F
ij = (E,E)− (H,H) = H2 − E2; :kO P <

1

2
Fij

∗
F
ij = (E,H).

:kO9O <
Ô ¹nÈ »£¸ Í Ç È¹ Í Û Ë�Ë 8 Ë.¸/· Ê$µ À º Ì
:sÔ�Õ ¾ <�Ç µ ¹£Ú ·@Í ¸)¸ Ì ÛnÈ Ë · È ¸ Û ¸6·�¸ µX¶5=

f

T
i
k =

1

4π

(
F ilF

l
k +

1

4
δikF

lmFlm

) :kO 7 <
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·9Ì Ú�ÜX¹ ¸�¸ Ü6È ¸�· Í ¹WÇº ·9Ì�É Ë · À ½ ¹ Í ¹ » ·@Í ¸9Î Ú Ê�É ¹£Ú · ¸ Í ¸ É v, E,H : º ¸ 2 ` Pna < 25» Ë È · ¹ Í ¹£º Ê Â ¼ ¹ ¸ È Ì º6º µ�Êj½BÌ ¹ Í�Ì�É ¹nÈº ·9ÉGÌ Ç Ë 8
È Ì ¸/Ë ½ ¹£º£Ú Ë ¿$ºnÚ ¸ Í ¸ º · ¹ ÎM· µBÌ »�¸ Ý Ë!Ç µ ¹£Ú ·FÍ ¸)¸ Ì Û£È Ë · È ¸ Û ¸
·�¸ µX¶¼: P < Ô�Õ ¾ · Í ¹ ÇBº ·9Ì�É&µ.¶ ¹ · º ¶8½ ¹ Í ¹ »6· Ì�Í�ÊJÉ ¹£Ú · ¸ Í ¸ É ¬ v,H` Pna =

f

T
i
k = − 1

8π

[
(δik − 2vivk)H

2 + 2HiHk)
]
,

:kO�C <
·9Ì Ú ½.· ¸ =

f

T≡
f

T
i
i = 0.

:kO í <
?�¹WÛ�Ú ¸6· Í ¸ É ¹ Í Ë · À ¬ ½X· ¸6Ë É ¹£Ú · ¸ Í v Ë^· Í ¸ º ·@Í�Ì Èº ·FÉ ¹nÈ�È ¸�·¸ Ç ¸&¹ È�Ý Î^¸ ÍX· ¸ Ì Û£È Ë · È ¸ Û ¸6·¸ µX¶ h

hi =
Hi

H
; (h, h) = −1; (v, h) = 0

:kO nF<

Ç¹ Î º ·FÉ Ë · ¹ µ À È ¸ ¶LÉ&µ.¶ Â · º ¶ º ¸)¹ º ·FÉ ¹nÈ�È�Ý ¸/Ë É ¹nÚ · ¸ ÍÌ ¸/Ë · ¹nÈ »£¸ ÍÌ f

T
ik =

f

T
i
kv
k = εHv

i;
:kO%ø <

f

T
i
kh

k = εHh
i,

:kO�÷ <
ÛpÇ¹

εH =
H2

8π

:kO H <8 · µ ¸ · È ¸ º · ÀvÇ È¹ Í Û Ë�Ë8¸ Ì ÛnÈ Ë · È ¸ Û ¸E·�¸ µX¶ 2
��agfbtu\^dl�1f?agdho1_b_h��_?c0phvF[b��Zjmqc0m4o1fb_hi4\`mk�bik_h]`fb\^�lph[?mktgc0�
Ô ¹nÈ »£¸ Í Ç È¹ Í Û Ë�Ë 8 Ë.¸/· Ê$µ À º ÌrÍ ¹ µ.¶�· Ë É Ë º · º£Ú ¸�Î Ì È ËX»£¸ ·FÍ ¸9· È ¸�Î�¸ Ì Û£È Ë · ¸ Ì Ú · Ë É È ¸�ÎD· µÌ »�¸ Ý É Û Í�Ì�É Ë ·FÌ º�Ë�¸ È�È ¸)¸RË�¸ Ì Û£È Ë ·F8
È ¸)¸+·¸ µ.¶ ¿ ËX¸ ¹£¹ ·EÉ Ë Ç : º ¸ 2 ¬ È Ì · Í ËX¸ ¹ Í ¬ ` n a < =

p

T
ij = (ε+ p⊥)v

ivj − p⊥gij + (p‖ − p⊥)hihj ,
: 7 � <

ÛpÇ¹ p⊥, p‖ 8 Ç Ì�É)µ ¹WÈ Ë ¹ · µBÌ »�¸ Ý É ¸ ÍX· ¸ Û ¸ È Ìlµ À È ¸&¸¼Ë�· Ì9Í�Ìlµ-µ ¹ µ À È ¸)¸Ø¸ Ì Û£È Ë · È ¸&¸ Ê ·¸ µ Â È Ì · Í�Ì�É)µ ¹nÈ Ë ¶ ¿�2�ì µ ¹WÇ · ¹nÈ »£¸ Í�ÌÇ È¹ Í Û Ë�Ë 8 Ë.¸/· Ê$µ À º Ì
: 7 � < Í�Ì�É ¹nÈ =
p

T≡
p

T
i
i = ε− p⊥ − 2p‖ ≥ 0

: 7HP <
Ë�·¸ ºnÚ ¸ µ À Ú Ê ¸ È^È¹ ¸ ·@Í ËXº Ìl· ¹ µ ¹nÈ ¬ É Ý ·¸ µ È ¶ ¹ · º ¶ º ¸9¸ · È ¸)Æ ¹nÈ Ë ¹ =

p⊥ + 2p‖ ≤ ε.
: 7 O <

õ�¹ ·@Í�Ê Ç�È ¸ ·FÌ Ú�ÜX¹ Ê ¹ ¹WÇ Ë · À º ¶ É · ¸)¸ ¬ ½.· ¸ É ¹£Ú · ¸ Í Ý v
Ë
h
·9Ì Ú�ÜX¹ ¶HÉ)µ.¶ Â · º ¶ º ¸)¹ º ·FÉ ¹WÈ�È�Ý ¸/Ë É ¹nÚ · ¸ ÍÌ ¸/Ë Ë · ¹nÈ »£¸ Í�ÌÇ È¹ Í Û Ë�Ë 8 Ë.¸/· Ê$µ À º Ì · µÌ »�¸ Ý : º ¸ 2 :kO�ø < ¬ :kO�÷ <Ô< =

p

T
ikvk = εvi;

: 7F7 <
p

T
ikhk = −p‖hi.

: 7 C <
�!û�� û ýNþAû�KNM = ú"ýAû ýNþ S �&�¡ h¢ ú > û�QbMAþ R û¤£� Pù
��agiFdb_b��m!p�[H\^Zj��\^�lo1dbm4]^_bigmk¥b_b\^fhf?\^�l]`\/[?fh�
¦ ¹ ·@Í Ë Ú Ì.É@Ì Ú ÊHÊ ¸ È ¸9Î Å¨§>» Ë.¸ ¹£¹ ·EÉ Ë Ç : º ¸ 2 ¬ È Ì · Í Ë.¸ ¹ Í ¬ ` P � a < =

ds2 = 2dudv − L2dΣ2, : 7�© <

ÛpÇ¹ =
dΣ2 = ch 2γ(e2β(dx2)2 + e−2β(dx3)2)− 2 sh 2γdx2dx3

: 7 nF<
8 ¸ ¹ ·@Í Ë Ú Ì+ª · µ ¸ º£Ú ¸ º · Ëu« : x2, x3 <W� β(u) ¬ γ(u) 8AÌ ¸/· µ Ë ·9Ê ÇÝ ·¸ µX¶�Í Ë.» Ì º�Ë�Î e+

Ë
e×
¬ º ¸9¸ ·FÉ ¹ · º ·9É ¹nÈ�È ¸�� u = 1√

2
(t − x1)8 » Ì · Ì » Ç�Ý ÉGÌ Â ¼ ¹£¹ ¬ v = 1√

2
(t + x1)

8 ¸9· ¹ Í ¹£Ü Ì Â ¼ ¹£¹ É@Í ¹ ¸ ¶ 2 jÖ¸/· µ Ë ·FÊ ÇÝÑÅ¨§ » 8 · Í ¸9ËX» É ¸ µ À È�ÝÑ¹ Á Ê È�Ú º�Ë�Ë�» Ì · Ì » ÇÝ 8É@Ì Â ¼ ¹nÛ ¸ ÉFÍ ¹ ¸ ¹nÈ Ë u ¬ Ì gxm�um�v�Ö � g>f�j@eDmÔq�Å¨§>» ¬ L(u) ¬ ¸�· Í ¹ ÇB¹ µX¶ ¹ · º ¶ ¹ Ç Ë È�º ·FÉ ¹nÈ�È�Ý ¸ È¹ ·FÍ Ë É Ë Ì$µ À È�Ý ¸ ÉGÌ Ú ÊHÊ ¸ È�Ý ¸ÊLÍ�Ì�É È�¹nÈ Ë ¹ ¸ Õ Î È Æ · ¹ Î È Ì,¬9=
L′′ + L(ch2 2γβ′2 + γ′2) = 0.

: 7, <
Å Í Ë�Ë È É ¹ Í º Ë�Ë Ú ¸F¸ Í Ç Ë È Ì&·6É · µ ¸ º£Ú ¸ º · Ë : x2, x3 <�Ë^· Í ¹ ¸)¹ ÍÌ »£¸ ÉGÌ È Ë�Ë Ì ¸/· µ Ë ·FÊ Ç�ÝæÅ¨§>» =

x2 = x′3; x3 = x′2; β′ = −β; γ′ = γ
: 7�® <

¬�¯&�����,°¨�2)����(������N-���±b±?�)���)��²�������������������2)������2%-�3������b³��).4$0�����).4�)�,�n´g:



���! �"R#S�_¡����T*�¢$�3£'¡�¢¥¤¦£p¡VU�#¨§W�'&A(+*�,�-X�/-ª©&«&¬�J®J¯°§Y�>±�²V± � �j,

Ç ÉFÊ ¸ ¹ Í È Ì&¶ ¸ ¹ ·@Í Ë Ú Ì · ¹ Í ¹a¿ ¸ Ç Ë · º Ì ¸ Ì6É º£¹ ¹ ¶ 2XÅ Í Ë�·¸ É ¸ Í ¸ · ¹ É · µ ¸ º£Ú ¸ º · Ë : x2, x3 < È Ì¨ªYÊ Û ¸ µ « π/4 =

x2 =
1√
2
(x′2 + x′3); x3 =

1√
2
(x′3 + x′2)

: 7 H <

Ç ÉFÊ ¸ ¹ Í È Ì&¶ ¸ ¹ ·@Í Ë Ú Ì · Í ¹ ¸)¹ ÍÌ » Ê ¹ · º ¶ Ú É Ë Ç Ê5=
dΣ′2 = (ch 2γ ch 2β + sh 2γ)(dx′2)2 + (ch 2γ ch 2β − sh 2γ)(dx′3)2 +

+2 ch 2γ sh 2βdx′2dx′3.
:QC)� <

Å Í Ë β = 0 ¬ · 2 ¹F2 ¬ É º µ�Êj½BÌ ¹IÅ¨§>» º�¹WÇ Ë Èº ·FÉ ¹nÈ�È ¸�Î�·�¸ µ.¶LÍ ËX» Ì º�Ë ¹ Î e×
¬ ·�¸ µ�Ê�½ Ë.¸NË.» :QCi� < =

dΣ′2 = e2γ(dx′2)2 + e−2γ(dx′3)2

8 ¸ ¹ ·@Í Ë Ú Ê Å¨§>» º�¹WÇ Ë Èº ·FÉ ¹nÈ�È ¸�Î�·¸ µ.¶LÍ ËX» Ì º�Ë ¹ Î e+ 2´hµX¶ º µBÌ ¹F¸9Î Û ÍÌ�É Ë ·9Ì º�Ë¸ È�È ¸�Î É ¸ µ È�Ý =
|β(u)| ¿ 1; |γ(u)| ¿ 1; L2(u) = 1 +O2(|β, γ|) :QC P <

·¸ É ¸ Í ¸ ·J: 7 H <�Ç Ú É Ë ÉGÌ$µ ¹nÈ · ¹nÈ · Í ¹ ¸)¹ ÍÌ »n¸ ÉGÌ È ËXÂ =
β′ = γ; γ′ = −β. :QC@O <

µTmg�bmF[?�`fh��aTv`Z�[H\/]`_br
Å Ê º · À É ¸ · º Ê�· º ·9É Ë ¹ÖÅ¨§>» : u ≤ 0

< =
β(u ≤ 0) = 0; β′(u ≤ 0) = 0; L(u ≤ 0) = 1,

:QC 7 <
· µBÌ »�¸ Ì ¸ ÇÈ ¸ Í ¸ Ç�È Ì Ë^·�¸ Ú ¸9Ë · º ¶5=

vv(u ≤ 0) = vu(u ≤ 0) = 1/
√
2; v2 = v3 = 0;

ε(u ≤ 0) =
0
ε; p‖(u ≤ 0) =

0
p‖; p⊥(u ≤ 0) =

0
p⊥,

:QC9C <
Ì ¸ ÇÈ ¸ Í ¸ Ç�È ¸ ¹ ¸ Ì Û£È Ë · È ¸ ¹ ·�¸ µ ¹rÈ Ì · Í�Ì�É)µ ¹nÈ ¸ É · µ ¸ º£Ú ¸ º · Ë {x1, x2} =

H1(u ≤ 0) =
0

H cosΩ ; H2(u ≤ 0) =
0

H sinΩ ;

H3(u ≤ 0) = 0 ; Ei(u ≤ 0) = 0,
:QC © <

Û Ç¹ Ω 8BÊ Û ¸ µ ¸ ¹£Ü.Ç Ê ¸ º ÀiÂ 0x1
: È Ì · Í�Ì�É&µ ¹nÈ Ë ¹ ¸ Í�Ì º · Í ¸ º ·@ÍÌ È¹nÈ Ë ¶ Å¨§>» <5Ë É ¹£Ú · ¸ Í ¸)¸ È Ì · Íj¶ ÜX¹nÈ�È ¸ º · ËA¸ Ì ÛnÈ Ë · È ¸ Û ¸)·¸ µ.¶

H 2 Ã Ì Ú ¸ Ý ¸ · ¸ ¹ ½Ìlµ Ë É Ý Æ ¹ ¬ É º�Ë · Ë Í ¸ ÉGÌ È�È�Ý�¿ ÍÌ ¹F¸ ·9Ì ¿ ` P£a 8 ` n a Ë º£º µ ¹ Ç ¸ É@Ìlµ ¸ º À ÇB¹ Î º ·FÉ Ë ¹�Å¨§>»¼º ·�¸ µX¶�Í Ë.» Ì º�Ë ¹ Î e+ È Ì¸ Ç�È ¸ Í ¸ ÇÈ Ê Â1· µBÌ »�¸ Ê º.È Ì�½BÌ$µ À È�Ý ¸/Ë Ê º µ ¸ É Ë ¶ ¸�Ë :QCFC < 8 :QC © < 2`¶ Ê�½ ¹ · ¸&¸ Ê Ú Ì » Ì È�È�Ý�¿ É�ÍÌ » ÇB¹ µ ¹ C ® º É ¸9Î º ·FÉ · Í ¹ ¸)¹ ÍÌ »n¸ 8ÉGÌ È Ë ¶ ¸ ¹ ·@Í Ë Ú ËoÇ · ¸
¸)» È Ì�½BÌ ¹ · ¬ ½X· ¸ Í�Ì È�¹£¹ ¹ Ý µ ¸
Ë º£º µ ¹WÇ ¸ ÉGÌ È ¸ Ç¹ Î º ·FÉ Ë ¹ ¸�¸ È ¸9·¸ µ.¶LÍ ËX»£¸ É@Ì È�È ¸9Î Å¨§ »ÃÈ Ì ¸ ÇÈ ¸ Í ¸ ÇÈ Ê Â· µBÌ »�¸ ÊRÉ º µ�Êj½BÌ ¹ · Ì9Í�ÌlµXµ ¹ µ À È ¸ º · Ëd· Í ¸ ¹£Ú º�Ë�Ë É ¹£Ú · ¸ Í�Ì È Ì�½BÌlµ À È ¸9Î È Ì · Íj¶ ÜX¹WÈ�È ¸ º · Ë!¸ Ì Û£È Ë · È ¸ Û ¸�·¸ µ.¶ ¬ H ¬ È Ì · µ ¸ º 8
Ú ¸ º · ÀoÁ Í ¸ È ·9Ì Å¨§ » ËI¸ º ËN·¸ µX¶�Í Ë.» Ì º�Ë�Ë 2^Å Í ËKÇ · ¸&¸ ¬ È¹ · · Í Ë È º�Ë�·�Ë Ìlµ À È ¸�Î Í�Ì » È ËXº Ý ¸ ¹£ÜXÇ Ê º µ�Êj½BÌ&¶ ¸/Ë ¬ Ú ¸ Û Ç Ì Ç ·9Ì· Í ¸ ¹£Ú º�Ë ¶ º ¸ É · Ì Ç Ì ¹ · º.È Ì · ÍÌ�É)µ ¹WÈ Ë ¹ ¸ x2

Ë µ Ë
x3
8 Ç ¸ º ·9Ì&· ¸ ½ È ¸ µ ËXÆSÀ ºÔÇ¹ µBÌl· À�» Ì ¸ ¹nÈ Ê+: 7,® < ¬ 8 È Ë~¸ ¹nÜ.Ç ÊJÉ Ý É ¹F¸ Í ¸)¸

º ¸ º · ¸ ¶ È Ë ¶ ·�¸ µX¶�Í Ë.» Ì º�Ë�Ë e+
Ë µ Ë

e×
¬ 8/É Ç · ¸)¸ º µ�Êj½BÌ ¹ ·¸ É ¸ Í ¸ · ¸&¸ É · µ ¸ º£Ú ¸ º · Ë�Á Í ¸ È ·9Ì Å¨§>»¼È ÌXÊ Û ¸ µ π/4 º ¸ É ¸ ¹£º · È ¸

º ·�¸ É ¸ Í ¸ · ¸)¸ É ¹£Ú · ¸ ÍÌ È Ì · Íj¶ ÜX¹nÈ�È ¸ º · ËP¸ Ì Û£È Ë · È ¸ Û ¸.·�¸ µX¶D8 ¸ Ç Ë È
º µ�Êj½Ì ÎP¸�¸ Ü6È ¸ º É ¹£º · Ë Ú�Ç Í�Ê Û ¸)¸ Ê 2 ´hµ.¶ ·¸ µ È ¸ Û ¸.·�¸ 8
È Ë.¸ Ì È Ë ¶ ¸ ¹a¿ Ì È Ë.»�¸ Ì!É » Ì Ë.¸�¸ ÇB¹ Î º ·FÉ Ë ¶ º Ë µ À È ¸9Î Å¨§>»®º Ì È Ë.»£¸ ·@Í ¸�· È ¸9Î�¸ Ì Û£È Ë · ¸ Ì Ú · Ë É È ¸9ÎR· µBÌ »a¸x¸�ÎM· Í Ë È º�Ë�·�Ë Ìlµ À È ¸ÉGÌ Ü.È ¸EË º£º µ ¹WÇ ¸ ÉGÌl· À Ú ¸)¸ ¹9Ë È Ë Í ¸ É@Ì È�È Ê Â º Ë ·9ÊHÌ º�Ë.Â ¬ Ú ¸ ÛpÇ Ì Å¨§ » Ë.¸ ¹£¹ · º ÍÌ » Ê Ç É ¹ ·�¸ µX¶�Í Ë.» Ì º�Ë�Ë ¬ Ì · Í ¸ ¹£Ú º�Ë ¶EÉ ¹nÚ · ¸ ÍÌ
È Ì · Íj¶ ÜX¹nÈ�È ¸ º · Ë!¸ Ì Û£È Ë · È ¸ Û ¸^·�¸ µ.¶ È Ì · µ ¸ ºnÚ ¸ º · À�Á Í ¸ È ·9Ì Å¨§>» · Ì9Í�ÌlµXµ ¹ µ À È Ì ¸ º ËI¸ Ç�È ¸9ÎMË.» È Ë ¿�2 Õ�· ¸)¸ Ê º µ�Ê�½Ì Â¿Ë
º ¸F¸ ·9É ¹ · º ·FÉFÊ Â · È Ì�½BÌ$µ À È�ÝÑ¹ Ê º µ ¸ É Ë ¶R:QCFC < 8 :QC © < 2
� _?cnc0agikdb_b_�tgmg��mu�h_
Ã Ì Ú Ë.» É ¹£º · È ¸ ¬ ¸ ¹ ·@Í Ë Ú Ì^: 7�© < Ç ¸�· Ê ºnÚ Ì ¹ · Û Í�Ê ·�· Ê Ç É Ë ÜX¹WÈ Ë�Î G5 ¬ Ú ¸ · ¸ Í ¸�Î º ¸9¸ ·FÉ ¹ · º ·FÉ9Ê ¹ ·�·@Í Ë µ Ë È�¹ Î È ¸ È¹ » Ì�É Ë º Ë.¸ Ý�¿É�· ¸ ½ ÚH¹ É ¹nÚ · ¸ ÍÌ ÃVË µ-µ Ë È�Û ÌL=

ξi

(1)

= δiv ; ξi

(2)

= δi2 ; ξi

(3)

= δi3 .
:QC n@<

»'º µ ¹ ÇBº ·FÉ Ë ¹!º Ê-¼ ¹£º ·FÉ ¸ ÉGÌ È Ë ¶MÉ ¹£Ú · ¸ Í ¸ É ÃVË µXµ Ë È�Û Ì
É ¸ ¹ ·@Í Ë ÚH¹ Ì�É)· ¸)¸ Ì&· Ë ½ ¹nº£Ú Ë º ¸ ¿ ÍÌ È ¶ Â · º ¶ · Í Ë Ç É Ë ÜX¹nÈ Ë ¶ ¿ É Ç ¸ µ À
È Ì · ÍÌ�É)µ ¹WÈ Ë�ÎSÃVË µ-µ Ë È�Û Ì�É ºn¹xÛ�¹ ¸)¸ ¹ ·@Í Ë ½ ¹nº£Ú Ë ¹ ¸)¹�· ¹£Ú · Ý ¬ É�· ¸&¸ ½ Ë º µ ¹�º ËX¸ É ¸ µ Ý Ã Í Ë º · ¸iÁIÁ ¹ µ.¶ ¬ · ¹nÈ »n¸ Í 0 Ë.¸ Ì È Ì ¬ · ¹nÈ »£¸ Í
0 Ë ½X½ Ë ¬ Ì ¬ º µ ¹WÇ ¸ É@Ì&· ¹ µ À È ¸ ¬ Ë 8�· ¹nÈ »£¸ Í Ç È¹ Í Û Ë�Ë 8 Ë.¸/· Êlµ À º Ì ¸ Ì Û£È Ë · ¸ Ì Ú · Ë É È ¸9Î�· µBÌ »�¸ Ý =

L
ξα
gij = 0;⇒ L

ξα
Rij = 0;⇒ L

ξα
Tij = 0,

:QC  <



� ��¸ � -����b¹��4º����! �"$#%�'&)(+*�,�-.�/-

ÛpÇ¹ L
ξ
Tij

8 · Í ¸9Ë.» É ¸ ÇÈ Ì&¶ ? Ë É È Ì · Í�Ì�É&µ ¹nÈ Ë�Ë ξ =

L
ξ
Tij = Tij,kξ

k + Tkjξ
j
,i + Tikξ

k
,j .

:QC ® <

Å ¸ ·@Í ¹ ¹ Ê ¹ ¸ Ç Ì$µ ¹£¹ ¬ ½.· ¸&¹ Ýèº ËX¸�¸ ¹ ·FÍ Ë.Â È Ì º µ ¹WÇ ¸ ÉGÌ$µ Ë ·�¸M¸ · ÇB¹ µ À È ¸ º · Ë · ¹nÈ »£¸ Í Ý Ç È¹ Í Û Ë�Ë 8 Ë.¸/· Êlµ À º Ì · µBÌ »�¸ Ý ¬ p

T ij
¬ Ë

Ç µ ¹£Ú ·@Í ¸&¸ Ì Û£È Ë · È ¸ Û ¸.·¸ µ.¶ ¬ fT ij =

L
ξα

p

T ij= 0;
:QC H <

L
ξα

f

T ij= 0; (α = 1, 3).
: © � <

¶ µ ¹WÇº ·FÉ Ë ¶ ¸/Ë : © � < ¶LÉ&µ.¶ Â · º ¶�=

L
ξα
Fij = 0, L

ξα

∗
F ij= 0 =⇒ L

ξα
H = 0, L

ξα
Ei = 0, L

ξα
Hi = 0.

: ©GP <

¶ µ ¹WÇº ·FÉ Ë ¶ ¸/Ë :QC H <'Ë : ©HP < ¶HÉ)µX¶ Â · º ¶5=
L
ξα
ε = 0, L

ξα
vi = 0, L

ξα
p⊥ = 0, L

ξα
p‖ = 0.

: © O <
Ô3Ì Ú Ë.¸+¸)¹ ÍÌ »£¸)¸ ¬ É ºn¹ ÁAËX»nË ½ ¹£º£Ú Ë È Ì ¹ µ Â Ç Ì ¹ ¸ ÝÑ¹ É ¹ µ Ë ½ Ë È�Ý P uf9tùÐBcnØ1Ë���eÁtnhHo)oXcWerqhu� oXcWerq�h�j@h : 7,© < =

L
ξα

P = 0; (α = 1, 3),
: ©97 <

· 2 ¹F2 ¬ º Êj½ ¹ · ¸)¸ ¶LÉ È ¸ Û ¸ É Ë Ç Ì.É ¹£Ú · ¸ Í ¸ É ÃVË µXµ Ë È�Û Ì!:QC n@< =
p = p(u); ε = ε(u); vi = vi(u);

: © C <
Fik = Fik(u); Hi = Hi(u); hi = hi(u).

: ©�© <
��agfbtu\^dl��mk��Z1]�aj[b[Hm
» Ç · ¸)¸ Í�Ì » ÇB¹ µ ¹ ¸ Ý ·¸ µ�Êj½ ËX¸ É Ý Í�Ì ÜX¹nÈ Ë ¹�Ç µ.¶rÉ ¹nÚ · ¸ Í È ¸ Û ¸Ñ·¸ · ¹nÈ º�Ë ÌlµBÌ Ç µ ¹nÚ ·@Í ¸)¸ Ì Û£È Ë · È ¸ Û ¸�·¸ µ.¶VÉ ¸ ¹ ·FÍ Ë ÚH¹�º Ê�½ ¹ · ¸&¸
È Ì�½BÌ$µ À È�Ý�¿ Ê º µ ¸ É Ë�Î :QC9C < 8 :QC © <�¸ ¹ · ¸ Ç ¸&¸ ¸ ·lµ Ë ½ È�Ý ¸+¸ · Ë º ·�¸ µ Ài»£¸ ÉGÌ È�È ¸ Û ¸ É�ÍÌ ¹9¸ · ¹ ` P£a ¬ ¸ ºnÈ ¸ ÉGÌ È�È ¸ Û ¸ · ¸ µ À Ú ¸ È Ì6ÊLÍÌ�ÉF8
È�¹nÈ Ë ¶ ¿ ¦�Ì ÚHº É ¹ µ-µBÌ · ¹ ÍLÉ ¸9Î Û Í�Ê ·�· Ý Ë È Ì�½BÌ$µ À È�Ý�¿ Ê º µ ¸ É Ë ¶ ¿ ËD·¸)Ç · ¸)¸ Ê Ë.¸ ¹ Â ¼ ¹ ¸ Ê ¹F¸ µ À)Æ Ê Â ¸)¹ ¼ È ¸ º · À 21» Ì�½BÌ$µ À È�Ý ¸Ê º µ ¸ É Ë ¶ ¸ :QC © < º ¸F¸ ·9É ¹ · º ·FÉFÊ ¹ ·EÉ ¹£Ú · ¸ Í È�Ý Î^·�¸ · ¹nÈ º�Ë Ìlµ>=

Av = Au = A2 = 0;

A3 =
0

H (x1 sinΩ− x2 cosΩ); (u ≤ 0).
: © n@<

Õ3· Ë.¸ Ê º µ ¸ É Ë ¶ ¸ º ¸9¸ ·FÉ ¹ · º ·FÉ9Ê Â · º µ ¹WÇ Ê Â ¼ Ë ¹rÈ Ì�½Ìlµ À È�ÝÑ¹ » È Ì�½ ¹WÈ Ë ¶P· ¹nÈ »£¸ Í�Ì+¦�Ì ÚHº É ¹ µXµBÌH=

F23(u ≤ 0) = −
0

H cosΩ; Fv3(u ≤ 0) =
1√
2

0

H sinΩ; Fv2(u ≤ 0) = 0;

Fu2(u ≤ 0) = 0; Fu3(u ≤ 0) = − 1√
2

0

H sinΩ; Fuv(u ≤ 0) = 0.
: ©� <

Ã Ì Ú Ë.» É ¹£º · È ¸ ¬ · ¹ Í�ÉFÊ Â Û ÍLÊ ·�· ÊRÊ�Í�Ì�É È�¹nÈ Ë�Î ¦�Ì ÚHº É ¹ µ-µBÌ+: H < ¬ ¶LÉ&µ.¶ Â ¼ ¹ Î º ¶ º µ ¹WÇBº ·FÉ Ë ¹ ¸ º Ê�¼ ¹£º ·FÉ ¸ É@Ì È Ë ¶IÉ ¹£Ú · ¸ Í È ¸ Û ¸·�¸ · ¹nÈ º�Ë ÌlµÌ ¬ ¸�¸ Ü6È ¸�» Ì ·�Ë º Ì&· À É Ár¸ Í ¸ ¹ =
1√−g ∂j

√−g
∗
F
ij = 0.

: ©'® <
¼�½ Ë · Ý ÉGÌl¶R: ©,© < ¬ ·¸ µ�Êj½ Ë.¸I¸ · º Â Ç ÌH=

L2
∗
F
uα = C(α) (= Const); α = {v, 2, 3}, : © H <

Å ¸ µBÌ Û Ìl¶ » ÇB¹£º ÀDË É Ç Ì$µ À È¹ ÎXÆ ¹ ¸ º µ ¹ Ç Ê Â ¼ Ë�Î�·�¸ Íj¶ Ç ¸ Ú · ¹ Í ¹ ½ Ë º µ ¹WÈ Ë ¶ Ú ¸F¸ Í Ç Ë È Ì&·�=
Coords := [v, u, x2, x3],

: n � <
Ê º ·9Ì È ¸ É ËX¸ º Éi¶ »kÀ Ú ¸)¸/·¸ È�¹nÈ ·?· ¹WÈ »£¸ ÍÌn¦�Ì ÚHº É ¹ µ-µBÌ º�Ú ¸)¸/·�¸ È¹WÈ ·9Ì ¸/Ë Ç ÊHÌlµ À È ¸ Û ¸ Ú�È¹ ¸ ÊP· ¹nÈ »£¸ ÍÌL=

∗
F
uv = − 1

L2
F23;

∗
F
u2 =

1

L2
Fv3;

∗
F
u3 = − 1

L2
Fv2;

∗
F
v2 =

1

L2
Fu3;

∗
F
v3 =

1

L2
Fu2;

∗
F
23 = − 1

L2
Fuv.

: n P <
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Ô ¸ ÛpÇ Ì È Ì�½BÌlµ À È�ÝÑ¹ Ê º µ ¸ É Ë ¶R:QC © < Ç Ì Â ·�=

L2
∗
F
uv = −F23 =

0

H cosΩ;
: n O <

L2
∗
F
u2 = Fv3 =

1√
2

0

H sinΩ;
: n 7 <

L2
∗
F
u3 = −Fv2 = 0.

: n C <
Ô/Ì Ú Ë.¸+¸)¹ ÍÌ »£¸)¸ ¬ Éi· ¸ Í ¸�Î^Ë È É@Ì9Í Ë Ì È · Ç µ ¹nÚ ·@Í ¸)¸ Ì Û£È Ë · È ¸ Û ¸6·�¸ µX¶�Í�Ì�É ¹WÈ =

Inv2 = Fik
∗
F
ik =

2

L2
(Fv3Fu2 − F23Fuv),

: n © <
·FÌ Ú ½X· ¸ Ê º µ ¸ É Ë ¹ : © < Í�Ì�É ¹nÈº ·9ÉGÌ È Êlµ Â Éi· ¸ Í ¸ Û ¸�Ë È ÉGÌ�Í Ë Ì È ·9Ì Ç µ ¹£Ú ·@Í ¸)¸ Ì ÛnÈ Ë · È ¸ Û ¸E·¸ µ.¶ º Ê�½ ¹ · ¸&¸ : n 7 < ¬ : PFP < º É ¸ Ç Ë · º ¶
Ú^º ¸F¸ · È ¸&Æ ¹WÈ Ë.Â =

L2
∗
F
v3 ≡ Fu2 = −

√
2Fuv ctg Ω.

: n�n@<
Ã Ì Ú Ë.» É ¹£º · È ¸ : º ¸ 2 ¬ È Ì · Í ËX¸ ¹ Í ¬ ` P9P£a < ¬ · ¹ Í�É@Ì&¶ Û ÍLÊ ·�· ÌrÊLÍÌ�É È¹nÈ Ë�Î ¦^Ì ÚHº É ¹ µXµÌ Ç Ú É Ë ÉGÌlµ ¹nÈ · È ÌVÊ º µ ¸ É Ë.Â º Ê�¼ ¹£º ·FÉ ¸ ÉGÌ È Ë ¶É ¹£Ú · ¸ Í È ¸ Û ¸E·¸ · ¹nÈ º�Ë Ì$µBÌ Ai =

Fik = ∂iAk − ∂kAi.
: n  <

K Ì ¸ ¹ · Ë.¸ ¬ ½.· ¸ É ¸ ·$µ Ë ½ Ë ¹ ¸ ·?· ¹nÈ »£¸ Í�Ìn¦�Ì ÚHº É ¹ µ-µBÌ Ú ¸)¸/·¸ È¹nÈ · Ý É ¹nÚ · ¸ Í È ¸ Û ¸6·¸ · ¹nÈ º�Ë Ì$µBÌ Ai ¸x¸ Û Ê�· » Ì�É Ë ºn¹ · À�¸ · · ¹ Í ¹ 8¸ ¹WÈ�È�Ý�¿ v, x2, x3 2>K Ì ·�ËXÆ ¹ ¸ º ¸F¸ · È ¸&Æ ¹WÈ Ë ¶ : n O < 8 : nDn@<r¸ · È ¸ º Ë · ¹ µ À È ¸ É ¹nÚ · ¸ Í È ¸ Û ¸�·�¸ · ¹WÈ º�Ë ÌlµÌ Ai ¬ Ë º ·¸ µ Ài» Ê+¶ ¸9· Í ¹WÇ¹ 8µ ¹nÈ Ë ¹ · ¹WÈ »£¸ ÍÌn¦�Ì ÚLº É ¹ µ-µBÌ^: n  < =

∂3A2 − ∂2A3 =
0

H cosΩ;
: n ® <

∂vA3 − ∂3Av =
1√
2

0

H sinΩ;
: n H <

∂vA2 − ∂2Av = 0;
:  � <

∂uA2 − ∂2Au = −
√
2 ctg Ω(∂uAv − ∂vAu))

: GP <

» É ¸ Ç ¶ È ¸ É ÝÑ¹ Á Ê È�Ú º�Ë�Ë =

Ã2 = A2−
0

H cosΩ x3 ≡ A2 − δA2;
:  O <

Ãv = Av +
1√
2

0

H sinΩ x3 ≡ Av − δAv,
: �7 <

Ã3 = A3,
:  C <

Û Ç¹ =
δA2 =

0

H cosΩ x3; δAv = − 1√
2

0

H sinΩ x3; δA3 = 0,
: �© <

· Í Ë Ç Ì Ç Ë.¸ º ¸F¸ · È ¸)Æ ¹nÈ Ë ¶ ¸ : n ® <'Ë : n H < É Ë Ç ¬ Ì È Ì$µ ¸ Û Ë ½ È�Ý Î :  � < =
∂3Ã2 − ∂2A3 = 0;

:  n@<
∂vA3 − ∂3Ãv = 0.

: � <

K Ì ¸ ¹ · Ë.¸ ¬ ½.· ¸)· ¹ Í ¹nÈ ¸ Í ¸/Ë Í ¸ É Ú Ì Ú ¸&¸�·�¸ È�¹nÈ ·AÉ ¹£Ú · ¸ Í È ¸ Û ¸r·�¸ · ¹nÈ º�Ë ÌlµÌ6:  O < ¬ : 97 < º ¸ ¿ Í�Ì È ¶ ¹ · È�¹ Ë.»�¸ ¹WÈ�È�Ý ¸ º ¸F¸ · È ¸)Æ ¹nÈ Ë ¹:  � < 2g» ¸ · ¸ Û Ç Ì º Ë º · ¹ ¸ Ê!Ê�Í�Ì�É È¹nÈ Ë�Î :  � < ¬ :  n@< ¬ : , <�¸x¸ Ü.È ¸�» Ì ·�Ë º Ì&· À ÉDÉ Ë ÇB¹ =
∂σÃδ − ∂δÃσ = 0; (σ, δ = v, 2, 3)

: �® <
Ë ÍÌ º£º ¸ Ì&·@Í Ë É@Ì&· À Ú Ì Ú ÊLÍ�Ì�É È�¹nÈ Ë ¶ È Ìh·@Í ¹a¿ ¸ ¹ Í È ¸9Î Û Ë�· ¹ Í ·¸ É ¹ Í ¿HÈ ¸ º · Ë V 3 = {v, x2, x3} 2 Ã Ì Ú ËX» É ¹nº · È ¸ ¬ ¹WÇ Ë Èº ·9É ¹nÈ�È�Ý 8¸�Ë Í ¹ Æ ¹nÈ Ë ¶ ¸/Ë ÊLÍ�Ì�É È�¹nÈ Ë�Î : �® < È Ì V 3 ¶HÉ)µ.¶ Â · º ¶ Û ÍÌ Ç Ë ¹nÈ · È Ì&¶ Á Ê ÈÚ º�Ë ¶5=

Ãσ = ∂σΦ, (σ = v, 2, 3),
:  H <

Û Ç¹ 8 Φ = Φ(u, v, x2, x3)
· Í ¸9ËX» É ¸ µ À È Ì&¶ º£Ú Ì$µ.¶LÍ È Ì&¶ Á Ê È�Ú º�Ë ¶ 2�K Ì ¸ ¹ · ËX¸ ¬ ½X· ¸ È Ì1½Ìlµ À È�Ý ¸ Ê º µ ¸ É Ë ¶ ¸ : © n@< º ¸F¸ ·FÉ ¹ · º ·FÉ9Ê ¹ ·

º µ ¹WÇ Ê Â ¼ ¹£¹ » È Ì�½ ¹nÈ Ë ¹ ·¸ · ¹nÈ º�Ë Ì$µ À È ¸9Î8Á Ê È�Ú º�Ë�Ë =

Φ(u ≤ 0) = x3
0

H

(
1√
2
(v − u) sinΩ− x2 cosΩ

)
.

