
Ðåøåíèå ìåõàíè÷åñêîé çàäà÷è ñ îäíîé
ñòåïåíüþ ñâîáîäû

30 èþëÿ 2009 ã.

30.7. Îñè öèëèíäðîâ ñîåäèíåíû ñïàðíèêîì.
Âåðõíèé öèëèíäð êàòèòñÿ áåç ïðîñêàëüçûâàíèÿ
ïî ïëàñòèíêå, ñêîëüçÿùåé ïî âåðòèêàëüíîé ïëîñ-
êîñòè. Íèæíèé öèëèíäð íàõîäèòñÿ â çàöåïëåíèè
ñ âåðõíèì è êàòèòñÿ ïî ãîðèçîíòàëüíîé ïîâåðõíî-
ñòè. Ðàäèóñû öèëèíäðîâ R. Ìàññà âåðõíåãî öè-
ëèíäðà m1, ìàññà ñïàðíèêà m2. Ê âåðõíåìó öè-
ëèíäðó ïðèëîæåí ìîìåíò M . Ñîñòàâèòü óðàâíå-
íèå äâèæåíèÿ ñèñòåìû. Çà îáîáùåííóþ êîîðäè-
íàòó ïðèíÿòü óãîë ïîâîðîòà ñïàðíèêà ϕ.

1 Óðàâíåíèå Ëàãðàíæà
Óðàâíåíèå Ëàãðàíæà âòîðîãî ðîäà äëÿ çàäàííîé ñèñòåìû èìååò âèä:

d

dt

∂L

∂ϕ̇
− ∂L

∂ϕ
= Q̃. (1)

Ãäå L=T-Ï
Êèíåòè÷åñêàÿ ýíåðãèÿ ñèñòåìû ðàâíà:

T =
1

2
m1v

2
B +

1

2
m1v

2
D +

1

2
JBω2

1 +
1

2
+ JDω2

2 (2)

Ïîòåíöèàëüíàÿ ýíåðãèÿ ñèñòåìû ðàâíà:

Π = m1g(R + 2Rsinϕ) + m2g(R + Rsinϕ). (3)
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Ðàññìîòðèì ãðàô
O

π
2
,R−→ A

ϕ,2R−→ B,

{
vBx = vOx −Rω3z sin π

2
− 2Rϕ̇ sin ϕ = 0,

vBy = vOy + Rω3z cos π
2

+ 2Rϕ̇ cos ϕ.
(4)

Îòêóäà {
vBy = 2Rω2z cos ϕ,
ω3z = −2ω2z sin ϕ = −2ϕ̇ sin ϕ.

(5)

Òàêæå ðàññìîòðèì ãðàô

O
π
2
,R−→ A

ϕ,R−→ D,

{
vDx = vOx −Rω3z sin π

2
−Rϕ̇ sin ϕ,

vDy = vOy + Rω3z cos π
2

+ Rϕ̇ cos ϕ,
(6)

Îòêóäà {
vD

2 = R2ω3z
2 + 2ω2zω3zR

2sinϕ + R2ω2z
2, (7)

È ãðàô
O

π
2
,R−→ A

ϕ,2R−→ B
0,R−→ C,

{
vCx = vOx −Rω3z sin π

2
− 2Rϕ̇ sin ϕ−Rω1z sin 0 = 0,

vCy = vOy + Rω3z cos π
2

+ 2Rϕ̇ cos ϕ + Rω1z cos 0,
(8)

Îòêóäà {
vC = Rω1z + 2ω2zRcosϕ, (9)

Òàê êàê öèëèíäðû 1 è 3 íå ïðîñêàëüçûâàþò, òî âîçìîæíî ñîñòàâèòü
ãðàô, ïðîõîäÿùèé ÷åðåç òî÷êó èõ ñîïðèêîñíîâåíèÿ D:

A
ϕ,2R−→ B

π+ϕ,R−→ D
π+ϕ,R−→ A,

vAx = vAx − 2Rϕ̇ sin(ϕ)−Rω1z sin(ϕ + π)−Rω3z sin(ϕ + π).

vAy = vAy + 2Rϕ̇ cos(ϕ) + Rω1z cos(ϕ + π) + Rω3z cos(ϕ + π) = 0.

Îòêóäà ïîëó÷àåì, ÷òî:
ω1z = 2ϕ̇− ω3z.

Òàêèì îáðàçîì óãëîâûå ñêîðîñòè:

ω2z = ϕ̇.
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ω3z = −2ϕ̇sinϕ.

ω1z = 2ϕ̇(1− sinϕ)

Êèíåòè÷åñêàÿ ýíåðãèÿ ïîñëå ïîäñòàíîâîê è ïðåîáðàçîâàíèé ïðèíèìà-
åò âèä:

T = 2m1ϕ̇
2R2cosϕ2 +

2

3
m2R

2ϕ̇2 + m1R
2ϕ̇2 −m1R

2sinϕ2ϕ̇2.

2 Âêëàä íåïîòåíöèàëüíûõ ñèë â îáîáùåííóþ
ñèëó

Ìîùíîñòü íåêîíñåðâàòèâíûõ ñèë:
N = ( ~M, ~ω1) = Mω1z.

Îòêóäà ïîëó÷àåì:
Q̃ =

Mω1z

ϕ̇
= 2M(1− sinϕ) (10)

3 Ñîñòàâëåíèå óðàâíåíèÿ Ëàãðàíæà
Ñîñòàâèì L:

L = T − Π = 2m1ϕ̇
2R2cosϕ2 +

2

3
m2R

2ϕ̇2 + m1R
2ϕ̇2−

−m1R
2sinϕ2ϕ̇2 − (m1g(R + 2Rsinϕ) + m2g(R + Rsinϕ)).

Óðàâíåíèå Ëàãðàíæà âòîðîãî ðîäà äëÿ çàäàííîé ñèñòåìû èìååò âèä:
d

dt

∂L

∂ϕ̇
− ∂L

∂ϕ
= Q̃.

d

dt

∂L

∂ϕ̇
= 4m1R

2(cosϕ)2ϕ̈− 4m1R
2(ϕ̇)2sin2ϕ +

4

3
m2R

2ϕ̈ + 2m1R
2ϕ̈−

−ϕ̈2m1R
2(sinϕ)2 − 2m1R

2(ϕ̇)2sin2ϕ.

∂L

∂ϕ
= −2m1(ϕ̇)2R2sin2ϕ−m1R

2(ϕ̇)2sin2ϕ− 2m1gRcosϕ−m2gRcosϕ

Òàêèì îáðàçîì óðàâíåíèå Ëàãðàíæà èìååò âèä:

4m1R
2(cosϕ)2ϕ̈−3m1R

2(ϕ̇)2sin2ϕ+
4

3
m2R

2ϕ̈+2m1R
2ϕ̈− ϕ̈2m1R

2(sinϕ)2+

+2m1gRcosϕ + m2gRcosϕ = 2M(1− sinϕ)
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