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Statement of the problem. The scheme of triangular in terms of dome type cover is proposed. The con-
struction is statically determinate. The formulas for the dependence of the deflection on the number of
panels and sizes are derived by generalizing a series of individual solutions by induction.

Materials and methods. The forces in the coating rods are performed by cutting nodes in symbolic form
using operators of the Maple symbolic mathematics system. The unknown systems of equilibrium equa-
tions in projections on the coordinate axis include the reactions of vertical supports located on the sides of
the truss. One of the corners of the truss also has a spherical support, one is cylindrical. The Maxwell—
Mohr formula is used to calculate the deflection of the vertex. The analysis of sequences of coefficients in
solutions for individual trusses with different numbers of panels yields expressions for common terms in-
cluded in the desired calculation formula.

Results. Formulas for the dependence of the deflections of the truss on the number of panels for a vertical
load evenly distributed over the nodes of the truss and a horizontal wind load applied to one of the sides
of the structure are obtained. The solutions have a simple polynomial form. The curves of the dependence
of the horizontal displacement of the dome top on the number of panels reveal a minimum. Asymptotics
of the solutions is identified.

Conclusions. A scheme of a statically determinate symmetric spatial dome is developed and its mathe-
matical model is constructed, allowing analytical solutions with an arbitrary number of panels. The identi-
fied dependencies can be used both to evaluate the accuracy of numerical solutions and to find optimal
combinations of structural dimensions in terms of rigidity.

Keywords: triangular dome, spatial truss, deflection, induction, Maple, analytical solution.

Introduction. Spatial bar structures normally contain a large number of elements, which causes
some difficulties in numerical calculation. If the most common finite element method is employed
in addressing such problems [10, 19, 23, 24], the inevitable error associated with the accumula-
tion of rounding errors compromises accuracy [3]. This feature manifests itself with a very large
number of elements, e.g., in trusses of large-span bridges and roofs of buildings and structures.
If the structure is regular and a periodically repeating group of rods can be distinguished in it, an-
alytical methods can be utilized to overcome the “curse of dimensionality” and evaluate its stress-

strain in the calculation.
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© Kirsanov M. N., 2023

97



Russian Journal of Building Construction and Architecture

Analytical methods are known and widely used in practice where numerical calculations based on
variational principles in the system of symbolic mathematics are substituted by analytical ones with
the preservation of the calculation algorithm [11, 12, 20]. This method is applicable to both regular
and arbitrary systems. The inductive analytical method for calculating structures is applicable to
regular systems with periodically repeating structures and normally leads to simple calculation for-
mulas [9]. This method is based on the generalization of a series of solutions for a construction with
different orders and is used mainly for statically determined systems. The problem of existence and
analysis of statically defined regular trusses was first raised by R. G. Hutchinson, N. A. Fleck,
F. W. Zok [13, 14, 26]. The reference books [17, 18] provide diagrams of flat statically determinate
regular trusses and formulas for calculating their deflection under the action of several types of loads.
There are also formulas for calculating arched [8, 15, 22] and lattice trussed and cantilever trusses
[1,4,5,7,21,25]. The method of induction is also applicable for calculating the frequencies of natu-
ral oscillations of regular structures [2]. A review of analytical calculations of regular trusses based on

the method of induction with the involvement of a computer mathematics system is found in [6].

Fig. 1. Truss under the action of a vertical distributed nodal load, n =3

In this paper, we consider a domed truss (Fig. 1, 2) consisting of horizontal triangular contours con-
nected by braces and supported by vertical posts with a height /# on the lower contour and 2/ on the

upper one. The trihedral dome of height H rests on the upper contour. The length of the braces con-

necting the contours is va’/3+h* . The trihedral dome of height / rests on the upper contour. The
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length of the braces connecting the contours is. The connections of the rods in the farm are articu-
lated. In corner A there is a spherical support hinge modeled by three mutually perpendicular rods,
in corner B there is a cylindrical support corresponding to two rods. The truss contains n; = 187 — 6
rods, including 6n — 3 vertical support posts. An inductive method for deriving calculation formulas
for an arbitrary number of panels is applicable to the farm. Deformations and the first frequency of

a similar spatial structure are calculated in an analytical form in [16].

H
h
Fig. 2. Gird sizes,
n=2, H=(n-1)h/2
h

1. Calculation of the efforts. We will calculate the major characteristics of the stress-strain using
the Maple symbolic mathematics system [9]. The modeling of the truss scheme begins with the in-

put of the coordinates of the nodes and the structure of the bar lattice.

