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TOYHOE PEHIEHUE 3AJTIAYH O ITPOT'UBE
BAJIOYHOM ®EPMBbI C TIPOU3BOJIbHBIM
YU CJIOM MAHEJIEW B CHCTEME MAPLE

Annoranusi. [lonyuyeHsl BbIpaskeHHs Al mporuba
CTaTUYECKH OMPENESTUMON MIIOCKOH OanouHoil hepMbI mo
JIEICTBUEM paBHOMEPHO paclpelesIieHHOW T0 HIKHEMY
MOSICY HAarpy3K{ B 3aBUCHUMOCTHU OT YHcJa MaHesel. Pemer-
Ka (epMBI C HUCXOISIIUMH PACKOCaMH CHMMETPHYHA OT-
HOCUTENBHO cepenuHbl. s onpeneneHus YyCUIUH B
CTEpPXKHAX HCIIONB3YEeTCS METOJ BhIpe3aHus y3nos. C mo-
MOIIIBIO TTAKeTa KOMITBIOTepHOM MaTematiku Maple periena
cUCTeMa ypaBHEHHWH paBHOBECHs B CHMBOJILHOW Qopme.
IIpu BbrumcineHun mnporuda mo ¢opmyiae Makcpea—
Mopa y4uTBIBAIOTCS Pa3HbIE JKECTKOCTH CTEPKHEH II0SICOB
u peuretku. [{ist 0000mIeHNs cepun pEeIICHUi Ui GepM C
Pa3IMYHBIM YHCJIOM IMaHEeNeH Ha Ciy4ail Npou3BOJIEHOTO
4yHUClla NaHeled NPUMEHEH METOJ MHAYKIUH U ONepaTopbl
JUISl COCTaBIEHHMS M PELICHHs PEKYPPEHTHBIX ypaBHEHUN
cucreMbl Maple. B pesynbrate HalIeHBI HEKOTOpBIC Mpe-
JIeNbHBIE CBOWCTBA PEILIEHUS.
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rub, uaaykuus, Maple
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AHaIUTUYECKUE peIIeHUs 33434  CTPOH-
TEIbHOW MEXaHHKU UMEIOT HE TOJBKO TEOPETH-
YecKoe, HO M MPAKTUYECKOEe 3HAUYECHUE KaK s
OLICHKHM IIPOEKTUPYEMBIX, TaK U JJISl aHaIU3a IKC-
TUTYyaTaIlMOHHBIX XapakTepuCTUK. DopMyIbl Aiis
pacuera IUIOCKMX CTaTHYECKH OMNPEIEIUMbIX
¢depm momydenel B pabortax [1-5], mpoctpan-
CTBEHHBIX — B paborax [6-9].

B paccmarpuBaeMoll CHMMETPUYHOM KOH-
cTpykiuu (puc. 1) ducimo maHenedl B IMOJIOBUHE
nposera yerHoe N = 2k. depma craTmyecku
ompeneanMa, COACPKUT S = 4N + 5 mapHUPHBIX
y3ma 1 M = 8n + 4 cTepXHs,BKIIIOYasi TPU CTEPXK-
Hs1, MoJenupyromme onopbl. Harpyska mpuioxe-
Ha K y3J7aM HH)KHETO T0sica.
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EXACT SOLUTION

OF THE PROBLEM OF DEFLECTION
OF ATRUSS WITH AN ARBITRARY
NUMBER OF PANELS

IN THE MAPLE SYSTEM

Abstract. This article presents the formulae de-
rived for statically determinate flat truss under load
evenly distributed in the lower boom depending on the
number of panels. The truss lattice with lowering diag-
onals is symmetric with respect to the middle. In order
to calculate the forces in the rods, method of joints is
used. Simultaneous equations in symbol presentation
were solved using the Maple computer mathematics
software package. Different stiffness coefficients for
boom and lattice rods are considered when calculating
the deflection using Maxwell-Mohr formula. For the
purpose of synthesis of a number of solutions for the
trusses with different numbers of panels in case of arbi-
trary number of panels, the induction method and func-
tions for creation and solution of recurrent equations in
Maple system were used. As a result, some limit prop-
erties of solution were discovered.

Key words: truss, exact solution, deflection,
induction, Maple
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Analytical solutions of the problems of
the construction engineering possess not only
theoretical, but practical value as well, both for
assessment of design parameters, and for anal-
ysis of operational parameters. The formulae
for calculation of flat statically determinate
trusses were derived in papers [1-5], spatial —
in [6-9].