: ® � <
Ô/Ì Ú Ë.¸+¸)¹ ÍÌ »£¸)¸ =

Aσ = ∂σΦ+ δAσ
: ®HP <



� �+� � -����b¹��4º����! �"$#%�'&)(+*�,�-.�/-
Ã Ì Ú Ë.» É ¹£º · È ¸ : º ¸ 2 ¬ È Ì · Í Ë.¸ ¹ Í ¬ ` PFP£a < ¬ È Ì�C Ú ¸&¸�·�¸ È�¹nÈ · Ý É ¹nÚ · ¸ Í È ¸ Û ¸�·�¸ · ¹nÈ º�Ë ÌlµÌ ¸�¸ Ü6È ¸ È Ìlµ ¸ Ü Ë · À�¸ Ç�È ¸ Ú Ì$µ ËX¹ Í ¸ 8É ¸ ½ È ¸ ¹ Ê º µ ¸ É Ë ¹92»xÝ ¹ ¹ Í ¹ ¸ÙÇ · ¸ Ê º µ ¸ É Ë ¹ ÉDÉ Ë Ç¹ ¬ º ¸F¸ ·FÉ ¹ · º ·FÉ9Ê Â ¼ ¹ ¸ È Ì�½BÌlµ À È�Ý ¸ Ê º µ ¸ É Ë ¶ ¸ : © nF< =

Au = 0.
: ® O <

Ô ¸ ÛpÇ Ì Ç µ.¶ È�¹�º ¸ ¿ Í�Ì È ¶ Â ¼ Ë ¿Gº ¶ Ú ¸&¸�·�¸ È�¹nÈ ·v· ¹nÈ »£¸ Í�Ìn¦�Ì ÚHº É ¹ µXµÌ Fuσ º · Í�Ì�É ¹WÇ µ Ë É ¸E· Í ¹WÇBº ·FÌ�É)µ ¹nÈ Ë ¹ =
Fuσ = ∂uσΦ; (σ = v, 2, 3).

: ®F7 <

» ¸ · ¸ Û Ç Ì.Ê º µ ¸ É Ë ¹ : GP <�¸�¸ Ü.¹ · ¹ Ý · À�» Ì ·�Ë º Ì È ¸ ÉDÉ Ë Ç¹ =
∂u(A2 +

√
2 ctg ΩAv) = 0.

: ® C <

¾VÈ · ¹nÛ Í Ë ÍLÊi¶$: ® C < ºVÈ Ì�½BÌlµ À È�Ý ¸�Ë Ê º µ ¸ É Ë ¶ ¸/Ë : © n@< ¬ È Ì Î Ç¹ ¸ =
A2 +

√
2 ctg ΩAv = 0.

: ®,© <
¼�½ Ë · Ý ÉGÌl¶P· ¸ Ü.Ç¹£º ·FÉ ¸ =

δA2 +
√
2 ctg ΩδAv ≡ 0,

: ® n@<
Å ¸ µ�Êj½ Ë.¸IËX» : ®�© < µ Ë È¹ Î È ¸ ¹AÇ Ë�ÁIÁ ¹ Í ¹WÈ º�Ë Ìlµ À È ¸ ¹ ÊLÍÌ�É È¹nÈ Ë ¹ =

∂2Φ+
√
2 ctg Ω∂vΦ = 0,

Ë È · ¹nÛ Í Ë Í�Êi¶ Ú ¸ · ¸ Í ¸ ¹ ¬ È Ì Î ÇB¹ ¸ =
Φ = Φ(v

√
2 sinΩ− x2 cosΩ, u, x3), : ®, <

ÛpÇ¹ Φ 8 · Í ¸9ËX» É ¸ µ À È Ì&¶ Á Ê È�Ú º�Ë ¶ º É ¸9Ë ¿ Ì9Í Û Ê ¸ ¹nÈ · ¸ É 2X¾�º ·¸ µ Ài» Ê+¶�· ¹ · ¹ Í À È Ì�½BÌ$µ À È ¸ ¹ Ê º µ ¸ É Ë ¹ : ® � < ¬ ·�¸ µ�Ê�½ Ë.¸¼¸ Ú ¸ È ½Ì�8· ¹ µ À È ¸ =
Φ = x3

0

H

(
1√
2
(v − ψ(u)) sinΩ− x2 cosΩ

)
,

: ®,® <

ÛpÇ¹ ψ(u) 8 · Í ¸9ËX» É ¸ µ À È Ì&¶ Á Ê È�Ú º�Ë ¶ » Ì · Ì » Ç�Ý ÉGÌ Â ¼ ¹nÛ ¸ É@Í ¹ ¸ ¹WÈ Ë ¬ Ê Ç ¸ É)µ ¹ ·FÉ ¸ Íj¶ Â ¼.Ì&¶ È Ì�½BÌ$µ À È ¸)¸ Ê
Ê º µ ¸ É ËXÂ =
ψ(u ≤ 0) = u.

: ® H <

Å Í Ë�Ç · ¸&¸¼¸ Ú ¸ È ½BÌ&· ¹ µ À È ¸ ¹ É Ý Í�Ì ÜX¹nÈ Ë ¹VÇ µX¶ Ú ¸)¸/·�¸ È¹WÈ ·6É ¹£Ú · ¸ Í È ¸ Û ¸E·¸ · ¹nÈ º�Ë ÌlµBÌ · Í Ë È Ë.¸ Ì ¹ ·6É Ë Ç =

A2 = Av = Au = 0; A3 =
0

H

(
1√
2
(v − ψ(u)) sinΩ− x2 cosΩ.

) : H � <
Ã�¸&¸/·¸ È�¹nÈ · Ý · ¹nÈ »n¸ ÍÌn¦�Ì ÚHº É ¹ µ-µBÌ ¸ · È ¸ º Ë · ¹ µ À È ¸6·�¸ · ¹nÈ º�Ë ÌlµBÌ
: H � < ÍÌ�É È�Ý =

Fvu = 0; F2u = 0; F3u =
1√
2

0

H ψ′ sinΩ;

F2v = 0; F3v = − 1√
2

0

H sinΩ; F23 = −
0

H cosΩ
: H P <

Ë ¸9· Í ¹WÇ¹ µ.¶ Â · º ¶!µ ËXÆhÀN¸ Ç�È ¸�Î È¹ ËX» É ¹nº · È ¸�ÎzÁ Ê È�Ú º�Ë ¹ Î ψ(u) 2 ´hµ.¶ Ú ¸)¸/·¸ È¹nÈ · Ç ÊHÌlµ À È ¸ Û ¸ · ¹nÈ »£¸ Í�ÌA¦�Ì ÚHº É ¹ µXµBÌ :  <
È Ì Î ÇB¹ ¸ =

∗
F
vu =

1

L2
0

H cosΩ;
∗
F
2u = − 1√

2L2

0

H sinΩ;
∗
F
3u = 0;

∗
F
2v =

1√
2L2

0

H ψ′ sinΩ;
∗
F
3v = 0;

∗
F
23 = 0.

: H O <

� \^pbv�i4Z1ik]`v����q_baTfbm4phd�r�e�agfbfb\`Z1ik_½_lv`Z�[H\/]`_baT]�cn\/d?\Fe!agfbfb\`Z1ik_¾p?\4[?r
¶ ¸ Û µBÌ ºWÈ ¸ : P� <T¸9· Í ¹WÇ¹ µ ËX¸ Ú ¸)¸/·¸ È¹nÈ · Ý É ¹£Ú · ¸ Í�Ì º ¸9· Ê�· º ·FÉFÊ Â ¼ ¹ Î È Ì · Íj¶ ÜX¹WÈ�È ¸ º · Ë�Ç µ ¹£Ú ·FÍ Ë ½ ¹£º£Ú ¸ Û ¸.·¸ µ.¶ ¬ Ei =

Ev = − 1√
2

0

H sinΩ v3; Eu =
1√
2

0

H ψ′ sinΩ v3;

E2 =
0

H cosΩ v3; E3 =
1√
2

0

H sinΩ(vv − ψ′vu)−
0

H cosΩ v2.
: H 7 <

Ô3Ì Ú Ë.¸+¸)¹ ÍÌ »£¸)¸ ¬ Ê º µ ¸ É Ë ¹ É ¸�¸ Í ¸ Ü.¹WÈ�È ¸ º · Ë�¸ Ì Û£È Ë · È ¸ Û ¸6·�¸ µ.¶!É · µBÌ »a¸ ÊR: n@<�· Í Ë È ËX¸ Ì Â ·.É Ë Ç =

v3 = 0;
1√
2
(vvψ

′ − vu) sinΩ + v2 cosΩ = 0.
: H C <
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» Ë · ¸ Û�¹ 8 Ú ¸ ÉGÌ�Í Ë Ì È · È�ÝÑ¹RÚ ¸)¸/·¸ È¹WÈ · Ý · ¹WÈ »£¸ ÍÌ�¦�Ì ÚHº É ¹ µ-µBÌ ¬ Ú ¸ È ·@ÍLÉGÌ9Í Ë Ì È · È�ÝÑ¹$Ú ¸)¸/·�¸ È¹WÈ · ÝÁÇ ÊHÌlµ À È ¸ Û ¸ · ¹nÈ »£¸ Í�Ì¦�Ì ÚHº É ¹ µXµÌ Ë Ú ¸ È ·@ÍLÉGÌ�Í Ë Ì È · È�ÝÑ¹ÑÚ ¸)¸/·¸ È¹nÈ · Ý É ¹£Ú · ¸ ÍÌ º£Ú ¸ Í ¸ º · Ë
¸�· Í ¹WÇB¹ µX¶ Â · º ¶6É Ý Í�Ì ÜX¹nÈ Ë ¶ ¸/Ë ¬ ·�¸ µ�Ê�½ ¹nÈ�È�Ý ¸/Ë É ` Pna ¬
È ¸ Ç µ.¶ ¹9¸ µ ¹n¹ ¸)¹ ¼ ¹ Îæ¸ ¹ ·@Í Ë Ú Ë Û ÍÌ�É Ë ·9Ì º�Ë¸ È�È ¸�Î É ¸ µ È�Ý Ë · Í ËH¹F¸ µ ¹£¹�º µBÌ ¹ Ý�¿ · Í ¹WÇ ·¸ µ ¸ ÜX¹nÈ Ë ¶ ¿52x» º�Ë · Ë Í ¸ É@Ì È�È ¸9ÎÍÌ ¹9¸ · ¹ ¬ ÉN½Ì º · È ¸ º · Ë ¬ Ç µX¶ ·¸ µ�Êj½ ¹nÈ Ë ¶v¶HÉ È ¸ Û ¸ É Ë Ç Ì Ú ¸&¸�·�¸ È�¹nÈ ·N· ¹nÈ »n¸ ÍÌJ¦�Ì ÚHº É ¹ µXµÌ Ë É ¹nÚ · ¸ ÍÌ ºnÚ ¸ Í ¸ º · Ë!· Í ¸ É ¸ Ç Ë µ º ¶Ì È Ì$µ ËX» Ú ¸)¸/·¸ È�¹nÈ · Ç Í ¹ Î�Ár¸ É ¸ Û ¸ · ¸ Ú Ì ËdË º ·¸ µ Ài»n¸ ÉGÌ$µ º ¶ » Ì Ú ¸ ÈNº ¸ ¿ Í�Ì È�¹nÈ Ë ¶ Ç · ¸ Û ¸ · ¸ Ú Ì 2 Ã Ì Ú ·�¸ Ú Ì » Ì$µ Ë É Ý Æ ¹ · Í Ë É ¹ 8
ÇB¹nÈ�È�ÝÑ¹ É Ý ½ Ë º µ ¹nÈ Ë ¶ ¬ Ç µ.¶ Ç ¸ º · Ë ÜX¹nÈ Ë ¶ Ç · ¸9Î�º ¹ µ Ë Ç ¸ º ·9Ì&· ¸ ½ È�Ý ·@Í Ë
· Í ¹ Ç ·�¸ µ ¸ ÜX¹nÈ Ë ¶�=P 2HÈ Ì º µ ¹WÇ ¸ ÉGÌ È Ë ¹Vº ËX¸ ¸ ¹ ·@Í Ë�Ë
· Í ¸ º ·@ÍÌ Èº ·9ÉGÌ ·¸6¸ · Ç¹ µ À È ¸ º · Ë · ¹nÈ »n¸ Í ¸)¸IËX¸/· Êlµ À º Ì Ç µ ¹£Ú ·@Í ¸&¸ Ì Û£È Ë · È ¸ Û ¸�·¸ µX¶ Ë · ¹nÈ »£¸ 8Í ¸)¸ Ç È�¹ Í Û Ë�Ë 8 ËX¸/· Êlµ À º Ì · µBÌ »�¸ Ý �
O 2 Í�Ì�É ¹WÈº ·FÉ ¸ È Êlµ Â É)· ¸ Í ¸ Û ¸EË È ÉGÌ�Í Ë Ì È ·9ÌN· ¹nÈ »n¸ ÍÌn¦�Ì ÚHº É ¹ µXµBÌ �7 2 É ¸x¸ Í ¸ ÜX¹nÈ�È ¸ º · À�¸ Ì Û£È Ë · È ¸ Û ¸6·¸ µX¶!É · µÌ »�¸ Ê 2
Å Í Ë�Ç · ¸&¸ Ç ¸ º ·9Ì&· ¸ ½ ¹nÈ Ì È Ì$µ Ë.»�· ¹ Í�É ¸9Î Û ÍLÊ ·�· Ý ÊLÍÌ�É È¹nÈ Ë�Î ¦�Ì ÚHº É ¹ µXµÌ Ë È Ì�½Ìlµ À È�Ý�¿ Ê º µ ¸ É Ë�Î 2B»�Ý ½ Ë º µ.¶�¶ Ç Ìlµ ¹£¹XÚ ¸ 8ÉGÌ9Í Ë Ì È · È�ÝÑ¹�Ú ¸&¸�·�¸ È�¹nÈ · Ý_Ç ÊHÌlµ À È ¸ Û ¸ · ¹nÈ »£¸ Í�Ìn¦�Ì ÚHº É ¹ µXµÌ º Ê�½ ¹ · ¸&¸ : H O < ¬ È Ì Î ÇB¹ ¸ =

∗
Fuv=

0

H
L2

cosΩ;
∗
Fu2=

0

H√
2
e2β ch 2γψ′ sinΩ;

∗
F v2= −

0

H√
2
e2β ch 2γ sinΩ;

∗
F v3=

0

H√
2
sh 2γ sinΩ;

∗
Fu3= −

0

H√
2
sh 2γψ′ sinΩ;

∗
F 23= 0.

: H © <
Ã�¸ É@Ì9Í Ë Ì È · È�ÝÑ¹)Ú ¸)¸/·¸ È¹nÈ · Ý É ¹£Ú · ¸ ÍÌ È Ì · Íj¶ Ü.¹WÈ�È ¸ º · Ë�¸ Ì Û£È Ë · È ¸ Û ¸V·¸ µ.¶ ¸ · È ¸ º Ë · ¹ µ À È ¸ · ¹nÈ »£¸ ÍÌ¨¦�Ì ÚHº É ¹ µXµÌ!: H O <ÍÌ�É È�Ý =

Hv = −
0

H
L2

(
vv cosΩ +

1√
2
v2 sinΩ

)
;

: H n@<

Hu =

0

H
L2

(
vu cosΩ− 1√

2
v2ψ′ sinΩ

)
;

: H  <

H2 = − 1√
2

0

H ch 2γe2β sinΩ(vvψ
′ + vu);

: H ® <

H3 =
1√
2

0

H sh 2γ sinΩ(vvψ
′ + vu).

: H�H <

Å Í Ë�Ç · ¸&¸ µ ¹nÛ�Ú ¸6·�¸ Ú Ì » Ìl· À È Ì ¸ ºnÈ ¸ É ¹ Ár¸ Í ¸ ÊlµN: H O < =

H3 =
∗
F
i3vi = 0,

: P �)� <
¬ · 2 ¹F2 ¬ ·FÍ ¹ · À ¶ Ú ¸ È ·@Í�É@Ì9Í Ë Ì È · È Ìl¶ Ú ¸9¸ Í Ç Ë È Ìl·FÌEÉ ¹£Ú · ¸ ÍÌ È Ì · Íj¶ ÜX¹nÈ�È ¸ º · Ëo¸ Ì ÛnÈ Ë · È ¸ Û ¸�·¸ µX¶ ¬ Ú Ì Ú Ë É ¹£Ú · ¸ ÍÌ Ç Ë È Ì ¸/Ë ½ ¹ 8
º£Ú ¸9Î º£Ú ¸ Í ¸ º · ËJ· µBÌ »a¸ Ý ¬ Í�Ì�É È Ì È Êlµ Â 2�?�¹nÛ�Ú ¸ ·FÌ Ú�ÜX¹ Ê ¹ ¹WÇ Ë · À º ¶
É ¸ Í-· ¸ Û ¸ È Ì$µ À È ¸ º · Ë É ¹£Ú · ¸ Í�Ì º£Ú ¸ Í ¸ º · ËJË È Ì · Íj¶ ÜX¹nÈ 8
È ¸ º · Ë8¸ Ì Û£È Ë · È ¸ Û ¸6·¸ µX¶d: P�® < =

Hiv
i ≡ 0.

: P � P <
Ã ÉGÌ Ç ÍÌ&· È Ì · Íj¶ ÜX¹nÈ�È ¸ º · Ëh¸ Ì Û£È Ë · È ¸ Û ¸�·�¸ µX¶ ¬ · 2 ¹F2 ¬ º£Ú Ì$µ.¶LÍ H2 ¬ · Í ¸ ¼ ¹ É º£¹nÛ ¸ É Ý ½ Ë º µ Ë · À º ·¸&¸x¸ ¼ ÀiÂ º ¸F¸ · È ¸&Æ ¹WÈ Ë ¶�:kO P < ¬Ë º ·�¸ µ À)» Ê+¶I¶HÉ È Ê ÂØÁr¸ Í ¸ Ê Ú ¸ È ·FÍ�ÉGÌ�Í Ë Ì È · È�Ý�¿ ¬ : H O < ¬ Ë Ú ¸ ÉGÌ�Í Ë Ì È · È�Ý�¿ ¬ : H © < Ú ¸&¸�·�¸ È�¹nÈ · Ç ÊGÌlµ À È ¸ Û ¸ · ¹nÈ »n¸ ÍÌ�¦�Ì ÚHº É ¹ µXµÌL=

H2 =

0

H
2

L4
(L2ψ′ ch 2γe2β sin2 Ω+ cos2 Ω) .

: P �@O <
¼ º µ ¸ É Ë ¶6É ¸�¸ Í ¸ ÜX¹nÈ�È ¸ º · Ë�¸ Ì ÛnÈ Ë · È ¸ Û ¸�·�¸ µ.¶6É · µBÌ »�¸ Ê�: H C < Ê º ·9Ì È Ì�É)µ Ë É@Ì Â · º Éi¶ »kÀN¸ ¹nÜ.Ç Ê È¹nÈ Êlµ ¹ É Ý ¸/Ë Ú ¸ È ·FÉGÌ�Í Ë Ì È ·F8
È�Ý ¸/Ë Ú ¸)¸/·�¸ È¹WÈ ·9Ì ¸/Ë É ¹nÚ · ¸ ÍÌ º£Ú ¸ Í ¸ º · Ë v2, vv = vu, v

u = vv 2 Ã Í ¸&¸ ¹ · ¸ Û ¸ ¬ Ë.¸ ¹£¹ · º ¶ ¹ ¼ ¹6º ¸9¸ · È ¸)Æ ¹nÈ Ë ¹XÈ ¸ Í ¸/Ë Í ¸ É Ú ËÉ ¹£Ú · ¸ Í�Ì º£Ú ¸ Í ¸ º · Ë : P < 2.Å ¸)Ç · ¸)¸ Ê ¬ Á Ì Ú · Ë ½ ¹£º£Ú Ë ¬ È¹ » Ì�É Ë º Ë.¸�¸9Î$¸ º ·FÌ ¹ · º ¶�µ ËXÆSÀ
¸ ÇÈ Ì Ú ¸F¸ Í Ç Ë È Ì&·9Ì6É ¹£Ú · ¸ ÍÌ ºnÚ ¸ Í ¸ º · Ë ¬ ÌÇ µ ¹£Ú ·@Í ¸&¸ Ì Û£È Ë · È ¸ ¹ ·¸ µ ¹ ¸9· Í ¹WÇ¹ µ.¶ ¹ · º ¶ ¸ Ç�È ¸�Î È�¹ Ë.» É ¹£º · È ¸9Î�Á Ê È�Ú º�Ë ¹ ÎP» Ì · Ì » Ç�Ý ÉGÌ Â ¼ ¹nÛ ¸ É@Í ¹ ¸ ¹nÈ Ë ¬ ψ(u) 2g¶ ¸F¸ · È ¸)Æ ¹ 8
È Ë ¹rÈ ¸ Í ¸�Ë Í ¸ É Ú Ë É ¹nÚ · ¸ ÍÌ º£Ú ¸ Í ¸ º · Ë º ·�¸)¸�¸ ¼ ÀiÂ : H n@< 8): P �@O <�¸�¸ ÜX¹ · ¹ Ý · ÀD· Í ¹ ÇBº ·9Ì�É&µ ¹nÈ ¸ É Ç Ú É Ë ÉGÌ$µ ¹nÈ · È ¸�Î�ÁA¸ Í ¸ ¹ =

[
vv cosΩ + v2

1√
2
sinΩ

]2
=
H2

0

H 2

v2vL
4 − sin2 Ω

2
L2 ch 2γe2β .

: P � 7 <

¿�d?ag�?ÀT\/]`���si4\^�
»�Ý ½ Ë º µ ËX¸ Ú ¸)¸/·�¸ È¹WÈ · Ý Ç Í ¹ Î�ÁA¸ É ¸ Û ¸ · ¸ Ú Ì º ·¸&¸x¸ ¼ ÀiÂ ÊLÍÌ�É È¹WÈ Ë�Î ¦�Ì ÚHº É ¹ µXµÌ^: P � < ¬ Êj½ Ë · Ý É@Ì&¶ » Ì�É Ë º Ë.¸�¸ º · À Ú ¸&¸/·¸ 8
È¹nÈ ·?· ¹nÈ »n¸ ÍÌn¦�Ì ÚHº É ¹ µ-µBÌv· ¸ µ À Ú ¸E¸ · » Ì · Ì » ÇÝ É@Ì Â ¼ ¹nÛ ¸ ÉFÍ ¹ ¸ ¹nÈ Ë : ©�© < =

J idr = −
1

4πL2
∂u(L

2F iu).
: P �9C <

Ô ¸ ÛpÇ ÌH=
Jvdr = Judr = 0 ,

: P � © <



� �jÁ � -����b¹��4º����! �"$#%�'&)(+*�,�-.�/-

J2dr = −
0

H sinΩ

2
√
2πL2

ch 2γ · γ′ , : P � n@<

J3dr = −
0

H sinΩe2β

2
√
2πL2

(sh 2γ · γ′ + ch 2γ · β′) . : P �  <

»xÝ ½ Ë º µ.¶�¶ º ·¸&¸x¸ ¼ ÀiÂ : H ® < ¬ : HDH < ¬ : P � © < ¬ : P � n@< ¬ : P �  < ºnÚ Ìlµ.¶LÍ È ¸ ¹ · Í ¸�Ë.» É ¹WÇB¹WÈ Ë ¹ É ¹£Ú · ¸ ÍÌ È Ì · Íj¶ ÜX¹nÈ�È ¸ º · Ë�¸ Ì Û£È Ë · È ¸ Û ¸·�¸ µX¶ Ë É ¹£Ú · ¸ Í�Ì · µ ¸ · È ¸ º · Ë Ç Í ¹ Î�Ár¸ É ¸ Û ¸ · ¸ Ú Ì ¬ È Ì Î ÇB¹ ¸ =

(Jdr, H) =

0

H
2

4πL2
(vvψ

′ + vu)(γ
′ − β′

2
sh 4γ).

: P � ® <
Ô3Ì Ú Ë.¸+¸)¹ ÍÌ »£¸)¸ ¬ È Ì$µ Ë ½ Ë ¹ É)· ¸ Í ¸9Î^·¸ µ.¶LÍ ËX» Ì º�Ë�Ë Û ÍÌ�É Ë ·FÌ º�Ë�¸ È�È ¸9Î É ¸ µ È�Ý · Í Ë É ¸ Ç Ë · Ú�È Ì�Í�Ê Æ ¹nÈ Ë.Â®¸ ÍX· ¸ Û ¸ È Ìlµ À È ¸ º · ËÉ ¹£Ú · ¸ Í ¸ É · µ ¸ · È ¸ º · Ë Ç Í ¹ Î�Ár¸ É ¸ Û ¸ · ¸ Ú Ì Ë È Ì · Íj¶ ÜX¹nÈ�È ¸ º · Ë�¸ Ì Û£È Ë · È ¸ Û ¸E·�¸ µX¶gÂ 2
ÃAfhi4ago1d?mF[?�Ä�H]^_be�agfb_br
»�º µ ¹ ÇBº ·FÉ Ë ¹Vº Ê�¼ ¹£º ·FÉ ¸ É@Ì È Ë ¶ Ç É Ë ÜX¹nÈ Ë�Î :QC nF< É Ý ·¸ µ È ¶ Â · º ¶!ÊLÍÌ�É È�¹nÈ Ë ¶ ÃVË µXµ Ë È�Û ÌL=

ξ
(α)

i,k + ξ
(α)

k,i = 0, (α = 1, 3).
: P � H <

Å ¸&Ç · ¸&¸ Ê » Ì Ú ¸ È�Ý º ¸ ¿ ÍÌ È�¹nÈ Ë ¶ ·�¸ µ È ¸ Û ¸ ÔÖÕ ¾ · µBÌ »a¸ Ý É ·�¸ µ ¹�Å¨§>» ·¸ º µ ¹�º É ¹ Í-· Ú Ë¼Ë ¿ ·¸ º µ ¹WÇ ¸ É@Ì&· ¹ µ À È ¸ º ¸ É º£¹ ¸/ËÉ ¹£Ú · ¸ Í�Ì ¸/Ë8ÃVË µXµ Ë È�Û Ì!:QC nF<�¸�¸ Û Ê�· ¹ Ý · À�» Ì ·�Ë º Ì È�Ý ÉDÉ Ë Ç¹ =
1√−g (∂k

√−g ξ
(α)

iT ki ) = 0; (α = 1, 3).
: PFP � <

¶ Êj½ ¹ · ¸)¸ · ¸ Û ¸�Á Ì Ú ·9Ì ¬ ½X· ¸ Ú ¸)¸/·�¸ È¹WÈ · Ý · ¹nÈ »£¸ Í�Ì Ç È�¹ Í Û Ë�Ë 8 ËX¸/· Êlµ À º Ì ¸�¸ Û Ê�· » Ì�É Ë º£¹ · À · ¸ µ À Ú ¸^¸ · » Ì · Ì » Ç�Ý ÉGÌ Â ¼ ¹nÛ ¸ÉFÍ ¹ ¸ ¹WÈ Ë ¬ ·�¸ µ�Êj½Ì ¹ ¸ º µ ¹ Ç Ê Â ¼ Ë ¹ Ë È · ¹nÛ Í�Ìlµ Ý ` Pna =
L2 ξ

(α)

iTvi = Ca = Const; (α = 1, 3) .
: PFP9P <

» Ç · ¸�Î º ·FÌl· À ¹ ¸ Ý ¸ Û ÍÌ È Ë ½ Ë.¸ º ¶NÍÌ º£º ¸�¸ ·@Í ¹nÈ Ë ¹ ¸ º µ�Êj½Ì&¶ �m��BcYqBc��Hum�ÒWm!qHfFt��FqBm�tneAqHf9uBc u�hHw~Å¨§ » : Ω = π/2
< 2 Ô ¸ Û Ç Ì ¬·�¸ ÇBº ·9Ì�É)µ.¶�¶XÉ Ë È · ¹nÛ ÍÌlµ Ý : PFPFP < É Ý Í�Ì ÜX¹nÈ Ë ¶ Ç µ.¶AÔ�Õ ¾ · µÌ »�¸ Ý Ë?Ç µ ¹£Ú ·@Í ¸&¸ Ì Û£È Ë · È ¸ Û ¸)·¸ µX¶ ¬ Ë º ·�¸ µ Ài» Êi¶ º ¸9¸ · È ¸)Æ ¹nÈ Ë ¶: H�H < 8): P � 7 < Ìv·9Ì Ú�ÜX¹VÈ Ì�½BÌ$µ À È�ÝÑ¹ Ê º µ ¸ É Ë ¶R:QC 7 < ¬ :QCFC < ¬ · Í Ë É ¹WÇ¹ ¸IË È · ¹nÛ Í�Ìlµ Ý Ç É Ë ÜX¹nÈ Ë ¶ Ú É Ë Ç Ê�=

2L2(ε+ p‖)v
2
v − (p‖ − p⊥)

0

H
2

H2
ch 2γe2β = (

0
ε +

0
p)∆(u) ;

: P9P O <

L2(ε+ p‖)vvv2 = 0 ,
: P9P�7 <

L2(ε+ p‖)vvv3 = 0 ,
: P9P C <

ÛpÇ¹ =
0
p=

0
p⊥ ;

: P9P�© <
Ë ÉFÉ ¹ ÇB¹nÈ Ì?·9Ì Ú
È Ì » Ý ÉGÌ ¹ ¸ Ì&¶ Ë��9qLfFv£ÐHwg�H�Df£wdg�ËFu�j�	hGw 03��rbÅ =

∆(u) = 1− α2(ch 2γe2β − 1) ,
: P9P n@<

ºDÓ�cpi qHf�i£oXcYqu�Ö>o½�f qHf�oXcWerqBmÔo α2
=

α2 =

0

H
2

4π(
0
ε +

0
p)
.

: P9P� <

0 Ì » Í ¹ Æ Ì&¶+: P9P O <Ñ¸ · È ¸ º Ë · ¹ µ À È ¸ vv ·¸ µ�Êj½ ËX¸ É Ý ÍÌ ÜX¹nÈ Ë ¶ Ç µX¶ Ú ¸F¸ Í Ç Ë È Ì&· Ý É ¹£Ú · ¸ Í�Ì º£Ú ¸ Í ¸ º · Ë ½ ¹ Í ¹ » ºnÚ Ì$µ.¶LÍ Ý = ε ¬ p‖ ¬
p⊥
¬ ψ′ Ë ¶LÉ È�ÝÑ¹ Á Ê È�Ú º�Ë�Ë�» Ì · Ì » ÇÝ É@Ì Â ¼ ¹nÛ ¸ ÉFÍ ¹ ¸ ¹nÈ Ë =

v2v =
(
0
ε +

0
p)

2L2(ε+ p‖)
∆(u) +

(p‖ − p⊥)
(ε+ p‖)

0

H
2

H2

ch 2γe2β

2L2
;

: P9P�® <

¾ » : P9P O <'·¸ µ�Êj½ Ë.¸ =
v2 = 0 .

: P9P H <
Â�ÆH�����.4����.�~�(���b�b�%��$�(�����./��,��,���|����,2)��'�������*NÇ�������������²,��������*��������3� ����C�������������������������������-������3�������"������3���2)����.4����,�'�Ç�����#������3È587%9;:
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¶ ·¸&¸�¸ ¼ ÀiÂ : PFP�® < ¬ : P9P H <3ËX» º ¸9¸ · È ¸)Æ ¹nÈ Ë ¶ È ¸ Í ¸/Ë Í ¸ É Ú Ë É ¹£Ú · ¸ ÍÌ º£Ú ¸ Í ¸ º · Ë È Ì Î ÇB¹ ¸ Ú ¸9¸ Í Ç Ë È Ìl·FÊ vu É ¹£Ú · ¸ Í�Ì º£Ú ¸ Í ¸ º · Ë =

vu =
1

2vv
,

: P O&� <
Ì Ë.» Ê º µ ¸ É Ë ¶!É ¸�¸ Í ¸ ÜX¹nÈ�È ¸ º · Ë : H C < È Ì Î ÇB¹ ¸Ø» È Ì�½ ¹nÈ Ë ¹ · Í ¸9ËX» É ¸ ÇÈ ¸9Î^·�¸ · ¹WÈ º�Ë ÌlµÌ ψ′ =

ψ′ =
1

2v2v
,

: P O P <

º ·¸&¸x¸ ¼ ÀiÂ Ú ¸ · ¸ Í ¸�Î^ËX» º ¸F¸ · È ¸)Æ ¹nÈ Ë ¶d: P �@O <�¸9· Í ¹ ÇB¹ µX¶ ¹ · º ¶ ºnÚ Ìlµ.¶LÍ H2 =

H2 =

0

H
2

L2
ch 2γe2β

2v2v
.

: P OFO <

K Ì ¸ ¹ · Ë.¸ ¬ ½.· ¸ É º µ�Ê�½Ì ¹ ËX»£¸ ·FÍ ¸9· È ¸�Î^· µBÌ »�¸ Ý : p⊥ = p‖ = p
< É Ý Í�Ì ÜX¹nÈ Ë ¹ : PFP�® <T· Í Ë È Ë.¸ Ì ¹ ·6É Ë Ç =

v2v =
(
0
ε +

0
p)

2L2(ε+ p)
∆(u) ;

: P O 7 <

¾ » º Ë º · ¹ ¸ Ý ÊLÍ�Ì�É È�¹nÈ Ë�Î 0 ¦ § ´ ¸�¸ Ü.È ¸D·¸ µ�Êj½ Ë · À º µ ¹ Ç Ê Â ¼ ¹£¹AÇ Ë.ÁIÁ ¹ Í ¹nÈ º�Ë Ì$µ À È ¸ ¹ ÊLÍÌ�É È�¹nÈ Ë ¹ É ¸ ¹ ·@Í Ë ÚH¹;Å¨§ » =

L2ε′vv + (ε+ p‖)(L
2vv)

′ +
1

2
L2(p‖ − p⊥)vv(lnH2)′ = 0 .

: P O�C <
¼rÍÌ�É È�¹nÈ Ë ¹ : P O�C < É Ú ¸ È�¹ ½ È ¸)¸ º ½ ¹ · ¹ · Í ¹ ÇBº ·9Ì�É&µ.¶ ¹ · º ¸)¹F¸�Î Ç Ë�ÁIÁ ¹ Í ¹nÈ º�Ë Ìlµ À È ¸ ¹ ÊLÍÌ�É È�¹nÈ Ë ¹)È Ì 7 È¹ Ë.» É ¹£º · È�ÝÑ¹rº£Ú Ì$µ.¶LÍ�8
È�ÝÑ¹ Á Ê È�Ú º�Ë�Ë = ε ¬ p‖ Ë p⊥ 2 Ô/Ì Ú Ì&¶ È¹ Ç ¸F¸�· Í ¹WÇB¹ µ ¹nÈ�È ¸ º · À ¶HÉ)µ.¶ ¹ · º ¶ ËX» É ¹nº · È�Ý ¸ º µ ¹ ÇBº ·FÉ Ë ¹ ¸ È�¹ ·�¸ µ È ¸ · Ý¿Û Ë Ç Í ¸ Ç Ë È Ì�8¸�Ë ½ ¹£ºnÚ ¸ Û ¸
¸9·�Ë º Ì È Ë ¶ · µBÌ »�¸ Ý�2 ´hµX¶JÍ ¹ Æ ¹WÈ Ë ¶ Ç · ¸ Û ¸ ÊLÍ�Ì�É È�¹nÈ Ë ¶ È¹ ¸&¹ ¿ ¸ Ç ËX¸x¸ È Ì$µ ¸ Ü Ë · À Ç É ¹XÇ ¸�·¸ µ È Ë · ¹ µ À È�Ý�¹6º Éi¶ »nË¸ ¹nÜ.Ç Ê Á Ê ÈÚ º�Ë ¶ ¸/Ë ε ¬ p‖ ¬ p⊥ ¬ · 2 ¹92 ¬ ÊLÍÌ�É È¹nÈ Ë ¶ º ¸ º · ¸ ¶ È Ë ¶!É Ë Ç ÌL=

p‖ = f(ε) ; p⊥ = g(ε) .
: P O © <

É = M @ Q?M @�W ý @ û�KNM = ú"ýNû�ýNþAû B�@�B Q @ OSýNþJO
ÊÌË �q_?aAÀT\^dbc0vF[b�
0 Ì º£º ¸�¸ ·@Í ËX¸H¹ Ì9Í ¸ ·@Í ¸9· È ¸ ¹Vº ¸ º · ¸ ¶ È Ë ¹ Ì È Ë.»n¸ ·@Í ¸9· È ¸9Î�· µÌ »�¸ Ý ¬ Ú ¸ Û Ç Ì º É)¶ »WË : P O © < ¶HÉ)µ.¶ Â · º ¶?µ Ë È¹ Î È�Ý ¸/Ë =

p‖ = k‖ε ; p⊥ = k⊥ε ,
: P O n@<

¼rÍÌ�É È�¹nÈ Ë ¹ : P O�C <T· Í Ë º É)¶ » ¶ ¿ : P O n@< µ ¹nÛ�Ú ¸6Ë È · ¹nÛ Í Ë ÍLÊ ¹ · º ¶ ¬ Ë8¸ Ý ·¸ µ�Êj½ ËX¸ ¹ ¼ ¹ ¸ Ç Ë È Ë È · ¹nÛ ÍÌ$µ>=

ε(
√
2L2vv)

(1+k‖)H(k‖−k⊥) =
0
ε
0

H
(k‖−k⊥) .

: P O  <
Ô/Ì Ú Ë.¸®¸)¹ ÍÌ »n¸)¸ ¬ Ár¸ Í ¸ Ì$µ À È ¸~» Ì Ç Ì�½BÌJÍ ¹ Æ ¹WÈ Ì ¬ ·FÌ ÚIÚ Ì ÚIº É ¹ µÌ º À Ú Í ¹ Æ ¹nÈ ËXÂ º Ë º · ¹ ¸ Ý Ì$µ Û�¹ ¹ ÍÌ Ë ½ ¹£º£Ú Ë ¿ Ê�Í�Ì�É È¹nÈ Ë�Î ¬
Ú ¸ · ¸ Í�Ì&¶ ¬ ¸ ÇÈ Ì Ú ¸ ¬ É ºn¹'¹ ¼ ¹'º µ Ë.Æ Ú ¸&¸ º µ ¸ Ü.È Ì Ç µ.¶ ¹£¹ Í ¹ Æ ¹nÈ Ë ¶ Ë Ì È Ìlµ Ë.» Ì 2�03¹ Æ ¹nÈ Ë ¹ » Ì Ç Ì�½ Ë º Ê-¼ ¹nº ·FÉ ¹WÈ�È ¸)¸�· Í ¹WÇB¹ µ.¶ ¹ · º ¶
Ç ÉFÊ ¸ ¶ ¹ ¹ » Í�Ì »�¸ ¹ Í È�Ý ¸/Ë�· Ì�ÍÌ ¸ ¹ ·FÍÌ ¸/Ë = k⊥ Ë k‖ 2u» Ë Ü.¹ ¸ Ý ÍÌ ºnº ¸�¸ ·@Í Ë.¸ ½Ì º · È�ÝÑ¹ » È Ì�½ ¹nÈ Ë ¶ Ç · Ë ¿ · Ì9Í�Ì ¸ ¹ ·@Í ¸ É 2
�T\^p?agdbag�bfb\`aÍd?m4Z1pbdb\`Z1ikd?mkf?agfh_?a��TÎCÏ
»+º µ�Êj½BÌ ¹ ¹ Ì9Í ¸ ·@Í ¸�· È ¸ Û ¸ ÊLÍÌ�É È¹WÈ Ë ¶ º ¸ º · ¸ ¶ È Ë ¶ · Í Ë º É)¶ » ¶ ¿ : P O nF</·¸ Çº ·9Ì È ¸ É Ú ÌD: P OFO < É!: P9P�® </· Í Ë É ¸ Ç Ë · Ú Í ¹ » Êlµ À ·FÌl·FÊ�=

v2v =
1

2

0
ε

L2ε
∆(u) .

: P O ® <

Å ¸ Çº ·9Ì�É&µ.¶�¶�: P O9O < ¬ : P O ® < É�: P O  < ¬ ·¸ µ�Êj½BÌ ¹ ¸K» Ì ¸ Ú�È Ê�· ¸ ¹ Ê�Í�Ì�É È¹nÈ Ë ¹�È Ì · ¹ Í ¹ ¸ ¹nÈ�È Ê Â ε ¬ Í ¹ Æ Ì&¶ Ú ¸ · ¸ Í ¸ ¹ ¬ È Ì Î Ç¹ ¸N¸ Ú ¸ È 8½BÌ&· ¹ µ À È ¸ =
ε =

0
ε
[
∆1+k⊥L2(1+k‖)(ch 2γe2β)k‖−k⊥

]−g⊥
;

: P O H <

vv =
1√
2

[
∆L(k‖+k⊥)(ch 2γe2β)

k‖−k⊥
2

]g⊥
;

: P£7 � <

H =
0

H

[
∆L(1+k‖)(ch 2γe2β)−

1−k‖
2

]−g⊥
,

: P£7LP <
Û Ç¹

g⊥ =
1

1− k⊥
∈ [1, 2] .