X

nt+l

N

Fig. 3. Farm node numbering. Vertex numbers 4, B, Cand D: n+1,1, 6n—2, n+1
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The coordinates of the nodes of the lower contour take the following form:

X; :a(i_l)’yi =0, Z; =0,
X, =a@n—i+1)/2,y. =a(i-13/2,z,, =0,
X, =an—-i+1)/2,y,,, :a(n—i+l)\/§/2, z 0,i=1,.,n.

i+2n

The coordinates of the nodes of the upper (smaller) contour are as follows:

Xz =42 =1)/2,3,,,=al =316, 2, = h,

X0 =an—i)/2,y..,  =aBi-2W3/6,z,,  =h,

Xoo =a(n—i+1)/2,y. . ,=a@Bn=3i+DN3/6,z, ,=hi=1,.n-1.

i i+5n-2

The lattice configuration is introduced using special ordered lists of the numbers of the ends of the
corresponding rods, by analogy with the assignment of graphs in discrete mathematics. According to
the data on the coordinates of the nodes and the structure of the connection of the rods, the direction
cosines of the forces are found in the equilibrium equations of the nodes in projections on the coordi-
nate axes. We write the system of equilibrium equations in the form GS =B where G is a matrix of
coefficients (direction cosines of the forces calculated from the coordinates of the nodes), S is a vector

of forces and reactions of supports, B is a loading vector. In the elements such as B,, , where i is the

number of the node, the loads on the node i are recorded in the projection on the x axis. The elements

B

3i-1

contain projections of forces on the y-axis. Vertical loads are written in the elements B;; .

Fig. 4. Forces in rods
from the action of a distributed load
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In case of a uniform vertical (Fig. 1) nodal load, non-zero elements of the load vector take the fol-
lowing form: B, =P, i=1,...,6n—2. The numerical calculation of forces provide a pattern of the
distribution of forces shown in Fig. 4.

In the calculations it is accepted that n =4, a =10m, A=5 m. The forces in the rods are related to
the load P on the node, the compressed rods are marked in blue, the tension rods are marked in red.

The lower belt turned out to be stretched, the upper — compressed. The braces are marked in black,

with such a load they are not stressed. The reactions of three corner supports from the action of a

distributed load do not depend on the number of panels: R =7P/3, the reactions of the supports,

except for the angular ones along the lower contour and the supports along the upper contour, are

the same and also do not depend on the order of the system: R, = P . If the force P is applied to the
top of the truss (point C), then the corresponding reactions from its action are R, =P/3and R, =0.

This regular structure is characterized by the fact that the forces in it for given loads do not depend
on the number of panels. If we consider the actions of a horizontal (wind) load, which is relevant for
a dome-type structure with a large sail area (Fig. 5), the pattern of force distribution will already
depend on the number of panels (Fig. 6). Let us cnsider a load directed along the y axis. The load is
conditionally distributed evenly over the nodes of the windward side. The load vector in the system

of equilibrium equations takes the following form:

B, ,=P,i=6n-2,i=1,..,n+1,i=3n+1,....4n.
In case when flat shields are mounted on the edges of the structure, and the load is uniform over the sur-

face of the truss, the magnitude of the forces applied to the nodes will depend on the areas of the faces.

Fig. 5. Lateral (wind) load
to the gird
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Fig. 6. Distribution of efforts
from the action of the wind load along
the y axis
at n=4,a=10m, h=5m

Calculating the forces and reactions of the structure supports for different n, we obtain sequences

whose common members can be identified using Maple. For the vertical reaction of the support on

the windward side (holding, directed downwards), we have the following sequence:
R,(2)=19P\3h/(12a), R,(3)=31N3Ph/(9a), R (4) =433P /(8q),
R,(5)=22\3hP/(3a), R,(6)=335\3hP/ (36a),...

The general term of this sequence takes the form R, (n)= NE) hP(12n—-5)(n—1)/(6na). It is clear

from the symmetry R, = R,. Similarly, the dependence on the number of panels and the reaction of

the support D on the leeward side are found R, (n) = V3 hP(n+5)/(3na). The reaction is directed

upwards, the support rod is compressed. The reactions of the vertical supports on the windward

side, as well as in the case of a vertical load, do not depend on the number of panels, are directed
upwards and are equal to 2\/3h P/ a. The reactions of all other vertical supports (on the sides AD

and BD) are equal to zero for any number of panels.
2. Deflection. Vertical load. The constructed mathematical model of the structure with the calcula-
tion of the forces in the rods makes it easy to determine the displacements of the nodes, e.g., the de-
flection of the top C and its displacement under the action of various loads. The deflection is
searched for by the Maxwell-Mohr formula is written as follows:

n S5l

A=PYy L1 1
5 M
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where E is an elastic modulus of the rods; F is the area of the section; , and S, are the length and
force in the j-th rod from the action of the load; s, is the force from a single vertical force applied

to the top C, if its deflection (vertical displacement) is identified. Sequential calculation of the de-
flection of a truss with a different number of panels from the action of a uniform vertical nodal load

yields the following results:

A=PB6a’ +8c’ +378h’ +d’)/ 162h°EF),

A=PQ4a’ +4c’ +189h° +d*) / (81h°EF),

A=P(60a’ +8c> +378h’ +3d’)/ (162h°EF),

A=P(36a’ +4c +189h° +2d°) / (81h*EF), ...
In the general case we have the form of a formula for deflection:

A=P(Cd’ +C,c*+C* +C,d* )/ (WEF), 2)

where ¢=+3a’+9h°, d =/12a> +9h* . The coefficients at the degrees of truss sizes form se-

quences whose common members can be found using Maple. While processing the solution

n=2.3,..,7,we get the following result:

C, =2n+1)/27,C,=4/81,C,=7/3,C,=(n-1)/162. 3)
Compared to similar solutions that have dependences of the coefficients on the number of pa-
nels in the form of polynomials up to the fifth order [17, 18], the resulting linear solution is
much simpler. This is due to the discovered rare feature of the stress state of the structure under
the action of a uniform load: the forces in the rods and the reactions of the supports do not de-
pend on the number of panels. The same simple solution is obtained in the case when the truss is
loaded with only one vertical force applied to the vertex C. The coefficients in (2) for such a load

are as follows:
C,=2n-1)/27,C,=1/81, C;=1/3, C,=(n-1)/162. 4)

The linear combination of formula (2) with coefficients (3) and (4) expands the class of loads used
in the solution.

3. Deflection. Wind load. Under the deflection in case of a horizontal load, we mean the horizontal
displacement of the vertex C. To determine this value, we use the Maxwell-Mohr formula (1) where

s; 1s the effort from a unit horizontal force applied to the vertex C and S, is the effort in the j-th

rod from the action of a horizontal load. The type of solution differs by (2) denominator

A=P(Cd +Cyc*+Ci* +C,d*)/(dEF) . (5)
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Using the induction method, based on the results of calculating eight trusses, we obtain the coef-

ficients:

C, =(6n* +2n’ +25n° +4n+5)/ (36n),
C, =(12n’ =3n> +10n+5)/ (162n%),
C, =(n+1)(4n’ =5n+5)/(2n%),

C, =(n-1)/108.

(6)

The solution in this case turns out to be much more complicated than for the vertical load, not only
because the expressions depend nonlinearly on 7, but also because both numerators and denomina-
tors depend on 7 in the coefficients.

4. Analysis of the solutions. Let us plot the solution graphs (2), (3) for the vertical load. Let us fix
the length of the side of the cover L =na and the total loading P, = P(6n—2). Let us introduce

the value of the dimensionless deflection A'=AEF /(P

sum

L). The dependence of the deflection on

the number of panels (Fig. 7) is monotonic. There is a horizontal asymptote limA'= A/ (36L).

- -
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Fig. 7. Dependence of the deflection on the number of panels under vertical load, L = 50 m:
I—h=1mI—Ah=2m; Il —h=3m
The graphs of the solution of the problem of the deflection of the top for the wind load (5), (6),
constructed under the same assumptions as the curves in graph 7, show a minimum (Fig. 8).
As the height of the truss increases, the minimum shifts towards a smaller number of panels.

Maple tools can also be used to find the nonlinear (quadratic) asymptotics of the solution

limAYn* =17k / (24L0).

n—>x0
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Fig. 8. Dependence of the horizontal displacement of the top C on the number of panels under wind load, L =25 m:
I—h=1mI—h=3m; Il —h=4m

Conclusions. A scheme of a spatial statically determinate regular dome structure is set forth, which
allows an analytical solution of the deflection problem for an arbitrary number of panels. The for-
mulas for reactions of supports and deflections for three types of loads are obtained. It is typical that
for a uniform vertical nodal load, the distribution and values of the forces in the rods do not depend
on the number of panels. The resulting horizontal asymptote for the deflection in this case shows
that an increase in the number of panels at a fixed length of the side of the structure and the total
load does not lead to a significant decrease in the deflection.

The structures of the proposed type can be used as coverings for public and industrial buildings, and
the analytical solutions make it possible to evaluate the accuracy of numerical solutions in the case

of'a more complex structure.
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