The symmetrical structure being consid-
ered (fig. 1) features even number of panels in
one half of the span n = 2k. The truss is stati-
cally determined, it containss = 4n + 5joint
assemblies andm = 8n + 4 rods, including three
rods simulating supports. The load is applied
to the assemblies of the lower boom.
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Fig. 1. Trussatk =2
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Yeunust B cTepKHAX (QepMbl OmpeaessieMm,
UCHOJb3Yysl METOJI BbIpe3aHus y3i1o0B. [Iporu6 Bel-
yucisieM 1o popmyne Makcsenna—Mopa

Forces in the truss rods shall be calculated
by using method of joints. The deflection shall
be calculated using Maxwell-Mohr formula.

— 'S SiNiIi

=t

rae Si — yCUIHMs B CTEPXKHSAX (epMbl OT Jeii-
CTBMsI BHEIIHEN Harpy3ku; Ni—ycuius B cTepxk-
HAX OT JCUCTBUSA €JUHUYHOWU CWIIBI, IPUIIOKCH-
HOM K cepenuHe mpojera; lj —umHbI cTepiKHEH;
EF— xectkocTh  cTepkHEH  IOSICOB U
EF =pnEF — xectkocTh crepxkHeil perieTku

(u< 1,1 =4n+l, ..., m = 3. Tpu xecTKue omnop-
HBIC CTEPXKHS B CYMMY HE BXOIST, IMOITOMY
BEPXHUI MpeJies CyMMUpPOBaHHsI paBeH M-3.

Ha ocnose anropurma [10], paspabortanto-
o AJ1 CHUCTEMbI KOMHBIOTGpHOﬁ MaTEMaTUuKN
Maple, cocraBisieM ypaBHEHUS pPaBHOBECHS U
3aIOJTHSAEM MATPHIy KOCHHYCOB HAIIPaBIISIOIIIX
yriaoB. BBoaum gaHHBIE O TeOMETpUH (HEepMBI,
3aaeM KOOpAWHATHI y3710B. CHavalia HyMepyrT-
Csl HIDKHUE Y3ITbI (PepMBl, 3aTE€M — Y3IIbl BEpXHE-
ro nosica (puc. 2). Hagamo koopauHat momemaeM
B JIEBOW HEMOABUYKHOU OIOPE.

mo9 11 112 1113 12

EF,)’

whereS — forces in the truss rods caused by
external load; N;j — forces in the rods caused
by single force applied to the middle of the
span; l; — lengths of the rods; EF— stiffness
coefficient of the boom rods, and
EF, =pEF — stiffness factor of the lattice

rods(u< 1, i =4n + 1, ..., m — 3. Three rigid
support rods are not included in the total,
therefore the upper sum limit is m -3.

Equilibrium equations are created and
directional angle cosine matrix is filled on the
basis of algorithm [10] developed for comput-
er mathematics system Maple. We input the
truss geometry data and set coordinates of the
joints. First, the lower joints of the truss are
numbered, then, the upper boom joints
(Fig. 2). The zero of coordinate system shall
be in the left static support.
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25 27

19 34

20 /23 23 /24

30 32 33

35
0

Puc. 2. Hymepanus crepkueii v mapHupoB npu K = 2

3HaueHus1 KOOPAUHAT HIAPHUPOB:

X =X ia—a,

i i+2n+1

yi =0’ yi+2n+1 = h’

Tak kak OMOpHBIE CTEPKHU NPUHUMAIOTCS
KECTKUMU U B cymmy ¢Gopmynbl MakcBenna—
Mopa He BXOIAT, UX JJIMHBI MOXKHO OpaTh mpo-
W3BOJIbHBIMHU, HAIIPUMEDP €IMHUYHBIMU:

36
1

Pl

Fig. 2. Numbering of rods and joints at k = 2

Values of the coordinates of the joints

i=1 .., 2n+1.