: P�7 O <
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» ½Ì º · È ¸ º · Ë ¬ Ç µ.¶!Êlµ À ·@ÍÌ�Í ¹ µX¶-· Ë É Ë º · º£Ú ¸�Î
· µÌ »�¸ ÝÃºVÈ Êlµ ¹ É Ý ¸+· Í ¸ Ç ¸ µ À È�Ý ¸ Ç Ì�É)µ ¹nÈ Ë ¹ ¸ =

k‖ → 0 ; k⊥ → 1

2

: P£7F7 <
·�¸ µ�Êj½ Ë.¸NË.» : P O H < 8): P�7 O < =

vv =
1√
2
L∆2(ch 2γe2β)−1/2 ;

: P£7 C <

ε =
0
ε L−4∆−3(ch 2γe2β) ; H =

0

H L−2∆−2(ch 2γe2β) .
: P£7�© <

Ð¾M = ú"ýNû�ýNþNûÒÑ£ýNû�M D`@�Ó�=bEG= ý B�=

» ` P£a Ê Ú Ì » Ì È ¸ ¬ ½X· ¸ º Ë È�Û Êlµ.¶LÍ È ¸ ¹Eº ¸ º · ¸ ¶ È Ë ¹ ¬ É ¸)» È Ë Ú Ì Â ¼ ¹£¹ É ¸ Ì Û£È Ë · ¸ Ì Ú · Ë É È ¸9ÎM· µBÌ »�¸ ¹ · Í Ë É Ý ·�¸ µ È�¹nÈ Ë�Ë Ê º µ ¸ É Ë ¶
2β0α

2 > 1 È Ì Û Ë�· ¹ Í ·¸ É ¹ Í ¿HÈ ¸ º · Ë =
∆(u∗) = 0 ,

: P£7 nF<
ºWÈ ËX¸ Ì ¹ · º ¶¼Ê�½ ¹ · ¸&¸¿¸)¹ Í�Ì&· È ¸ Û ¸ Ç¹ Î º ·FÉ Ë ¶ ¸ Ì ÛnÈ Ë · ¸ Ì Ú · Ë É È ¸�Î · µÌ »�¸ ÝÁÈ Ì §>» ¬ ½.· ¸d· Í Ë É ¸ Ç Ë · Ú Ç1ÁIÁ ¹£Ú · Ë É È ¸)¸ Ê ·�¸ 8
Û µ ¸ ¼ ¹nÈ Ë.ÂÈÇ È�¹ Í Û Ë�Ë § » · µBÌ »a¸x¸�Î$Ë$¸ Û Í�Ì È Ë ½ ¹WÈ Ë.Â È Ì!Ì ¸/· µ Ë ·FÊ Ç Ê § »A2/¶ ·@Í ¸ Û ¸ ¹ Í ¹ Æ ¹nÈ Ë ¹ É ¸9· Í ¸ º Ì ¸ ·@ÍÌ Èº ÁA¸ Í ¸ Ì º�Ë�ËÇ È¹ Í Û Ë�Ë Å¨§>» É Ç È¹ Í Û Ë.Â Ê Ç Ì9Í È ¸9Î É ¸ µ È�Ý É ¸)»�¸�¸ Ü6È ¸ µ ËXÆSÀ È Ì ¸ ºnÈ ¸ É ¹ Ë ºnº µ ¹WÇ ¸ É@Ì È Ë ¶ º Ì ¸�¸ º ¸ Û µBÌ º ¸ ÉGÌ È�È ¸9Î º Ë º · ¹ ¸ ÝÊLÍ�Ì�É È�¹nÈ Ë�Î Õ Î È Æ · ¹ Î È Ì Ë ÊLÍÌ�É È¹WÈ Ë�Î�¸ Ì ÛnÈ Ë · È ¸�Î Û Ë Ç Í ¸ Ç Ë È Ì ¸/Ë Ú Ë 2�Ô)ÇÈ Ì Ú ¸ ¬ Ú Ì�½ ¹£º ·FÉ ¹nÈ�È�Ý Î Ì È Ìlµ ËX» º Ë ·FÊHÌ º�Ë�Ë�¸�¸ Ü6È ¸· Í ¸ É ¹£º · ËIË º ·¸)¸�¸ ¼ À)Â ¹F¸ µ ¹£¹ · Í ¸ º · ¸9Î ¸x¸ Ç¹ µ ËØÇ È¹ Í Û ¸)¹ ÌlµBÌ Èº Ì ¬ · Í ¹WÇ µ ¸ ÜX¹nÈ�È ¸9Î É ` O a 2£Å ¸ · ¸ Ú Ç È¹ Í Û Ë�Ë ¸ Ì ÛnÈ Ë · ¸ Ì Ú 8· Ë É È ¸9Î$· µBÌ »a¸ Ý1È Ì · ÍÌ�É&µ ¹nÈ É Ç ¸ µ À È Ì · ÍÌ�É)µ ¹WÈ Ë ¶JÍÌ º · Í ¸ º ·FÍÌ È�¹nÈ Ë ¶ Å¨§ » ¬ · 2 ¹F2 ¬ É Ç ¸ µ À�¸ º Ë 0x1 2mÅ Ê º · À β∗(u) Ë γ∗(u)
¹nº · À É@Ì Ú ÊHÊ ¸ È�ÝÑ¹ Ì ¸�· µ Ë ·FÊ ÇÝÙÅ¨§>» ¬ Ì β(u) Ë γ(u) 8xÌ ¸/· µ Ë ·FÊ ÇÝÙÅ¨§>» º Êj½ ¹ · ¸)¸M·¸ Û µ ¸ ¼ ¹nÈ Ë ¶!É · µÌ »�¸ ¹ � T ij 8 ·¸ µ È�Ý Î· ¹nÈ »n¸ Í Ç È¹ Í Û Ë�Ë 8 Ë.¸/· Êlµ À º Ì · µÌ »�¸ Ý Ë8Ç µ ¹nÚ ·@Í ¸)¸ Ì Û£È Ë · È ¸ Û ¸6·�¸ µX¶d:kO < 2
ÃAfhi4ago1d?mF[?�^fb���¾tgmk��\^f½Zj\FÕ�d?mkf?agfh_br��jfbagdbo1_b_
» ` Pna ¹ Ý µ ¸�· Í ¹ Ç µ ¸ ÜX¹nÈ ¸D·�¸ µ�Ê Ú ¸ µ Ë ½ ¹£º ·9É ¹nÈ�È ¸ ¹ Í ¹ Æ ¹WÈ Ë ¹ Ç · ¸ Û ¸ É ¸�· Í ¸ º Ì È Ì ¸ ºWÈ ¸ É ¹ · Í ¸ º · ¸9Î8¸�¸ ÇB¹ µ Ë�Ç È�¹ Í Û ¸)¹ Ì$µXµÌ Èº Ì 2
»�º µ ¹ ÇBº ·FÉ Ë ¹ ½�Í ¹ » É Ý ½Ì Î È ¸9Î É@Ì Ü.È ¸ º · Ë ¬ È�¹ ¸ Û Í�Ì È Ë ½ Ë ÉGÌl¶ º À ÍÌ ºnº ¸�¸ ·@Í ¹nÈ Ë ¹ ¸ É ` Pna ¬ É ¹ Í È�¹ ¸ º ¶ Ú ¹F¸ µ ¹£¹ ·�¸ µ È ¸)¸ ÊXÍ ¹ Æ ¹nÈ ËXÂÉ ¸9· Í ¸ º Ì ¸!· ¹ Í ¹WÇ Ì�½ Ë~Ç È¹ Í Û Ë�ËR¸ · §>»ÃÚ ¸ Ì Û£È Ë · ¸ Ì Ú · Ë É È ¸9Î$· µBÌ »�¸ ¹F2mÅ Í Ë~Ç · ¸&¸ É ¸ ¹£º · ¸ Í ¹ Æ ¹nÈ Ë ¶ º Ë º · ¹ ¸ Ý ÊLÍÌ�É È¹WÈ Ë�ÎÕ Î È Æ · ¹ Î È Ì ¸ Ý É ¸ º ·�¸ µ À)» Ê ¹ ¸ º ¶ Ë ¿
º µ ¹WÇº ·FÉ Ë ¹ ¸ 8 » Ì Ú ¸ È ¸)¸ º ¸ ¿ ÍÌ È¹nÈ Ë ¶ ·�¸ µ È ¸ Û ¸EË.¸/· Êlµ À º Ì¨ª · µBÌ »�¸ Ì+Ö Û ÍÌ�É Ë ·FÌ º�Ë¸ È 8
È�ÝÑ¹ É ¸ µ È�Ý « 2`×VºnÈ ¸ ¬ ½.· ¸ Ç Ì È�È Ì&¶ ¸�¸ ÇB¹ µ À ¶HÉ)µX¶ ¹ · º ¶ · Í Ë.¹ µ Ë ÜX¹nÈ�È ¸�ÎdË È¹ ¸�¸ ÜX¹ · » Ì ¸ ¹WÈ Ë · À º ·@Í ¸ Û ¸ Û ¸ Í ¹ Æ ¹WÈ Ë ¶RÊLÍÌ�ÉF8
È�¹nÈ Ë�Î Õ Î È Æ · ¹ Î È Ì 2k¶ ¸ Û µÌ ºnÈ ¸�` PFP£a É · Í ¸9ËX» É ¸ µ À È ¸)¸ Û ÍÌ�É Ë ·9Ì º�Ë¸ È�È ¸&¸+·¸ µ ¹ ËX¸ ¹£¹ · ¸ ¹nº · ¸?» Ì Ú ¸ ÈJº ¸ ¿ ÍÌ È¹nÈ Ë ¶ ·¸ µ È ¸ Û ¸ËX¸/· Êlµ À º Ì º Ë º · ¹ ¸ Ý =

pi =
1

c

∫
(−g)(T i4+

g

T
i4)dV,

: P£7� <

ÛpÇ¹ g

T
ik 8 · º£¹ É Ç ¸ · ¹WÈ »£¸ Í Ç È¹ Í Û Ë�Ë 8 Ë.¸/· Êlµ À º Ì Û Í�Ì�É Ë ·9Ì º�Ë¸ È�È ¸ Û ¸6·¸ µ.¶ ¬ Ë�Ë È · ¹nÛ Í Ë Í ¸ ÉGÌ È Ë ¹ · Í Ë É ¸ Ç Ë · º ¶ ·�¸ É º£¹ ¸ Ê�·@Í ¹a¿ 8¸ ¹ Í È ¸&¸ Ê · Í ¸ º ·@Í�Ì È�º ·FÉFÊ 2 ¼�½.· ¹ ¸ ¬ ½.· ¸�· Í Ë É ¹ ÇB¹nÈ�È ¸ ¹ É Ý Æ ¹ Í ¹ Æ ¹WÈ Ë ¹ ¶HÉ)µX¶ ¹ · º ¶ · µ ¸ ºnÚ ¸ º ËX¸�¸ ¹ ·FÍ Ë ½ È�Ý ¸dËP» Ì�É Ë º Ë ·hµ ËXÆSÀ¸ · » Ì · Ì » ÇÝ ÉGÌ Â ¼ ¹nÛ ¸ ªkÉFÍ ¹ ¸ ¹nÈ Ëg« u 2�»'º µ ¹WÇº ·FÉ Ë ¹ Ç · ¸ Û ¸RË È · ¹nÛ Í Ë Í ¸ ÉGÌ È Ë ¹ ·¸ ª · µ ¸ º£Ú ¸ º · Ëg« {x2, x3} É : P�7, < º É ¸ Ç Ë · º ¶

Ú · Í ¸ º · ¸&¸ Ê�Ê ¸ È ¸ ÜX¹nÈ ËXÂ È ÌGª · µ ¸ ¼.Ì Ç À,«S¹ ¹£ºnÚ ¸ È¹ ½ È ¸�Î Ç É9Ê ¸ ¹ Í È ¸�Î�· µ ¸ ¼.Ì ÇBÚ Ë 2.Å ¸ Ç¹ µ Ë É ¸)¹ ¹ ½Ì º · Ë : P�7� < È Ì Ç ·FÊ · µ ¸ 8¼.Ì Ç ÀVË Êj½ Ë · Ý É@Ì&¶S½.· ¸)· Í Ë Ω = π/2
ËX» ·@Í ¹a¿ ¸ ¹ Í È�Ý�¿ ·¸ · ¸ Ú ¸ É ¸ ·$µ Ë ½ ¹nÈ ¸ · È ÊlµX¶Sµ Ë.ÆSÀ P 1 ¬ ·�¸ µ�Êj½ Ë.¸�» Ì Ú ¸ ÈDº ¸ ¿ ÍÌ È¹nÈ Ë ¶

º ¸F¸ ·9É ¹ · º ·FÉFÊ Â ¼ ¹ Î�·�¸ É ¹ Í ¿LÈ ¸ º · È ¸9Î�· µ ¸ · È ¸ º · Ë
Ë.¸/· Êlµ À º Ì P 1Σ =

P 1Σ =
1

c

+∞∫

−∞

(−g)(T 14+
g

T
14)dx (= Const).

: P�7,® <

Å Ê º · ÀM· ÍÌ�É ¸ ¹ ·¸ µ�Ê · Í ¸ º ·@Í�Ì Èº ·FÉ ¸ x > 0
» Ì ·¸ µ È¹WÈ ¸K¸ Ì Û£È Ë · ¸ Ì Ú · Ë É È ¸9Î · µÌ »�¸�¸9Î ¬ Ì!µ ¹ É ¸ ¹ x < 0

8 ¸ Ì&· ¹ Í Ë ¹ Î ¬ È¹É » Ì ËX¸�¸ ÇB¹ Î º ·FÉFÊ Â ¼ ¹ Î º ¸ º µÌ ¹F¸�Î §>»A2�Å Ê º · À Ç Ì$µ ¹£¹ É ¹£º À Û ÍÌ�É Ë ·9Ì º�Ë¸ È�È�Ý ÎMËX¸/· Êlµ À ºDº ¸ º Í ¹WÇ ¸ · ¸ ½ ¹nÈ É Ë È · ¹ Í�ÉGÌ$µ ¹ u ∈
[0, uf ]

¬ ÛpÇ¹ tf =
√
2uf

8 Ç µ Ë · ¹ µ À È ¸ º · À Û ÍÌ�É Ë ·FÌ º�Ë�¸ È�È ¸ Û ¸)Ë.¸/· Êlµ À º Ì 2lÅ ¸ º£Ú ¸ µ À Ú Ê Ë È · ¹nÛ ÍÌlµ.É�: P£7,® < º ¸ ¿ ÍÌ È ¶ ¹ · º ¶�É ¸ É º£¹ÉFÍ ¹ ¸ ¹WÈ Ì ¬ ÍÌ º£º ¸�¸ ·FÍ Ë.¸ ¹WÛ ¸ É ¸ ÉFÍ ¹ ¸ ¹nÈ Ì t0 < 0 ¬ Ú ¸ Û Ç Ì §>»I¹ ¼ ¹ÑÈ¹ ·¸9· ÌlµÌrÉ ¸ Ì Û£È Ë · ¸ Ì Ú · Ë É È Ê Â · µBÌ »�¸ Ê ¬ Ë −tf > t > 0) ¬
Ú ¸ ÛpÇ Ì § » Ê Ü.¹�Ç ¸ º · Ë Û µBÌ · µBÌ »�¸ Ý�2 ¼Ö½ Ë · Ý ÉGÌl¶ ¬ ½X· ¸ ÉGÌ Ú ÊHÊ ¸ È ¸ ¹ Í ¹ Æ ¹nÈ Ë ¹ » Ì�É Ë º Ë ·hµ Ë.ÆSÀ.¸ · » Ì · Ì » ÇÝ É@Ì Â ¼ ¹nÛ ¸ É@Í ¹ ¸ ¹nÈ Ë ¬·�¸ µ�Êj½ Ë.¸ Ç µX¶ Ë È · ¹nÛ Í�ÌlµÌ.É�: P�7,® < =

uf∫

0

g

T
14
0 du =

t
√
2∫

0

(T 14+
g

T
14)du+

uf∫

t/
√
2

g

T
14
0 du,

: P£7,Ø <

ÛpÇ¹ g

T
14
0 =

g

T
14(β∗(u), γ∗(u))

� g
T
14 =

g

T
14(β(u), γ(u)) 2�Å�¹ Í ¹WÈ ¸ º ¶ ¸ Ç Ë È Ë.»)Ë È · ¹nÛ ÍÌ$µ ¸ É6ÉAµ ¹ ÉFÊ Â ½BÌ º · À : P£7,Ø < ¬ ·¸ µ�Êj½ Ë.¸

º ¸F¸ · È ¸)Æ ¹WÈ Ë ¹ =
u∫

0

g

T
14
0 du =

u∫

0

(T 14+
g

T
14)du,

: P Ci� <
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Û Ç¹ · ¹ Í ¹ ¸ ¹WÈ�È Ì&¶ u = t/
√
2 > 0

8�· ¹ · ¹ Í À Ê ÜX¹ ¸�¸ Ü.¹ · · Í Ë È Ë.¸ Ì&· À ÐF�ÑÓ�Ö�c¨��mpÐm�x h�e�cYÐFÙFu�Ö�c » È Ì�½ ¹nÈ Ë ¶ 2j È Ìlµ ¸ Û Ë ½ È�Ý Î�» Ì Ú ¸ È ¸�¸ Ü6È ¸�» Ì ·�Ë º Ì&· ÀDË Ç µ.¶ ·�¸ µ È ¸9Î�Ç È¹ Í Û Ë�Ë^· µBÌ »�¸ Ý � É Ç · ¸&¸ º µ�Êj½Ì ¹ É ¸ ¹£º · ¸ : P Ci� <T·�¸ µ�Êj½ Ë.¸ =
u∫

0

g

T
44
0 du =

u∫

0

(T 44 − E0+
g

T
14)du,

Û Ç¹ ¬ E0 8 º Ê ¸ ¸ Ì9Í È Ìl¶ · µ ¸ · È ¸ º · À?Ç È¹ Í Û Ë�Ë È¹ É ¸)»a¸ Ê�¼ ¹nÈ�È ¸�ÎJ· µBÌ »a¸ Ý�2
ÚÛ\^��mF[b�`fb�Ü�Ýmkf?mF[b_btÛZj\kÕ�d?mkfbagfb_hr

Å ¸ º£Ú ¸ µ À Ú Ê º ¸9¸ · È ¸)Æ ¹nÈ Ë ¹ : P C)� < Ç ¸ µ Ü.È ¸ É Ý ·¸ µ È ¶�· À º ¶ · Í Ë µ ÂÖ¹ Ý�¿ » È Ì�½ ¹nÈ Ë ¶ ¿ · ¹ Í ¹ ¸ ¹WÈ�È ¸9Î u ¬ · ¸ Ç ¸ µ Ü6È ¸ É Ý ·¸ µ�8
È ¶�· À º ¶ Ë º ¸F¸ ·9É ¹ · º ·FÉFÊ Â ¼ ¹£¹ µ ¸ Ú Ì$µ À È ¸ ¹�º ¸F¸ · È ¸)Æ ¹nÈ Ë ¹ =

T 41(β, γ)+
g

T
41(β, γ) =

g

T
41(β∗, γ∗) ,

: P C P <

Û Ç¹ g

T
41(β, γ)

8 ·�¸ · ¸ Ú Ç È�¹ Í Û Ë�Ë º µBÌ ¹F¸9Î § » É È Ì · Í�Ì�É)µ ¹nÈ Ë�Ë 0x1
: º ¸ 2 ` P9P£a < =

g

T
41 =

1

16π

[
h′223 +

1

4
(h′22 − h′33)2

]
=

1

4π

[
(γ′)2 + (β′)2

]
.

: P CGO <

[ ·@Í Ë ¿ ¸)¸+¸)¹F¸&» È Ì�½ ¹nÈ ¸ Ç Ë�ÁIÁ ¹ Í ¹nÈ º�Ë Í ¸ É@Ì È Ë ¹ ·¸ t 2XÅ ¸ Çº ·FÌ�É)µX¶-¶R: P C@O < ÉJ: P C P <�Ë^· ¹ Í ¹a¿ ¸ Ç ¶ Ú · ¹ Í ¹ ¸ ¹WÈ�È�Ý ¸ v, u ¬ ·�¸ µ�ÊL8½ Ë.¸ =
2π
[
T vv − Tuu

]
+ (γ′)2 + (β′)2 = (γ′∗)

2 + (β′∗)
2.

: P C 7 <
»_º µ�Êj½BÌ ¹ ·¸�· ¹ Í ¹ ½ È ¸ Û ¸ Í�Ì º · Í ¸ º ·@ÍÌ È¹nÈ Ë ¶ Å¨§ » · Í Ë�¹ Ì9Í ¸ ·@Í ¸9· È ¸)¸ ÊLÍ�Ì�É È�¹nÈ Ë�Ë º ¸ º · ¸ ¶ È Ë ¶
Ì È ËX»£¸ ·FÍ ¸9· È ¸�Î^· µBÌ »�¸ Ý =

T vv − Tuu =

(
1

4v2v
− v2v

)(
ε(1 + k⊥) +

H2

4π

)
.

: P CFC <

¾�º ·¸ µ Ài» Ê+¶VÍ ¹ Æ ¹nÈ Ë ¹ ÊLÍ�Ì�É È�¹nÈ Ë�Îh¸ Ì Û£È Ë · È ¸9Î Û Ë Ç Í ¸ Ç Ë È Ì ¸/Ë Ú Ë Ç µ.¶ ¹ Ì9Í ¸ ·@Í ¸9· È ¸ Û ¸ Ê�Í�Ì�É È�¹nÈ Ë ¶ º ¸ º · ¸ ¶ È Ë ¶ · µÌ »�¸ Ý : P O Ø < ¬: P�7 � < ¬ : P£7LP <'Ë8¹ ¹ » ÍÌ »�¸ ¹ Í È�Ý Î�· Ì9Í�Ì ¸ ¹ ·@Í α2 : P9P� < ¬ · ¹ Í ¹ ·�Ë.Æ ¹ ¸ ÊLÍÌ�É È¹WÈ Ë ¹ Ç È�¹ Í Û ¸&¹ Ì$µBÌ È�º Ì�: P C 7 < ÉDÉ Ë ÇB¹ =
0

H
2

4L2

(
∆
− 4
1−k⊥ L

−
4(k‖+k⊥)

1−k⊥ (ch 2γe2β)
−
2(k‖−k⊥)

1−k⊥ − 1

)(
1

α2
+ 1

)
+

+(γ′)2 + (β′)2 = (γ′∗)
2 + (β′∗)

2.
: P C © <

0 Ì » µ ¸ Ü Ë.¸ É Ý ÍÌ Ü.¹WÈ Ë ¹ É º£Ú ¸)¹ Ú Ì ¿ ·¸�¸ Ì$µ ¸ º · Ë Ì ¸/· µ Ë ·FÊ Ç!Å¨§>» :QC P < ¬ È ¸ Ê ÇB¹ Í Ü Ë.¸ ½-µ ¹nÈMº ∆−1 ¬ ·9Ì ÚMÚ Ì Ú · Ì9Í�Ì ¸ ¹ ·@Í
α2
É º Ë µ À È ¸P» Ì ¸ Ì Û£È Ë ½ ¹nÈ�È ¸9Î$· µBÌ »�¸ ¹ ¸x¸ ÜX¹ · ¸ Ú Ì » Ì&· À º ¶ È Ì º · ¸ µ À Ú ¸P¹F¸ µ À)ÆXËX¸ ¬ ½X· ¸ É Ý ·¸ µ È ¶ ¹ · º ¶^Ê º µ ¸ É Ë ¹ 2α2β > 1 2Ô ¸ ÛpÇ Ì.ÊLÍÌ�É È�¹nÈ Ë ¹ Ç È�¹ Í Û ¸)¹ Ì$µBÌ Èº Ì · Í Ë È ËX¸ Ì ¹ ·6É Ë Ç =

0

H
2

4

(
∆−4g⊥ − 1

) ( 1

α2
+ 1

)
+ (γ′)2 + (β′)2 = (γ′∗)

2 + (β′∗)
2.

: P C n@<

Å ¸ º£Ú ¸ µ À Ú ÊJÉ�µ Ë È¹ Î È ¸)¸ · Í Ë.¹ µ Ë Ü.¹WÈ Ë�ËR·�¸�¸ Ì$µ ¸ º · Ë Ì ¸/· µ Ë ·FÊ Ç β Ë γ Ê · ÍÌ�É)µ.¶ Â ¼.Ìl¶ Á Ê ÈÚ º�Ë ¶I: PFP nF< È¹ » Ì�É Ë º Ë · ¸ ·Á Ê È�Ú º�Ë�Ë γ(u) =
∆(u) = 1− 2α2β +O(β2, γ2) ,

: P C  <
Ì Á Ê È�Ú º�Ë�Ë β(u) Ë γ(u) · Í ¸9ËX» É ¸ µ À È�Ý Ë�Á Ê È�Ú º�Ë¸ È Ìlµ À È ¸ È�¹ » Ì�É Ë º Ë.¸ Ý ¬ · ¸ º · ¸ ½ È ¸ º · À)Â Ç ¸ β2, γ2 º ¸F¸ · È ¸)Æ ¹WÈ Ë ¹ : P C n@<
Ç ¸ µ Ü6È ¸ Í�Ì º · Ì Ç Ì&· À º ¶ È Ì Ç ÉGÌ È¹ » Ì�É Ë º Ë.¸ Ý�¿ =

2
0

H
2g⊥(1 + α2)β + (β′)2 = (β′∗)

2,
: P C ® <

(γ′)2 = (γ′∗)
2.

: P C Ø <

KÇ¹£º À Êj½X· ¹nÈ ¸ ·FÌ Ú�ÜX¹ · ¸E¸&¹ º · ¸ ¶�· ¹ µ À º ·FÉ ¸ ¬ ½X· ¸ º ¸ Û µBÌ ºWÈ ¸ º Ì ¸�¸&¸ Ê º ¸ ÝÑº µ�ÊPµ ¸ Ú Ì$µ À È ¸ Û ¸ ÊLÍ�Ì�É È�¹nÈ Ë ¶ Ç È¹ Í Û ¸)¹ ÌlµBÌ Èº Ì ¬ ¸ ÝÍÌ ºnº ¸ Ì&·@Í Ë ÉGÌ ¹ ¸ Ú ¸ Í ¸ · Ú Ë ¹
Û ÍÌ�É Ë ·FÌ º�Ë�¸ È�È�ÝÑ¹ É ¸ µ È�Ý ¬ ·¸&Ç · ¸)¸ Ê ¸x¸ Ü.È ¸M· Í ¹WÈ¹ ¹ Í ¹ ½ À Ú ÉGÌ Ç Í�Ì&·9Ì ¸/Ë Ì ¸/· µ Ë ·FÊ Ç�Ý�Û ÍÌ�É Ë 8·FÌ º�Ë¸ È�È ¸9Î É ¸ µ È�Ý ·�¸ º ÍÌ�É È�¹nÈ ËXÂ ºEÚ ÉGÌ Ç ÍÌl·FÌ ¸/ËdË ¿ · Í ¸9ËX» É ¸ Ç�È�Ý�¿ ·¸�» Ì · Ì » Ç�Ý ÉGÌ Â ¼ ¹ ¸ ÊRÉ@Í ¹ ¸ ¹nÈ Ë 2 Ô/Ì Ú Ë.¸_¸)¹ ÍÌ »n¸)¸ ¬
º ¸ Û µBÌ ºnÈ ¸ : P C Ø < =

γ∗(u) = γ(u),
: P�© � <

· 2 ¹F2 ¬ ÉNµ Ë È¹ Î È ¸&¸M· Í ËX¹ µ Ë ÜX¹nÈ Ë�Ë º µÌ ¹ Ì&¶ Û ÍÌ�É Ë ·9Ì º�Ë¸ È�È Ì&¶EÉ ¸ µ È Ì º ·¸ µX¶�Í Ë.» Ì º�Ë ¹ Î e× È¹ É » Ì ËX¸x¸ Ç¹ Î º ·FÉFÊ ¹ · º ¸ Ì Û£È Ë · ¸ 8Ì Ú · Ë É È ¸9Î�· µÌ »�¸�¸9Î ¬ ½X· ¸ º ¸ É · Ì Ç Ì ¹ · º É Ý É ¸ Ç ¸)¸ ÍÌ ¹F¸ · Ý ` P O a 2Ô3Ì Ú ËX¸J¸)¹ Í�Ì »£¸&¸ ¬ É;µ Ë È¹ Î È ¸&¸�· Í ËX¹ µ Ë ÜX¹nÈ Ë�Ë Å¨§ »Mº e× ·�¸ µX¶�Í Ë.» Ì º�Ë ¹ ÎX· Í ¸ ¿ ¸ Ç Ë ·"½ ¹ Í ¹ »�¸ Ì Û£È Ë · ¸ Ì Ú · Ë É È Ê ÂI· µÌ »�¸ Ê¹ ¹ »J·¸ Û µ ¸ ¼ ¹nÈ Ë ¶ ¬ ÌMÊLÍÌ�É È¹nÈ Ë ¹ Ç È¹ Í Û ¸)¹ ÌlµBÌ Èº Ì · Í Ë È ËX¸ Ì ¹ ·MÉ Ë Ç ¬ ·�¸ µ�Êj½ ¹nÈ�È�Ý Î É+ÍÌ ¹F¸ · ¹ ` n a 2 ´6Ìlµ À È¹ Î.Æ�Ë ¹ É Ý É ¸ ÇÝ



� �H½ � -����b¹��4º����! �"$#%�'&)(+*�,�-.�/-
Ì È Ì$µ ¸ Û Ë ½ È�ÝÃº µ�Êj½BÌ Â Í�Ì º · Í ¸ º ·@ÍÌ È¹nÈ Ë ¶ Å¨§ »_º ¸ Ç�È ¸�Î^·¸ µX¶�Í Ë.» Ì º�Ë ¹ Î e+ 2
Å Í Ë α2 À 1

ÊLÍÌ�É È�¹nÈ Ë ¹ : P C n@<�¸�¸ Ü6È ¸�» Ì ·�Ë º Ìl· À É Ár¸ Í ¸ ¹ : º ¸ 2 ·9Ì Ú�ÜX¹ ` O a < =
ξ2V (q) + q̇2 = q̇2∗ ,

: P�©HP <

ÛpÇ¹ q = β/β0
¬ · ¸ ½ Ú Ì ¸)» È Ì�½BÌ ¹ · Ç Ë�ÁIÁ ¹ Í ¹nÈ º�Ë Í ¸ É@Ì È Ë ¹ ·�¸?¹ ¹ » Í�Ì »�¸ ¹ Í È ¸9Î ÉFÍ ¹ ¸ ¹nÈ�È ¸�Î�· ¹ Í ¹ ¸ ¹nÈ�È ¸9Î s =

s =
√
2ωu,

: P�© O <
:
ω
8 ½BÌ º · ¸ ·FÌ Å¨§ » < ¬ V (q)

8 ·¸ · ¹nÈ º�Ë Ìlµ À È Ì&¶ Á Ê È�Ú º�Ë ¶ ¬ Ú ¸ · ¸ Í�Ì&¶!É º µBÌ ¹F¸�Î Å¨§>» · Í Ë È ËX¸ Ì ¹ ·6É Ë Ç =
V (q) = ∆−4g⊥(q)− 1,

: P�©97 <

ÛpÇ¹ ξ2 83·9Ì Ú
È Ì » Ý ÉGÌ ¹ ¸ Ý Î �cYq�v�Ö � �f qHf�oXcWerqTÞ �orhÅ ` O a =

ξ2 =

0

H
2

4β20ω
2
.

: P�© C <

» É ¹WÇ¹ ¸ È ¸ É Ý Î�¹ ¹ » ÍÌ »�¸ ¹ Í È�Ý Î�· Ì�ÍÌ ¸ ¹ ·FÍ =
Υ = 2α2β0

: P�©,© <
8): v�eEmÔqBm � �f qHf�o.c erqTÞ �orhÅ < ¬ Ë^· ¹ Í ¹ ·�ËXÆ ¹ ¸ : P C  < ÉDÉ Ë ÇB¹ =

∆(q(s)) = 1− 2α2β0q(s) = 1−Υq(s).
: P�© n@<

¾ » : P�© n@< =
q̇ = − ∆̇(q)

Υ
.

: P�©, <
´hµX¶DÌ È Ìlµ Ë.» Ì ·¸ É ¹WÇ¹nÈ Ë ¶ º Ë º · ¹ ¸ Ý · Í ¹WÇ ·�¸ µ ¸ Ü Ë.¸ ¬ ½.· ¸S¸�¸)¸ ¹nÈ · s = 0 º ¸9¸ ·FÉ ¹ · º ·FÉ9Ê ¹ · · ¹ Í ¹WÇ�È¹ ¸ Ê Á Í ¸ È ·FÊ § » ¬ · Í Ë ½ ¹ ¸ =

β∗ ≈ β0(1− cos(s))⇒ q∗ ≈ 1− cos(s).
: P�©�® <

¶ ¸ Û µBÌ ºWÈ ¸ : P�© n@< 8 : P�©'® < º Ë º · ¹ ¸ Ì º ·FÌ�ÍX·FÊ ¹ · º ¸ ·@Í ËXº Ì&· ¹ µ À È�Ý ¸K» È Ì1½ ¹nÈ Ë ¹ ¸N· Í ¸�Ë.» É ¸ ÇÈ ¸�Î Ê · ÍÌ�É)µX¶ Â ¼ ¹ Î�Á Ê È�Ú º�Ë�Ë!Ë�» È Ì�8½ ¹nÈ Ë ¹ ¸ Á Ê ÈÚ º�Ë�Ë ¬ Í�Ì�É È ¸)¸ Ê P =
∆̇(s) ≈ −Υsin s ≈ −Υs;

∆(s) ≈ 1−Υ(1− cos s) ≈ 1−Υ
s2

2
;

(s→ +0).
: P�©�Ø <

¼AÍÌ�É È�¹nÈ Ë ¹ Ç È¹ Í Û ¸&¹ ÌlµÌ È�º Ì�: P�©HP < º Êj½ ¹ · ¸)¸ : P�©�7 < ¬ : P�©� < ¬ : P�©�® <T· Í Ë È Ë.¸ Ì ¹ ·6É Ë Ç =

∆̇2 + ξ2Υ2
[
∆−4g⊥ − 1

]
= Υ2 sin2(s).

: P n � <
¦ Ë È ËX¸ Ìlµ À È ¸ É ¸&»�¸�¸ Ü6È ¸ ¹ » È Ì�½ ¹nÈ Ë ¹ Ê · Í�Ì�É&µ.¶ Â ¼ ¹ Î8Á Ê ÈÚ º�Ë�Ë ¬ Ç ¸ º · Ë Û Ì ¹ ¸�¸ ¹ · Í Ë�» È Ì�½ ¹nÈ Ë�Ë s = π/2

=

∆min =

(
1

ξ2
+ 1

)−γ⊥
,

: P n P <

ÛpÇ¹ =
γ⊥ =

1

4g⊥
=

1− k⊥
4

⇒ 1

8
≤ γ⊥ ≤ 1

4
.

