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ty� u{w�xss u = u(x, y)� tsuuvrvwxsr{vop� | wv�pqprp� p�ymnqs Ω tpnqmqp�wpv�snyp rm�� �m�tvo n|��z ov�t{ u{w�xsv� u � vv �vr|�os �mnqw�os �rps�|ptw�os
u′

,x � u′

,y
s �rps�|ptw�os |qprp�p �pr�t�m� �rvt�pym�m�� �qp u{w�xs� f(x, y) qm��vtsuuvrvwxsr{vom tpnqmqp�wpv �snyp rm�� �m�s�vo }~�� �rptsuuvrvwxsrp|mwwpv �p

x s y �
L′

,x = u′′

,xx + u′′

,yx + u′

,x f + u f,x
′ = 0,

L′

,y = u′′

,xy + u′′

,yy + u′

,y f + u f,y
′ = 0.

}��
�snqvo{ }~��� �rvtnqm|so | omqrs�wp� uprov� pqwvn� | �rm|{� �mnqz |�n�sv �rp�s�|ptw�v �

~U = ~B, }���tv �
=





f 1 1
f ′

,x f 0
f ′

,y 0 f



 , ~U =





u
u′

,x

u′

,y



 , ~B = −





0
u′′

,xx + u′′

,yx

u′′

,xy + u′′

,yy



 . }��

�rs det

�
→ 0 n|��z u{w�xss s vv �rps�|ptw�� ~U s |qpr�� �mnqw�� �rps�|pt�w�� ~B |�rp�tmvqn�� �qp |�rp�tvwsv op�wp qm��v qrm�qp|mqz �m� wvp�rmws�vw�wpv |p�rmnqmwsv u{w�xss s vv �rps�|ptw�� qmo� �tv det

�
→ 0 � �rs �qpo� |v�ys�swm |qpr�� �rps�|ptw�� }vnys pws pqys�w� pq w{y�� wvn{�vnq|vwwm� �ovvo

det

�
= Φ2(x, y) = f(f2 − f ′

,x − f ′

,y)� �mo� �tv Φ2(x, y) = 0 � n|��z �rps�|ptw�� |�rp��tmvqn�� �rs|�v Φ2(x, y) = 0 | p�ymnqs Ω �{tvo wm��|mqz �rs|�os wvnqm�syzwpnqs|qprp�p �pr�t�m �~ � �rptpy�so �rpxvnn tsuuvrvwxsrp|mws� L � ¡y� �py{�vws��rs|�� wvnqm�syzwpnqs �pr�t�m �� �m�s�vo nsnqvo{� nptvr�m�{� �mnqw�v �rps��|ptw�v qrvqzv�p �pr�t�m
L = 0, L′

,x = 0, L′

,y = 0, L′

,xx = 0, L′

,xy = 0, L′

,yy = 0,

�pqpr{� qm��v �rvtnqm|so | omqrs�wpo |stv }��� �tv ~UT = {u, u′

,x, u′

,y, u
′′

,xx, u′′

,yx, u′′

,yy} �m |v�qpr �rm|�� �mnqv� nptvr�sq �rps�|ptw�v qrvqzv�p �pr�t�m� ¢�rvtvysqvyz ns�nqvo� sovvq |st
det

�
= Φ3(x, y) = f(f2 − f ′

,x − f ′

,y) (f3 − 3 f ′

,y f + f ′′

,yy + 2 f ′′

,xy − 3 f ′

,x f + f ′′

,xx)

~



£ p��vo ny{�mv� ty� �rs|�� wvnqm�syzwpnqs �pr�t�m n sovvo
det

�
=

n
∏

k=1

Φk, }¤�
�tv

Φ1 = f, Φk+1 = Φkf − Φ′

k,x − Φ′

k,y.¢qn�tm nyvt{vq� �qp |nv �rs|�v wvnqm�syzwpnqs �pr�t�m n1
�|y��qn� �rs|�oswvnqm�syzwpnqs ty� |nv� �pr�t�p| n2 > n1

� � �p|��vwsvo �pr�t�m wvnqm�syzwp�nqs rmnqvq �snyp npowp�sqvyv� | }¤��£ �mnqwpnqs� ty� f = x2 + y2 � �rs|�v wvnqm�syzwpnqs tp ��qp�p �pr�t�m |�y���sqvyzwp s�p�rm�vw� wm lsn� ~� m ty� f = xy ¥ wm lsn� ��

–0.5

0

0.5

1

1.5

2

2.5

y

–0.5 0.5 1 1.5 2 2.5
x

¦§¨©ª© ��� «¬ �¬��®�¯°����±¯² f = x2 + y2 ³ n = 5
�

–4

–2

0

2

4

y

–4 –2 2 4
x

¦§¨©´© ��� «¬ �¬��®�¯°����±¯² f = xy ³ n = 5
�

µwmyp�s�wp� ty� tsuuvrvwxsmyzwp�p {rm|wvws�
L = u′

,xx + u′

,yy + uf(x, y) = 0 }¶�
�



�py{�so {nyp|sv wvnqm�syzwpnqs |qprp�p �pr�t�m }n = 2
��

det

�
= (1 + f)((1 + f)f − f ′

x − f ′

y)s n = 3 �
det

�
= (2 + f)((2 + f)(1 + f) − f ′

,x − f ′

,y)((2 + f)(1 + f)f−

−(3f + 2)(f ′

,x + f ′

,y) + f ′′

,xxx2 + 2f ′′

,xyxy + f ′′

,yyy
2).¢�v|stwp ty� p�rvtvysqvy� sovvo qp�v �rvtnqm|yvwsv }¤�� wp n u{w�xs�os |stm

Φ1 = f + n − 1, Φk+1 = Φk(n − k − 1 + f) − Φ′

k,xx − Φ′

k,yy.�m� �m� Φ1
�m|snsq pq n � s n|��z Φk+1

s Φk
qm��v �m|snsq pq �pr�t�m n � qp | pqys�svpq {nyp|s� wvnqm�syzwpnqs }~� owp�vnq|p �rs|�v |�n�s� �pr�t�p| | p��vo ny{�mvwv |�y��mvq | nv�� �rs|�v wvnqm�syzwpnqs ws��s� �pr�t�p|� ¢twm�p ty� ny{�m�

f = x/y op�wp �py{�sqz p��vv �rvtnqm|yvwsv ty� p�rvtvysqvy� wvnqm�syzwpnqs�pr�t�m n �
det

�
= y−n(n+1)/2

n
∏

k=1

(x + ky)k+1 }·�
pq�{tm |stwp� �qp n {|vys�vwsvo n tp�m|y��qn� wp|�v npowp�sqvys | �rps�|vtvwss�tm��sv wp|�v �r�o�v x + ky = 0 � �rs n → ∞ �py{�so �rvtvyzw{� �r�o{� y = 0 �¸pq� nmom �r�om� y = 0 wv �rswmtyv�sq owp�vnq|{ qp�v� wvnqm�syzwpnqs� qm��m� y nptvr�sqn� | �wmovwmqvyv }·�� op�wp �m�y��sqz� �qp wm�tvwp ¹º»¼½¾¿½ �rs�qs�vn�s� �rs|�� }| tmwwpo ny{�mv ¥ �r�o���� �rp�yvom n{�vnq|p|mws� �pqprp�p
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