As support rods are assumed to be rigid,
and are not included in the sum of Maxwell-
Mohr formula, their lengths are arbitrary, and
can be assumed, for example, to be one:

Xs—2:_1’ ys—2:01 Xs—lzo’ ys—lz_l’ X, :2na’ ys:_l'
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Cxemy cOelMHEHUH CTep)KHEN U IIapHUPOB
bepMeI N
i=1..,M, COOTBETCTBYIOIIUMHU CTEPKHSM.
KOMIOHEHTBI 3TUX BEKTOPOB SIBISIOTCS HOMEPA-
MU HIAPHUPOB IO KOHILIAM COOTBETCTBYIOIIMX
crepkHeld. HampaBieHus yCIOBHBIX BEKTOPOB
MPOU3BOJILHBI U HE CBSI3aHBI CO 3HAKaAMU yCHIIUU
B CTEpKHAX. /151 cTep)kHEN HMXKHETO mosica uMe-

peLIeTKH 3amaguM  BekTtopamu N

i’

€M CJICIYIOIIUE BEKTOPHI: Ni =[i, 1+1], Bepxue-
=[i+2n+1i+2n+2], i=1 ..., 2n.

BekTopbl CcTepKHEN PEIIETKU KOAUPYIOTCS BEK-
TOpaMu

ro— N

i+2n

Let us size the diagram of connections of
the rods and joints of truss lattice using vectors

N;,i=1 .., m, which correspond with the
rods. Components of such vectors are numbers
of joints at the ends of respective rods. Direc-
tions of the conditional vectors are arbitrary,
and are not related to the signs of the forces
in the rods. The following vectors are present

for the lower boom rods: N, =[i, i+1],
for the upper boom rods — N, , =
=[i+2n+1 i+2n+2], i=1, ..., 2n. Vectors

of the lattice rods are coded as vectors

N, .., =[2i+1, 2i+2n],

Ni+4n+k

=[2i+1, 2i+2n+1],

N, ok =[21+Nn-1, 2i+3n+1],
Ni s.a =[2i+0n=1 2i+3n+2], i=1, ..., k.

Croiiku COOTBETCTBYIOT
Ni gn =0, i+2n+1], i=1 .., 2n+1,
Hampasisromuye KOCHUHYCBHI, BXOIAIIKE B
ypaBHEHHUsI Y3JI0B (epMbl, BBIUUCISIIOTCS 4Yepes
JUIMHBI CTEP’KHEU U MPOCKLUU UX YCIOBHBIX BEK-
TOPHBIX MPEJICTAaBICHUI HAa OCH KOOPMHAT:

_ 2 2
Ii_ Il,i +I2,i ,

BEKTOpaM

3necy mepBblii uHAEKC | B HOoMepe N;j;
COOTBETCTBYET HOMEPY KOMIIOHEHTBI BEKTOpa
(] =1 — navao, ] = 2 — KOHeIl YCIOBHOTO BEK-

topa N,), BTOpOil MHIEKC | — HOMEp CTEPKHS.
Hanpasnsirommue KOCHHYCBI 0Opa3yrOT MaTpHIly
CHCTEMbl  YpPaBHCHHH  pPaBHOBECHs  Y3JIOB
B MIPOCKITUSIX Ha ocn KOOPJIMHAT:
G, :—iji/li ,F=2N,;-2+j,r<m, j=12,

G, ; :Ij’i/Ii, r=2Ng;;—2+j,r<m, j=12,

roe 1 =1, ..., m. U3 pemieHus cucremsl JTHHEH-

HBIX YpaBHEHUM

Il!i - XNz,i _XN1,i’I2,i = yszi - le,i’ =1 ..

Racks correspond with the vectors
Ni g, =, i+2n+1], i=1 .., 2n+1.

The directional cosines used in the equa-
tions for truss joints shall be calculated using

lengths of rods and projections of their condition-
al vector presentations on the coordinate axes :

. m.

Here, the first index j in the number N;;
corresponds with the number of vector com-
ponent (j = 1 — start, j = 2 — end of condi-
tional vector N,), second index i is number of

the rod. the directional cosines form matrix for
the simultaneous equations of equilibrium of
joints as projections on the coordinate axes:
G =1/l r=2N, =2+ j,r<m, j=12,

G ; :Ij,illi, r=2N;;—2+j,r<m, j=12,

where i =1,..., m. On the basis of solution of
the simultaneous simple equations

GS=B

HaXOJUM B CHMBOJBHOU (hOpMe YCHIIHSI B CTEPIK-
Hax (epmbl. 31ech S — BEKTOP HEHU3BECTHBIX
ycunuii B cTepxkHAX, B — BekTop Harpysok. I'o-
PHU3OHTAJIbHBIE HATPY3KH, PUJIOKEHHBIE K Y37 I,
JIOJDKHBI 3alTMCBIBATHCS B HEUETHBIE JJIEMEHTHI
B,i, (B HacrosIel MOCTAaHOBKE 3aJad TaKHX
Harpy3oK HET), BEpPTUKaJIbHbIE — B YETHbBIC
B, =P,i=2, ..., 2n, TIpu onpeneneHun ycuimii
OT BEPTUKAJIBbHOW €IMHUYHON CHUJIbI B CEpEIUHE
nponera mnojaraem Bonigy =1.