: P n O <

Å Í Ë�Ç · ¸&¸ ¸ Ì ÚHº Ë.¸ Ì$µ À È ¸ Ç ¸ º · Ë Ü Ë.¸ Ì&¶ · µ ¸ · È ¸ º · ÀvÇ È¹ Í Û Ë�Ë8¸ Ì ÛnÈ Ë · È ¸ Û ¸E·�¸ µX¶�Í�Ì�É È ÌL=
(
H2

8π

)

max

=

0

H
2

8π

√
1 +

1

ξ2
: P n 7 <

Ë É ¸9¸)¹ ¼ ¹6È�¹ » Ì�É Ë º Ë · ¸ ·�ÊLÍÌ�É È¹WÈ Ë�Î º ¸ º · ¸ ¶ È Ë ¶ · µBÌ »�¸ Ý�2/¶'Ú ¸ Í ¸ º · À!· µBÌ »�¸ Ý ÉÜßNà�á ø ·FÌ Ú�ÜX¹ ¸ Ú Ì » Ý ÉGÌ ¹ · º ¶ È¹ » Ì�É Ë 8
º ¶�¼ ¹ Î
¸ ·�ÊLÍÌ�É È¹nÈ Ë ¶ º ¸ º · ¸ ¶ È Ë ¶ 2 ¦�Ì ÚHº Ë.¸ Ìlµ À È Ì&¶ Ü.¹ · µ ¸ · È ¸ º · ÀSÇ È¹ Í Û Ë�ËD· µBÌ »�¸ Ý ¹ ¹ »�¸ Ì Û£È Ë · È ¸ Û ¸V·¸ µ.¶ ¸ Ú Ì » Ý ÉGÌ ¹ · º ¶» Ì�É Ë º ¶-¼ ¹ ÎJ¸ · º · ¹ · ¹nÈ Ë Ì È ËX»£¸ ·@Í ¸�·�Ë�Ë
· µÌ »�¸ Ý =

εmax =
0
ε

(
1 +

1

ξ2

) 1
4
(1+k⊥) : P n C <

Ë�¸ Ì ÚHº Ë.¸ Ì$µ À È Ì Ç µX¶!Êlµ À ·@Í�Ì9Í ¹ µ.¶�· Ë É Ë º · º£Ú ¸�Î
· µÌ »�¸ ÝÃº Í�Ì�É È�Ý ¸ È Êlµ ÂÃ· Í ¸ Ç ¸ µ À È�Ý ¸ Ç Ì�É)µ ¹nÈ Ë ¹ ¸ 2
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Ô/Ì Ú Ë.¸N¸)¹ ÍÌ »£¸)¸ ¬ ·¸ µ�Êj½ ¹nÈ ¸.¸&¹F¸&¹ ¼ ¹nÈ Ë ¹ Í ¹ » Êlµ À ·9Ì&· ¸ É º ·9Ì&· ¹ ÎR` Pna 8 ` 7�a È Ì º µ�Ê�½Ì Î Û Í�Ì�É Ë ·9Ì º�Ë�¸ È�È ¸9Î É ¸ µ È�Ý;º)Ç ÉFÊ ¸ ¶ ·�¸ µX¶L8Í Ë.» Ì º�Ë ¶ ¸/Ë^ËJ·¸ Ú Ì » Ì È ¸ ¬ ½.· ¸ É�µ Ë È�¹ Î È ¸)¸¼· Í ËX¹ µ Ë ÜX¹nÈ Ë�Ë�·¸ µ.¶LÍ ËX» Ì º�Ë ¶ e× È¹ É » Ì Ë.¸�¸ Ç¹ Î º ·9ÉFÊ ¹ · º ¸ Ì Û£È Ë · ¸ Ì Ú · Ë É È ¸�Î· µBÌ »�¸�¸9Î 2 Õ�· ¸ · Á Ì Ú ·�¶HÉ)µ.¶ ¹ · º ¶ ¸)¹F¸ ºnÈ ¸ ÉGÌ È Ë ¹ ¸ · Í ËX¸ ¹WÈ ËX¸x¸ º · Ë Í�Ì È�¹£¹ ·¸ µ�Êj½ ¹WÈ�È�Ý�¿ Í ¹ » Êlµ À ·9Ì&· ¸ É È Ì º µ�Ê�½Ì ÎI· Í ¸9Ë.» 8É ¸ µ À È ¸E·�¸ µ.¶LÍ ËX»£¸ É@Ì È�È ¸9Î Û Í�Ì�É Ë ·9Ì º�Ë�¸ È�È ¸9Î É ¸ µ È�Ý�2
�Ú�!�A�I�K���N�8�K�

` PWanæ�ç 2 ß 2uèêé,ëgì'í 0 î�ï ¬ Þ?ð%ñ�ò�óõôöñ�ô;óø÷�ùÍñ�ùkú�û�÷�ü�ýn÷,þÿ÷���� ¬����	� C ¬ O ®, : P�Ø,Ø�© < 2` O anæ�ç 2 ß 2uèêé,ëgì'í 0 î�ï ¬ Þ?ð%ñ�ò�óõôöñ�ô;óø÷�ùÍñ�ùkú�û�÷�ü�ýn÷,þÿ÷���� ¬�
��	� C ¬ 7 C © : P�Ø,Ø� < 2` 7�anæ�ç 2 ß 2 èêé,ëgì'í 0 î�ï ¬ Þbð%ñ�ò�ó ôöñ�ô;ó;÷�ùAñ'ùkú�û�÷�ü�ý+÷,þÿ÷���� ¬�
���� O ¬ P� CJ: P�Ø�Ø� < 2` C anæ�ç 2 ß 2uèêé,ëgì'í 0 î�ï ¬ ��� ��ü �^��� ô;ô � � ¬�
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1 Ï�P�R�P%W5� � ��X ¤ V9� � ��P%W5��R��G�p����YZX ¤Ô��[ P����\RTP�W��QV.ûpÎ5�Y�(P ¤ V ¤ � � �n� � ��X � ����G�<W5�p�\R@�]R ¡¢ VF�n� � �¡Q^ P���P���� ¬ 2 Ï�P_RTP�W�� � ��X ¤ VF� � �(P�W���R��H�Ô����YZX ¤p�+[ P����\RTP�W��V.û£Î��Y��P ¤ V ¤ � � �n� � ��X� �����H�<W�� �QR@�%R ¡�¢ V9�£� � �B¡�^ P9��P���
1 ¥¦ §�¨H©Fª3«¿©�÷9¯L¨�`_aF±jÒ�b9´L²F¶G¨�§�c�ª�aF¶�µY¶9´B¬ 2 ¥¦ §�¨H©9ª3« ¶9´�³T`H°9¶G²�c�d�µY¶9´

» Í�Ì ¹9¸ ·9Ì ¿ ` P ¬ O ¬ 7�a ·¸ º ·@Í ¸ ¹nÈ Ì ¸ Ìl· ¹ ¸ Ì&· Ë ½ ¹£ºnÚ Ì&¶ ¸�¸ ÇB¹ µ À ¬ ¸9·�Ë ºnÝ ÉGÌ Â ¼.Ì&¶ º ·9Ì&· Ë º · Ë ½ ¹nº£Ú Ê Â º Ì ¸�¸ Û Í�Ì�É Ë · Ë Í�Ê Â ¼�Ê Â
º Ë º · ¹ ¸ ÊN½BÌ º · Ë-º º ¸ º£Ú ÌlµX¶�Í È�Ý ¸ É » Ì ËX¸x¸ Ç¹ Î º ·FÉ Ë ¹ ¸ 2 Ô ¹WÈ »£¸ Í Ç È¹ Í Û Ë�Ë 8 ËX¸�· Êlµ À º ÌE:sÔ�Õ ¾ <�¸ Ì º£º Ë É È ¸ Û ¸ ºnÚ Ì$µ.¶LÍ È ¸ Û ¸A·¸ µ.¶
Φ
É ¸)»aÀ)¸ ¹ ¸ É È Ì Ë.¹9¸ µ ¹n¹ · Í ¸ º · ¸)¸ É Ë ÇB¹ =

T iks =
ε

8π

(
4

3
Φ,iΦ,k − 1

3
gikΦ,jΦ,j + gikµ2sΦ

2

)
,

: P <

Û Ç¹ ε = +1
É º µ�Êj½BÌ ¹�º£Ú Ì$µ.¶LÍ È ¸ Û ¸ É » Ì Ë.¸�¸ ÇB¹ Î º ·FÉ Ë ¶ º · Í Ë ·l¶ ÜX¹WÈ Ë ¹ ¸1¸ ÇÈ ¸�Ë.¸ ¹nÈ�È ¸ º£Ú ÌlµX¶�Í È ¸~» Ì9Íj¶ Ü.¹WÈ�È�Ý�¿ ½BÌ º · Ë-º ¬

ε = −1 8 Ç µ.¶ ¸ ·)·FÌ$µ Ú Ë ÉGÌ È Ë ¶ ¸ Ç�È ¸�Ë.¸ ¹nÈ�È ¸�» Ì9Íj¶ ÜX¹nÈ�È�Ý�¿ ½BÌ º · ËXº 2`Ô · Í ¹ ÇB¹ µ Ë.¸ º ·¸&¸x¸ ¼ ÀiÂ6Á Ê ÈÚ º�Ë�Î ÍÌ º · Í ¹WÇB¹ µ ¹nÈ Ë ¶
F (x, P ) tnjGf£ÐLwFqu-Ë����GÐBm�e6um�tne0Ù�i9fWqLwØ�f ¬ σ(x) ¬ ` 7�a =

σ(x) =
∑

maqa

∫

P (x)

dPaFa(x, Pa).
:kO <

» É ¹WÇ¹nÈ�È�Ý Î º£Ú Ì$µ.¶LÍ ¸x¸ Ü.È ¸ É Ý Í�Ì »nË · À ½ ¹ Í ¹ » º É ¹ ÍX· Ú Ê�Ô�Õ ¾ ½BÌ º · Ë-º =

σ(x) =
∑

a

qaT
a
p

ma + qaΦ
,

: 7 <

Û Ç¹ Tp 8 º É ¹ Í-· Ú Ì;Ô�Õ ¾ ½BÌ º · Ë-º 2 ¼rÍ�Ì�É È�¹nÈ Ë ¶AÕ Î È Æ · ¹ Î È Ì Ç µ.¶ º ·9Ìl· Ë º · Ë ½ ¹£º£Ú ¸9Î º Ë º · ¹ ¸ Ý+ºnÚ Ìlµ.¶LÍ È ¸Ö» Ì�Íj¶ ÜX¹WÈ�È�Ý�¿ ½BÌ º · Ë-ºË.¸ ¹ Â ·6É Ë Ç =
Rik − 1

2
Rgik = 8π(T ikp + T iks ),

:QC <
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ÛpÇ¹ T ikp x Ô�Õ ¾zy6¹ Í ¸�Ë x º Ë º · ¹ ¸ ÝC{
T ikp (x) =

(
1 +

qφ

m

) ∫

P (x)

F (x, P )pipkdP. | ©�}

¼AÍÌ�É È�¹nÈ Ë ¹Vº£Ú ÌlµX¶�Í È ¸ Û ¸6·¸ µ.¶ º Ë º · ¸ ½ È Ë Ú ¸)¸ |�~ } ËX¸ ¹n¹ ·EÉ Ë Ç�{
¤Φ+ µ2Φ = − 4π

(m+ qΦ)2
qTp. | _}

Å ¸ µ�Êj½ ¹nÈ�È Ì&¶�É Ý Æ ¹ » Ì ¸ Ú�È Ê-·9Ì&¶ º Ë º · ¹ ¸ Ì º Ì ¸�¸ º ¸ Û µBÌ º ¸ ÉGÌ È�È�Ý�¿ Ê�Í�Ì�É È¹nÈ Ë�Î |�� } ¬ |�� } ¬ | ©�} ËR· Í ¹WÇBº ·FÌ�É)µ.¶ ¹ · ¸ Ìl· ¹ ¸ Ì&· Ë ½ ¹ xºnÚ Ê Ây¸�¸ ÇB¹ µ À ¬ ¸�·�Ë ºnÝ ÉGÌ Â ¼�Ê Â º ·FÌl· Ë º · Ë ½ ¹£º£Ú Ê Â º Ë º · ¹ ¸ Ê�½BÌ º · ËXº º ¸ º£Ú ÌlµX¶�Í È�Ý ¸ É » Ì Ë.¸�¸ Ç¹ Î º ·9É Ë ¹ ¸��
» Ç · ¸�Î ÍÌ ¹9¸ · ¹ É Ú Ì�½ ¹£º ·FÉ ¹Jº ·9Ì&· Ë º · Ë ½ ¹nº£Ú ¸9Î º Ë º · ¹ ¸ Ý ¸ Ý Í�Ì º£º ¸�¸ ·@Í ËX¸ ·¸ µ È ¸ º · ÀiÂ É Ý Í ¸ Ü.ÇB¹WÈ�È�Ý Î y6¹ Í ¸/Ë x Û Ì » ¬º ¸ º · ¸ ¶�¼ Ë�Î!Ë.»�¸ Ì º£º Ë É È�Ý�¿ ½Ì º · ËXº º ¸ º ·�Ë È ¸)¸ 1/2

¸ ÇÈ ¸ Û ¸ º ¸ Í-·FÌ � » Ç · ¸)¸ º µ�Êj½BÌ ¹ Ë È · ¹nÛ Í Ë Í ¸ ÉGÌ È Ë ¹ ¸ Ì Ú Í ¸ º£Ú ¸�·�Ë ½ ¹£º£Ú Ë ¿· µ ¸ · È ¸ º · ¹ Î | ©�} · Í ¹ ÇBº ·9Ì�É Ë.¸�¸ É Ç µ ¹ ¸ ¹nÈ ·9Ì�Í È�Ý�¿ Á Ê ÈÚ º�Ë ¶ ¿Q{
Ef =

m4
∗

8π2

[
ψ
√

1 + ψ2(1 + 2ψ2)− ln(ψ +
√

1 + ψ2)
]
; | �}

Pf =
m4
∗

24π2

[
ψ
√

1 + ψ2(2ψ2 − 3) + 3 ln(ψ +
√

1 + ψ2)
]
; | ®_}

T = Ef − 3Pf =
m4
∗

2π2

[
ψ
√

1 + ψ2 − ln(ψ +
√

1 + ψ2)
]
, | Ø_}

Ef + Pf =
m4
∗

3π2
ψ3
√

1 + ψ2, |�� � }

σ =
q ·m3

∗
2π2

[
ψ
√

1 + ψ2 − ln(ψ +
√

1 + ψ2)
]
, |���� }

ÛpÇ¹ ψ = pF /|m∗| x ¸ · È ¸)Æ ¹nÈ Ë ¹ ËX¸�· Êlµ À º Ì y6¹ Í ¸/Ë Ú Ç1ÁIÁ ¹£Ú · Ë É È ¸�Î ¸ Ì º£ºn¹ � » Ç · ¸�Î º ·9Ì&· À ¹ ÍÌ º£º ¸�¸ ·FÍ Ë.¸ Ê · Í ¸ ¼ ¹nÈ�È ¸ ¹ÊLÍ�Ì�É È�¹nÈ Ë ¹Aº£Ú ÌlµX¶�Í È ¸ Û ¸.·¸ µ.¶ | ©�} ¹ ¹ » Ê�½ ¹ ·9Ì Ú ¸ È Ár¸ Í ¸ È ¸ Û ¸ ½Xµ ¹nÈ Ì Ë Ú Ê ¹9Ë ½ ¹£º£Ú ¸�Î È¹ µ Ë È�¹ Î È ¸ º · Ë ¬ x · ¸ ÛpÇ Ì º Ì ¸�¸ º ¸ Û µÌ º ¸ xÉ@Ì È�È ¸ ¹ ÊLÍÌ�É È�¹nÈ Ë ¹ ¸ Ì º£º Ë É È ¸ Û ¸ ºnÚ Ìlµ.¶LÍ È ¸ Û ¸.·¸ µX¶ · Í Ë È ËX¸ Ì ¹ ·6É Ë Ç�� �]� {
¤Φ+ µ2Φ = − 4π

(m+ qΦ)2
qT,

· Í Ë ½ ¹ ¸N· µ ¸ · È ¸ º · À ½ Ë º µÌ Á ¹ Í ¸�Ë�¸ È ¸ É º Ë.¸/· Êlµ À º ¸&¸ y6¹ Í ¸/Ë º Éi¶ » Ì È Ì º ¸F¸ · È ¸&Æ ¹nÈ Ë ¹ ¸ �  � {
n(x) =

p3F
3π2
⇒ pF = (3π2n(x))

1
3 . |��T� }

Ô3Ì Ú Ë.¸\¸)¹ Í�Ì »£¸&¸ ¬ · ¹ Í ¹ ¸ ¹nÈ�È Ê Â ψ
¸�¸ Ü6È ¸ É Ý Í�Ì »nË · À ½ ¹ Í ¹ » Ç ÉGÌ ºnÚ Ìlµ.¶LÍÌ x · µ ¸ · È ¸ º · À ½ Ë º µÌ�½Ì º · ËXº É º ¸&¹ º ·9É ¹nÈ�È ¸9Îº Ë º · ¹ ¸ ¹ ¸ · º ½ ¹ ·FÌ Ë º£Ú ÌlµX¶�Í È�Ý Î�·�¸ · ¹WÈ º�Ë Ìlµ {

ψ =
(3π2n(x))

1
3

|m+ qΦ| . |���~ }
�/Ì º£º ¸�¸ ·@Í Ë.¸ Ú ¸ º ¸�¸ µ ¸ Û Ë ½ ¹£ºnÚ Ê Â º Ë ·FÊHÌ º�Ë.Â ¬ Ú ¸ ÛpÇ Ì ¸ Ìl· ¹ Í Ë ¶ · Í ¹WÇBº ·9Ì�É&µ ¹WÈ Ì Ç ÉFÊ ¿�Ú ¸&¸/·¸ È�¹nÈ · È ¸�Î º Ì ¸�¸ º ¸ Û µBÌ º ¸ ÉGÌ È xÈ ¸9Î º Ë º · ¹ ¸�¸9Î � ��� ¬ º ¸ º · ¸ ¶�¼ ¹ Î�ËX»I¸ Ì º£º Ë É È ¸ Û ¸ ºnÚ Ìlµ.¶LÍ È ¸ Û ¸.·¸ µ.¶ Ë8Á ¹ Í ¸�Ë�¸ È ¸ É ¬ Ë.¸ ¹ Â ¼ Ë ¿
º£Ú ÌlµX¶�Í È�Ý Î�» Ì9Íj¶ Ç ¬ º ·¸&¸x¸ x¼ À)Â Ú ¸ · ¸ Í ¸ Û ¸ º ·FÌl· Ë º · Ë ½ ¹£º£Ú Ìl¶ º Ë º · ¹ ¸ Ì ¸�¸ ÜX¹ ·.Ê · ÍÌ�É)µX¶-· ÀSÁ Ê È�Ç Ì ¸ ¹nÈ ·9Ìlµ À È�Ý ¸ º£Ú ÌlµX¶�Í È�Ý ¸R·¸ µ ¹ ¸�� Å ¸ µ È Ì&¶ º Ë º · ¹ ¸ Ì

º Ì ¸�¸ º ¸ Û µBÌ º ¸ ÉGÌ È�È�Ý�¿ ÊLÍÌ�É È¹WÈ Ë�Î É · Í ¸ º ·@Í�Ì È�º ·FÉ ¹nÈ�È ¸ x · µ ¸ ºnÚ ¸)¸ ¸/Ë Í ¹Ay Í Ë Ç ¸ Ì È Ì {
ds2 = dt2 − a2(t)(dx2 + dy2 + dz2), |��]� }

º ¸ º · ¸9Ë · Ë.» Ç ÉFÊ ¿ ¸)¹ ÝÑÚLÈ ¸ É ¹nÈ�È�Ý�¿DÈ¹ µ Ë È�¹ Î È�Ý�¿.Ç Ë�ÁIÁ ¹ Í ¹nÈ º�Ë Ìlµ À È�Ý�¿ ÊLÍÌ�É È¹WÈ Ë�Î Éi· ¸ Í ¸ Û ¸X·�¸ Íj¶ ÇBÚ Ì { ¸ ÇÈ ¸ Û ¸ Ê�Í�Ì�É È¹nÈ Ë ¶Õ Î È Æ · ¹ Î È Ì Ë ÊLÍÌ�É È�¹nÈ Ë ¶ º£Ú Ì$µ.¶LÍ È ¸ Û ¸6·�¸ µX¶ {
1

a3
d

dt
(a3

dΦ

dt
) + µ2sΦ = −4πσ; |�� ©�}

3
ȧ2

a2
= 8πε. |�� _}

Å Íj¶ ¸�¸ ¹ ½ Ë º µ ¹nÈ�È ¸ ¹ Ë È · ¹WÛ Í Ë Í ¸ ÉGÌ È Ë ¹�º Ë º · ¹ ¸ Ý |�� © ¬ � _} È�¹�Ç Ì ¹ ·
Í ¹ » Êlµ À ·FÌl· ¸ É�É º µ ¹WÇº ·FÉ Ë ¹.º · ¹ º�Ë�ÁAË ½ ¹£ºnÚ ¸ Û ¸ È¹ µ Ë È�¹ Î xÈ ¸ Û ¸ ¿ Ì�ÍÌ Ú · ¹ Í�Ì Ç · Ë ¿ ÊLÍÌ�É È¹nÈ Ë�Î ¬ Ì Ë.¸ ¹nÈ�È ¸ ¬ È Ìlµ Ë ½ Ë�Ë É Ú ¸&Ç1ÁIÁAË-º�Ë ¹nÈ ·9Ì ¿ ÊLÍÌ�É È�¹nÈ Ë�Î8¸ È ¸ Û ¸&» È Ì�½ È�Ý�¿ Á Ê È�Ú º�Ë�Î · Ë�· Ì√ ¬ ln ¬ » Ì�É Ë º ¶-¼ Ë ¿ ¸ · È¹ ËX» É ¹nº · È�Ý�¿ É ¹ µ Ë ½ Ë È ¬ Ú ¸ · ¸ Í ÝÑ¹ É ¹£º Ài¸ Ì È¹ Ê Ç ¸)¹ È�Ý_Ç µX¶�½ Ë º µ ¹WÈ�È�Ý�¿ ¸ ¹ · ¸ Ç ¸ É � Å ¸)Ç · ¸)¸ Ê ¹ Ý µ Ë·�¸ µ�Êj½ ¹nÈ�Ý Ì È Ì$µ Ë · Ë ½ ¹£º£Ú Ë ¹ Ë È · ¹ Í ·¸ µ.¶ º�Ë�Ë ¸ Ì Ú Í ¸ º£Ú ¸�·�Ë ½ ¹£º£Ú Ë ¿ · µ ¸ · È ¸ º · ¹ Î ¬ Ú ¸ · ¸ Í ÝÑ¹ ¬ º ¸ Ç�È ¸9Î º · ¸ Í ¸ È�Ý ¬ Ç Ì Â · ¿ ¸ xÍ ¸)Æ ¹£¹
º ¸ É · Ì ÇB¹nÈ Ë ¹�È Ì^É º£¹ ¸®Ë ºnº µ ¹WÇ Ê ¹ ¸�¸&¸®Ë È · ¹ Í�ÉGÌ$µ ¹ » È Ì�½ ¹nÈ Ë�Î ¬ Ì ºDÇ ÍLÊ Û ¸9Î ¬ x É Ý Í�Ì Ü Ì Â · º ¶!½ ¹ Í ¹ » Ì È Ì$µ Ë · Ë ½ ¹£º£Ú Ë ¹¸ Ç�È ¸&» È Ì�½ È�ÝÑ¹ Á Ê È�Ú º�Ë�Ë {
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P̃f =
8

15
e−2ψψ +

2ψ2

3(1 + ψ2)
; . |�� �}

Ẽf =

(
1− e−2ψ−2ψ2

)(
38
15

+ 4
3ψ2

+ 8ψ2

15

)

1 + 4ψ2

15

; . |�� ®_}

T̃ =

(
1− e−2ψ−2ψ2

)(
38
15

+ 4
3ψ2

+ 8ψ2

15

)

1 + 4ψ2

15

− 8

5
e−2ψψ − 2ψ2

1 + ψ2
. |�� Ø_}

ÅC¢ µ�£j½�¤]¥�¥�¦f¤�§�¦f¨�©�ªA¤]¥�«.¶¬ ¢ » § ¢ µ�«Xµ�« Ç1Á;Á ¤%®X·�«�§�¥ ¢ «+¯�¬ ¢ µ Ài» ¢ §¡©l· À ¬+¨ ¢�° ¨�© ¸ ¸ ¦z® ¢ ¸ ¬ À)Â ·_¤]¨�¥ ¢�± ¸ ©l·_¤ ¸ ©&·�«+®�«�²Q£�§_¤kµ�« x½�«.· À · ¢ ½�¥ ¢ ¯a· À «K¯%® ¢ ¨ ¢ ¯�· À §�¦�½�«�¯aµ+¤]¥�« ± � Å ¨³«�§�¤�´�¤ ¸ ° ¨+© Á «+®�«µ¯]¨+©T§�¥+¤�¥�«.¶E«�¯ ¿_¢ ´+¥�¦ ¿ §�¦f¨�©�ªA¤]¥�« ± ´.µX¶ ¸ ©�®�¨ ¢ ¯%® ¢ ¬�«X½+¤ x¯%®�« ¿ ¬Xµ ¢ ·�¥ ¢ ¯�·�¤ ± «-¯ ¢�¢ ·�§_¤�·_¯a·�§�£ Â ¼C« ¿ «�¥.·�¤%¨�¬ ¢ µX¶ º « ¢ ¥�¥�¦ ¿ ¬+¨³« ¹ µ�«+ªA¤�¥�« ± �

�
¶IÞ£Û�· � ·f¸f¹+º�»QRT¼³W�º�P�½�¾�¼�º�¼+½À¿�WQP ø ¼�»ÁR�V¡Â�º�V�¿TV>Ã�YqWQP�ÄÆÅ�Çº�¼�½�È�¾�½

Pf ÉQÊ Î�¾�VlîCº�P�½µ¾�¼�º�¼+½�¿�WQP ø ¼�»�¼�º\R_Å�W.ÎQVT¾�½jò�¼�VTº�ÇºQV�X ø ¹�º+»-ò�¼�¼
P̃f Ë

�
¶IÞpÛ�· 
 ·4¸f¹�º+»�RT¼³W�º�P�½À¾³¼�º�¼+½À¿�WQP ø ¼+»ÌR�V�Â�ºQVT¿TV>Ã�YqW\PTÄÆÅ�Çº�¼+½ÆÈ�¾�½ Ef É�Ê Î+¾+VlîCº�P�½-¾�¼�º�¼+½K¿�W\P ø ¼+»-¼�º\R_Å<WXÎQVT¾�½jò�¼QV�º�Çº�VTX ø ¹+º�»-ò�¼�¼ Ẽf Ë

Ó «+¯aµ�¤]¥�¥ ¢ ¤ ¸ ¢ ´�¤kµ�«+¨ ¢ §_©�¥�«�¤C® ¢ ¯ ¸ ¢ µ ¢�° «X½�¤%¯%®³« ¿ ¸ ¢ ´+¤aµ+¤ ± ² ¢ ¯]¥ ¢ §¡©T¥�¥�¦ ¿ ¥�©�§�¦f¨ ¢ ªA´�¤]¥�¥ ¢�±�y ¤%¨ ¸ « x ¯]«+¯�·�¤ ¸ ¤L¯ ¢ ¯%®³©$µ.¶³¨ x¥�¦ ¸ § » ©�« ¸ ¢ ´+¤ ± ¯a·�§�«�¤ ¸ ½�©�¯a·�« º ¢ ¹ ¥�©�¨³£³ª�«�§_©�¤�·�½�¨�¤ » §�¦�½�© ± ¥ ¢ ¹ ¢�° ©&·�¦ ± ¥�© ¹ ¢ ¨ ·�«�¬ ¢ §>¬ ¢ §_¤Í´�¤]¥�«.¶�§ » ©�§�«+¯�« ¸ ¢ ¯�·�« ¢ ·Á £³¥³´Q© ¸ ¤�¥.·�©lµ À ¥�¦ ¿ ® ¢ ¥+¯�·�©T¥.· q,m, µ «¥+©�½�©lµ À ¥�¦ ¿ £¡¯kµ ¢ §�« ± p0F ,Φ(0), Φ̇(0), a(0) � » ©K¨�«+¯ � ~ x  ¬ ¢ ®³© » ©�¥�¦Î¥�¤%® ¢ · ¢ ¨�¦f¤¨�¤ » £lµ À ·�©l·�¦Ñ½�«+¯kµ+¤]¥�¥ ¢�°�¢ ¸ ¢ ´�¤kµ�«+¨ ¢ §_©�¥�«X¶�® ¢ ¯ ¸ ¢ µ ¢�° «-½+¤%¯]® ¢�± Ç § ¢ µ ÂÖº «�«�²�´�¤ ¸ ¢ ¥+¯�·_¨³«+¨³£ Â ¼C«�¤Æ¨+© » µ�«-½�¥�¦f¤?·�«�¬�¦Ï¬ ¢ §�¤ x´�¤]¥�«.¶ x ¯ ¢ §)· ¢ ¨³«X½�¥�¦ ¸ £¡¯%® ¢ ¨�¤]¥�«+¤ ¸ ²�©v·�©�®�ªA¤C¯L® ¢ µ+¤ ¹ ©&·�¤aµ À ¥�¦ ¸ ¿ ©�¨�©�®X·�¤%¨ ¢ ¸ £_¯%® ¢ ¨�¤]¥�«X¶ �

�
¶IÞ£Û�·u�\·4ÐÑÃ_V�¾-ñÖò�¼�½Ò»�Vlð øIø ¼-ò�¼QÅ�º\RTP ï P�W\V�R�W\V1Î+Y É κ É ÃÓ P�Ã�¼ Ê ¼ [ V Ê RT¼�V_R [ P Ê%Ê Y Ê »�PT¾�½¡W+º�V�¿TVNÎ�V�¾�½ µ ÔwÕ Â¡P Ê RTP�½Î�¹�º+»�RT¼³W�º�P�½Ö¾³¼�º�¼+½

µ → 0, 03 É Î¡¹+º�»QR�¼�W�º�P�½t¾�¼�º�¼�½Ç
µ → 0, 1 É WQP Ó W\ÅÍÄÆÅ�º�ºQP�½ØÎ�¹�º+»�RT¼³W�º�P�½�¾�¼�º�¼�½tÇ µ =

0, 2 ÉQÊ Î�¾�VlîCº�P�½µ¾³¼�º�¼�½KÇ µ = 0, 25 É×Ê Î�¾�VlîCº�P�½µÄ�¼�W�ºQPT½¾�¼�º�¼+½KÇ
µ = 0, 35 Ø Ë�Ù Ê ñÚÈ�¹ Ô pF (0) = 0, 01;m = 1; q =

0.3; a(0) = 1;Φ(0) = 1; Φ̇(0) = 1 Ë+Ù W�Å [ ½µ¼ Ó [ Å<W�½+Å%R Ê ½ÃvÎ+¾+PTº�»�V�Ã Ê »�¼�U�ÅÛÈQ¼�º�¼-òQP�U Ë

�
¶IÞ£Û³·9Ü(·�ÐÑÃ_V�¾-ñÖò�¼+½3»�V Ê [ VT¾�VT¿]¼(Â�Å Ê »�V�¿�V�¹ Ê »�V�W\Å�º�¼�½ É Ω ÉÃ Ó P�Ã�¼ Ê ¼ [ V Ê RT¼�V_R [ P Ê%Ê Y Ê »�P�¾�½¡W+º�V�¿TV�ÎQV�¾�½ µ Ô¡Õ Â�P Ê RTP�½Î¡¹+º�»QR�¼�W�º�P�½t¾�¼�º�¼�½

µ → 0, 03 É Î�¹�º+»�RT¼³W�ºQPT½Ö¾³¼�º�¼+½Ç
µ → 0, 1 É W\P Ó W�ÅÍÄÆÅ�º�ºQPT½ Î¡¹+º�»QR�¼�W�º�P�½�¾³¼�º�¼+½ÀÇ µ =

0, 2 É�Ê Î+¾+VlîCºQPT½µ¾�¼�º�¼+½�Ç µ = 0, 25 É9Ê Î+¾+VlîCºQPT½�Ä�¼³W+º�P�½¾³¼�º�¼+½KÇ
µ = 0, 35 Ø Ë�Ù Ê ñÚÈ+¹ Ô pF (0) = 0, 01;m = 1; q =

0.3; a(0) = 1;Φ(0) = 1; Φ̇(0) = 1 Ë+Ù W\Å [ ½�¼ Ó [ Å�W�½�Å]R Ê ½ÃvÎ�¾�P�º+»�V�Ã Ê »�¼�U-ÅÝÈ\¼�º�¼Xò�PTU Ë
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�
¶IÞ£Û�· � ·4ÐÑÃ_V�¾-ñÖò�¼�½Ò»�Vlð øIø ¼-ò�¼\Å<º\RTP ï P�W\V�R�W\V1Î+Y É κ É ÃÓ P�Ã�¼ Ê ¼ [ V Ê RT¼�V_R Ê »�PT¾�½¡W+º�V�¿TV Ó P�W�½�È�P ø Å<W [ ¼QVTº�V�Ã µ =
10 ËZÙ Ê ñÚÈ�¹ Ô pF (0) = 0, 01;m = 1; q = 0, 1; a(0) =
1;Φ(0) = 1; Φ̇(0) = 1 Ë�Ù W\Å [ ½3¼ Ó [ Å<W�½+Å%R Ê ½EÃhÎ�¾�PTº�»�V�Ã�ÇÊ »�¼�U-ÅÛÈQ¼�º�¼XòQP�U Ë

�
¶IÞ£Û³· � ·�ÐÑÃ_V�¾-ñÖò�¼�½3»�V Ê [ VT¾�V�¿�¼(Â�Å Ê »�V�¿�V�¹ Ê »�V�W\Å�º�¼�½ É Ω ÉÃ Ó PTÃ�¼ Ê ¼ [ V Ê RT¼zV_R Ê »�P�¾�½¡W+ºQVT¿TV Ó P�W�½�È�P ø Å<W [ ¼QVTº�V�Ã
µ = 2 ËQÙ Ê ñÚÈ+¹ Ô pF (0) = 0, 01;m = 1; q = 0, 1; a(0) =
1;Φ(0) = 1; Φ̇(0) = 1 Ë¡Ù W�Å [ ½E¼ Ó [ Å�W�½�Å%R Ê ½ÆÃhÎ+¾+PTº+»�VTÃ_ÇÊ »³¼�U-ÅÝÈ\¼�º�¼Xò�PTU Ë

�C�!�A�I�K���N�8�K�

� ��� 6 � § � ¾L° ¥�©l· À ¤�§ � ¾ » §_¤%¯�·�«.¶µÞb¼Cß ¢ §�² y « » «+®³©³² � Ø,® ~ ².· � �T� ²+Þ�¦�¬ � ® ²+¯ � � ©
� ��� 6 � § � ¾L° ¥�©l· À ¤�§ � ¾ » §_¤%¯�·�«.¶µÞb¼Cß ¢ §�² y « » «+®³©³² � Ø,® ~ ².· � �T� ²+Þ�¦�¬ � ® ²+¯ � � Ø
� ~T� 6 � § � ¾L° ¥�©l· À ¤�§ � ¾ » §_¤%¯�·�«.¶µÞb¼Cß ¢ §�² y « » «+®³©³² � Ø,® ~ ².· � �T� ²+Þ�¦�¬ � ��� ²+¯ � Ø
� ��� æhç � ß � è}é,ëgì'í�à î�ï�² # � áq� à &×�õí)ì �³��� ï � r ôöñ�ô;óõü)ô;ó�â)ñ,þ4üÍ�'ü�ô � ý0üN÷�ãqäjñ�ð)ô;ó�â�þ � ü�å�ó ô � ü�â)ñ,þÿñ'ð�ó ùgô � ð ñ_â#ô;óø÷�ù�ó ù>â�÷�ü�ý+÷�þÿ÷Í��� ß � ì ï &ÿí)ì�í�& � ë

ì'ë+*-0 � / 13� $ � é "_²4à � ² � �)�  ²Fï � �T� ² 7 � � ²�¯ � � ®�©
� © � 6 � § � ¾L° ¥�©l· À ¤�§ �QæAç�è�é�ê�ç � é]ë�ì_ç�é4íAé�êEîTï�ðÌñ	òQéôó�õ�êÆç+ñ�ç�ë]êEë�ì¡î � ê3é]î<ò+ç�ç>öÝò�÷�ñ�ç�êE÷ 	 ç�ç ²i´A«+¯]¯%¤%¨-·�© º «X¶E¥�©v¯ ¢ «�¯%®³©�¥�«+¤£j½�¤]¥ ¢�± ¯a·_¤]¬�¤]¥�«K´ ¢ ®X· ¢ ¨+© Á « »�� x ¸ ©&· � ¥+©%£�®\² Ã © » ©T¥ À ² � Ø,®�
�  �3ø � ´ � ø ©�¥³´Q©%£_² =�� ¦ � ø « Á;Æ « º(� ¶ ·�©&·�«+¯�·�«-½+¤]¯%®³©&¶ Á « » «�®³© � ¦² » ©%£�®³©�² � Ø� �
�  �3ø � ´ � ø ©�¥³´Q©%£_² =�� ¦ � ø « Á;Æ « º(� Ô(¤ ¢ ¨³«.¶�¬ ¢ µX¶ � ¦² » ©%£³®³©³² � Ø� ~
ù-úLF�û�ü�ývú�ùþü�ÿ��Æù�«zú�������¶��	�Æû�ÿ
���CB>ù���-ú�ý��þú���ED

Ω
J����3ývú�ù��-ÿ���� û����Kù-ý��������

�����þú�D ü û����3B�¶��Lý�ÿ���ù��������µû��3ù���� B>ÿ>ü��-ú	¶vü�ÿ-ÿ
¸ Ë �LË ^ P Ó ¼�º Ê »³¼�X 1 ² S Ë !vË#" ¼#$¡¹¡¾�½ 2

1 % V [ Ê »�¼�X�¿TV Ê ¹TÈ(P�W Ê R�Ã�Å<º�º+YZX3¹�º�¼+Ã¡Å<W Ê ¼\R_Å]R É#& V Ê%Ê ¼+½ É % V [ Ê »�² 2 % V [ Ê »�¼�X¿TV Ê ¹TÈ�P�W Ê R�Ã¡Å�º�º�YZX�¹�º�¼�Ã�Å<W Ê ¼\R�Å%R É#& V Ê]Ê ¼+½ É % V [ Ê »
1 '#(*)#+-,/.10 d3254768239�b;:=<Û`;:?>�<A@/> ² 2 'B(�)#+-,/.C0D:E)#+36F239�b;:1<Ý`;:F>�<A@7>

�	GCG1HBIKJ5LCM1N � Ù W\P/O�V_R_Å�¼ Ê]Ê ¾QÅÝÈ+¹BPAR Ê ½	ºQÅRQ]» Ê R_Å<º Ê ¼�Ã�º�Y	ÅwÃ�»�¾�PÍÈ�Y�Ã Ê RTP_R�¼ Ê RT¼�Â�Å Ê »_¹BP Ê ¹ [Ñ[ ¹ Ê Ã¡V/O�V<È\º�YZUv»�Ã_PTºQR�V�Ã�YZU
$QV�¾�Å�X ÊTS »�Ã¡P�È�W\P�RT¼(Â�º+Y [VU Ó P�»�V�ºQV [ È\¼ Ê $\Å�W Ê ¼�¼ Ë/W ÅRQ�» Ê R_Å�º Ê ¼+Ã�º+Y	Å�$�VF$³W\PTÃ�»�¼µV/O�¹ Ê ¾+V�Ã�¾�Å�º�Y »�V�º\ÅTÂ�º+Y [ ¼EW\P Ó [ Å<W\P [ ¼Ê ¼ Ê R�Å [ Y Ë ¸AV<È »�Ã¡PÍÈQW\P�RT¼(Â�º+Y [ Ó P�»�VTº�V [ È\¼ Ê $\Å<W Ê ¼�¼X$QV<È�W\P Ó ¹ [ Å�Ã¡P_Å]R Ê ½ Ó P�Ã�¼ Ê ¼ [ V Ê RFYZQÍº\Å<W+¿]¼�¼

E
V_RÒ»�Ã¡PTºQR�V�Ã�YZUÂ�¼ Ê ÅÍ¾ p Ã�¼¡È�P Ô E = ω(p2+2ap+m2) Ê $�W\V�¼ Ó Ã¡V�¾5Y�ºQV�X�[q¹�º+»;\�¼QÅ�X

ω Ë & P Ó W\P/O�V_RTPTº�P�V/OF]�P�½�$³W\V?\\ÅÛÈ�¹�WQP	º�PTU³V%Ä�ÈwÅ�º�¼+½R�PT»�¼�UT$�VF$�WQP�Ã¡VT» Ë�Ù »�P�Â�Å Ê R�Ã¡Å^$�W�¼ [ Å<WQPZW\P Ê%Ê [ P_R%W+¼+Ã_P_Å%R Ê ½ [ V<È�ÅÍ¾#Y	¼_ÈwÅ]PT¾#Y�º�V�¿TV4¿]P Ó P4º\Å<W\ÅÍ¾�½�RT¼�Ã�¼ Ê R Ê »�¼�U_[LÅ<W [ ¼QVTº�V�ÃÃE»¡¹`O_Å Ë ¸AV�¾¡¹(Â�Å�º+Yt¹�WQP�Ã�ºQÅ�º�¼+½ Ê V Ê R�V%½�º�¼�½�È\¾�½�QTR�V�X Ê ¼ Ê R_Å [ Y Ë
acb�dfegdihkjld
mC¨ ¢/n8o ¤qpÚ© ¢ ¬�«+¯�©T¥�«BrÀ®�§_©�¥Bs ¢ §�¦utt¯]«+¯Es_¤qp ¬�¨�« ® ¢ ¥+¤Ev�¥ ¢�± s_¤qpw¬+¤]¨+©7s�£�¨�¤	r�§ o r³¤qs_¯*rÀ¯ o+¢ ª�¥ ¢�±xw ©T´Q©qv�¤ ± ´�©�ªA¤µ´ o rÀ¯]§ ¢ x
n�¢ ´+¥�¦ut�¬ ¢8o ¤ ± ²�¬ ¢ ´Bv�«�¥�¤]¥�¥�¦utK¥�¤qs_¨�«�§�«+© o5y ¥�¦Vp ° ¨+©T¥�«#v�¥�¦VpÖ£_¯ o+¢ §�«Br;p | ¯qp � ²+¥+©�¬�¨�«BpÑ¤%¨\² ¢/n7w%¢ ¨ � �]� } � m ¢7z s ¢ pÑ£ ¢ ¯ ¢/n £5{
w ¥�©qv�«#p ¢ ¯qs y ¬+¨�¤�´�¯Es�©T§ o r5{|s�p ¢ ´+¤ o «�²�´ ¢ ¬�£¡¯%®³©8{�}C«+¤�©�¥+© o «Bs�«5v+¤%¯%® ¢ ¤A«�¯%¯ o ¤�´ ¢ §¡©�¥�«+¤v¬�¨�«>¨+© w £;pÑ¥�¦ut ¢�° ¨+©T¥�«#v�¤]¥�«Br-tµ¥�©



h�k�l�m�n�k��3gCgZs3�>gZ���L�����-�L�3n���gqp	rts3u3eAkwe��A�A�3�C�C�\� i��� ¡� ~/�;�

§/t ¢ ´�r;}C«+¤L§E¥�«#t3¬�©�¨�©7pÑ¤qs_¨³¦ � Þ z s ¢�± ¨+© n�¢ s�¤�pw¦�« w £-v�©�¤qpÖ® o ©�¯]¯Tp ¢ ´+¤ o ¤ ± ¯�§ ¢/n�¢ ´+¥�¦ut�®³§¡©�¥#s ¢ §�¦utµ¬ ¢7o ¤ ± ² w ©�® ¢ ¥�´�«+¯ x¬+¤%¨�¯]«�«�® ¢ s ¢ ¨�¦�t\²�§ ¢ ¬�¨�¤�´+¤ o ¤�¥�¥ ¢ pt¯qpw¦f¯ o ¤�²Br�§ o r�¤qs�¯Rr3« w%¢ s_¨ ¢ ¬�¥�¦Vp
E(p) = ω(gijpipj + 2pia

i +m2
0), det gij 6= 0, |�� }

° ´+¤ gij ² ai « m0 � ¬ ¢ ¯Es ¢ r³¥�¥�¦f¤q§_¤q}A¤%¯qs�§_¤]¥�¥�¦f¤f§_¤ o «#v�«�¥�¦C²�©
ω(x) � ¥+¤%® ¢ s ¢ ¨�©7rv¥+¤�¬+¨�¤]¨�¦�§�¥�©7rv¥+¤ ¢ s_¨³«#��©8s_¤ o5y ¥�©8r��	£�¥+® x��«Br � ß+´+¤%¯ y «µ´�© o ¤]¤L¬ ¢ ´+¨+© w £;pÚ¤�§¡©�¤Es_¯Rrµ¯ ¢�°*o ©8�v¤�¥�«�¤ ¢ ¯�£5p^pw«+¨ ¢ §_©�¥�«�«�� ± ¥#��s_¤ ± ¥�©³²³«�¥³´�¤%®�¯�¦Á¬ ¢ ´+¥�«#pÚ©7{|s_¯Rr3« ¢ ¬�£¡¯%®³© x{�s_¯*rv¯Z¬ ¢ p ¢ } y {qªApÑ¤qs_¨³«+®³« «

gij
« ¢7n ¨�©7s�¥ ¢�± ®Æ¥�¤ ± �F� ©�¥�¥�¦ ±w ©�® ¢ ¥Æ´�«+¯]¬�¤%¨�¯�«�«�¬ ¢/w § ¢7o r³¤qsL¯]§�¤%¯qs�« w ©T´�©qv�£v¥+©8t ¢ ªA´�¤]¥�«Br¯qs�©8s�«+¯Es�«#v�¤%¯%® ¢�± ¯]£;p^pw¦t® ¢ ´�¥ ¢ pÚ¤]¨�¥ ¢�± ²?v#s ¢ ²%§�¯]§ ¢ { ¢ v+¤%¨�¤�´ y ²�´�©�¤qs4§ ¢/w p ¢ ª�¥ ¢ ¯qs yiw ¥�©qv�«Bs_¤ o#y ¥ ¢ ¬+¨ ¢ ´�§�«�¥�£;s y ¯*r�¥+©f¬�£;s�«©�¥�© o «#s�«#v�¤%¯%® ¢�°%¢ «�¯%¯ o ¤Í´ ¢ §_©�¥�«Br�s�¤%¨#p ¢ ´+«�¥�©8pw«#v+¤]¯%®�«5t�¯�§ ¢�± ¯qs�§�s�©�®³«#t�p ¢ ´�¤ o ¤ ± �mC¨³«Ì« w £-v+¤�¥�«�« ´Q©�¥�¥�¦ut ¯]«�¯qs_¤qp�pw¦ n £T´�¤qs ¢ ¯ ¢/n�¢ ¤Ò§�¥�«#pÚ©�¥�«�¤>£T´�¤ o r5s y ¥�¤ z ®�¯qs_¤�¥+¯]«�§�¥�¦Vpj§�® o ©T´Q©8pj§ ¯qs�©7s�«+¯qs�« xv+¤%¯%®³£;{ ¯]£;p^pw£¡²(¯]§ ¢�± ¯qs�§¡©þ® ¢ s ¢ ¨�¦ut�´ ¢ § ¢7o#y ¥ ¢ ¯ o © n�¢>¢ ¯]§_¤E}A¤]¥�¦ §þ¥�©%£-v�¥ ¢�±lo «Bs_¤]¨+©7s�£³¨�¤ � mC¨�«5v�«�¥ ¢�± § ¢/w ¥�«+®³¥ ¢ §_¤]¥�«Br

s�©�®�«#tE¬ ¢ ¬�¨+©T§ ¢ ®�r�§ o r³¤qs_¯*r�® ¢ ¥�¤Ev�¥ ¢ ¯Es y ¨�© w pÑ¤%¨ ¢ §3¨+©�¯%¯qpÚ©7s_¨³«�§_©�¤qp ¢�± ¯�«+¯qs�¤qpw¦ � mC¨³« z s ¢ p n £T´�¤EsÆ§ ¢/w ¥�«+®³©8s y ´+§¡©�s�«�¬�©¥+¤ z ®�¯Es_¤]¥+¯�«�§�¥�¦ut�¬ ¢ ¬+¨+©T§ ¢ ® { ¬ ¢ ¬+¨�©�§_®³« ¢ sµ¯]£;p^pw«+¨ ¢ §¡©T¥�«#r-¬ ¢ ¬+¨ ¢ ¯qs�¨+©�¥�¯qs�§�£-®³§¡©�¥#s ¢ §�¦ut�v�«�¯%¤ o pÑ¤]¥ y �A¤ ± ªÛ¨+© w pÚ¤]¨�¥ ¢ x¯qs�« « | ¯%®³©�ªv¤Epf² ¢ s�¯]£;p^pw«+¨ ¢ §¡©T¥�«�«-¬ ¢ ´�§�£;p ®³§¡©�¥#s ¢ §�¦VpXv�«+¯ o ©7pÖ§/pÑ¤%¯qs ¢ s_¨�¤EtK«�¯*t ¢ ´�¥�¦ut } ²³«þ¯]£;}A¤%¯qs�§�¤]¥�¥ ¢ ®�§¡©T¥Bs ¢ §�¦f¤¢ ¯E��« o#o «+¨³£5{|}C«�¤	¬ ¢ ¬�¨+©T§_®�«�²³¬�¨�«�§ ¢ ´�r;}C«+¤L®�s�©�®K¥�© w ¦�§¡©�¤Ep ¢ pÑ£ z �i��¤%®5s�£ ø «�§3�C«5��© x�� ¢ ¯%¤]§�«5v�© � �T� �m ¢ ¯]® ¢7o#y ®�£À´Q©�ªA¤þ§�¬+¨�¤�´+¬ ¢7o�¢ ªA¤�¥�«�«!ªÛ®³§¡©T´+¨+©8s�«#v�¥ ¢ ¯Es�« « w ©�® ¢ ¥+©´�«+¯]¬�¤%¨�¯]«�« ¥�¤-£T´Q©�¤qs_¯*rt¬ ¢7o £-v�«Bs y�w ©8pÚ®³¥�£;s ¢�°�¢§�¦f¨+©�ªA¤]¥�«#r�´ o r
Ω x ¬ ¢ s_¤]¥5��«+© o ©4¯]«+¯Es_¤qpw¦C²�¥�©7�A¤ ± ��¤ o#y {xr�§ o r�¤Es_¯RrA§�¦�§ ¢ ´�©�¯]«Bpw¬#s ¢ s�«5v+¤%¯]® ¢�°�¢ ¨+© wEo+¢ ªA¤]¥�«Brv´ o r�¯qs�©7s�« x¯qs�«#v�¤%¯%® ¢�± ¯]£;p^pÑ¦ � mC¨�«C¥+¤]® ¢ s ¢ ¨³¦utL¨+© w £;pÑ¥�¦ut ¢�° ¨�©�¥�«5v+¤�¥�«Br-t	¥+©�¬+©�¨�©7pÑ¤qs_¨³¦�¯]«�¯qs_¤qpw¦ | s�©�®³«#t�®³©�®�pÚ©�®�¨ ¢ ¯%® ¢ ¬�«5v�¥ ¢ ¯qs y¤%¤ ¢7n · ¤qpÚ© } ¬ ¢7o £-v+¤]¥�¥�¦ ± ©�¯�«Bpw¬Bs ¢ s�«5v+¤%¯%®³« ± ¨-r¡´�´ o r�¥+¤ z ®�¯qs_¤]¥�¯]«�§�¥�¦ut�¬ ¢ ¬+¨�©�§ ¢ ® n £T´+¤qsE¯�t ¢ ´+«#s y ¯*rK¯ z ®�¯]¬ ¢ ¥�¤]¥#��«�© o5y x¥ ¢�± s ¢ v�¥ ¢ ¯qs y { � y ©�®5s�«#v�¤%¯%®³«(²Q«�¯�t ¢ ´+¥�¦ ± pÑ¤�´ o ¤]¥�¥ ¢ ¯�t ¢ ´�r;}C« ± ¯Rr�¨-r¡´ � ¯qs�©8s�«+¯qs�«#v�¤%¯%®³©8r>¯]£;p�pÚ© � n £T´+¤qs�¬�¤%¨�¤�¬�«+¯%©�¥§§�«�´+¤K´+¨�£ °�¢�°�¢kn ¦f¯qs_¨ ¢ ¯�t ¢ ´�r;}A¤ °�¢ ¯*rÖ¨-r¡´Q©�²Ñ® ¢ s ¢ ¨�¦ ± p ¢ ªv¥ ¢Ò¢/n�¢ ¨�§_©7s y ²Ú£;v#s8rls ¢7o5y ® ¢ ¥+¤%¯]® ¢8o#y ® ¢ ¬�¤%¨�§�¦ut�v o ¤�¥ ¢ §�²¥+¤f´ ¢ ¬�£¡¯%®³©7rÆ¬�¨�« z s ¢ p�¯]£;}A¤%¯qs�§_¤]¥�¥ ¢�±K¢ �C« n ®�« � Ô�n }v©8r�¬�¨ ¢ ��¤�´+£³¨�©A©T¥�© o « w ©A¯qs�©7s�«�¯qs�«#v�¤%¯]®�«5tÆ¯�§ ¢�± ¯qs�§�®³§¡©�¥#s ¢ §�¦ut�¯]« x¯qs_¤qp>¯ w ©�® ¢ ¥ ¢ pþ´+«�¯]¬+¤]¨�¯]«�« |�� } ¬�¨�«�® ¢ ¥+¤Rv�¥ ¢�± s_¤EpÑ¬�¤%¨�©7s�£³¨�¤�¨�©�¯]¯qpÚ©7s_¨³«�§¡©�¤qs_¯*rA¥�©f¬+¨³«BpÑ¤%¨�¤�p ¢ ´+¤ o «Æ¥�¤%¨�¤ o r;s�«�§�«+¯qs�¯%®³«5t

��¤%¨#pw« ¢ ¥ ¢ §3§3®³£ n «#v�¤%¯%® ¢ p ¢7n · ¤qpÑ¤ �
�����|�_j���� b��C����j���df�
�w©�¯%¯qp ¢ s_¨�«#p-¥+¤]¨�¤ o r5s�«�§�«�¯qs�¯%®³« ±L° © w ��¤%¨5pw«+¤]§�¯%®�«5tTv+©�¯qs�«5�(² w ©�® o {fv+¤]¥�¥�¦ut	§ w ©7pÑ®�¥�£5s ¢ p ¢7n/� ¤qpÑ¤q§4§�«�´�¤Ú®�£ n ©f¯Ñ´ o «�¥ ¢�±¨�¤ n ¨+© L � � §_©�¥#s ¢ §�¦f¤C¯]§ ¢�± ¯Es�§¡©Æ¯]«�¯qs_¤qpw¦ ¢ ¬�«+¯�¦�§¡©7{|s_¯*rµ¨�¤q�A¤�¥�«Br;pw«�£³¨+©�§�¥+¤�¥�«Br	�Ï¨�¤�´�«�¥ ° ¤%¨+©

Hψp(x) = E(p)ψp(x), |Ý� }
¯4¥�£ o ¤]§�¦Vpw« ° ¨�©�¥�«#v�¥�¦Vpw«3£¡¯ o�¢ §�«Br;pÑ« � ß�´�¤%¯ y «E´�© o ¤]¤ p = (px, py, pz) � ¥�© n�¢ ¨K®³§¡©�¥#s ¢ §�¦utv�«+¯%¤ o �7� o r�¥+¤]¨�¤ o r5s�«�§�«�¯qs x¯%® ¢�°�¢Æ° ©7pw« o#y s ¢ ¥�«�©T¥�©

H = −ε0∇2, ε0 =
~2

2mL2
, |�~ }

° ´+¤ L � ¨�¤ n ¨ ¢ ®�£ n ©³²�¨�¤q�A¤]¥�«+¤C¯]¬�¤%®5s_¨+© o#y ¥ ¢�±�w ©�´Q©qv�« |Ý� } «BpÑ¤%¤EsE¯qs�©�¥�´�©�¨5s�¥�¦ ± §�«³´þ¯ w ©�® ¢ ¥ ¢ pt´+«�¯]¬+¤]¨�¯]«�«
E(p) = ε0π

2p2, p ∈ N3. |�� }
 �¤%¨5p ¢ ´�«�¥+©7pw«#v�¤%¯%®�«�¤C¯]§ ¢�± ¯Es�§¡©3¨+©�¯%¯qpÚ©7s�¨�«�§_©�¤qp ¢�± ¯�«+¯qs_¤EpÑ¦ ¢ ¬+¨�¤�´�¤ o r³¤qs_¯*rµ¯qs�©7s�«�¯qs�«#v�¤%¯]® ¢�± ¯]£;p^p ¢�±�n�¢7o5y � ¢�°�¢ ®³©�¥ ¢ x¥�«#v�¤%¯%® ¢�°�¢ ©�¥+¯%©7p n7o r

Z(V, β, µ) = Spe−β(H−µN) =

∫
Dψ̄DψeS[ψ̄,ψ], |�¡ }

° ´+¤ H � ° ©7pw« o5y s ¢ ¥�«�©�¥Ò¯�«+¯qs_¤EpÑ¦D��¤%¨5pw« ¢ ¥ ¢ §�² N � ¢ ¬�¤%¨+©8s ¢ ¨¢v�«�¯ o ©�v+©�¯qs�«5�(²�«�¥#s_¤ ° ¨³«+¨ ¢ §¡©T¥�«�¤�¬�¨ ¢ § ¢ ´+«#s_¯*r>¬ ¢ ��¤%¨ xpÑ« ¢ ¥�¥�¦Vp ¬ ¢8o r;pf²�£T´ ¢ § o ¤qs�§ ¢ ¨-r;{�}C«#pÌ©T¥Bs�«�¬+¤%¨³« ¢ ´+«5v�¤%¯%®³«Bp ° ¨+©T¥�«5v�¥�¦Vp £¡¯ o�¢ §�«Br;p
ψ(x, 0) = −ψ(x, β) ²Q©�¤]§_® o «³´ ¢ § ¢´�¤ ± ¯qs�§�«�¤ w ©T¬�«�¯]¦�§¡©�¤qs_¯*r�®³©�®

S[ψ̄, ψ] =

β∫

0

dτ

∫
dxψ† (∂τ −H + µ)ψ. | �}

ß+´+¤%¯ y β � ¢7n ¨+©8s�¥�©8r�s�¤qpw¬+¤%¨�©7s�£³¨+©�²¡©
µ � t�«Bpw«#v�¤%¯%®³« ± ¬ ¢ s_¤]¥#��«�© o �3£ ¥Bs�¤ ° ¨³«+¨�£3rv¬ ¢ ��¤]¨#pw« ¢ ¥�¥�¦VpÀ¬ ¢7o r5pÒ«�«�¯%® o {|v+©7r§_® o ©T´-¥�£ o ¤]§�¦�tµ® ¢8o ¤ n ©�¥�« ± ²�¬ ¢7o £-v�©�¤Ep ¢ ª�«³´Q©�¤qpw¦ ± ¨�¤ w £ o5y s�©8s � ~��
Ω ≡ β−1 lnZ = β−1

∑

p

ln(1 + eβ(µ−E(p))). |�¤ }

Ô ¯]¥ ¢ §�¥�¦f¤Ts_¤]¨#p ¢ ´+«�¥�©7pw«5v+¤%¯]®�«+¤4§_¤ o «#v�«�¥�¦Ì§�¦f¨+©�ªv©7{�s_¯*r�v�¤%¨�¤ w Ω x ¬ ¢ s_¤�¥#��«+© o�{
E = −∂β(βΩ), P = ∂V Ω, N = β∂µΩ, S = −β2∂βΩ. |¦¥ }

 w©�®³«Bp ¢/n ¨+© w%¢ p�²�¥�©Ft ¢ ªv´+¤]¥�«+¤s_¤]¨#p ¢ ´+«�¥�©7pw«5v+¤%¯]®�«#t-¯]§ ¢�± ¯Es�§-¯]«�¯qs_¤qpw¦Ï¬�¨�«® ¢ ¥�¤Ev�¥ ¢�± s_¤qpw¬�¤%¨+©8s�£³¨�¤A§ ¢ ´+¥ ¢ ¬+¤qs o ¤]§ ¢ p¬+¨�« n7o «+ªA¤]¥�«�«�¯]§ ¢ ´+«Bs�¯Rr�§�¦uv�«+¯ o ¤]¥�«B{ ¨-r�´�© |�¤ } �



~7�;§ ¨ e3gCh�© i`ª h�k�l�m>nogqp4rts3u3evkwe
ac�¬«�j��fldih�jld

Ω ®�¯l° ��dihk��j����
� o r�§�¦uv�«+¯ o ¤]¥�«BrK¯qs�©7s�«�¯qs�«5v+¤]¯%® ¢�± ¯�£5p^pw¦ |�¤ } £T´ ¢/n ¥ ¢ ¬�¤%¨�¤ ± s�«µ® n ¤]¯%® ¢ ¥�¤Ev�¥�¦VpÖ¬�¨�¤�´+¤ o ©8pÖ¯]£;p^pw«+¨ ¢ §¡©T¥�«#r

lnZ =
3∑

n=0

∑

p1,...pn

(−2)n−3C3n ln(1 + eβ(µ−E(pn))), E(pn) ≡ E(p1, . . . , pn, 0, . . . 0), pi ∈ Z, |¦± }

s � ¤ � ¥�« w �C«+¤E¨+© w pÑ¤%¨�¥ ¢ ¯qs�«§�¥ ¢ ¯Rr;s�§�® o ©T´Ò§þ¯Es�©8s�«+¯qs�«#v�¤%¯%®³£;{Î¯]£;p^pw£ � ß�´�¤%¯ y Ckn � n «�¥ ¢ pÑ«+© o5y ¥�¦f¤E® ¢7z �i�	«5��«�¤]¥Bs�¦C²\«
pw¦Á«+¯]¬ ¢7o5y3w%¢ §¡© o «þ¯]«#p�pÑ¤qs�¨�«5v�¥ ¢ ¯qs y ¯�¬+¤%®5s_¨+© |�� } ¢ s�¥ ¢ ¯]«#s_¤ o#y ¥ ¢ ¬+¤%¨�¤%¯qs�©�¥ ¢ § ¢ ®�®�§_©�¥Bs ¢ §�¦ut	v�«+¯%¤ o ��w©�¯%¯qp ¢ s_¨³«Bp ¢ s�´�¤ o#y ¥ ¢ ¨-r�´µ§�«�´�©

Id =
∑

p

ln(1 + eµ−E(p)), p ∈ Zd, |��?² }
¯ w ©�® ¢ ¥ ¢ pÖ´�«+¯]¬�¤%¨�¯�«�« |�� } �#£ ¯]¬ ¢8o#y/w £KrK¬+¨�¤Í´�¯qs�©�§ o ¤]¥�«+¤ δ x �	£³¥�®5��«�«�¨-r�´ ¢ p y £³¨ y ¤�²Bp ¢ ª�¥ ¢	w ©�¬�«�¯�©7s y | � ¢ ¨5pw£ o ©mL£�©�¯ x¯ ¢ ¥+© }

Id =
∑

q

∫
ddpe−2πipiq

i

ln(1 + eµ−E(p)) =
∑

q

e2πiaiq
i
∫
ddpe−2πipiq

i

ln(1 + eµ−ω(p
2+m2)), |���� }

° ´+¤ q � pw£ o#y s�«�«�¥³´+¤%®�¯�²¡¬�¨�«�¥�«BpÚ©7{|}C« ± s�©�®³«+¤�ªA¤ w ¥�©qv�¤]¥�«#r\²-v#s ¢ « p ²�© m2 = m2
0 − a2

�
³�´-µ�¶�·�·�¶�¸�¹»ºk¼X¶�½¿¾=À�·uÁ#ÂTÃ �w©�¯%¯qp ¢ s�¨�«#p ¢ s�´+¤ o#y ¥ ¢ «�¥Bs_¤ ° ¨+© o

Iqd =

∫
ddpe−2πipiq

i

ln(1 + eµ−ω(p
2+m2)) =:

∫
ddpe−2πipiq

i

f̃(p2), |���� }

° ´+¤ q 6= 0
� � ¯ o £-v�©8{

q = 0
pw¦�§_¤]¨�¥�¤qpÑ¯RrK¬ ¢/w ´�¥+¤%¤ � ÞÖ´Q© o5y ¥�¤ ± �A¤qpÖ¥+©7p n £T´+¤qsÆ£T´ ¢/n ¥+¤%¤L¨+© n�¢ s�©7s y ¯��4£³¥�®5��«+¤ ±

f(p2) := ∂2µf̃(p
2). |��%~ }

mC¨ ¢ ´ ¢8o ª�«#pÄ�	£�¥�®5��«#{
f(p2)

©�¥+© o «Bs�«5v+¤%¯]®�«Bp ¢/n ¨+© w%¢ p�¬ ¢ ¬+¤%¨�¤qpÑ¤]¥�¥ ¢�± s := p2
§-® ¢ pw¬ o ¤%®�¯]¥�£;{Ï¬ o+¢ ¯%® ¢ ¯Es y �=Å £T´�¤qp¬�¨�¤Í´+¬ ¢8o © ° ©8s y ²�vBs ¢ ω(s +m2)

² o « n�¢ §�¯q{Z´+£�©T¥�© o «#s�«#v�¥�©E¬ ¢ s ² o « n�¢ «BpÑ¤%¤qs�¨�© w ¨�¤ w §�´ ¢8o#y v+©�¯qs�«�§_¤E}A¤%¯qs�§�¤]¥�¥ ¢�±�¢ ¯]«
(−∞, s0]

²
s0 ≤ 0

�   ¢�° ´Q©�²w¬ ¢ pw«#p ¢ £�®³© w ©�¥�¥ ¢�°%¢ ¨�© w ¨�¤ w ©¢�	£�¥�®5��«#r
f(s) n £�´+¤qsþ«BpÑ¤qs y�¢ ¯ ¢/n ¤]¥�¥ ¢ ¯qs�«Ö§�§�«�´+¤K¬ ¢7o {	¯ ¢ §§/s ¢ ¨ ¢�°�¢ ¬ ¢ ¨-r¡´�®³©A§�s ¢ v+®³©8t

ω(sk +m2) = µ+ iωk, ωk = π(2k + 1), k ∈ Z, |��%� }
° ´+¤ ωk � p�©F��£ n ©�¨ ¢ §�¯%®³«+¤�v�©�¯Es ¢ s�¦ � m ¢ ¯%® ¢8o#y ®�£ f(s) §_¤q}A¤%¯qs�§_¤]¥�¥�©K¥�©�¬ ¢7o�¢ ªv«Bs�¤ o#y ¥ ¢�± §_¤q}A¤%¯Es�§_¤]¥�¥ ¢�± ¬ ¢8o £ ¢ ¯]«�«�¥+¤«#pÑ¤%¤qss�©7pÖ¨�© w ¨�¤ w ©�²#s ¢ ¯ ¢�°Ro ©�¯]¥ ¢ ¬�¨�«�¥#��«�¬�£3¯]«Bp^pÑ¤qs_¨³«�«�� §_©�¨5�+©�p ¢ ªv¥ ¢ §�¦ n ¨+©7s y s�©�®³£5{Á§_¤qs�§ y �	£�¥+®;��«�«(²-v#s ¢

f∗(s) = f(s∗). |��?¡ }
Æ n�¢/w ¥+©qv�«#pÇv�¤%¨�¤ w C′ ® ¢ ¥Bs�£³¨\² ¢/n t ¢ ´Br;}A« ± ¬ ¢7o {	¯]¦ |��%� } ¬+¨ ¢ s�«�§¢v+©�¯ ¢ § ¢�± ¯Es_¨�¤ o ®�«�²Ñ©�v+¤%¨�¤ w C∞ � ¢ ®�¨�£³ªv¥ ¢ ¯Es y ²Ú¯¨�©T´�«�£¡¯ ¢ p�¯qs_¨�¤qp^r5}A¤EpÚ¯*rÒ® n ¤%¯%® ¢ ¥+¤Ev�¥ ¢ ¯qs�« �   ¢�° ´Q©³²�«�¯]¬ ¢7o#y/w £Kr�� ¢ ¨#pw£ o £ � ¢ �C«(² f(p2) p ¢ ª�¥ ¢ ¬+¨�¤�´�¯qs�©�§�«Bs y §þ§�«�´+¤�²©T¥�© o+¢�° «#v�¥ ¢ pt¬�¨�¤�´+¯qs�©�§ o ¤]¥�«B{ÉÈC¤ o#o ¤]¥�© x ø ¤qpÚ©�¥�©C´ o r��	£³¨ y ¤ x ¢7n ¨�© w ©Æ¬ ¢7o ¥ ¢�°%¢ ¬+¨ ¢ ¬+© ° ©7s ¢ ¨+©³²

f(p2) = −
∫

C

ds

2πi

f(s)

p2 − s =

∫

C′

ds

2πi

f(s)

p2 − s +

s0∫

−∞

ds

2πi

f(s+ iε)− f(s− iε)
p2 − s −

∫

C∞

ds

2πi

f(s)

p2 − s , |�� �}

° ´+¤�® ¢ ¥#s�£³¨
C ¢ t�§¡©8s�¦�§¡©�¤qss ¢8o#y ® ¢�¢ ¯ ¢/n £5{Äs ¢ v+®³£ s = p2

²�©
ε � n ¤]¯%® ¢ ¥�¤Ev�¥ ¢ pÚ© o ©8r�¬ ¢7o+¢ ªv«Bs_¤ o#y ¥+©7r3§_¤ o «#v�«�¥+©³²-s�©�®�ªA¤

pw¦ ¬+¨�¤�´+¬ ¢7o © ° ©�¤qp�²�vBs ¢ f(s) «�¥#s_¤ ° ¨³«+¨³£_¤qpÚ©E§ ¢ ®�¨�¤]¯qs�¥ ¢ ¯qs�«¢s ¢ v+®³« s = s0
�\= ¯ o «��	£�¥�®5��«#r

ω(s)
¥+¤v«BpÑ¤%¤Esµ¨+© w ¨�¤ w%¢ §�²s ¢ §3s ¢ ¨ ¢�± «�¥#s_¤ ° ¨�© oÌ¢ s_¯]£;s_¯qs�§�£¡¤qs �q= ¯ o « f(s)

¯qs_¨�¤qpw«Bs_¯*r ® ¥�£ o {�¬+¨³« |s| → ∞ ²us ¢ ¬ ¢ ¯ o ¤�´�¥�« ± «�¥Bs_¤ ° ¨+© o s�©�®�ªA¤
¢ s_¯]£;s_¯Es�§�£¡¤Es � ÞXv�©�¯qs�¥ ¢ ¯qs�«�²¡´ o r��	£�¥+®;��«�« |���~ } ¬ ¢ ¯ o ¤�´�¥+¤%¤L¯]§ ¢�± ¯Es�§ ¢ §�¦�¬ ¢7o ¥+¤]¥ ¢ ²�¤%¯ o «

lim
|s|→∞

|ω(s)| = 0. |��?¤ }
Þ ¬�¨ ¢ s�«�§�¥ ¢ pt¯ o £;v+©�¤�§3¯ ¢�¢ s�¥ ¢ �A¤]¥�«�« |�� _} ¥�¤ ¢7n t ¢ ´+«Bp ¢ ´+¤ o ©8s y §�¦uv�«Bs�©�¥�«Br � Æ s n ¨�©�¯]¦�§_©7rµ§ |�� _} «�¥Bs�¤ ° ¨�© o ¬ ¢�n ¤%¯]® ¢ x¥�¤Ev�¥ ¢ £T´Q© o ¤�¥�¥ ¢�±�¢ ®�¨�£³ª�¥ ¢ ¯qs�«�«�§�¦Z´+¤ o r5r�§_¤q}A¤%¯qs�§_¤]¥�¥�£;{Êv+©�¯qs y ²³¬ ¢8o £-v�©�¤qp�Ë�´�«+¯]¬�¤%¨�¯�« ¢ ¥�¥ ¢ ¤�¯ ¢�¢ s�¥ ¢ �v¤�¥�«�¤EÌ

Re f(p2) = Im

∫

C′

ds

2π

f(s)

p2 − s +

s0∫

−∞

ds

π

Im f(s)

p2 − s . |��?¥ }

= ¯ o « f(s) §�¤q}A¤%¯qs�§�¤]¥�¥+©Æ¥�©�¨+© w ¨�¤ w ¤��	£�¥+®;��«�«
ω(s)

²5s � ¤ � ²�®µ¬+¨³«BpÑ¤%¨³£¡²�«#pÑ¤%¤qs ¢ ¯ ¢/n ¤�¥�¥ ¢ ¯qs y s�«�¬+©;Í

sk/2, k ∈ Z, |��q± }
ÍÏÎVÐFÑ�ÐFÑEÒ�Ó3Ô»Õ�ÖÏ×3Ø7ÙKÑEÚ�ÛTÖ�Ü3Ý�Þ3ßFà3Ô�Ó3Ý�à3ÝÏ×3Ú3ßFá3Ð?á/Ö*ßFÖ�Þ8âFãá�à3ÝÏ×3Ú3ßFá3Ð?á3Ö�ßFÖ�Þ7â?ã�ÙKÑqÖ�ß8á/ä_ÛTØRåKâ?Ðq×KÝ�ßFÐ?â?à8Ú/æ�ß�ç�ßFâFè�Ø_Ü3à3ÝÏåKÜ/â?×3âRÒ|Ý*Ó3á3æfé



h�k�l�m�n�k��3gCgZs3�>gZ���L�����-�L�3n���gqp	rts3u3eAkwe��A�A�3�C�C�\� i��� ¡� ~/�`~

s ¢ ¬ ¢ ¯ o ¤�´�¥�« ± «�¥#s_¤ ° ¨�© o § |��?¥ } ¢ s�¯]£;s_¯qs�§�£¡¤qs �   ¢�° ´�©�«#pÑ¤%¤qp

∂2µI
q
d =

∫
ddpe−2πipiq

i

Im

∫

C′

ds

2π

f(s)

p2 − s = Im

∫

C′

ds

2π
f(s)

∫
ddp

e−2πipiq
i

p2 − s . |Ý�8² }

m ¢ ¯ o ¤4¬�¤%¨�¤]¯qs�©�¥ ¢ §_®³«3¬ ¢ ¨-r¡´�®³©	«�¥Bs�¤ ° ¨³«+¨ ¢ §¡©T¥�«Br ¢/n ¨+©8s�¥�¦ ± �4£�¨ y ¤ x ¢/n ¨+© w�¢ sv¯]§ ¢/n�¢ ´�¥ ¢�°%¢ ËÛ¬�¨ ¢ ¬�© ° ©8s ¢ ¨�©8Ì�¯|pÚ©�¯%¯ ¢�± s1/2§
d x pÑ¤%¨³¥ ¢ pt¬�¨ ¢ ¯Es_¨+©T¥+¯qs�§�¤�¬ ¢ ¥�«#p�©�¤qs_¯*rK§3¯qpw¦f¯ o ¤ ¢7n�¢/n }v¤]¥�¥�¦ut��	£�¥+®;��« ± �5ê §�¥ ¢ ¤A® ¢�¢ ¨_´+«�¥�©8s�¥ ¢ ¤�¬+¨�¤�´�¯Es�©T§ o ¤�¥�«�¤	´ o r¯]§ ¢/n�¢ ´+¥ ¢�°�¢ ¬�¨ ¢ ¬+© ° ©7s ¢ ¨+©�p ¢ ª�¥ ¢ ¥�© ± s�«�²\¤]¯ o «§ ¢ ¯]¬ ¢8o#y3w]¢ §¡©7s y ¯*r�� ¢ ¨#pw£ o+¢�± mL«#��¤qs3s�« � 5z«#pÚ¤�¥�¥ ¢ ²=p ¢ ª�¥ ¢ ¬ ¢ ®³© w ©8s y ²vBs ¢ ´ o rC¬�¨ ¢ « w § ¢8o#y ¥ ¢�±�°*o ©T´�® ¢�± �4£³¥�®5��«�«A¥�©

Rd
«�¥#s_¤ ° ¨³«+¨ ¢ §¡©T¥�«�¤Ú¬ ¢ £ °*o ©8p

Ωd
§ zEo#o «�¬Bs�«#v�¤%¯]® ¢�± ¯]«�¯qs_¤EpÚ¤q® ¢�¢ ¨_´+«�¥�©8s�²¯]§3r w ©�¥�¥ ¢�± ¯ipÚ¤Es_¨�«�® ¢�± gij ²�´�©�¤qs

∫
dΩdψ(p1, . . . , pd) =

√
gΩdΓ

(
d

2

) ∞∑

k=0

∆kψ(0)

k!Γ(k + d/2)

(p
2

)2k
, Ωd =

2πd/2

Γ(d/2)
, |Ý�¡� }

° ´+¤ g = det gij
²
∆ := gij∂

i
p∂
j
p

«
p :=

√
p2
� Æ s�®�£T´�©³²¡«+¯]¬ ¢7o#y/w £Kr�¬�¨�¤�´+¯qs�©�§ o ¤]¥�«+¤i�	£�¥+®;��«�« Å ¤%¯]¯%¤ o rµ§E§�«�´+¤C¨-r¡´Q©�²

Jν(z) =
∞∑

k=0

(−1)k
k!Γ(ν + k + 1)

( z
2

)ν+2k
, |Ý��� }

¬+¨�«5t ¢ ´+«#pÀ®
∫
ddp

e−2πipiq
i

p2 − s = 2πq1−d/2
√
g

∫ ∞

0

dp
pd/2Jd/2−1(2πqp)

p2 − s , |Ý��~ }

° ´+¤ q :=√q2 �-� © o ¤%¤L§ ¢ ¯]¬ ¢7o5y3w £_¤qpÑ¯Rr�� ¢ ¨#pw£ o�¢�± | � ��� ²�¯qs�¨ � � ��}
∫ ∞

0

dx
xν+1Jν(ax)

(x2 − s)m+1 =
iπ

2m!

dm

dsm

[
sν/2H(1)

ν (as1/2)
]
, a > 0, Re ν ∈

(
−1, 2m+

3

2

)
. |Ý�T� }

ÞÒ¥�©7�A¤qp¯ o £;v+©�¤
m = 0

«
q 6= 0

´ o rv¨+© w pÑ¤%¨�¥ ¢ ¯qs�«Æ¬+¨ ¢ ¯qs�¨+©�¥�¯qs�§_©
d ≤ 4

� ÈTs ¢/n ¦t¬ ¢7o £;v�«Bs y §�¦f¨�©�ªA¤]¥�«+¤Z´ o rA«�¥#s_¤ ° ¨�© o ©
Iqd
¬+¨³«�¨�© w pÑ¤%¨³¥ ¢ ¯qs8r;t

d > 4
²_¥�¤ ¢/n t ¢ ´�«Bp ¢ § |Ý�7² } ¬�¨ ¢ «�¥Bs_¤ ° ¨�«�¨ ¢ §¡©8s y ¬ ¢ v+©�¯qs8r5p�¬ ¢ ¬+¤%¨�¤qpÑ¤]¥�¥ ¢�± s ¯Es ¢7o5y ® ¢ ¨�© w ²3vBs ¢7n ¦«�¥Bs�¤ ° ¨+© o ¬ ¢ p ¯qs�© o ¯�t ¢ ´Br5}C«#pÚ¯*r � ßQ©7s�¤qp§ ¢ ¯]¬ ¢7o5y3w%¢ §¡©7s y ¯Rr�� ¢ ¨#pw£ o+¢�± |Ý��� } ¬+¨³« m 6= 0

« ¢ ¬#r5s y ¬+¨ ¢ «�¥#s_¤ ° ¨³«+¨ ¢ §_©7s y ¬ ¢v�©�¯Es7r;pÖ§ ¢/n ¨�©7s�¥ ¢ p ¬ ¢ ¨-r¡´�®�¤ �-� ¨�£ ° «Bpw«-¯ o�¢ §¡©8pw«(²+§3¥�©8�v¤EpÌ¯ o £-v�©�¤�p ¢ ª�¥ ¢ «+¯]¬ ¢7o5y3w%¢ §¡©7s y � ¢ ¨#pw£ o £ |Ý�T� } ¬+¨³« m = 0´ o r o { n�¢�± ¨+© w pÚ¤]¨�¥ ¢ ¯qs�«�¬+¨ ¢ ¯qs�¨+©�¥�¯qs�§_©
d
²�¥+¤%¯qp ¢ s_¨-rK¥�©�s ¢ ²5vBs ¢ ¬+¨³« n�¢8o#y �A«5t

d
«�¥#s_¤ ° ¨�© o ¨+©�¯�t ¢ ´�«Bs_¯*rQ²�«-¬ ¢ ¥�«BpÚ©8s y¨�¤ w £ o5y s�©8s�§3¯qpw¦f¯ o ¤ ¢7n�¢/n }v¤]¥�¥�¦ut��	£�¥+®5��« ±

∫
ddp

e−2πipiq
i

p2 − s = iπ
√
g∂shd/2(q, s

1/2), |Ý�7¡ }
° ´+¤

hν(q, p) :=

(
p

q

)ν
H(1)
ν (2πqp). |Ý� _}

�w© w ¨�¤ w �	£³¥�®5��«�«
s1/2

§�¦ n ¤%¨�¤qpÖ§�´ ¢7o#y ¬ ¢7o�¢ ª�«#s_¤ o#y ¥ ¢�± §�¤q}A¤%¯qs�§�¤]¥�¥ ¢�± ¬ ¢7o £ ¢ ¯�« � Þ «Bs ¢�° ¤�¬ ¢7o £-v�©�¤Ep

∂2µI
q
d =

√
g

2
Re

∫

C′

dsf(s)∂shd/2(q, s
1/2). |Ý�7¤ }

= ¯ o « f(s) ¥�¤�§�¤q}A¤%¯qs�§�¤]¥�¥ ¢ ¥�© ¢/n�¢ «5t n ¤%¨�¤ ° ©Ftµ¨�© w ¨�¤ w © ω(s) ²;s ¢�z s ¢ sÆ¨�© w ¨�¤ win £T´+¤qs�s�©�®�ªA¤	´Q©T§¡©7s y §_® o ©T´�§�¬ ¢ ¯ o ¤�´�¥+¤%¤§�¦f¨+©�ªA¤]¥�«�¤ �
ëfv�«Bs�¦�§¡©7r	r�§�¥�¦ ± §�«³´��	£³¥�®5��«�«

f(s)
²5s � ¤ �

res
s=sk

f(s)∂shd/2(q, s
1/2) = −∂2µhd/2(q, s1/2k ), |Ý�8¥ }

° ´+¤ sk ¢ ¬�¨�¤�´+¤ o r;{�s�¯*r3£³¨+©T§�¥+¤�¥�«+¤Ep |��]� } ²�«�¥Bs_¤ ° ¨+© o Iqd ¬+¤%¨�¤]¬�«#�A¤qs_¯*r�§E§�«³´�¤L¯]£;p^pÑ¦Á§�¦uv�¤qs ¢ §
Iqd = π

√
g Im

∑

k

hd/2(q, pk), pk := s
1/2
k . |Ý�8± }

ì ¢�°*o ©�¯�¥ ¢ §�¦ n ¨�©�¥�¥ ¢ pw£À¥+©7pw« ¢ ¬�¨�¤�´+¤ o ¤�¥�«B{ ® ¢ ¨³¥Br�¤ °�¢ §_¤qs�§ y ´ o r�®³©�ªv´ ¢�°�¢ k §�¦ n «+¨�©�¤qs�¯Rr�s�©�®�²1vBs ¢/n ¦ Im pk ≥ 0
�

£ ¥Bs_¤%¨�¤%¯]¥ ¢�¢ s3pÑ¤qs�«#s y ²-v#s ¢ ¤]¯ o «�§Æ§�¦f¨+©�ªA¤]¥�«�« |���� } § w r;s y
f̃(p2) = (p2 + s2)−λ, |�~7² }

«�§ ¢ ¯�¬ ¢7o5y3w%¢ §¡©7s y ¯*r ¢/n�¢/n }A¤]¥�«�¤qp «�¥#s_¤ ° ¨�© o © |Ý�T� } ¥�©�® ¢ pw¬ o ¤%®�¯]¥�¦f¤ m | � ��� ²�¯qs�¨ � �K¤/¤ }
∫ ∞

0

dx
xν+1Jν(ax)

(x2 + s2)µ+1
=
(a
2

)µ sν−µKν−µ(as)

Γ(µ+ 1)
, |�~�� }



~7�5í ¨ e3gCh�© i`ª h�k�l�m>nogqp4rts3u3evkwe
s ¢ « w � ¢ ¨5pw£ o ¦Á§�«�´�© |Ý��~ } o ¤ ° ® ¢ ¬ ¢7o £;v�«Bs y ²-v#s ¢ §�´Q©�¥�¥ ¢ pÖ¯ o £;v+©�¤

Iqd =
√
g
2πλ

Γ(λ)

(
s

q

)d/2−λ
Kd/2−λ(2πqs), ∀ qi ∈ Zn. |�~_� }

m ¢ ¯ o ¤-¬ ¢ ´+¯qs�©�¥ ¢ §_®³« z s ¢�°%¢ §�¦f¨�©�ªA¤]¥�«Br §�� ¢ ¨#pw£ o £t´ o rt¨-r�´�© |¦± } ²Ú¬+¨�«5t ¢ ´+«#pÏ® « w §_¤]¯qs�¥ ¢ pw£ ¨�© wEo�¢ ªA¤]¥�«#{ � ¡T� ´ o r
¢7n�¢7n }v¤]¥�¥ ¢�± ζ x �	£�¥+®;��«�«���¬#��s_¤ ± ¥+© �  � �
î ´-·�ï=¾1¶�ðòñ�¸�¶�óô#õ�¶�óï=´;ö�¶|Ã = ¯ o « Im pk | §_¤ o «#v�«�¥+©³² ¢7n ¨+©8s�¥�©8rXËÛ¨�©T´+«�£¡¯]£ ® ¢ ¨�¨�¤ o r-��«�«#Ì } n ¦f¯qs�¨ ¢ ¯qs_¨�¤qpw«Bs_¯*r ®
n ¤%¯%® ¢ ¥+¤Ev�¥ ¢ ¯qs�«�¯	£�§_¤ o «#v�¤]¥�«�¤qp�¥ ¢ pÑ¤%¨�© k ²�¬ ¢7o £-v�¤]¥�¥�¦ ± ¨-r¡´�p ¢ ª�¥ ¢ «�¯]¬ ¢8o#y/w%¢ §_©7s y ´ o r3¬+¨³« n8o «�ªv¤�¥�¥ ¢�°�¢ §�¦uv�«+¯ o ¤]¥�«#r¯Es�©8s_¯]£;p^pw¦ |��q² } �8Å ¤%¨-rL¬�¤%¨�§�¦utL¥+¤]¯%® ¢7o5y ® ¢ v o ¤]¥ ¢ §	¨-r¡´Q©�²qpÑ¦Ò¬ ¢8o £-v�«#p ¢ �+¤�¥+®³£	´ o r

Iqd
¯ z ®�¯]¬ ¢ ¥+¤]¥5��«+© o#y ¥ ¢�± s ¢ v�¥ ¢ ¯Es y {v²¬�¨�«5v+¤qp÷v+¤qp n�¢7o5y �A¤

q2 = gijq
iqj
²�s�¤qp ¢ �+¤]¥�®³© o £-vB�A¤ �5� ¨³£ ° «Bpw«-¯ o+¢ §¡©7pw«�²�¨+© wRo+¢ ªA¤]¥�«�¤ |Ý�7± } ´�©�¤qs�t ¢ ¨ ¢ �C£5{ ¢ �+¤�¥+®�£¬�¨�«�pÚ© o ¦ut w ¥�©qv�¤]¥�«#r;t zEo ¤qpÑ¤]¥Bs ¢ §�pÚ©8s_¨�«5��¦

gij
�#ø © z s ¢ p ªA¤ ¢ ¯�¥ ¢ §_©�¥�«�«�p ¢ ª�¥ ¢�¢/n�¢ ¨�§_©7s y ¨-r¡´-¬ ¢ q �#£ w £³¨+©�§�¥+¤]¥�«Br

|��]� } ² ¢ ¬+¨�¤�´�¤ o r;{�}A¤ °�¢�¢ ¯ ¢/n ¦f¤	s ¢ v+®³«(²Q§�«�´�¥ ¢ ²`vBs ¢ ¬+¨³« n�¢8o#y �A«5t
s
«
ω(s) ∼ sα

²
α > 0

²=pw¥�«#p�©8r¢v+©�¯qs y pk ¨+©�¯qs_¤qs�¯£�§�¤ o «5v+¤]¥�«+¤qp
k
²�¬+¨�«5v+¤Epf²1v+¤Ep n�¢7o5y �A¤

α
²^s�¤qp¿pÑ¤�´ o ¤]¥�¥+¤%¤ �1� o r

ω(s) ∼ exp(s)
pw¥�«#pÚ©7rlv�©�¯qs y pk

£ n ¦�§_©�¤qs �  w©�®�«#p
¢7n ¨�© w%¢ pf²¡¤%¯ o « ω(s) ¨�©�¯qs_¤EsC¬�¨�« n�¢7o#y �C«#t

s n ¦f¯qs�¨�¤%¤f¤ °�¢To { n�¢�± ¯qs_¤]¬�¤]¥�«`ùT²Ks ¢ ¬ ¢7o £-v+¤]¥�¥ ¢ ¤�¨+© wRo+¢ ªA¤]¥�«�¤ |Ý�7± } ¥�¤Vp ¢ ªA¤qs
n ¦Vs y «+¯�¬ ¢8o#y3w]¢ §¡©T¥ ¢ ´ o r ¢ �+¤]¥�®�«�¨-r�´�© |��q² } �Å ¢8o ¤%¤�s ¢ v�¥ ¢ £_¯ o+¢ §�«BrÀ¬+¨³«BpÑ¤]¥�«Bp ¢ ¯Es�«Ö¬ ¢8o £-v+¤�¥�¥ ¢�°�¢ ¨+© wRo+¢ ªA¤]¥�«#rZp ¢�° £5s n ¦Vs y ¯?� ¢ ¨5pw£ o «+¨ ¢ §_©�¥�¦ ¬+¨�« w ©�´Q©T¥�«�«® ¢ ¥+®�¨�¤qs�¥ ¢�°%¢|w ©�® ¢ ¥�©4´�«+¯]¬�¤%¨�¯]«�« � Þkv�©�¯qs�¥ ¢ ¯qs�«�²T§L¨�¤ o r;s�«�§�«+¯qs�¯%® ¢ pþ¯ o £-v+©�¤q¬ ¢7o {�¯]¦C² ¢ ¬+¨�¤�´�¤ o r;{�}C«+¤ ¢ ¯R��« o#o «�¨�£;{|}C£;{
v+©�¯Es y ¯Es�©8s�«+¯Es�«#v�¤%¯%® ¢�± ¯]£;p^pÑ¦C²³«BpÑ¤q{�s�§�«³´

pk =
√

(µ+ iωk)2 −m2. |�~�~ }
ø ©8p÷s_¨�¤ n £¡¤Es_¯RrÆ¥�© ± s�«�s�©�®³«+¤ w ¥+©?v�¤]¥�«Br

µ
«
m
²�¬�¨�«µ® ¢ s ¢ ¨³¦ut�pÑ¥�«BpÚ©7r�v�©�¯qs y ® ¢ ¨³¥+¤ ± |�~�~ } ´ ¢ ¯qs�©7s ¢ v�¥ ¢_n ¦f¯Es_¨ ¢ ¨+©�¯qs_¤qs¯�¥ ¢ pÑ¤]¨ ¢ p k

� m ¢ ¯%® ¢8o#y ®³£ Im pk
p ¢ ¥ ¢ s ¢ ¥�¥ ¢ ¨+©�¯qs_¤EsE¯L£�§_¤ o «#v�¤]¥�«+¤qp÷p ¢ ´+£ o r	pÚ©8��£ n ©�¨ ¢ §_¯%® ¢�± v+©�¯Es ¢ s�¦ ωk

´ o r o { n ¦ut§�¤q}A¤%¯qs�§_¤]¥�¥�¦ut
µ
«
m
²³´ o r z �i��¤%®5s�«�§�¥ ¢�°%¢ «+¯]¬ ¢7o5y3w%¢ §¡©�¥�«Brµ¨+© wEo+¢ ªA¤]¥�«Br |Ý�7± } ¥�¤ ¢/n t ¢ ´�«Bp ¢ v#s ¢/n ¦

2πqm Im(pk − p0)À 1, |�~�� }
° ´+¤ qm := min(q)

²
q 6= 0

�Q= ¯ o «¢s�¤qpw¬+¤%¨�©7s�£³¨�©�pw¥ ¢�°%¢ pÑ¤�¥ y �A¤
m
²�s ¢ p ¢ ªv¥ ¢ ¯Ev�«#s�©8s y ωk p�© o ¦Vp ¬ ¢ ¯%¨�©�§�¥+¤]¥�«B{ ¯

µ
«

m
¬+¨�«�pÚ© o ¦ut

k
� �w© wRo © ° ©8r |�~�~ } §3¨-r¡´�²�¥�¤%¯ o�¢ ªv¥ ¢ ¬ ¢7o £-v�«#s y §Æ§_¤�´�£5}A¤qpÖ¬ ¢ ¨-r¡´�®�¤

Im(pk − p0) =
{

µ(µ2 −m2)−1/2(ωk − ω0), |µ| > m ú
m2(m2 − µ2)−3/2(ω2k − ω20)/2, |µ| < m

� |�~3¡ }
� o r n�¢7w%¢ ¥ ¢ §K¥+¤ ¢/n t ¢ ´�«Bp ¢ «�¯]¬ ¢8o#y/w%¢ §¡©8s y §3s ¢ ¨ ¢ ¤C£¡¯ o�¢ §�«�¤ � Þ n�¢8o#y �BpÚ©�¥ ¢ §_¯]® ¢ p ¬+¨�¤�´+¤ o ¤�´ o r ° © w ©���¤%¨5pÑ« ¢ ¥ ¢ §�s�©�®�ªA¤
|µ| < m | ¯qp � ²Ñ¥�©�¬�¨�«#pÑ¤%¨�² � ¤�� } ² ¢ ´�¥�©�® ¢ ´ o rÀ¯ o © n�¢ §�¦f¨ ¢ ªv´+¤]¥�¥ ¢�°�¢ ��¤%¨5pÑ« ¢ ¥�¥ ¢�°%¢° © w ©>¥+¤]¨�¤ o r5s�«�§�«�¯qs�¯%®�« ± t�«Bpw«#v�¤ x¯]®�« ± ¬ ¢ s_¤�¥#��«+© o µnr = µ − m ¬ ¢8o+¢ ª�«#s_¤ o ¤]¥ �1Å ¤]¨-r

k = 1
²�¬�¨�«5t ¢ ´+«#pÌ® ¢�° ¨�©�¥�«#v�¤]¥�«#r5p ¥�© w ¥�©qv�¤]¥�«#r�t�«Bpw«#v�¤%¯%® ¢�°�¢¬ ¢ s�¤]¥#��«�© o ©

µ2 ¿ m2

1− (2π)4q2m
, |µ| > m, µ2 À m2

[
1− π2

(
(2)

4qm
m

)2/3]
, |µ| < m, |�~ _}

° ´+¤�pw¥ ¢ ª�«Bs�¤ o#y (2) ¢ s�§_¤Rv�©�¤Es	�	¤%¨#pw«+¤�§_¯%® ¢ pÑ£�¯ o £-v+©7{ � 54¥�© o+¢�° «#v�¥ ¢ ²�´ o r�¥+¤%¨�¤ o r;s�«�§�«+¯Es_¯%® ¢�°�¢�w ©�® ¢ ¥+©�´+«�¯]¬+¤]¨�¯]«�«�¬ ¢ x
o {�¯�¦ ¢ ¬�¨�¤�´+¤ o r5{|s_¯*r�®³©�®

pk =
√
µ̄+ iωk, µ̄ := µ+m2. |�~3¤ }ûK¥�«BpÚ©8rgv�©�¯Es y pk

p ¢ ¥ ¢ s ¢ ¥�¥ ¢ ¨�©�¯qs_¤Es�¯�£�§_¤ o «#v+¤�¥�«+¤Ep
k
��Å ¤%¨-rÖ¥�©T«#t�£T´��C« ± §¡©�¨�«+©�¥Bs

ωk → 0
²�¬ ¢7o £;v+©�¤qpÏ£¡¯ o�¢ §�«+¤¬�¨�«#pÑ¤]¥�«#p ¢ ¯qs�«µ¨+© wEo+¢ ªA¤]¥�«Br

µ¿ 4π2q2m, µ > 0, |µ| ¿ π2[(2)qm]2/3, µ < 0. |�~7¥ }
��s�«�£¡¯ o�¢ §�«Br	p ¢ ª�¥ ¢ s�©�®�ªA¤L¬ ¢7o £-v�«Bs y ²¡§ w r�§E¥+¤]¨�¤ o r5s�«�§�«�¯qs�¯%®³« ± ¬+¨�¤�´�¤ o § |�~3¡ } �= ¯ o «t¨�© w ¥ ¢ ¯qs y pÑ¤%ªv´�£�¬ ¢8o {	¯�©7pw« |sk+1 − sk| ¯qs_¨�¤EpÑ«#s_¯*r®À¥�£ o {j¯�£�§_¤ o «#v+¤�¥�«�¤qp�¥ ¢ pÑ¤%¨+© k ²»s ¢þ¢ �+¤]¥�®�£_²(¬ ¢7o £ xv+©7{|}C£5{	¯*rK£-v�¤qs ¢ pÀ¥�¤%¯%® ¢8o#y ®³«#t�v o ¤]¥ ¢ §3¨�© wRo+¢ ªA¤]¥�«#r |Ý�8± } ²5p ¢ ªv¥ ¢ £ o £-vB�C«#s y ²¡¬+¨ ¢ ¯]£;p^pw«+¨ ¢ §¡©T§ ¢ ¯qs�©7s ¢ ®µ¬ ¢ � ¢ ¨#pw£ o ¤� ±#o ¤]¨+© x û-©�® o+¢ ¨�¤]¥+©

∞∑

k=N

hd/2(q, pk) =

∫ ∞

sN

ds

2π2i
ω′(s)∂shd/2+1(q, s

1/2) +
1

2
hd/2(q, pN )−

iπ2

6
hd/2−1(q, pN ) + . . . |�~7± }

Þxv�©�¯qs�¥ ¢ ¯qs�«�²³´ o rµ¥�¤%¨�¤ o r;s�«�§�«+¯qs�¯%® ¢�°�¢ ¯�¬+¤%®5s_¨+©�²�® ¢�° ´Q© ω′(s) = 1
²+¨+©�¯%¯qs ¢ r�¥�«�¤TpÚ¤]ªv´�£-¬ ¢7o {	¯�©8pÑ«þ¯qs_¨�¤qpw«Bs_¯*rµ®�¥�£ o {¬�¨�«

k → ∞ ²Ú« «�¥#s_¤ ° ¨+© o §÷� ¢ ¨#pw£ o ¤�� ±#o ¤%¨+© x û-©�® o�¢ ¨�¤]¥�© n ¤%¨�¤Es_¯*r � ��s ¢ §_¤%¨³¥ ¢ « ´ o r o { n�¢�°�¢ ¬ ¢7o «�¥ ¢ pw«�© o#y ¥ ¢�°%¢¯�¬+¤%®5s_¨+© �
ùqü=ÖÏ×Ká

ω(s)
àKÑqÖ�ßFÝ�ß�ý?Ô^Ö�ß8à/â3þ`ßFâ�ÕFâ?à3â?ÿVÝ*Ý�Ü3à3á3ýq×Ká/ÒfÝ�ÓKá3Ý_å3×3Ú�Ö�ß?ÑqßFÖÏØ3è è Ô Ü3âq×3Ø7ÙKÑqÝ�ßFÖ Ú�Ó3Ý�Ü3â?Ö�à3ÝÏåKÖ*ßFÐ?Ý�Ó3Ó3â�á ��� â?àKè�ØE×KÔ����	��
�þâ?ßFý?àKÑqÖ�Ô^ÐFÑqÓ3á3Ý*è¢Ð?Ô^Ö�ÿVá/Õ�Ù/×KÝ�Ó3â?ÐTàFÚ/åKÑ/é



h�k�l�m�n�k��3gCgZs3�>gZ���L�����-�L�3n���gqp	rts3u3eAkwe��A�A�3�C�C�\� i��� ¡� ~/��
� ¹B·uô#¾1Á�ð ó�ï#ÂuÁ^Ã £ ¯%¯ o ¤Í´+£¡¤EpÊs_¤]¬�¤%¨ y ¥�£ o ¤]§�£;{

(q = 0)
p ¢ ´�£�¯]£;p�pw¦

Id
� m ¢ ¯ o ¤�«�¥Bs�¤ ° ¨³«+¨ ¢ §¡©�¥�«Br�¬ ¢ £ °*o ©7p ¢ ¥�©

w ©�¬�«B�A¤qs_¯*rµ®³©�®
I0d =

2πd/2
√
g

Γ(d/2)

∫ ∞

0

dxxd−1 ln(1 + eµ−ω(x
2+m2)). |��/² }

Æ n�¢/w ¥+©qv�«#p÷v+¤%¨�¤ w
ω(x2 +m2)− ω(m2) = S(y), |���� }«A¬+¤%¨�¤ ¢ ¬�¨�¤�´+¤ o «#p�t�«Bpw«#v�¤%¯%®³« ± ¬ ¢ s_¤]¥5��«+© o µ→ µ+ω(m2)

� ÈTs ¢/n ¦Ò« wqn ©T§�«Bs y ¯*r ¢ s o�¢�° ©�¨³«���pÚ©f§ |��/² } ²�¬�¨ ¢ «�¥Bs�¤ ° ¨�«�¨³£_¤qp¬ ¢ v�©�¯Es7r;pÀ«�¬+¨�¤�´+¯qs�©T§�«#p
xα(y)

§Æ§�«�´+¤C¨-r¡´Q©

xα(y) =

∞∑

k=0

λαk y
α+k, λαk = lim

y→0
1

k!

[
1

S′(y)

d

dy

]k [
y

S(y)

]α
. |��_� }

  ¢�° ´Q©�²³«+¯]¬ ¢7o5y3w £Kr ¢ ¬+¨�¤�´�¤ o ¤]¥�«+¤	¬ ¢7o « o�¢�° ©�¨³«���pÚ©³²

Liν(z) =
z

Γ(ν)

∫ ∞

0

dx
xν−1

ex − z , Liν(z) =
∞∑

k=1

zk

kν
, |z| < 1, |���~ }

¬ ¢7o £-v�©�¤EpÖ¨�© wEo�¢ ªA¤�¥�«+¤ | ´ o rK¨�¤ o r;s�«�§�«+¯qs�¯%® ¢�°�¢�w ©�® ¢ ¥�©v´�«+¯]¬�¤%¨�¯]«�«µ¯qp � ²�¥+©�¬�¨�«BpÑ¤]¨�² � ¥�� }

I0d = πd/2
√
g
∞∑

k=0

Γ(d/2 + 1 + k)

Γ(d/2 + 1)
λ
d/2
k Lid/2+1+k (−eµ) . |���� }

� ©�¥�¥ ¢ ¤�¨+© wEo+¢ ªA¤]¥�«+¤�t ¢ ¨ ¢ � ¢ ¨�© n�¢ s�©�¤qsþ§�¯ o £;v+©�¤3¥�« w ®³«#tks_¤EpÑ¬�¤%¨�©7s�£³¨ | ¥+¤]¨�¤ o r5s�«�§�«�¯qs�¯%®³« ± ¬+¨�¤�´�¤ o } ¬+¨³« µ À 1
� Þ

v�©�¯Es�¥ ¢ ¯qs�«(²¡´ o r3¥+¤%¨�¤ o r;s�«�§�«+¯Es_¯]® ¢�°�¢ ¯]¬�¤%®5s_¨+©v¨-r�´ ¢/n ¨³¦�§¡©�¤Es_¯*r�¥+©�¬�¤%¨³§ ¢ p÷v o ¤]¥+¤ �

���l��b�hldihkjk� � ° �|� ° ��h�j¢�
ì ® o ©�´+¦�§_©7rµ§3pÑ¤%¯Es_¤L§_® o ©T´�¦ ¢ sÆ¥�£ o ¤]§ ¢�± p ¢ ´+¦Á« ¢ ¯R��« o5o «�¨�£;{|}A¤ ± v�©�¯qs�«�²³§Æ¥�©7�A¤qp ¯ o £;v+©�¤�¬ ¢7o £;v+©�¤qp

Ω = β−1
3∑

n=0

∑

p1,...pn

(−2)n−3C3n
(
I0n +

∑

q 6=0
e2πiaiq

i

Iqn

)
. |��3¡ }

Æ s3pÑ¤qs�«Bp�² v#s ¢ §þ§�¦f¨�©�ªA¤]¥�«Br-t |Ý�7± } « |���� } ´ o r
Iqn
§>®³©qv+¤%¯qs�§_¤�pÑ¤qs�¨�«+®³« n ¤%¨�¤qs�¯Rr¢v�©�¯Es y gnij | n7o�¢ ® n × n } «�¯*t ¢ ´+¥ ¢�±pÚ¤Es_¨�«�®�«

gij
²�§7t ¢ ´�r;}A¤ ± § w ©�® ¢ ¥�´+«�¯]¬+¤]¨�¯]«�« |�� } � Þ�v�©�¯Es�¥ ¢ ¯qs�«�² ¢/n }C« ± pw¥ ¢ ª�«#s_¤ o5y ¬+¤%¨�¤�´ ¢7n�¢ «Bpw«E§_® o ©T´�©7pw«E§C¯]® ¢/n ®³©Ft§�� ¢ ¨5pw£ o ¤�´ o r

Ω x ¬ ¢ s_¤�¥#��«+© o © |��K¡ } ²
√
gn = (L/lD)

n, lD :=

(
βπ2~2

2m

)1/2
, |�� _}

§_¤ o «+®�²³¬�¨�«�pÚ©�®�¨ ¢ ¯]® ¢ ¬�«5v+¤%¯]®�«5t ¢/n7� ¤Ep�©Ft�¯]«+¯Es_¤qpw¦Á«�¥+¤L¯ o «#�v® ¢ pÖ¥�« w ®�«5t�s_¤qpw¬+¤]¨+©7s�£�¨�©8tQ²¡«�£�§_¤ o «#v�«�§¡©�¤qs_¯*rK¯L£�§_¤ o « xv+¤]¥�«+¤qpÒ¨+© w pÑ¤%¨³¥ ¢ ¯Es�« n � ÞÖ¨�¤ w £ o#y s�©7s_¤ ¢ ¯]¥ ¢ §�¥ ¢�± §_® o ©�´ n £T´+£;s�´Q©�§_©7s y ¯ o © ° ©�¤qpw¦f¤�² ¢ s�§�¤Ev�©8{�}C«�¤i�4« w «5v+¤%¯]® ¢�± ¨+© w pÑ¤%¨ x¥ ¢ ¯Es�«-¬�¨ ¢ ¯Es_¨+©T¥+¯qs�§_© � ëfv�«#s�¦�§¡©8r�s ¢7o#y ® ¢ §�¤�´+£;}C«+¤C§_® o ©�´+¦ ¢ sE¥+¤ z ®�¯qs_¤]¥�¯]«�§�¥�¦utK¬ ¢ ¬+¨�©�§ ¢ ®-« ¢ ¯R��« o#o r-��« ± ²³¬�¨�«5t ¢ ´+«#p®
Ω = β−1

(
I03 − 3I02 +

∑

q 6=0
e2πiaiq

i

Iq3 + . . .

)
. |��3¤ }

 (¤]¥ w%¢ ¨E¥�©8s7r³ªA¤]¥�« ± p ¢ ª�¥ ¢�w ©T¬�«�¯�©7s y §�¯Es�©T¥�´�©�¨#s�¥ ¢ p>´ o r ¢/n }A¤ ± s�¤ ¢ ¨³«�« ¢ s�¥ ¢ ¯]«#s_¤ o5y ¥ ¢ ¯qs�«E§�«�´+¤Vv+¤%¨�¤ w ¬�¨ ¢ « w § ¢ ´ x¥�¦f¤L¬ ¢ pÑ¤qs_¨³«+®�¤
T jn i = lnD

2√
gn
gnik

∂Ω

∂gnjk
. |��/¥ }

Æ ´+¥�©�® ¢ ²�§ ¢ s o «#v�«+¤ ¢ s ¢/n }A¤ ± s_¤ ¢ ¨³«�« ¢ s�¥ ¢ ¯�«Bs_¤ o5y ¥ ¢ ¯qs�«�²(§>´�©�¥�¥ ¢ p ¯ o £;v+©�¤�«#pÚ¤]¤qs_¯*rÀ¤E}v¤ ¢ ´+¥+©�ËApÑ¤qs_¨³«+®³©FÌÍ²(¨+©T§�¥�©8r
δij
²�® ¢ s ¢ ¨+©8r�©�¯%¯ ¢ ��«�«+¨ ¢ §¡©T¥�©v¯	¨�¤E�A¤qs_® ¢�± ®³§¡©T¥Bs ¢ §�¦ut�v�«+¯%¤ o p �³= ¯ o «�pÑ¤qs_¨³«+®³©�´�«�© °%¢ ¥�© o#y ¥�©³²�®³©�®3§�¨+©�¯]¯qpÚ©7s_¨³«�§¡©�¤qp ¢ p¥�©7pw«�¯ o £-v�©�¤�²3s ¢ s_¤�¥ w%¢ ¨E¥+©7s8r�ªA¤�¥�« ± s�©�®�ªA¤�´+«+© °�¢ ¥�© o ¤]¥ �7� ¤ ± ¯qs�§�«Bs�¤ o#y ¥ ¢ ²�¥�©�¬+¤]¨�§�¦ ± § w]°*o r¡´	p ¢ ªA¤qsv¬ ¢ ®³© w ©7s y ¯RrQ²/vBs ¢¥+¤�´�«�© °%¢ ¥�© o#y ¥�¦f¤ zEo ¤EpÚ¤�¥Bs�©up ¢�° £;sf§ ¢/w ¥�«+®�¥�£;s y�¢ s�´�«��i�	¤%¨�¤]¥5��«�¨ ¢ §¡©�¥�«Br

q =
√
gijqiqj

²%§7t ¢ ´�r;}A¤ °�¢ § ¢ ¯E��« o#o «+¨�£;{|}C£;{
v�©�¯Es y ²³¥ ¢

∂Id(q)

∂gij
=

1

2
qiqjq−1/2∂qId(q)→ 1

2
δij(qi)2q−1/2∂qId(q), |��/± }

° ´+¤v¯qs_¨�¤ o ®³© ¢7w ¥�©qv�©�¤qsK¨+©T§_¤]¥�¯qs�§ ¢ ¬ ¢ ´ w ¥�©�® ¢ p ¯]£;p^pÑ¦ §�¬+¨�¤�´�¤ o ©Ft\²�¯]«Bp^pÑ¤qs_¨³«#v�¥�¦ut ¢ s�¥ ¢ ¯]«Bs�¤ o#y ¥ ¢�w ©7pÑ¤�¥�¦
qi → −qi´ o r o { n�¢�°%¢ i � Æ ¯E��« o5o «+¨³£;{|}v©7r z ®�¯]¬ ¢ ¥�¤]¥Bs�©C§Æ§�¦f¨�©�ªA¤]¥�«�« |��K¡ } ¥+¤	¥�©�¨�£;�v©�¤qs z s ¢ ¯]§ ¢�± ¯qs�§ ¢ ��= ¯ o «�pÑ¤qs_¨³«+®³©C¬+¨ ¢ ¬ ¢ ¨ x��« ¢ ¥�© o#y ¥+©�¤�´+«�¥�«5v�¥ ¢�± p�©8s_¨�«5�+¤�²5s ¢ � ¢ ¨#pw£ o © |��3¥ } ´ o r	s_¤�¥ w%¢ ¨+©v¥�©8s7r³ªA¤]¥�« ± ¨�¤�´�£-��«�¨�£_¤qs�¯Rr3® |¦¥ } �



~7��� ¨ e3gCh�© i`ª h�k�l�m>nogqp4rts3u3evkwe
� o r3¥+©8t ¢ ªA´�¤]¥�«Br�£³¨+©T§�¥+¤�¥�«Br�¯ ¢ ¯qs ¢ r�¥�«#rK¯�«+¯qs�¤qpw¦Á¥�¤ ¢/n t ¢ ´�«Bp ¢ §�¦f¨�© w «#s y ¥+¤ z ®�¯qs_¤]¥�¯]«�§�¥�¦f¤	§_¤ o «#v�«�¥�¦ � §7t ¢ ´�r;}C«+¤§A§�¦f¨+©�ªA¤�¥�«+¤f´ o r

Ω � ¬ ¢ s_¤]¥5��«+© o ©�v�¤%¨�¤ wfz ®�¯qs_¤�¥+¯]«�§�¥�¦f¤ � Þ�v�©�¯qs�¥ ¢ ¯qs�«�²�¥+¤ ¢7n t ¢ ´+«#p ¢ ¬ ¢7o £-v�«Bs y §�¦f¨+©�ªA¤]¥�«�¤4´ o r�t³«#pw« xv�¤%¯%® ¢�°�¢ ¬ ¢ s_¤]¥5��«+© o ©�²Q®³©�®��	£�¥�®5��«�«
N,V, T

��� o rþ£�¬�¨ ¢ }A¤]¥�«Brþ§�¦f® o ©�´ ¢ ® n £�´+¤qpÌ«�¯%®³©7s y t�«Bpw«#v�¤%¯%®³« ± ¬ ¢ s_¤]¥5��«+© o « w|¦¥ } § n�¢7o#y �BpÚ©�¥ ¢ §�¯%® ¢ p ¬�¨�¤�´+¤ o ¤ |µ| À 1
�   ¢�° ´Q©

I0d = (ρ0V )d/3eµ(1 + 2−d/2−1eµ + . . .), ρ0V =
√
g
(π
4

) 3
2
=

(
m

2πβ~2

)3/2
, |�¡7² }

«µ§E§_¤�´�£;}v¤EpÖ¬ ¢ ¨-r¡´�®�¤
µ0 = ln (ρρ−10 ), |�¡¡� }

° ´+¤ ρ = N/V � ¬ o�¢ s�¥ ¢ ¯qs y v�«+¯ o ©�v�©�¯Es�«#� �^£ ¯]¬ ¢8o#y3w £Kr z s ¢kw ¥�©qv�¤]¥�«�¤µ§�®³©?v�¤%¯qs�§_¤�¥�£ o ¤]§ ¢�°�¢ ¬+¨�« n7o «+ªA¤]¥�«Br÷s_¤ ¢ ¨�«�«§ ¢/w pw£;}A¤]¥�« ± µ = µ0 + δµ
²³¬+¤]¨�§¡©8rK¬ ¢ ¬+¨�©�§_®³©v«BpÑ¤%¤qsÆ§�«�´

δµ = − 1

∂2µI
0
3

∂µ

(
−3I02 +

∑

q 6=0
e2πiaiq

i

Iq3 + . . .

)
= 3

[
(ρ0V )−1/3 ρρ−10 − 8π2 Imh1/2

(
V 1/3

lD
, p0

)]
. |�¡�� }

� ©T§ o ¤]¥�«�¤�² ¢ ¬+¨�¤�´�¤ o r³¤qp ¢ ¤T� ¢ ¨#pw£ o�¢�± |¦¥ } ²�¬ ¢ ¯ o ¤�¬ ¢ ´�¯qs�©T¥ ¢ §�®�«µ§�¦f¨+©�ªA¤]¥�«#rK´ o r�t�«Bpw«#v�¤%¯%® ¢�°�¢ ¬ ¢ s�¤]¥#��«�© o ©A«µ£T´+¤%¨�ª�« x§_©�¥�«BrK§�¤�´+£;}C«#t�§_® o ©T´ ¢ § w ©T¬�«#�A¤qs_¯*rµ®³©�®

βP = ρ

[
1− 2−d/2−1ρρ−10 − 2(ρ0V )−1/3−

− 24π2 Imh1/2

(
V 1/3

lD
, p0

)
+ 48π−1/2 Imh3/2

(
V 1/3

lD
, p0

)
− 256π−1/2

(ρ0V )1/3
Imh5/2

(
V 1/3

lD
, p0

)]
. |�¡�~ }

Þ�® o ©T´+¦ § ¢ §3s ¢ ¨ ¢�± ¯qs_¨ ¢ ®�¤�� ¢ ¨#pw£ o ¦ ¢ ¬�«+¯�¦�§¡©7{|s ¢ ¯E��« o#o r;��«�«Æ´Q©�§ o ¤]¥�«BrE§ w ©�§�«+¯]«#p ¢ ¯qs�« ¢ s ¢7n/� ¤qpÚ©v«�s_¤EpÑ¬�¤%¨�©7s�£³¨�¦ �Þ�s ¢ ¨ ¢�± §_® o ©T´-§E¬+¤]¨�§ ¢�± ¯Es_¨ ¢ ®�¤�� ¢ ¨#pw£ o ¦ � z s ¢ t ¢ ¨ ¢ � ¢ « w §_¤%¯Es�¥�©8rK¬+¤%¨³§¡©8rµ¬ ¢ ¬�¨+©�§�®³© ¢ sÆ§�«�¨�«+© o#y ¥ ¢�°�¢ ¨+© wEo+¢ ªA¤]¥�«Br´ o r�«³´�¤%© o#y ¥ ¢�°�¢Æ° © w ©��¤%¨#pw« ¢ ¥ ¢ § � ¤�� �  f¨�¤qs y ¤L¯ o © ° ©�¤qp ¢ ¤ w ©�´Q©�¤qsE¥�¤ z ®�¯qs�¤]¥+¯]«�§�¥�¦ ± §_® o ©T´ ¢ sÆ¥�« w �C«5tK« w pÑ¤%¨�¤�¥�« ± �
�w© n�¢ s�©K¬ ¢ ´�´�¤%¨�ªv©�¥+© ° ¨+©�¥#s ¢ pÁ� yEy £ ²/± x ²_� x ²/²/¤���~ x ©³² y ¤�´�¤%¨�© o5y ¥�¦Vp © ° ¤]¥#s_¯qs�§ ¢ pÌ¬ ¢ ¥�©%£³®�¤v««�¥�¥ ¢ §¡©F��«#r5p�²Q® ¢ ¥ xs�¨+©�®#s�� ²_� � ¤T�3² � ��� � ²_��~/¥ ² y ¤Í´�¤%¨�© o#y ¥�¦Vp © ° ¤�¥Bs_¯Es�§ ¢ pt¬ ¢E¢7n ¨+© w%¢ §_©�¥�«B{�²�® ¢ ¥#s_¨+©�®#s�¦���m ��~�~3¤ ²#m �/¡8±  �

� j���d��l�������l�

� ��� : $ & 1 ; � &���/ ��� " �! � ! � ²�" ��� &)*#$#$%'& � ² � %+* " � /(�)# 2*� %+#$% �_�-, � " � ' � #Ì0 � /<& 1 & � �/. � ;$# . #0�213#0#$% � # � $ 14� �)# � & � $ /%{576 2 # � & 1 #$%8� � %�*9� � #$. � "¡²;: �=<�>@?BADC8>FEHG�I�J0> ²*KFL+² �q¥_�/¤�|Ý�8²/²7± } �
� ���3ø «B���C«#� £E� û � ² � ¢ ¯%¤]§�«#v>5 � û � � s_¤ ¢ ¨�«�«�pÚ© ° ¥�«Bs�¥ ¢�± § ¢ ¯�¬+¨�«�«Bp»v�«�§ ¢ ¯qs�«�s ¢ ¥+®³«#t�¯ o+¢ ¤]§�pÑ¤qs�© o5o+¢ §3¬�¨�«µ¥�« w ®�«5t

s�¤qpw¬+¤%¨�©7s�£³¨+©FtQ²�MONQPSRTRTRVUZ²+W*X\² ¤8±3¡�|��q±3¡�~ } �
� ~T� :���2+Y /(� �  �[Z�� ²  �� $ #�0 �;\^]`_[]`a2b0c=deb=f ä b=gih�akj�g)bl\^]mb0n C d G b A g I � �4o � pÆ� {+0 ��1 .[q &)*[r�#l&Q%�&tsu# q /<&�� " , q #%/</ ² �7²7²wv � � �_�7¥ 2 �
� ��� Þq©7s_¯ ¢ ¥yx �5øE�^z�é]î<ò+ç¡õB{�é]ë%ë%éôó�é%ñ�ð}|y~��_è�ìu��ç+��� s � � � � û � { £ w ´Q©7s�¤ o#y ¯qs�§ ¢ «�¥ ¢ ¯qs_¨+©T¥�¥ ¢�±�o «Bs_¤]¨+©7s�£³¨³¦C² �?±��3± � � ¤7±/± ¯ �
� ¡�� 5Ñ$ &t� � $ *[# 5 �;� #0� � � Y %�;=��&�.�% 1 #0�)�[.�*�/ � %+*�� Y+� %8� Y�1'�+Y ;=� Y*� �)�t.�%+� ²@� >@EHG�I�J0>V� ²�ÜVL+² ~7²��3²��3²þ|Ý�8²/²/¥ } � � q)� �tsQ{ ²/¤��T� � ��~��uv �
� vT� 5�� �(�)#0��%�� �*� Y qQ� �[#$. q �t# ����� rw#0�O#$�t%+# q � #0� ���`Y %+�8�)�t.w%+#0% ² ? h�a G+>@� _+_ > ²*�*�\² v��F¡�|��q±/²�~ } �
� ¤��3ø ©T¥�´�©�£ ø �-��� ² ø «��|�A«5�y� � û � R êÆ÷�ê�ç+ë]ê�ç+��é]ë]ì_÷�õy~Úç���ç�ì¡÷ > � >H�w> � û � {�y « w pÚ©7s o «#s�² �8²/²_� � � v³�$v ¯ �
� ¥T�O� ��� # q � � 5 � ²� # ��  .�% � �[¡A��á �t%+���)# x �)#$� � # q � � Y q #Q�(¢�4�£#0� q ¢ � q # � ���t%+r � %  ¥¤ .w�i# x 5 �t%+�(�)#$�t%�¦0.w%   #$%+� � �)�t.w% ² E^G�I�J0> : b <�>§L²*X*�\² ¡8²_��|��q±/¥_� } �

�-¶Cÿ�� ú�ù-ú	ù-ÿ-újû���¿��¨fývú�¶Cù��D� ü�ÿ��¿�����©¨�ù���� �����-ÿ>ü��þú�ù-ÿ�ª
�-¶Cÿÿ>üEü��þú¬«�����µù-ÿ�ÿ�®�� ú	¶Cù��£ª
����«�ú|�þÿ°¯>ÿ��qÿ��-úCü�û�ÿ��ò����Kÿ�����«�úQª>ü�ý_�Æÿ�ª