we can find the forces in the truss rods in sym-
bol presentation. Here, S is vector of unknown
forces in the rods, B is vector of loads. Hori-
zontal loads applied to the joint i shall be en-
tered into odd components B,;_; (such loads are
not present in the current problem), vertical
loads shall be entered into even components
B,=P,i=2, ..., 2n, When finding the forces
resulting from single vertical load in the middle
of a span, we assume By(n.1) =1,

Construction: Science and Education. 2017. Vol. 7 Issue 1 (22). Paper 1.http://www.nso-journal.ru
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[TocnenoBarenbHbIN pacueT cepuu Qepm c
YBEJIMYMBAIOLIMMCS. YUCIIOM NaHened (OT ABYX
1o 14) naer BcAkuil pa3 OAMH U TOT K€ BUJ pe-
3yNnbTaTa

EFA=P

Consecutive calculation of a series of
trusses with increasing number of panels (from
2 to 14) leads to the same type of result every
time

Aa’ +(Ckc3+ Hkh3)/p

2 2
rneC=+v4a" + h* . [TocnenoBarenbHOCTH KO-
(GUIMEHTOB B 3TOH (hopMysie UMEIOT clenyromue
0O1I1e YIECHBI:

A, =2k[ (20k* +7)k/3+6], C,

Koaddumnmentor Ay, Cx u Hy HalineHs! B pe-
3yJbTaTe PEIICHUS PEKYPPEHTHBIX YpaBHEHUI.
[TocnenoBarenbHOCTh KOIPGUIIMEHTOB TIPH a3,
MOJIy4EHHAsl 10 pe3ylbTaTaM pacdyeToB JECATU
dbepM C mMOCIEeIOBAaTENBHO YBEIUYUBAIOLIUMCS
yucaoM maHenei, umeer Bua2 0; 236; 1128;
3496; 8460; 17460; 32256; 54928; 87876;
133820; 195800; 277176. Omnepatop
rgf_findrecur cucremsr Maple maer ciemyroriee
ypaBHEHHE JUIsi OOIIEro WieHa MOTYyYeHHOU Io-
cienoBarenbHOCTH. Ak = BA1 — 10A L + 10A3
— 5Ai4 + Ays. Pemienue 3Toro ypaBHeHUsl JaeT
omeparop rsolve. @opmMyisl 1 Apyrux Kodhdu-
[IUEHTOB BBIBOISITCSIAHATIOTUYHO.

Pemenue 3amaum o mporude depmbl mpu
Harpy>€HuU €€ OJHOU CUJIOU B CEpeUHE MpoJie-
Ta npoire. OHO CBOAUTCS K PEIICHUIO TOJIBKO Of-
HOTO PEKyppeHTHOro ypaBHeHus Ay = 4A; —
— 6A2 + 4A3 — A4 1 umeeT OoJiee TIPOCThIE

ko3 dunmentsr A, = 8K (2k2 +1)/3, Ck=Hi=k.
WNuTepecHo mpoCienInuTh 3aBUCHMOCTh IPO-
ruba OoT uwuciaa TaHened mpu (HUKCUPOBAHHOU
mumHe mposiera L=2an u oOmel Harpys-
keP, =2(n-1)P. Ha puc. 3 rpapuxu oTHOCH-

TenpHoro mpornéa A’'=AEF/(P,L) moctpocHsl

mpu L=100 m, p = 1 1 pa3nuyHbIX 3HAYCHUSIX BbI-
coTsl h, m.

2h?

wherec =+/4a’ +h? . Sequences of coeffi-
cients in the formula feature the following
common members:

=k(2k+1), H, =2k>+3k-2.

Coefficients Ay, Cx andH, were identified
as a result of solving the recurrent equations.
The sequence of coefficients at a® derived
from the results of calculations for ten trusses
with gradual increase of the number of panels
is as follows: 20; 236; 1128; 3496; 8460;
17460; 32256; 54928; 87876; 133820;
195800; 277176. The Maple system function
rgf_findrecurprovides the following equation
for the common member of the discovered
sequence:Ax = 5A1 — 10A, + 10Acs —
— B5Ax4 + Axs. Function rsolve provides for
solution of this equation. Formulae for other
coefficients are derived in the similar way.