!vË�±ZË+² ¼ Ê ÅÍ¾QÅÍÃ 1 ² Ù	Ë ³QË+²Q´ ÅTÂ³Å0µ 2 ²·¶ Ë WEËV¸¹´eº ¾ º Ã 3
1,2,3 » º Ê » º Ã Ê »³¼+¼�$QÅÛÈ}½T¿ º ¿�¼(Â³Å Ê »�¼[¼-¿ º Ê ¹TÈ}½ ´ Ê µTÃ�Å�º�º*¾3¼3¹+º�¼+Ã¡Å ´ Ê ¼eµ_Å$µ É#& º Ê%Ê ¼�½ É » º Ê »�Ã8½

1 'B(*)5+-,/.C0-¿;+K.wÀ�¿�Á36-,DÂuÃ54�Ä^<A@7> ² 2,3 'B(*)#+-,7.C0ÆÅ3@K43.34�Ç�ÃwÂ;6K47@È1<A@7>

 �¤ ¢ ¨�«#r � © o £-��¦ � � o ¤ ± ¥�© ¢7n�¢/n }�©�¤qs_¯*rL¬�£;s_¤Epµ¨�©�¯%¯qp ¢ s_¨�¤�¥�«Br	¤%¤Ñ¥+© ° ¤ ¢ pÑ¤qs�¨�«#v�¤%¯%® ¢ p�� ¢ ¥�¤ ¡ x pÑ¤%¨�¥ ¢�°�¢ ¬�¨ ¢ ¯qs_¨�©�¥+¯Es�§¡© x§�¨�¤EpÚ¤�¥�« Þq¤ ±#o r � � ©�¨#s�©�¥+©À¯�¥+¤qpÑ¤qs_¨³«#v�¥ ¢ ¯qs3{ ∇AgBC = 2WAgBC (A,B,C,= 0, 1, 2, 3, 4)
« ®�¨�£-v+¤�¥�«+¤Ep

QAB
C =

ΓC[AB]
� x�¨�©�§�«#s�©8��« ¢ ¥�¥�¦ ± o © ° ¨�©�¥�ª�«�©T¥Ês_¤ ¢ ¨�«�«Ép ¢ ´+«B�	«#��«+¨³£¡¤qs_¯*r «�¬�¨�«�¥�«BpÚ©�¤qsÀ§�«�´

Lg = 5R + λΩABΩ
AB ² ° ´�¤



É^Ê4Ë[ÌÎÍÏÊ �OÐlÐZs3�yÐZ���L�����-�L� Í �=ÐÒÑ	rts3uOÓ Ê Ó��A�A�3�C�C�\�2Ô �� ¡� ~/�[Õ

ΩAB = RCCAB = 10W[A,B] � ¡DÖ pÚ¤]¨�¥�©8r-¯]¤ ° pÑ¤]¥#s�©�¨�¥+©7r-®�¨�«�§�« w ¥�© � ì «�¯]¬ ¢8o#y3w]¢ §¡©T¥�«�¤qpxp ¢ ¥+©T´+¥ ¢�°�¢ � ¢ ¨#pÚ© o « w p�©3¬�¨ ¢ Ö« w § ¢ ´�«Bs_¯*r9× �uØ���Ù2Ö ¨+© wqn «�¤]¥�«�¤ Lg Ú ë|v#s_¤]¥�¦À£¡¯ o+¢ §�«Br���« o «�¥�´+¨�«5v�¥ ¢ ¯qs�«v¬ ¢ ¬#r5s ¢�± ® ¢�¢ ¨_´+«�¥+©7s_¤
x4
²�©�p ¢ ¥+©T´�© λA = δ4A/g44¬ ¢7o © ° ©�¤qs�¯RrK¬�¨ ¢ ¬ ¢ ¨5��« ¢ ¥+© o#y ¥ ¢�±�zEo ¤%®5s_¨ ¢ pÚ© ° ¥�«Bs�¥ ¢ pw£3¬ ¢ s_¤]¥5��«+© o £ Ú£ ¯%¯ o ¤�´ ¢ §¡©T¥�«�¤�´�©�¥�¥ ¢�± p ¢ ´+¤ o « ¬+¨ ¢ « w § ¢ ´+«#s_¯*rÖ¯�¬ ¢ p ¢ } y { ® ¢ pw¬ y {�s�¤%¨�¥ ¢�± ¯�«+¯qs�¤qpw¦ ¯]«#pÑ§ ¢7o#y ¥�¦utÖ§�¦uv�«+¯ o ¤]¥�« ±Û�Ü=Ý Ú m ¢7o £;v�¤]¥�¦ ¨�¤q�A¤]¥�«Br ¡�Ö pÑ¤%¨³¥�¦utþ§_©�®³£³£;pw¥�¦ut-£³¨+©T§�¥�¤]¥�« ± � ± ¥#�_s�¤ ± ¥+© RAB = 0

´ o rþ¯ o £-v�©�¤]§�¯q��¤%¨³«#v+¤]¯%® ¢�± «¢��« Ö
o «�¥³´�¨³«#v�¤%¯%® ¢�± ¯�«Bp^pÑ¤qs_¨�« ± Ú ÞZ��« o «�¥³´�¨³«5v�¤%¯%®³«K¯]«Bp^pÑ¤qs_¨³«#v�¥ ¢ pÀ¯ o £-v�©�¤	«�¯%¯ o ¤Í´ ¢ §_©�¥�¦�¯qs�©7s�«5v+¤%¯%®³«+¤|pÑ¤qs�¨�«+®³«	v+¤Es�¦f¨�¤Et
s�«�¬ ¢ §+Þ

ds2 = e2Udt2 − e−2U
(
e2a(dρ2 + dz2) + (ρdα+ V dx4)2

)
−W 2(dx4)2 ,

ds2 = e2Udt2 − e−2U
[
e2a
(
dρ2 + (dz + V dx4)2

)
+ ρ2dα2

]
−W 2(dx4)2 ,

ds2 = e2Udt2 − e−2U
(
e2a(dρ2 + dz2) + (ρdα+Gdt)2

)
−W 2(dx4)2 ,

ds2 = e2Udt2 − e−2U
[
e2a
(
dρ2 + (dz + V dx4)2)

)
+ (ρdα+Gdt)2

]
−W 2(dx4)2 ,

° ´+¤ U(ρ) ² a(ρ) ² V (ρ)
²
G(ρ)

²
W (ρ) � ¥+¤]« w §_¤]¯qs�¥�¦f¤��	£�¥�®5��«�« Ú ì ¬ ¢ p ¢ } y { ® ¢ pw¬ y s_¤%¨³¥ ¢�± ¯]«+¯Es_¤qpw¦ ÛtÜ=Ý §�¦uv�«+¯ o ¤]¥�¦° ¤ ¢ pÑ¤qs�¨�«#v�¤%¯%®³«+¤Æ§_¤ o «5v�«�¥�¦Ds�¤ ¢ ¨³«�«Ò« ¢ ¬�¨�¤Í´�¤]¥Ò§�«�´�£�¨�©�§�¥�¤]¥�« ± � ± ¥#�_s�¤ ± ¥+©K´ o r z s�«#t¢pÑ¤qs�¨�«�® Ú ø © ± ´+¤]¥�¦Î¨�¤q�A¤]¥�«BrQ²§�s ¢ pÉv�«�¯ o ¤Æ´ o r�¬�¨ ¢ ¯qs_¨+©T¥+¯qs�§þ¯3¥�¤qs_¨³«�§�«�© o5y ¥ ¢�± s ¢ ¬ ¢7o�¢�° «�¤ ± s�«�¬�©�Ëô®�¨ ¢ s ¢ § ¢�± ¥ ¢ ¨�¦uÌE¯3¬+¨ ¢ ¯qs_¨�©�¥�¯qs�§_¤�¥�¥ ¢ Ö ¬ o�¢ ¯]® ¢�±©�¯%¯]«#pw¬Bs ¢ s�«+® ¢�± Þ

ds2 = dt2 − dx2 − (x2 + a2)(dθ2 + sin2 θ dα2)− (dx4)2 , (−∞ < x <∞) ,

ds2 = dt2 − dρ2 − (ρ2 + a2)dα2 − dz2 − (dx4)2 ,

« o «	ËÛ® ¢ ¯EpÑ«5v+¤%¯]® ¢�± ¯qs_¨�£�¥�¦uÌ�× −∞ < ρ <∞ , 0 ≤ α ≤ 2π − δ Ù Þ
ds2 = dt2 − dρ2 − ρ2dα2 − dz2 − (dx4)2 .

� ©�¥�¥�©8r ¬ ¢ «�¯%® ¢ §_©7r ¥�©%£-v�¥ ¢ Ö «�¯%¯ o ¤Í´ ¢ §¡©7s_¤ o#y ¯]®³©7r ¨+© n�¢ s�©À¬�¨ ¢ §�¤�´+¤]¥�©�§ ¨�©7pÑ®³©8t ¨�¤%© o « w ©8��«�«-ß�àTmâá ø ©%£-v�¥�¦f¤>«¥�©%£-v�¥ ¢ Ö ¬+¤�´�© °�¢�° «#v�¤%¯%®³«+¤�®³©�´�¨�¦Ì«�¥�¥ ¢ §¡©8��« ¢ ¥�¥ ¢�±�ã�¢ ¯%¯]«�«7á�¥�©Oä ²7²/±�Ö ä ² ÜDå °%° Ú
��j���d��l�������l�
Û�Ü=Ý ¤Ò��� . Y q .�s �4æ Ú , Ú ²+ç .w�(�)���t%�è Ú*éeÚ ² á q . � .�s ¤ Ú+o�Ú*êwêÎë gih < ]`a�h�ak] A _ìh�_ CyíHA�J f A n A)î�I ²@L�Q² å ² ä � å ²3¡ ×�ä ²7²/±uÙ Ú
ïñð�ò�ó�ôõïñð�ò�öD÷�ð9ø-ïúù£û�ôõø^øÒö=üyý÷þù£ïñÿ�ù��@ö0ò�ô��@òÒð���� ð9ü�� ù��4ïñó©ùOø^ô�� ö=ü�ôQö0ü	�@ò�ôQö0üð9ü�û
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ds2 = −gtt(r, t)dt2 + grr(r, t)dr
2 + 2grt(r, t)drdt+ ρ(r, t)2(dθ2 + sin2(θ)dϕ2).
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t = t′ + f(r).
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2 + sin2(θ)dϕ2).
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det ‖gab‖ = 1,

×v® Ù
� . q �)�[#�� � �[# q �t¦ ���t� ¢��(¢�O�O#0� q �t¦õ�(� � �)�t¦��O#0� q �t¦ Ú � #�� ��  � 6 #   �)�+#õ�)� q #$# Y %+��%[.�1¬% �/Y %[¦0�)�t.w%+�

gtt(r) = 1− 2M

ρ(r)
> 0, grr(r) = − 1

gtt
< 0

× ¡�Ù
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. � � � ��%[�t%+r
ρ(r) = 2

√
r3 + ρ3G,¡ %+.��)�+# q 1¬�   #$� � q # �w ¥� . q � . � �)�+# é ¦=�81 � q �0�i¦=�[� �  OÀ �Q�i. ��Y �)�t.w%I�[1 � � q # � ¦	�[#  �Y �i�t%+r£�t�i.�� q . � �t¦�r ��Y rw# × � . q # 6 � � � � #��t% Û�Ü ä Ý Ù �

ds2 = −ĝtt(r)dt2 + ĝrr(r)(dr
2 + r2dθ2 + r2 sin2(θ)dϕ2),

× vwÙ
æõ� s��t. Y � � ¢e�@�)�+#0�i#9¦$. Ö . q   �t% � �)#$��� � ¢ � # Y �i#   � ���)�[#4� � �O#4¦0. Ö . q   �t% � �)# � . q �)�[#4�O#0� q �t¦��*# ��  1¬���)� s � q �t. Y � � q . � # q �)�t#$���t%  �/�e# q #$%8�   .w� � ��% Ú � . � #$r���%O1¬�t�)�l�813#Q¦$.w%[�i�   # q �)�[#Q�i. ��Y �)�t.w%+�3. � �*# ��  #D� Y*� �)�t.w%+� � . q � ��%[#õ# � #0�O#$%8�)� × Ü ¥uÙ � %   × ÜDå Ù � × Ü ¡wÙ Ú � �[#q #$� Y+� �¹�t�

ĝtt =
α̂(1− 4rβ̂)4

r4
, ĝrr =

γ̂(1 + 4rβ̂)2

(1− 4rβ̂)2
,

× ¤wÙ
� %  

gtt =
αr4

(r3 + ρ3G)[α(r
3 + ρ3G)

1/3 − β] , grr = α− β

(r3 + ρ3G)
1/3

,
× ¥uÙ

1¬�+# q # α, β, α̂, β̂, γ̂ � q � ��� q � q ¢¥¦0.w%+�(� � %8�)� Ú¡ % ��� .�rw. Y � � �¹�t%��(�)# �t� � q �O.   # � �3�)�+�t�¬�t� � � �t#$�T�)� � �¬�)�+#�.w%[#l. � �)�+#��i. �tY �)�t.�%+�¬13#l¦ � % � �i� Y �O# � � á �t%8�)# q �t. q á �+Y � � %[.��)�+# q� � á # 6 �)# q �t. q á s � ¦ Y+Y � �i. ��Y �)�t.w% ÚFo .D1ñ�t%Î. q   # q � . q �)�+#0�i# � �t%[#þ# � #0�O#$%8�)�Q�). � #�¦$.w%8�)�t% Y . Y � � ¦ q .w�i�õ�)�+# � Y %+¦0�)�t.w%©13#��t� � .w�i#� %�# 6� � �t¦$���   #��+%+���)�t.w% � . q �)�[# � q � ��� q � q ¢¥¦$.�%+�(� � %8�)�¹�t%��i. �tY �)�t.�%+� × ¤wÙ � × ¥uÙ Ú � �+# � q �t# � ¦$.w� � Y � � �)��.�%¥¢�t# ��  �
α =

γ̂

9− 4
√
5
, β =

4γ̂a

55/6(9− 4
√
5)
, α̂ = − a

55/12
, β̂ =

1 +
√
5

4a
, ρG = a(

√
5− 1)1/3,

× ±uÙ
1¬�+# q # a � Y %[¦0�)�t.w% q �w  � Y � ÚZ %£�)�+�t�Ò¦ � �i#¹�)�+# � . Y %  +� q ¢£� Y q �k� ¦0#õ#0%8� � � � �3s�� � �)�+#��+# ��  #$� Y+� �)�t.w%[� � � Y � � �t%O�i#$¦$.w%  4  # q �ts � �)�t.�%+�Ò. � �O#0� q �t¦¹¦0.�#�©O¦$�t#$%8�M��+Y �q� q �(�   # q �ts � �)�tsu#0� q #0� � �t%+� Ú � � Y �6� � q .�� �)�[# � Y %[¦0�)�t.w%9¦$.w%   ���)�t.w%+�6���)�[# á �t%8�)# q �t. q á �O#=� q ��¦ � � q � �O#0�)# q �Ò¦ � % � #   #0�)# q �O�t%+#  � �3�)�+# � . Y %  [� q ¢O� Y q �`� ¦$#��t%4�)# q �O�Ò. � �)�+# á # 6 �)# q �t. q á �O#0� q �t¦ � � q � �O#0�)# q � Ú�o .��)#Q�)� � � � . q �)�+�t�3¦ � �i# Ka

b �t�T¦0.w%8�)�t% Y . Y � � ¦ q .w�i�
Σ Ú � #$%+¦0#-� � � q �O.w�t� Ö Z � q � # � � Y %+¦0�)�t.�%ì¦$.w%   ���)�t.w%[� � q # �/Y+� � �t� #   Ú7é Y ¦	�B¦$.�%+�(� q Y ¦0�)�t.w% ���t� .D1¬� Y ���). � �i�i.8¦$� � �)# q �tr�. q . Y � � ¢B1¬�t�)�� .��)��r ��Y r�#$� � � � � � �O# á � � � ¦$# á �+1¬�+�t¦	���t� �þY %[� � Y #   �/�e# q #$%8�)� ���[� #l� � %+� � . �   " 4 Ú
Á ¢t�ÃÂÄ���cÅ	�ÇÆ��t�ÉÈ�ËÊ¨���,�Ç¢z�������Ë�q�����R�q�����z�

� ¤ � �)�+#0. q ¢ � q #   #$�i¦ q � � #  ¥� ¢4�)�+# � . �t� .�1¬�t%+r � ¦0�)�t.w%��t%��)�[#��w. q  [� % � q � �O#l�t� Þ

S =

∫
dx
√−g(φR− ωgµν∇µφ∇νφ+ Sm.

× Ü ²uÙ
� # q #-� : �t�Q�)�[#�è¹�t¦$¦$�V�i¦ ����� q ¦ Y q s � � Y q #�1¬���)� q #$� � #$¦0�Q�).£�)�+#�� � � ¦$# Ö �)�t�O#��O#0� q �t¦�r µν � %   é m   #0%+.��)# � ¦=�)�t.w%y. � � � �i�)# q

�*# ��  � Ú ×`� # Y �i# Y %+���)�¬�t%¥1¬�+�t¦	��r q � s��� � �)�t.�% ��� ¦$.w%[�(� � %8� ë § Ü � %   � � #0#   . �7� �tr��8�Q¦ § Ü Ú Ù,^� q � � �)�t.w%�. � ×�ä ¡wÙ 1¬���)� q #$� � #0¦0�¬�).£r µν � %   φ rw�tsu#$�6� q #$� � #0¦0�)�tsu# � ¢e��)�+#��+# ��  #D� Y*� �)�t.�%+� Þ

Rµν − 1

2
Rgµν =

1

φ
TMµν + T JBDµν ,

× Ü�Ü Ù
1¬�+# q #

T JBDµν = [
ω

φ2

(
∇µφ∇νφ− 1

2
gµν∇αφ∇αφ

)
+

1

φ
(∇µ∇νφ− gµν∇α∇αφ)].

× Ü ä Ù
� %  

∇α∇αφ =
TM λ
λ

3 + 2ω
,

× Ü$å Ù
� %   TM λ

λ ���T�)�+#�#$%[# q r�¢9�O.w�O#$%8� Y ���)#$%[�i. q . � . q   ��% � q ¢¥� � �i�)# q 1¬�[��¦	��. � #0¢�T�)�+#�¦0.w%+�i# q s � �)�t.w%�#D� Y*� �)��.�% TMµν;λ r νλ § ² Úæ %[#�¦ � %�¦=�[.w�i#��)�+#��(� � �)��¦l� � �[# q �t¦ ���t� ¢��(¢�O�O#0� q �t¦õ�O#=� q ��¦õ��%�¦ Y q s � � Y q #�¦$.8. q   �t% � �)#$� � . q �
ds2 = −eν(r)dt2 + eλ(r)dr2 + r2dΩ2.

× Ü ® Ù
� �+#$%¥�)�+#��i. ��Y �)�t.w%+�¹. � �)�[#�r q � s���� � �)�t.w% ��� �*# �   #$� Y+� �)�t.w%[�¬��%¥�)�[#�s � ¦ Y+Y � � � �u#��)�[# � . q � ÛtÜ ¤ Ý

r =
α0√

τ (τ−h − τh) , eλ =
4h2[(

1
2
+ h
)
τh −

(
1
2
− h
)
τ−h

]2 , eν = τ
1
B , φ = φ0τ

β0
B ,

× Ü ¡wÙ

1¬�+# q # τ � � q � �O#0�)# q � � q � ��� q � q ¢¥¦$.�%+�(� � %8� � %  
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h2 =
1

4
− A

B2
;A =

β0
2

(1− β0ω) ;B = 1 + 2β0.� �+#�¦0.w%[�(� � %8� φ0 � q #   #0�)# q �O�t%+#  4� ¢ � % � �(¢[� � �).��)�t¦ �;� �)%[#$�i�T¦0.w%   ���)��.�% � � φ0 § Ü ��1¬�+� � # α0 � %   β0 �t�   #=�)# q �O�t%+#  O� ¢O�)�[#q #$� Y � q #$�O#$%8�T. � � � s�t%[r é ¦=�81 � q �0�i¦=�[� �   rw#0.w�O#0� q ¢9�t%¥�)�+#õ13# � �g�+# �� ¥� ���O��� Û�Ü0Ý Ú � �[# q # � ¢
α0 = 4hM (1 + 2β0)

× Ü vuÙ
�t�T�)�+# �/Y %+¦=�)��.�%�. � ¦0#$%8� q ��� � � �i�¬. � �)�[#�¦$.w%j�*r Y q � �)�t.w% � %  

β0 = − 1

3 + 2ω
.

× Ü ¤�Ù
� �+�t�^�t� � � �t#$���)� � ���)�+# q � %[rw#¬. � β0 �t�   �t¦0� � �)#  £� ¢��)�[# q � %+r�#¬. � ω ��1¬�+�t¦	�I�w��%þ� Y q %I���t�H�). � #   ��¦=� � �)#  þ� ¢��)�+# q #$� Y � q #$�O#$%8�)�7. �1Ò. q �O�[. � #¹r�#$.w�O#0� q ¢ Ú Z %O. q   # q �).l��%�sw#$�(�)�tr � �)#¬1¬�+#=�)�+# q � rw�tsu#0%4�i. �tY �)�t.w% q # � q #$�i#$%8�)� � 1Ò. q �O�+. � #¹rw#$.��O#0� q ¢e�w���Ò�t�Ò¦$.�%�su#$%[��#0%8��).þ¦ � �(�¬�)�+#��O#0� q �t¦��t%8�). " . qiq �t� Ö � �+. q %[#�¦ � %[.w%+�t¦ ���@� . q � Þ

ds2 = −e2χ
(
∗
R

)

dt2 +


1−

b
( ∗
R
)

∗
R




−1

dr2+
∗
R
2

dΩ2,
× Ü ¥wÙ

1T�+# q # χ( ∗R) � %  WÌ ( ∗R) � q # � q � ��� q � q ¢ �/Y %[¦0�)�t.w%+�^. � �)�[# q �w  � ��� ¦$.8. q   �t% � �)#-� ∗R Ú χ( ∗R) �t�   #$%[.��)#  £� �H�)�+# q #   �i�+� � � �`Y %+¦=�)��.�%I�
� . q ���^�t� q # � � �)#   �).��)�[#Tr q � s��t� � �)�t.w% ��� q #   �i�[� � � ú Ì ( ∗R) �t�^¦ ���t� #   �)�+# � . q � �/Y %[¦0�)�t.w%I� � #$¦ ��Y �i# � �H¦ � % � #T�i�+.D1¬% � ¢�#0� � #  [  �t%+r  � � r q � �O�6�����   #0�)# q �O��%[#$���)�[#9�i� � � #9. � �)�+#O13. q �O�+. � # Û�Ü ¥ Ý Ú � �[# q ��  � ��� ¦0.8. q   �t% � �)#¥� � � � q � %+r�#9�)� � �£�t%[¦ q # � �i#$� � q .w� �
�O�t%[�t� Y �'s ���tY # � � ∗R0 �[¦$. qiq #0� � .w%   �t%+rþ�).��)�+#õ1Ò. q �O�[. � #��)� q . � �M��).þ�t%!�+%+��� ¢ Ú � �+# � #0¦=��� � %[%9�i. ��Y �)�t.w%�¦ � % � #�¦ � �(�¬�).þ�)�[#� . q � × Ü ¥uÙ � ¢   #��*%[�t%+r � q ��  � ��� ¦$.8. q   �t% � �)# ∗R 1¬�+�t¦	���t� q # ��� �)#   1¬���)� g s�� � �)�[#�# 6� q #$�i�i�t.w%

∗
R=

α0√
τ (τ−h − τh) ,

× Ü ±wÙ
� �+# �`Y %+¦=�)��.�%+� χ( ∗R) � %  zÌ ( ∗R) � q #��)�+#�r���sw#$% � ¢

χ
( ∗
R
)
= τ

1
B ,

×�ä ²wÙ
b
( ∗
R
)
=
∗
R [(1− [

(1 + 2h)

4h
τh − (1− 2h)

4h
τ−h]2)]

� �+# � 6 � ���t� ¢��(¢�O�O#=� q ��¦Q#$� � #  [  #   � Y q �k� ¦$# z = z
( ∗
R
) �i� � � �t%[rþ�)�+#õ1Ò. q �O�+. � # À �¹� � � �)� ��� r�#$.w�O#=� q ¢¥�t�¬. � � � �t%+#  9� q .��

dz

d
∗
R

= ±




∗
R

b
( ∗
R
) − 1




− 1
2 ×�ä Ü Ù

¤ ¢   #��*%[�t�)�t.�%y. � 1Ò. q �O�[. � # � �Q�)� q . � �����)�õ#$� � #  +  #   � Y q �k� ¦$#��t�õsu# q �)�t¦ ��� Ú � �[#��)� q . � �õ. � �)�[#�13. q �O�+. � #�.�¦0¦ Y q � � � ∗
R=

∗
R0

� Y ¦	�¥�)� � � b
( ∗
R0

)
=
∗
R0 Ú � �[���¬rw�tsu#$�¬�O�t%+�t� Y � ���t� .D13#   : Ö ¦$.8. q   �t% � �)# q �w  �t�@è ±0 � � ÛtÜ ¤ Ý

R±0 =
α0
√

1− 4h2

4h

(
1 + 2h

1− 2h

) 1
4h ×�äwä Ù

� �+#ls ���tY #$�¬è ±0 ¦ � % � #l. � � � �t%[#  ¥� q .w� ×�ä å Ù Y �i��%[rþ�)�[# × Ü ¤wÙ Ú
R±0 =

√
−3 (1 + ω)

2

(
1 + 2ω +Ω

1 + 2ω − Ω

) 1+2ω
Ω

,
×�ä å Ù

1T�+# q # Ω =
√
7 + 10ω + 4ω2 ÚZ %B¦$.w%8� q � �(��1¬�t�)� ¦ � � �i� Z ¤ q � %[���i. �tY �)�t.w%ì1¬�+# q #O�)�+#þ�)� q . � � q �w  � Y � � #$¦0.w�O#$� q # ��� 1¬�+#$% ω < −4/3 �[# q #O��� � #0¦$.w�O#$�� .��i���)��sw#l1¬�+#$% ω < −1 Ú � �[�t� q � %[rw#l�)� Y �¬rw�tsw#$� q �t�i#�s� ���+� #l13. q �O�+. � #lrw#$.w�O#=� q ¢ Ú � �+# q #   �i�+� � � �`Y %+¦0�)�t.�%©� � � � �i�t%+r Y+��� q ���2¢� � τ = 0 1¬�+�t¦	��¦$. qiq #$� � .w%   �¬�).��)�+# � .w�t%8� ∗R= 0 Ú� �+#l%+#=1 q #$� Y[� �)�¹�t%[¦ �tY*  #l� � �)¦=�[�t%+r � #0�213#$#0%©# 6 � ¦0�¹�t%��)# q ��. q �i. �tY �)�t.w%[�Q�t%��)�+# � # q � #$¦=� �*Y �  9�`� �O� � ¢ � %   �)�[# ¤ q � %+� � %  ��� �)# q �)� � � é ¦	�81 � q �0�i¦=�[� �   �i. �tY �)�t.�%+� Ú � #�� � sw#��i�[.�1¬%��)� � �¹�)�[�t� � q #   �t¦=�)� � q � �)�[# q �t%8�)# q #$�(�)�t%+r � �8¢�i�t¦$� � . q �)�+# q � %[rw# � q .w��(� � q �H�).�¦ �tY �(�)# q �^. � r ����� 6 �t#$� Ú � � q �(�Ò. �F����� 1Ò# � .��t%��H. Y �H�)� � �^�t%þ�)�+�t�H�O.   # � �)�[#T�(� � q � � ¦D� Y � q #$� � # � � Y q #$�^. �@� � 1Ò. Ö ¦$.w� � .�%+#$%8�. � � #$¦0�)� × . q   �t% � q ¢B� � �i�)# q � %   �i¦ ����� q �+# ��  Ù 1¬�+.��i#   �t�(� q � �+Y �)�t.�%ì��%B�)�[#£. � �i# q su#   å Ö   �t�O#$%[�i�t.w% ��� su. ��Y �O#þ¦ � %ì� � �6�@�t% � %
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W (ϕ)
F#p @ {�s'D�F O ÛtÜ0Ý

S =

∫ √−gd4x
(
R

2k
+

1

2
hAB(ϕ)ϕ

A
,µϕ

B
,νg

µν −W (ϕ)

) × Ü Ù
Tµν = ϕA,µϕ

A
,ν − gµν

(
1

2
ϕA,αϕ

B
,βg

αβhAB −W (ϕC)

) ×�ä Ù
J O@ gµν(x) Ö p @ s I FS M K I�H C s I M
GC s�D M Ö D I @ p @BG F � F h22 Ö p @ s I F�S M � H G H D H�JNH K H7o r

ϕ = (ϕ1, ..., ϕn), ∂µϕ
A = ϕA,µ.T M I F M ��F#r O@BAC s�D�F#rÎ× Ü Ù K H ϕC OUM�@ s?L I M D G@�G F @ S�F I M o5y G�V tWK H8o @BA

1√−g ∂µ(
√−gϕ,µA )− 1

2

∂hBC
∂ϕA

ϕC,µϕ
B
,νg

µν +W,A = 0
× å Ù

J O@ W,A = ∂W
∂ϕA Ú û @ s I FS�FXS�F I M o5y G H�JNH K I�H C s I M
GC s�D M FQK I�H C s I M
GC s�D M Ö D I @ p @BG Fyß I F O p M
GRM Ö ã6H7n @ I s C H GRM Ö ë H S @ I M w M ÖK�FB� @ pYD�� HEI p @ Þ

ds2ts = dφ2 + h22(φ, ψ)dψ
2 ×v® Ù

ds2 = dt2 − a(t)2
(

dr2

1−Kr2 + r2dθ2 + r2sin2θdϕ2
) × ¡wÙ

Z[-=\�1><]%�-;^_-=+'#a`
m H7o @ D V�@ L I M D G@�G FBr O D�L-t�S H p>K H G@BG s G H A S�F I M o5y G H A S H C p H8oHEJ F#v @�C S H A p H OR@ o Fy× å Ù D�p @ s I F�S @ ×v® Ù FbL I M D G@BG FBr�� A�G Ö�_s @BA�GM K I F G FBp M {|s�D�F O

φ̈+ 3Hφ̇− 1

2

∂h22
∂φ

ψ̇2 +
∂W

∂φ
= 0

× vwÙ
3H(h22ψ̇) + ∂t(h22ψ̇)− 1

2

∂h22
∂ψ

ψ̇2 +
∂W

∂ψ
= 0

× ¤�Ù
1

2
φ̇2(t) +

1

2
h22(t)ψ̇

2(t) =
1

k

[
K

a2
− Ḣ

] × ¥uÙ
W (t) =

3

k

(
H2 +

1

3
Ḣ +

2

3

K

a2

) × ±uÙ
ã MEC�C p H s I F#p¿s I F÷�cF w F#v @�C S�F w GRM v�F#p V t C o L-v M rFÞ Ü Ù K I�H C s I M�G�C s�D @�G�G H Ö K o�H C S M rdT C�@ o @�G�GM r ×

K = 0 Ù � ä Ù H s�S I V s M r
T C�@ o @BG�GM r ×

K = −1 Ù � å Ù w M p=S G L5s M reT C�@ o @BG�GM r ×
K = 1 Ù Ú ì L;s y p @ s H OUM w M S o {|v ME@ s C rfD C K @ ��F M o5y G H p I M wqn F @BG F�F |� £ S�F I M o#y G�V tWK H7o @�A Ú £gC K H7o5y3w L3r I M wEn F @�G FBrWD C o L-v M�@þÜ Ù D�DEF O@

h22(φ, ψ) ≡ h22(φ),W (φ, ψ) =W1(φ) +W2(ψ)
× Ü ²uÙ

FhD C o L-v ME@ ä Ù F å Ù � D?D�F O@
h22(φ, ψ) ≡ h22(φ),W (φ, ψ) =W1(φ) + ef(φ)W2(ψ)
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j @BG�G�VkA p @ s H O I @ � @BG FBr O o r H slS I V s H A F o F w M p=S G L5s H A T C�@ o @�G�G H AK H/w D H7o r @ s I M w OR@ o FBs y S H p>K H G@BG s V S�F I M o#y G�V tQK H7o @BAmGRM K oH C S�L;{�v M�C s y Fkv M�C s y��nH s�D @ v M {�}gL;{ w M á C S I F�D o @BG F @ áK I�H C s I M�GC s�D M Ö D I @ p @BG F O HXH slS I V s H�JNH F o F w M p;S G L;s H�JNH Ú   M S�FBp H7n�I M w�H p �6J @BG@ I M ��FBr I @ � @BG F A w M DEF C F#s H sXD V n�H�I Mp M�C ��s M n G HEJNH � M S#s H�I M � F o F � K I F G�@ n�H8o#y � H A p H O F��4FS M ��F�F�p @ s H ORM �6H sQK H s @BG ��F M o M
W Ú Æ s3p @ s�FBp � vBs H C s I L�S5s�L Ö

I M L I M D G�@BG F A p H O@ o Fls M S H D M � vBs H @BC o F GRMoGRM v M o#y G H p z s M K @ T C�@ o @BG�GRM r GRM v M o MhC D H { z D H7o {|��FB{ � S M S H slS I V s M r
F o F w M p=S G L;s M r � s H�z s H p>L z s M K�L C H�H sED @ s C s�D H D M o�H K H7o @ ψ Ú m I F OUM o#y G@BA � @ p I MEC �gF I @BG F�F � S HEJ ORMoO H p>F G F I�H D M
G F @S H p>K H G�@BG s V 3

k

(
H2 + 1

3
Ḣ
) GM v M oH K I @ H/n7o M
ORM s y GRM
O

2
k
K
a2 ��H CBG H D G L5{ I�H7o5y GM v M o�H F JNI M s y K H7o @ φ Ú

pq,.r�1><b,
m I FfF C�C o @�O H D M
G F�FmS�F I M o#y G H AQO DEL;t�S H p>K H G@�G s G H A S H C p H8oHEJ F#v @BC S H A p H OR@ o F � K H�I�H
j OUM {|} @BAdC s @ K @BG�G L;{sF z S C K H ÖG@BG ��F M o#y G L;{tF G � o r;��FB{uDaK oH C S H A ��H slS I V s H A F w M p=S G L;s H A T CB@ o @�G�G H A �3n V o FbK H7o L;v @BG�V I @ � @BG F#r � S H s HEI V�@ n L O L5s
K I @�ORC s M D o @BG�V D C s M s y @ Ú Æ C H/n VkA F G s @ I @�C K I @�ORC s M D o r @ s C s I L�S#sEL I M I @ � @BG F A ��H s�D @ v M {|} M r H s�S I V s H A F w M p=S G L;s H AT C�@ o @BG�G H A Ú T z s H p C o L-v ME@ K H8o r I M�C K I @�OR@ o r;{�s C rs M S�F#p H7n�I M w�H p � v#s H K H8o @

φ H s�D @ v ME@ s'K I�H C s I M�G�C s�D @BG�G H K o�H C S H AD C�@ o @BG�G H A � M K H7o @
ψ Ö w M á C S I F�D o @BG F @ áQK oH C S HEJ�H K I�H C s I M�GC s�D M D I @ p @�G F O HbH slS I V s HEJ�H F o F w M p=S G L;s HEJ�H Ú T C D @ s @

K I�H7n7o @ p Vt@ D�S o F O H D H C s�F GRM n7o { ORME@ p H A D CB@ o @BG�G H A�Û ä Ý �/z s H K I F�D H O F#svS�p V�C o F � vBs H!� @�C o F?D GRM v M o#y G�VkA K @ I F H O�C D H @BA
z D H7o {|��F�FeT CB@ o @�G�GRM r n V o M w M p=S G L;s H A F o F H slS I V s H A F @�A H s�D @ v M oH K H8o @

ψ � s H K I FfK H C o @�O L;{�} @ p I M�C �gF I @�G F�FGRM v M oH K I @ H/n7o M
ORM s y K H8o @
φ Ú
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z D3s H�I K I F w GRM s @ o @BG K I�H � @�C�C H�I L�È @ I D H G L ì Ú T Ú w M K H C s M�G H DlS�L w M
OUM v�FhFhF G s @ I @BC S I M nEH s @ Ú
� j���d��l�������l�
ÛtÜ=Ý é;Ú , Ú Ò�+# q su.w%l�jÒ�+� q ��� %+.�% Ö � �t%+# � q �i�trw� � �O.   # � � � %   ¦0.w�i�O. � .wr��t¦ ��� �t% �;� �)�t.w% Ú ê�ê©ë gih < ]/a�h�ak] A _yh�_ C¥íHA�J f A n A)î�I � L � o . Ú ä �� Ú ± Ü ÖA±wv � Ü ±/±3¡ ÚÛ ä Ý z Ú � Ú�{ F G�OR@ �m|c} � }�~��'���R���a�����?������ |©� ���B�'} � }Q}�� ~ ��� � }��N������m~l�����g� ���� }�� > êwê û H C S�D M � á øaM L�S M á Ü ±/±7² Ú
���)ô�òc����ô�ùX�rò)÷�ÿh��ò��s�l«	òc�Wùrø���ñ'��ðrùFò�÷�õP��ðrô���ðFðP���k�Ëðh��øg�gý�ò5ðrùrúö÷�ùX���óò5ô�ø�ùrù

ñ¨ø�òc�Wúrô�ùrñ�ù	÷�ôY÷�ÿh�£ªö÷�ôk��ô�ù	÷�ô�ùX�rò)÷�ÿh�£ªû÷�ùW÷�ô�òc�óòmñ ÷�ÿh� ïñð9ÿløÒô
� � W��[²��9�
��^º�	 1

W ½ �9� �+¾3¼ ´�� � º�	8º�� �Fµ � �#Y�� ´eº [ ����� ³U��� �B�;½uµ�� ��	 2
1 � ½wµ�½ ´ �����+¼�� º � �
� ½ ´ �Dµ 	�� ���+¾3¼X� �� ½
���Fµ�½ ´ � º�� � � � ½�� º �B� ��� �����+¼ � ��� 	��i´ � �Fµ � µ��¡ º ��� ��� ² ½�¢D½
���
2 � ½uµ�½ ´ �����[¼ ³[º � �
� ½ ´ �$µ 	�� ���*¾3¼ ³�� ½
���Fµ�½ ´ � ºE�¤£�� � ½�� º �B� ��� �����+¼d�>��� 	��(´ ���eµ � µ��² ½E¢D½N��

1 ¥¦�§#+�¨E©6ª Â�¨$¿�«l©wÀ-Bl¬��®�Ãu¿!¯ °E± � 2 ¥�¦�§#+�¨�©9ª$¨�B�Â-+-D8ÀwÇ�²�CE±�®�°K+N§Ã�©wÀ�°=¯ °E±

T C�³EME³�´�@ I MEC�C�µ;M�³ I F�D ME@B³lC�¶oC K H G³EM�G�G H @cGM I L�· @BG F @vC F µ=µ=@�³ I F�FoD I M D G H D @�CBG H AQCB³�M�³ F C�³ F�¸ @�C S H A�C F C�³l@Bµ=@ ¸ M�C�³ F�¹
C H C S M
º¶ I G�V�µ D�» M F µ H O@BA�C�³ D�F @�µ Ú ß�L G S�¹�F ¶ x MEµ F º�´E³ H GRM'O�º¶�µ!M�C�C F�D G�Vk¼ ¸ M�C�³ F�¹ � D�» M F µ H O@BA�C�³ D�L�½c¾aF ¼XC H C S M�º�¶ I ÖG�V�µ K H º�@�µ Φ

K H C I @�ORC�³ D H µuC S M
º¶ I G H�JNH » M I ¶�ORM q � @�C�³E´ Þ

Ha =
1

2

[
gikPiPk

1 + qaΦ
mac2

−maqaΦ

]
=
m2
ac
2

2
(1)

T CB³�M�³ F�¸ @�C S H µYC S M�º�¶ I G H µ K H º�@ I M D G H D @�CBGME¶ F» H ³ I�H K GME¶�¿ L G S�¹�F ¶ I M�C K I @�OR@�º@BG F ¶ F µ=@�@B³ D�F O Þ

f0a (x, Pa) =

{
exp

[−µa + P4
θ

]
∓ 1

}−1
(2)

P4 = (1 + qΦ/m)
√
m2 + p2, (3)

p Ö µ H O L º�´ S�F G@�µ;M�³ F�¸ @�C S HEJ�H F µ K�L º�´lCNM ¸ MEC�³ F�¹ V Ú ì S M�º¶ I G H @ K H º@ Φ
L O H D º�@�³ D HEI ¶�@B³ L I M D G�@BG F�½ ³ F�K MmÀ2º�@BA�GRM Öx H�I O H GRM'C F CB³ H ¸ G F�S H µ Þ

¤Φ+ µ2sΦ = −4πεsσ, (4)

J O@ ε = 1
O�º¶ K H º�@BAYC K I F ³E¶ j @BG F @�µ � F ε = −1 Oº�¶ K H º@�AuC H ³�³�M
º S�F�D M
G F @�µ H O�G H F µ=@BG�G�Vk¼ ¸ MEC�³ F�¹ � K º H ³�G H C�³�´C S M�º¶ I G�Vk¼ » M I ¶�O H D σ H K I @�OR@Bº�¶�@B³lC�¶WC K H µ H ¾ ´ ½ CBº�@�OUM'³l@�G » HEI M'ÁBG@ I�J F�F Ö F µ K�L º�´lCNM ¸ MEC�³ F�¹VÞ

σ =
∑

A

qATA
ma + qaΦ

=
qT+

ma + qaΦ
− qT−
ma + qaΦ

(5)

C S M�º¶ I G�V�@ K º H ³EG H CB³ F ÁBG@ I�J F�F I M D G H D @BCBG H�JNHbI MEC K I @�OR@Bº�@BG F ¶ I M D G�V Þ
Ta = εa − 3Pa

Ta =
m2
∗ρ

2π2

∫ ∞

0

{
exp

[
−µ′a +

√
m2∗ + P 2

θ

]
± 1

}−1
P 2dP√
m2∗ + P 2

(6)

εa =
ρ

2π2

∫ ∞

0

{
exp

[
−µ′a +

√
m2∗ + P 2

θ

]
∓ 1

}−1√
m2∗ + P 2P 2dP (7)

Pa =
ρ

6π2

∫ ∞

0

{
exp

[
−µ′a +

√
m2∗ + P 2

θ

]
∓ 1

}−1
P 4dP√
m2∗ + P 2

(8)

Â I F Á�³ H µ K º H ³EG H CB³�´ ¸�F C�ºRM ¸ MEC�³ F�¹ H K I @�O@Bº¶�@�³lC�¶ D V I M j @BG F @Bµ Þ

n =
∑

a

ρ

2π2

∫ ∞

0

{
exp

[
−µ′a +

√
m2∗ + P 2

θ

]
∓ 1

}−1
P 2dP (9)
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ã MEC�C�µ H ³ I F µ H O�G HEI�H OG L�½ C F C�³l@�µ LX¸ MEC�³ F�¹PD @ D�S º F O H D H µ K I�H C�³ I M�G�C�³ D @ Ú   HEJ ORM Φ = Φ0 = Const � FPL I M D G@BG F @ ×v® ÙC�³�M
G H D�F ³�C�¶�M
º J @BÃ I M F�¸ @�C S�F µ H ³�G H C F ³l@�º�´�G H K H ³l@�G ¹�F M�ºM Þ

µ2sΦ0 = −4πεsσ(Φ0), (10).

T C�³�M�³�´l@ F C�CBº�@�O L @B³lC�¶ D H K I�H C H C L�¾ @BC�³ D H D M�G F�F G�@�³ I F�D�F M�º�´EG�Vk¼ I @ · @�G F A L I M D G�@BG F ¶ × Ü ²wÙ � C HEH ³ D @�³lC�³ DEL�½v¾gF ¼'GM I L Ö· @�G F½t» M I ¶�O H D H A�C F µ=µ;@B³ I F�F'¸ MEC�³ F�¹ Ú Â I F'L CBº H D�F�F'F�» GRM ¸ M�º�´�G H » M I ¶�O H D H A�C F µ;µ=@�³ I F�¸ G H C�³ FaK ºM » µ>V D H ³lC L ³lCB³ D�F�FC S M�º¶ I G HEJ�H K H º�¶ L I M D G@BG F @ × Ü ²uÙ K I F µ=@�³ DEF O Þ

ξ = −2ρεs
π

(
qm

µ

)2∑

±
±(1± ξ)

∫ ∞

0

[
e−ϑ±+λ

√
(1±ξ)2+x2 + 1

]−1
x2dx√

(1± ξ)2 + x2
(11),

J O@ DED @�O@BG�V H Ã H » GRM ¸ @BG F ¶ Þ

m± = |m± qΦ| ≡ m|1± ξ|, ξ =
qΦ

m
, P = mx, λ = m/θ, ϑ± = µ±/θ.

T!D H OR¶�Ã�@ » I M » µ=@ I G�V�@�¿ L G S�¹�F�F@Þ

S(ξ, ϑ, λ) =

∫ ∞

0

{
exp

[
−ϑ+ λ

√
(1 + ξ)2 + x2

]
+ 1
}−1 x2dx√

(1 + ξ)2 + x2
, (12)

K @ I @ K�F�· @�µ L I M D G�@BG F @ × Ü�Ü Ù D�D�F OR@ Þ

ξ = −εsα2[(1 + ξ)S(ξ, ϑ+, λ)− (1− ξ)S(−ξ, ϑ−, λ)]. (13)

Â H C S H º�´ S�LmD C F C�³l@�µ=@ ¸ M�C�³ F�¹ C L�¾ @�C�³ DEL @�³P³�@ I µ H O F GRM�µ F�¸ @BC S H @ I M D G H D @�C F @ FdD H » µ H
j G�V I @NM S�¹�F�F O D�L ¼�¿ H ³ H G�G H AM�G�G F J F º¶ ¹�F�FoDEF ORM Þ

f + f± À γ|γ, (14)
M'¼ F µ F�¸ @�C S�F A K H ³l@BG ¹�F M�ºhÃE@ » µ;MEC�C H D V�¼X¿ H ³ H G H D I M D @BGhG L º ½ � ³ H L CBº H D�F @2¼ F µ F�¸ @�C S HEJNH?I M D G H D @�C F ¶ F µ=@�@B³ D�F O Þ

µ+ − µ− = 0.

  M S�F µ H Ã I M » H µ Þ

µ− = −µ+ ≡ −µ. (15)
Â H Á�³ H µ LWL I M D G@�G F @ K H º¶ × ÜDå Ù D?L CBº H D�F ¶�¼W³l@ I µ H O F GMEµ F�¸ @�C S HEJ�H?I M D G H D @�C F ¶hC D H O F ³lC�¶ SoD�F O LeÞ

ξ = −εsα2((1 + ξ)S(ξ, ϑ, λ)− (1− ξ)S(−ξ,−ϑ, λ))
øg@�³ I L OG H L�D�F OR@�³�´ � ¸ ³ H ξ = 0

@�CB³�´�³ H ¸ G H @ I @ · @BG F @ L I M D G�@BG F ¶ × ÜwÜ Ù Ú ã M�C�C�µ H ³ I F µ I M » º F�¸ G�V�@vCBº L�¸ M F�K M I MEµ=@�³ Ö
I�H D Ú Â I @�ORC�³EM D�F µYÃE@ » I M » µ=@ I G�V�@�¿ L G S�¹�F�Fì× Ü ä Ù D�D�F OR@ Þ

S(ξ, ϑ,Λ) = (1 + ξ)2Kλ(ϑ,Λ)

J O@

Kλ(ϑ,Λ) =

∫ ∞

0

{
exp

[
−ϑ+ Λ

√
1 + t2

]
+ 1
}−1 t2dt√

1 + t2
=

∫ ∞

0

sinh2 UdU

exp [−ϑ+ ΛcoshU ] + 1

J O@ DED @�O@BG�V H Ã H » GRM ¸ @BG F ¶ Þ

x = (1 + ξ)t, λ(1± ξ) = Λ±
Â H ÁB³ H µ LWL I M D G�@BG F @ K H º�¶ × Ü$å Ù C D H O F ³lC�¶ S�D�F O LeÞ

ξ = −εsα2((1 + ξ)3Kλ(ϑ, λ(1 + ξ))− (1− ξ)3Kλ(−ϑ, λ(1− ξ)))
Â I F ΛÀ 1

F
ϑ¿ 1 ⇒
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ÛtÜ=ÝWÈ Ú x Ú £ J GME³�´l@ D ÚÉ M S H G�V.C H ¼ I M�G�@BG F ¶ F ³l@ I µ H O F GMEµ F�¸ @�C S H @ I M D G H D @�C F @ D H Ã ¾ @ I @Bº�¶�³ F�D�F C�³lC S H A S�F G@B³ F�¸ @�C S H A³�@ H�I F�F G@ L�K I L JNH Dl» M F µ H OR@BA�C�³ D�L�½c¾gF ¼ ¸ MEC�³ F�¹ � £ »�D @�CB³ F ¶ T�ë É H D � ß�F�»BFS M � � Ú Ü ä � Ü ±/¥ å Ú

ÿ�ÊË�Ì6Í�ÎÊÎ�ÏmÐyÎ�ÑeÒ=Ï�Ì6Ó6ÏXÊRÔ�Ï�Õ>Ï�Ì6Ì6ÎÖxÍ�Ó9×6ËìöBØÙ×9Î7Ú�Û�Ü9Ì6Ý9ÓÞÔ�Î7Ô�Ò=Ê�Ó6ß�ÎRà

á � âc�*²��	�ã ��� º�	 ½ 1 � âc� ¸'�£ ½N� º
	 2
1 £��(´R� �����+¼h� º � �
� ½ ´ �Dµ 	�� ���+¾3¼ � ��� 	��i´ ���eµ � µ���¡ º �������R� £��i´R� � � 2 £��i´R� �����+¼

� º � �
� ½ ´ �Dµ 	�� ���*¾3¼ � ��� 	��(´ ���eµ � µ���¡ º �������R� £��i´R� �
1 ¥¦�§#+�¨�©6ª ¿�±�Ç�©wÀ�Âw¿;+l®�Â;+�°�«Eä=¯ °E± � 2 ¥¦�§#+�¨E©6ªæå;+�Â�«�Ç�®�å�çN±!¯ °E±

øaM�µ F�K H C�³ I�H @BGRM�G@�CB³�M ¹�F H GRM I GME¶ S H C�µ H º HEJ F�¸ @BC S ME¶aµ H OR@�º�´v³ F�K MTZ � K H Å;´l¶�G S�F C H C�O D�F JNH µ Ú û @�³ I FS Mkµ H O@Bº FaF µ=@�@B³
DEF O

ds2 = −dt2 + (Bω(1))2 + C2((ω(2))2 + (ω(3))2),

J O@ B = B(C), C = C(t),
M
ω(1), ω(2), ω(3) Ö @�CB³�´�Ü Ö ¿ H�I µ=V � L O H D º@�³ D H�I ¶ ½v¾gF @vC�³ I L�S ³ L I G�V�µ7C H�H ³EG H · @�G F ¶�µY³ F�K M�Z �

K H Å;´l¶�G S�F Ú £gCB³ H ¸ G FS H µ JNI M DEF ³EM ¹�F�F ¶ D º¶�@�³lC�¶?M�G F�» H ³ I�H K GRM�¶ j F O S H CB³�´ Ú Â I F H ³lC L ³lCB³ D�F�F C O D�F J MvGRM · Maµ H OR@�º�´ K @ Ö
I @B¼ H O F ³ D µ H O@Bº�´gOR@ ì F ³l³l@ I M Ú £gC�CBº@�O H D M�G H S�D M�G�³ H D H @ I�H
j OR@BG F @ T C�@Bº�@BG�G H Ao³ F�K M�Z � K H Å;´l¶�G S�FbD GM · @�µ7CBº L�¸ ME@ Úè º�¶ I MEC�CBµ!M�³ I F�D M�@�µ H Auµ H OR@Bº F7K H º L�¸ @BG H L I M D G�@BG F @ ëcF º�@ I M Ö è @ T!F ³�³�M Ú T V ¸�F CBº�@BG S H ÁN¿v¿ F�¹�F @BG�³P³ L G�G�@Bº F I�H D M ÖG F ¶ T C�@Bº�@BG�G H A Ú è º¶PGM · @ JNH C�º L�¸ M�¶ K I�H F�»BD @�O@BG H C I M D G@BG F @ D @ I�H ¶�³�G H C�³l@BA S�D M
G³ H D HEJ�HQI�H
j OR@�G F ¶ T C�@Bº�@BG�G H AdC HC�O D�F J�H µ FXT C�@Bº�@BG�G H AXÃ�@ » C�O DEF J M Ú

ÿhÊË�Ì9Í�ÎÊ�ÎÏfÐ9Î�ÑeÒ>Ï�Ì9Ó6ÏQÊRÔ�Ï�Õ>Ï�Ì6Ì6Î�ÖqÔ�ÊRÐ9Ë�éfÏ�Ì6Ó6Ï�à$Í�Ó6×6Ëmê¥ö�öDö'×6Î7Ú�Û�ÜyÌ>Ý9Ó

á � âv�+²��	�ã ��� º�	 ½ 1 � âc� ¸'�£ ½N� º
	 2 � � � âv�V± ½N� � ½�� º�	 ½ 3
1,2,3 £��(´R� �����+¼h� º � �
� ½ ´ �Dµ 	�� ���+¾3¼ � ��� 	��(´ ���eµ � µ���¡ º �������R� £��i´R� �

1 ¥¦�§#+�¨E©6ª ¿l±�Ç�©wÀ�Âu¿;+�®�Â;+�°�«Eä=¯�°E± � 2 ¥¦ §#+�¨�©6ªëå;+�Â�«�Ç�®�å�çN±;¯ °�± � 3 ¥¦ §#+�¨�©6ª
«l²�ç8+�Â�äK+�¿�«�ÇK+l®�©�¨lç�D=¯ °E±

øaMEµ FQK H C�³ I�H @�GRM?G@BC�³EM ¹�F H GM I GME¶ S H C�µ H º HEJ F�¸ @�C S ME¶Xµ H OR@�º�´o³ F�K M , ZiZiZ K H Å;´l¶�G S�F C D I M ¾ @BG F @�µ Ú û @�³ I F�S M?µ H ÖO@Bº FhF µ;@B@�³ D�F O
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H2/2 = −K2/2R4 +GM/R3 +A/R2,
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t+ t0 = −(2A)−1(2AR2K + 2GMR−K2)1/2 −GM(2A)3/2ln(23/2A1/2(2AR2 + 2MGR−K2) + 4AR+ 2GM);

� $(0 A ≤ 0 MP" 2  )7!" Þ
t+ t0 = (2A)−1(2AR2K + 2GMR−K2)1/2 −GM(−2A)3/2 arcsin[(2AR+GM)/(2A2K2 +GM2)1/2].
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ds2 = −dt2 + dρ2 +

(
r0 + ρ tanh

ρ

ρ0

)2 (
dθ2 + sin2 θ dϕ2

) × Ü Ù
$(0

ds2 = −dt2 + dρ2 +

(
r0 + ρ coth

ρ

ρ0
− ρ0

)2 (
dθ2 + sin2 θ dϕ2

)
,
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r0
ρ0
¿ 1.
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S = − 1

8π

∫ (
φ,µφ

,µ + ξRφ2
)√−g d4x+

∫
jφ
√−g d4x, ® ® Ù

M 2 "401" ξ ]#^K V�C$!3���x#]#-�'F$({ /12 "�^G�) .xm �0A�B"4xm� / $ /12 "T^G�) .xD .0��43�017( / 3�01" R  .-B� g ]#^ /12 "T��" / "401~&]#-B .- / $({ /12 "�~&" / 01]#� gµν Ú � 2 "�C$(0G01"C^G��$(-B��]#-�'���"CxD�F")d_3B / ]D$(- 2  (^6 �{@$(01~
(
¤x − ξR(x)

)
φ(x; x̃) = −4πj(x; x̃), ® ô Ù

M 2 "401"
j(x; x̃) = q

∫
δ(4)(xµ, x̃µ(τ))

dτ√−g , ® � Ù
]D^ /12 "K^G�) .xD .0��C3�0G01"C- / � q ]D^ /12 "K^G�C (xD .0�� 2  .01'("T .-B� τ ]#^Y] / ^O��01$(�;"c0 / ]#~&" Ú � 2 "KM%$(01xD�exD]#-�"�$({ /12 "K� 2  �01'!"�]#^Y'(]D7!"C-e�_� x̃µ(τ) Ú��"T^ 2  .x#xR�C$!-�^G]m��"40K$!-�xN� /12 "T�) (^G"�]#-XM 2 ]#� 2j/12 "T� 2  .01'!"�]#^� / 01"C^ / ]#-I F3�x / 0� .^ /  / ]#�&^G�� (�C" / ]#~&" Ú � 2 ]D^5~&") (-�^ /12  / $(-�"T�) (-01"4M�01] / " /12 "���"CxD�\"Cd�3� / ]#$!-\]#- /12 "Y{|$(x#xD$)MQ]D-�'&MP C�

(
4x − ξR(xα)

)
φ(xα; x̃α) = − 4πq

ut
√−g δ

(3)(xα, x̃α), ® ñ Ù
M 2 "401" t ]#^ /12 " / ]#~&"��C$_$(0���]#-B / ">� ut = dt/dτ  (-�� α = 1, 2, 3 Ú� 2 "���01$_�C"C��3�01"e$.{ /12 "e^G"CxN{@¯°{|$.01�C"j"C7( .x#3B / ]#$(-H01")d_3�]N01"C^ /12 "�01"C-�$.01~A (x#] �  / ]#$(-E$.{� I^G�) (xD �0���$ / "4- / ]m .x φ(x; x̃) M 2 ]#� 2 ]D^��]#7S"401'(")�V]#- /12 "Yx#]D~&] / x→ x̃ ® ^G"4"-��{|$.06" ,  (~&��x#"-� Û�Ü ð � ÜwÜ$Ý Ù Ú � 2 ]#^�01"4-�$.01~V .x#] �  / ]#$!-\]#^6 .� 2 ]#"C7S")�V�_�A^G3�� / 0� (� / ]D-�'�{m01$!~ φ(x; x̃)

/12 " � "4�b] /G/ ¯ é � 2 MQ]#-�'("40Q�C$!3�- / "c0 / "401~ φ ±B² (x; x̃)  (-B� /12 "C-Fx#" /G/ ]#-�' x→ x̃ ³
φ ´Dµp¶ (x) = lim

x̃→x
[φ(x; x̃)− φ ±B² (x; x̃)] . ® �!·
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� 2 "5" , ��01"4^G^G]#$!-\{|$.0 φ ±�² (x; x̃) ]#^Q"C7( (x#3B / ")�F]D-jÄ#Å)Æ(Ç< (-��F]#- 3D �) .^G" 2  (^6 �{|$.01~ ® ^G"4"-�B (x#^G$!�<Ä#Å(ÅCÇ ·
φ ±B² (x; x̃) = q

41/2√
2σ

® ò ·
M 2 "401" σ ]D^K$!-�" 2  (xN{ /12 "&^1d_3B �01"&$({ /12 "A��]D^ /  .-��4"A��" / MP"C"4- /12 "���$!]#- / ^ x  (-�� x̃  .xD$(-�' /12 "&^ 2 $.0 / "C^ / '("C$���"C^G]#�V�4$!-�-�"C� / ]#-�'/12 "C~È (-�� 4 ]#^ � "4�b] /G/ ¯ÉJ\$(0G01" /G/ ��" / "c01~&]D-� (- /)Ê� ]#-B .xDxN� /12 "�^G"CxN{@¯°{|$.01�C"� (� / ]#-�'�$!-� T^ /  / ]#�5� 2  .01'("K]#^

fα(x) = − q
2
∇αφ ´Dµp¶ (x). ® Å ð ·

Ë�§�ÌÎÍ½Ï ªP¬�¬��;�LÐK��ÑÒª%�����6�aÓC�Q�Ô�; ©ÖÕ�© «�Ó�×SÓ4�6��� ©
� 2 "5~&" / 01]#��$.{R .-�3�x / 0� (^ /  / ]#�K^G� 2 "401]#�) .x#x#�\^���~&~�" / 01]#�Y^G�B .�C" / ]#~&"53�-B��"40Q�C$(-�^G]D��"c0� / ]#$!-e]#^

ds2 = −dt2 + dρ2 + r2(ρ)
(
dθ2 + sin2 θ dϕ2

)
. ® Å!Å ·

W - /12 ]#^¥^G�B .�C" / ]#~&"R{|$(0 /12 "L^ /  / ]#�%� 2  .01'(" ut = 1  (-�� /12 "L^G$!x#3 / ]#$!-�$({ ® ñ · �) (-���"%" , �� (-���")�5]#- / "401~&^�$({ ¥ "C'("C-B��01"%��$!xN��-�$(~&]D (x#^
Pl MQ] /12\/12 "�01"4^G3�x /Q/12  /

φ(xα; x̃α) = q
∞∑

l=0

(2l + 1)Pl(cos γ)gl(ρ, ρ̃), ® Å)Ø ·
M 2 "401" cos γ ≡ cos θ cos θ̃ + sin θ sin θ̃ cos(ϕ− ϕ̃)  .-B� gl(ρ, ρ̃) ^1 / ]#^¤�B"4^ /12 "�")d_3B / ]#$(-

g′′l +
(r2)

′

r2
g′l −

[
l(l + 1)

r2
+ ξR

]
gl = −δ(ρ, ρ̃)

r2
. ® Å)Æ ·

W - /12 ]#^�" , ��01"4^G^G]D$(-¢ (-B�Ù��"Cx#$)MÚ X��01]#~&"\��"4-�$ / "4^A j��"401]#7( / ]#7S"FMQ] /12 01"C^G��"4� /&/ $ ρ Ê � 2 " 2 $!~&$('!"C-�"C$!3�^&^G$(x#3 / ]#$!-�^ / $ /12 ]D^"Cd�3� / ]#$!-VMQ]Dx#x���"5��"C-�$ / ")�F�_� pl(ρ)  .-B� ql(ρ) Ê pl(ρ) ]#^Q� 2 $!^G"4- / $T��" /12 "�^G$!x#3 / ]#$!-\M 2 ]#� 2 ]#^�MP"Cx#x���" 2  )7S")�F / ρ = −∞  (-����]#7S"401'("C- /  / ρ→ +∞ Ê ql(ρ) ]#^6� 2 $(^G"C- / $���" /12 "5^G$(xD3 / ]#$!-�M 2 ]D� 2 ]#^O��]#7S"401'("C- /  / ρ→ −∞  (-��FM%"Cx#x<��" 2  )7!")�\ / ρ =∞ Ê� 2 3�^ {
d

dρ2
+

(r2)
′

r2
d

dρ
−
[
l(l + 1)

r2
+ ξR

]}{
p l(ρ)

ql(ρ)

}
= 0, ® Å ® ·

gl(ρ, ρ̃) = Clp l(ρ<)ql(ρ>) = Cl
[
Θ(ρ̃− ρ)p l(ρ)ql(ρ̃)
−Θ(ρ− ρ̃)p l(ρ̃)ql(ρ)] , ® Å ô ·

M 2 "401" Θ(x) ]#^ /12 "T�O") )7�]#^G]D��"T^ / "C��{|3�-�� / ]#$!-l��] Ê " Ê � Θ(x) = 1 {|$.0 x > 0  (-�� Θ(x) = 0 {|$(0 x < 0 � Cl ]#^K V-�$(01~A (x#] �  / ]D$(-�4$!-�^ /  (- / M 2 ]#� 2 �C$!3�xm�A��"Y (��^G$.01��")�V]#- / $ /12 "Y��"��B-�] / ]#$(-V$({ p l  .-B� ql Ê [Y$.01~A (x#] �  / ]#$!-F$.{ gl ]#^Q .� 2 ]#"C7S"C�V�_��]D- / "4'(0� / ]#-�' ® Å)Æ ·$(-��4"�MQ] /12 01"C^G��"C� /Q/ $ ρ {m01$!~ ρ̃− δ / $ ρ̃+ δ  .-B�Fx#" /G/ ]#-�' δ → 0 Ê � 2 ]#^Q01"C^G3�x / ^6]#- /12 "Y�j01$!-�^G��]D .-��C$(-B��] / ]#$(-
Cl

(
p l
dql
dρ
− ql dp l

dρ

)
= − 1

r2
. ® Å � ·

� 2 "��bÛK�H (����01$ , ]D~A / ]#$!-F{@$(0 /12 "Y0� !��]D .x<~&$���"C^ p l  (-�� ql ]#^6$(� /  .]D-�")�F�_� /12 "�� 2  .-�'!"5$.{¤7( �01]D (��x#"C^KÄ#Å ® Ç
p l =

1√
2r2W

exp

(∫ ρ

Wdρ

)
, ql =

1√
2r2W

exp

(
−
∫ ρ

Wdρ

)
. ® Å ñ ·

Ü 3���^ / ] / 3 / ]#$!-F$({ /12 "C^G"�" , ��01"C^G^G]#$(-�^6]#- / $ ® Å � · ^ 2 $�MQ^ /12  / �j01$!-�^G��]D (-\�C$(-B��] / ]#$!-\]D^Q$!��"c�_")�F]N{
Cl = 1. ® Å �S·

Ü 3���^ / ] / 3 / ]#$!-F]#- / $ /12 "�~&$���"Y")d_3B / ]#$!- ® Å ® · '(]D7!"C^ /12 "Y{|$!x#x#$)MQ]D-�'&")d_3B / ]D$(-\{@$(0 W ³
W 2 =

l(l + 1) + 2ξ

r2
+

(
W 2
)′′

4W 2
− 5

(
W 2
)′2

16W 4
+

(r2)
′′

2r2
− (r2)

′2

4r4
+ ξ

(
−2(r

2)
′′

r2
+

(r2)
′2

2r4

)
. ® ÅNò ·

� 2 ]#^6")d_3� / ]#$!-\�) (-\��"5^G$(x#7S")�F] / "c0� / ]#7S"CxN�VM 2 "C- /12 "�~&" / 01]D�Y{@3�-�� / ]#$!- r2(ρ) ]#^Q^GxD$)MQxN�\7( .0G��]#-�'!� /12  / ]#^6�
ε Ý¤Þ�ß = L?/L¿ 1, ® Ø ð ·

M 2 "401"
L?(ρ) =

r(ρ)√
2ξ
, ® Ø�Å ·
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 (-B� L ]#^O �� 2  .0� (� / "401]#^ / ]#��^G�) .xD"K$.{¤7( �01]D / ]#$!-�$({ r(ρ) ³
1

L(ρ)
= max

{∣∣∣∣
r′

r

∣∣∣∣ ,
∣∣∣∣
r′′

r

∣∣∣∣
1/2

,

∣∣∣∣
r′′′

r

∣∣∣∣
1/3

, . . .

}
. ® Ø(Ø ·

��"�^ 2  .xDx��C (x#x /12 "Y01"C'!]#$(-e$({+^G�� (�C" / ]#~&"YM 2 "401"5~&" / 01]D�Y{@3�-�� / ]#$!- r(ρ) ]#^6^Gx#$)MQxN��7( .0G��]#-�' /12 "�x#$!-�' /12 01$S /)Ê� 2 " � "c01$ /12 ¯Z$.0���"40¤�bÛK��^G$(xD3 / ]#$!-&$({�")d_3B / ]#$(- ® ÅNò · �C$.0G01"C^G��$!-B��^ / $�-�"C'(xD"4� / ]#-�' / "401~&^¥MQ] /12 ��"401]#7( / ]#7S"C^¤]#- /12 ]#^¤")d_3B / ]#$!-
W 2 = Ω ·

(
1 +O(ε2Ý¤Þ�ß )) , ® Ø.Æ ·

M 2 "401"
Ω (ρ, l + 1/2) =

l(l + 1) + 2ξ

r2
=

1

r(ρ)2

[(
l +

1

2

)2
+ µ2

]
, ® Ø ® ·

 (-B�
µ2 = 2ξ − 1

4
. ® Ø ô ·

¥ " / 3�^O^ / 01"C^G^ /12  / Ω ]#^ /12 "�" ,  (� / ^G$(xD3 / ]#$!-X$.{L")d_3B / ]D$(- ® ÅNò · ]#-X &^G�B .�C" / ]#~&"KMQ] /12 ~&" / 01]D� ds2 = −dt2 + dρ2 + r20(dθ
2 +

sin2 θ dϕ2) ��M 2 "c01" r0 ]D^Q�C$(-�^ /  (- /)Ê �%"Cx#$)Mâ] / ]#^6 (^G^G3�~&"C� /12  /
µ2 > 0. ® Ø � ·Ü 3���^ / ] / 3 / ]#-�' /12 "K^G$!x#3 / ]#$(- ® Ø(Æ · ]#- / $ ® Å ñ ·  (-�� ® Å�Ø · �; .-B��-�"C'!x#"C� / ]#-�' / "401~&^6$({ /12 "K^G"C�4$!-B��$(0���"c05 .-B� 2 ]D' 2 "40OMQ] /12 01"C^G��"4� // $ ε Ý¤Þ�ß M%"A�C (-�$(� /  (]#- /12 "�{@$!x#xD$)MQ]D-�'�" , ��01"4^G^G]D$(-�{@$(0 /12 " � "401$ /12 ¯Z$(0���"40K�bÛK�ã .����01$ , ]#~A / ]#$!-X{|$(0 φ(xα; x̃α) 3�-���"c0 /12 " (^G^G3�~&� / ]#$!-�^ θ = θ̃, ϕ = ϕ̃  (-�� ρ̃ = ρ+ δρ > ρ

φ(ρ, θ, ϕ; ρ̃, θ, ϕ) =
q

r(ρ)r(ρ̃)

∞∑

l=0

(
l +

1

2

) exp

(
−
ρ+δρ∫
ρ

√
Ω

(
ρ′, l +

1

2

)
dρ′
)

4

√
Ω

(
ρ, l +

1

2

)
Ω

(
ρ̃, l +

1

2

) . ® Ø ñ ·

� 2 "5^G3�~È$�7S"c0 l �) .-���"�"C7( (x#3� / ")�F�_�V3�^G]#-�' /12 " � xm .-B T^G3�~Ö~&" /12 $�� ® ^G"4"-��{|$.0O" ,  (~&��x#"-��Ä#Å ô Ç ·
φ(ρ, θ, ϕ; ρ̃, θ, ϕ) =

q

r(ρ)r(ρ̃)
lim
ε→0





∞∫

ε

exp
(
−
∫ ρ+δρ
ρ

√
Ω(ρ′, x)dρ′

)

4
√

Ω(ρ, x)Ω(ρ̃, x)
xdx +

+

ε∫

ε−i∞

exp
(
−
∫ ρ+δρ
ρ

√
Ω(ρ′, z)dρ′

)

4
√

Ω(ρ, z)Ω(ρ̃, z) (1 + ei2πz)
zdz −

ε+i∞∫

ε

exp
(
−
∫ ρ+δρ
ρ

√
Ω(ρ′, z)dρ′

)

4
√

Ω(ρ, z)Ω(ρ̃, z) (1 + e−i2πz)
zdz



 . ® Ø �S·

� 2 ")��01^ / ]#- / "C'(0� .x�]D- /12 ]#^Q" , ��01"C^G^G]#$!-��C (-���"Y01"4M�01] /G/ "C-e .^Q{@$!x#x#$�MQ^
∞∫

0

exp
(
−
∫ ρ+δρ
ρ

√
Ω(ρ′, x)dρ′

)

4
√

Ω(ρ, x)Ω(ρ̃, x)
xdx

√
r(ρ)r(ρ̃)

∞∫

0

x exp
(
−
√
x2 + µ2

∫ ρ+δρ
ρ

dρ′/r(ρ′)
)

√
x2 + µ2

dx =

=
√
r(ρ)r(ρ̃)

exp
(
−µ
∫ ρ+δρ
ρ

dρ′/r(ρ′)
)

∫ ρ+δρ
ρ

dρ′/r(ρ′)
® Ø�ò ·

 (-B�F" , �� (-���")�V]#-\��$)MP"401^6$.{ δρ
∞∫

0

exp
(
−
∫ ρ+δρ
ρ

√
Ω(ρ′, x)dρ′

)

4
√

Ω(ρ, x)Ω(ρ̃, x)
xdx

r(ρ)2

δρ

[
1 +

(
dr(ρ)

dρ
− µ

)
δρ

r(ρ)
+O

(
δρ2
)]
. ® Æ ð ·

� 2 "5-�" , /�/ M%$�]#- / "4'(0� (x#^6]#- ® Ø �S· ��$T-�$ / ��]D7!"401'!"5 / δρ→ 0

lim
ε→0





ε∫

ε−i∞

exp
(
−
∫ ρ+δρ
ρ

√
Ω(ρ′, z)dρ′

)

4
√

Ω(ρ, z)Ω(ρ̃, z) (1 + ei2πz)
zdz −

ε+i∞∫

ε

exp
(
−
∫ ρ+δρ
ρ

√
Ω(ρ′, z)dρ′

)

4
√

Ω(ρ, z)Ω(ρ̃, z) (1 + e−i2πz)
zdz



 =

= r(ρ) lim
ε→0





iε+∞∫

iε

xdx√
µ2 − x2 (1 + e2πx)

+

−iε+∞∫

−iε

xdx√
µ2 − x2 (1 + e2πx)

+O (δρ)





= 2r(ρ)

∫ µ

0

xdx√
µ2 − x2 (1 + e2πx)

+O (δρ) . ® Æ�Å ·



��ä(� 8Q¹&º5»%9½¼ : »L¾A¿�À�ÁÂº%Ã �}��� ¹�¾+¹

� 2 3�^ /12 " � "401$ /12 ¯ $.0���"40��bÛK�b .����01$ , ]#~A / ]#$(-\$({ φ ]#^
φ(ρ, θ, ϕ; ρ̃, θ, ϕ) =

q

δρ
+

q

r(ρ)

(
−µ+ 2

∫ µ

0

xdx√
µ2 − x2 (1 + e2πx)

)

+O
(
δρ
)
. ® ÆSØ ·

� 2 " � "4�b] /G/ ¯ Ü � 2 MQ]#-�'("40L�4$!3�- / "40 / "c01~ φ ±�² (x; x̃) ]#- /12 "Qx#]#~&] / θ = θ̃, ϕ = ϕ̃ �) (-&��"�") (^G]#xN���) (x#�C3�xD / ")�&3�^G]#-�' /12 "�~&" / 01]#� ® Å!Å · ³
2σ = δρ2,4 = 1 +O

(
δρ2
)
,

φ ±B² (ρ, θ, ϕ; ρ̃, θ, ϕ) = q
41/2√

2σ
= q

(
1

δρ
+O (δρ)

)
. ® Æ!Æ ·

� 2 3�^ φ ´Dµp¶ (x) ]#^
φ ´Dµp¶ (x) = lim

δρ→0
[φ(ρ, θ, ϕ; ρ̃, θ, ϕ)− φ ±�² (ρ, θ, ϕ; ρ̃, θ, ϕ)]

=
q

r(ρ)


−

√
2ξ − 1

4
+ 2

√
2ξ−1/4∫

0

xdx

(1 + e2πx)
√

2ξ − 1/4− x2




·
(
1 +O(ε2Ý¤Þ�ß )) , ® Æ ® ·

 .-B� /12 "�^G]D-�'!x#"K-�$!- � "401$��C$(~&�;$(-�"C- / $({ /12 "5^G"4x#{m¯°{|$(01�4"�]#^
fρ(x) = − q

2

∂φ ´Dµp¶
∂ρ

= − q2

2r2
dr

dρ

(√
2ξ − 1

4

−2

√
2ξ−1/4∫

0

xdx

(1 + e2πx)
√

2ξ − 1/4− x2



(
1 +O(ε2Ý¤Þ�ß )) . ® Æ ô ·

W - /12 "��) (^G" ξ = 1/6 MP"5�) .-�-�3�~&"401]#�) (x#xN�V"C7( (x#3B / "

F (ξ) =

√
2ξ − 1

4
− 2

√
2ξ−1/4∫

0

xdx(
1 + e2πx

)√
2ξ − 1/4− x2

® Æ � ·

 .^Q{@$!x#x#$)M6^ F (1/6) ' 0.1723 . . . Ê

å
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F (ξ) � �
¥ " / 3�^�-�$ / "�]N{¤$(-�"�3�^G" r  .^ /12 "�-�"4ME0� (��]D (x��C$_$.0���]#-B / "

ds2 = −dt2 +
(
dρ

dr

)2
dr2 + r2

(
dθ2 + sin2 θ dϕ2

)
, ® Æ ñ ·

/12 "�" , ��01"C^G^G]#$(- ® Æ ô · ~A C�A�;"Y01"4M�01] /G/ "C-e .^Q{@$!x#x#$)M6^
fr = fρ

dρ

dr
= −F (ξ) q

2

2r2

(
1 +O(ε2Ý¤Þ�ß )) . ® Æ �!·
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ds2 = −dt2 + dρ2 + r0
2 (dθ2 + sin2 θ dϕ2

)
, ® ÆEò ·

M 2 "401" r0 ]#^Q�C$!-�^ /  (- /  (-�� /12 "�" , ��01"C^G^G]#$!- ® Æ ® · ]D^Q" ,  (� /)Ê � 2 "5^G"CxN{@¯°{|$.01�C"�]#^ � "401$�]#- /12 ]#^Q�) (^G" Ê� ^6 T^G"C�4$!-B�F" ,  (~&��xD"Yx#" / 3�^��C$!-�^G]m��"40 /12 "�^G�B .�C" / ]#~&"�MQ] /12 ~&" / 01]D�
ds2 = −dt2 + dr2(

1− rg
r

)n + r2
(
dθ2 + sin2 θ dϕ2

)
. ® ®�ð ·

� 2 "&�C (^G" n = 2 �C$.0G01"C^G��$!-�� / $ /12 "T^G�B .�C" / ]#~&"�$({Q 2 $(01- ® ^G"C~&]N¯Z]D-��B-�] / " /12 01$S /c· ÄDÅ � Ç Ê � 2 "&�� .0 / $({ /12 ]D^5^G�B .�C" / ]#~&"TMQ] /12
r > rg ]#^6'!x#$(�B (x#xN�\^ /  / ]#�� .-B�F'("C$���"C^G]#�) .xDxN���C$!~&��x#" / " Ê�W - /12 "�7�]#�C]#-�] / �F$.{ r = rg

∣∣∣∣
dmr

rdρm

∣∣∣∣
1/m

' 1

rg

(
r − rg
rg

)(n/2−1)+1/m
, ® ® Å ·

M 2 "401" ρ ]#^ /12 "Y0� !��]D .x<��01$!��"406��]#^ /  (-��C" (dr/dρ = (1− rg/r)n/2
) Ê � 2 3�^�]D- /12 "Y01"4'!]#$!- r − rg ¿ rg

ε Ý¤Þ�ß '
(
r − rg
rg

)n/2−1
. ® ® Ø ·

ε Ý¤Þ�ß ¿ 1 ]D- /12 "5�C (^G" n > 2  .-B�F$!-�"5�) .-��C (x#x /12 ]#^�01"C'!]#$(- /12 "5x#$!-�' /12 01$! /)Ê� 2 "5" , ��01"C^G^G]#$!- ® Æ ô · ]#- /12 "��) .^G" r − rg ¿ rg  (-�� n > 2 /  (�S"4^ /12 "Y{|$.01~
fρ = −F (ξ) q2

2r(ρ)2

(
1− rg

r(ρ)

)n/2 (
1 +O(ε2Ý¤Þ�ß )) ® ® Æ ·

$(06]#- /12 "��C$_$(0���]#-� / "C^ ® ®lð ·
fr = fρ

dρ

dr
= −F (ξ) q

2

2r2

(
1 +O(ε2Ý¤Þ�ß )) . ® ®>® ·
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√
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√
Jψ
m
ψ � x6 =

√
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