Solving the problem of truss deflection
in case of a single force acting on it in the
middle of a span is simple. It comes down to
solving a single recurrent equation Ay = 4Ay_;1 —
— 6Ak2 + 4Ai_3 — A4 and contains simple co-
efficients. A, =8k (2k* +1)/3,Cy = Hc = k.

It is interesting to track dependence of
deflection on the number of panels with fixed
span length L 2an and total
load P, =2(n—-1)P . Relative deflection charts

A'=AEF/(PL) on Fig. 3 were made for

L =100 m, pu =1 and different values of height
h, m.
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Puc. 3. 3aBuCHMMOCTH OTHOCHTENILHOTO TIPOrubda
(epMbl OT uKcIa naHeaen

HesiBHO BBIpaKEHHBIC HAKIOHHBIE ACHMII-
TOTBl KPHMBBIX OINpPENEIAIOTCS W3  Ipejea
lim A’/k =h/(2Lp). Ha puc.4 rpaguku oTHOCH-
k—o0

TenpHOTO mporuba moctpoeHsl mpu L=100 M,
k=5. Kak u cnemoBajio 0XHIaTh, yBEIHUCHHEC
KECTKOCTU CTEepXKHEH pelmerku MpUBOIUT K
YMEHBIIICHUIO TTPOrubda, OJJHAKO HAYMHAsI ¢ HEKO-
TOPOrO 3HAYEHUS 3TO YMEHbIIEHUE HeCcyIle-
ctBeHHO. [Ipu L = 1 Bce cTepKHU UMEIOT OJMHA-
KOBYIO )KE€CTKOCTb.

A‘

207

T T 1 k
5 6

Fig. 3. Dependence of relative deflection of the
truss on the number of panels

Indistinct oblique asymptotes of the
curves can be found on the basis of the follow-
ing limit l!im A’/k =h/(2Lp). Relative deflec-

tion charts on Fig. 4 were made at L = 100 m,
k = 5. As expected, increasing the stiffness of
the lattice rods leads to decreasing the deflec-
tion, however, starting at certain value, this
decrease is insignificant. Stiffness coefficients
of all rods at p = 1 are equal.

0,2 0,4

Puc. 4. 3aBUCUMOCTh OTHOCHTEJBHOTO MPOTHOa OT
pacmpenenenus KeCTKOCTer

0.6 0.8 p B

Fig. 4. Dependence of relative deflection on dis-
tribution of stiffness coefficients
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AHanuTHYECKUEe BBIpaXEHUs Iporuda ce-
peauHbl npojeta (epmMbl B 3aBUCUMOCTH OT €€
pa3sMepoB, COOTHOLIEHHUSI KECTKOCTEN CTEPKHEN
M 4YHCia MaHeJled MOJIy4eHbl NIl paclpesesieH-
HOW M cocpenoToueHHON Harpy3ok.KomOunarus
3TUX PEIICHUH AAeT BO3MOXKHOCTh OXBAaTUTh J0-
CTaTOYHO IIUPOKUU Kpyr 3azxad. I[lomydeHnsle
(GbopMyIIbl KOMITAaKTHBI, JIETKO MPOBEPSEMBI U MO-
I'yT HaWTH DPUMEHEHUE IJI TECTUPOBAHUS YHC-
JICHHBIX PELICHUN U JIJIs MIEPBUYHOMN OLIEHKHU MPO-

EKTUPYEMBIX COOPYKCHUH.

O0630pBI pabOT 1O MPUMEHEHUIO OMTUCAHHO-
ro MCcrtoaa MHAYKIIUU B COYCTAHUU C BO3MOKHO-
CTSIMHA KOMIIBIOTEpPHOW MaTteMaTnku Maple manbl

B cTaThsx [11-13].
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Analytical expressions for deflection of
the middle of the truss span depending on its
size, relation between stiffness coefficients of
the rods, and number of panels were obtained
for distributed and concentrated loads. Combi-
nation of said solutions allows for covering a
significantly wide range of problems. The re-
sultant formulae are compact, easy to check,
and can be used for testing the numerical solu-
tions, and for first-time assessment of the de-
signed structures.

For reviews of works using the described
induction method in combination of computer
mathematics Maple, see articles [11-13].
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