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Abstract. A statically determinate truss of a beam type with a triple lattice with short descending and long 
ascending braces is considered. The mass of a truss is modeled by concentrated loads at its nodes. For 
the first natural frequency, the Dunkerley’s method derives a formula for the dependence of its lower 
boundary on the number of panels. The calculation of the efforts in the truss required to obtain the stiffness 
value according to the Maxwell-Mohr formula is performed in the Maple computer mathematics system by 
cutting out the nodes. It is shown that for a certain number of panels the proposed scheme of the truss has 
the property of kinematic variability. For admissible numbers of panels, by induction, the sequence of 
solutions for trusses with different numbers of panels is generalized to an arbitrary case. The coefficients 
of the required dependence are obtained as solutions of linear homogeneous recurrent equations. To obtain 
and solve recurrent equations, the operators of the Maple system are used. The found solution is compared 
with the minimum frequency of the spectrum obtained numerically. It is shown that the accuracy of the 
analytical assessment monotonically increases with the increase in the number of panels. Multiple 
frequencies and the independence of several higher frequencies from the number of panels were found in 
the frequency spectrum. 

1. Introduction 
Although one of the most important characteristics of a structure for practice is its lowest natural 

frequency, for many engineering problems it is also necessary to know the entire frequency spectrum of 
the structure. Such tasks, in particular, include the tasks of seismic resistance of structures [1–3]. In most 
cases, the frequency spectrum is calculated numerically in a linear [4, 5] or nonlinear [6–10] setting. In rare 
cases, the first frequency is determined analytically [11–16]. Particularly effective are formulas for the 
vibration frequencies of regular structures, depending on their order (the number of periodicity elements, 
for example, panels). General questions of the existence of statically determinate regular rod systems were 
studied in [17–19]. Formulas for the deflection of planar regular trusses for various types of lattices and 
supports are obtained in handbooks [20, 21], and [22–24]. The formulas for deflection make it possible to 
calculate the stiffness of the truss and calculate the natural frequencies based on it. Methods for calculating 
natural frequencies are reviewed in [25, 26]. 

In this paper, we derive the analytical dependence of the lower boundary of the first natural vibration 
frequency of a regular truss and analyze its spectrum. In contrast to the known similar problems, the 
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proposed truss scheme has a special feature. For some values of the number of panels, the design allows 
kinematic variability. This complicates the derivation of the formula for the desired dependency. In addition, 
this study takes into account both degrees of freedom of each mass in the truss node. The solution is 
compared with the numerical one obtained for a refined (non-uniform) distribution of masses over nodes. 

2. Methods 
2.1. Calculation of forces. Kinematic analysis 

The symmetric truss of a beam type with a triple diagonal lattice is considered (Fig. 1). Ascending 
and descending braces have different angles of inclination. The inertial properties of the structure are 
modeled by the same masses concentrated in all hinges. In this case, the rods themselves are assumed 
to be devoid of masses. The truss has 2n panels, length a and 2h high. The truss consists of ( )8 1en n= +  
elements, including three rods, simulating a movable left and fixed right hinge support. 

 
Figure 1. Truss, n = 6. 

To calculate the forces in the structural members, the program [27], written in the language of 
symbolic mathematics Maple [28], is used. The algorithm used in this program also allows you to use other 
similar systems: Mathematica, Maxima, Reduce, etc. The coordinates of the hinges are entered into the 
program, assuming that the origin is located in the left support: 

( )
( ) ( ) ( ) ( )
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i i n i i n

n n n n

x x a i y y h i n
x x na y y h
+ + + +

+ + + +

= = − = = = +

= = = =
 

The lattice structure is defined by ordered lists of the vertices of the rods , 1,..., .i eT i n=  For the rods 
of the lower belt, for example, we have: 

[ ], 1 , 1,..., 2 .iT i i i n= + =  

The equilibrium equations of all nodes of the truss constitute a system, the solution of which gives 
the values of the forces in symbolic form, depending on the given number of panels. The matrix of the 
system of equations consists of the direction cosines of the forces, determined by the values of the 
coordinates of the nodes of the rods. The matrix is filled in a cycle along all the bars of the truss 1,..., ei n=   

[ ] [ ] [ ] [ ]

[ ]
[ ]

1 2,2 ,1 ,2 ,1

2 2
1 2

, ,

,

, 2 , 2 2 ,

, 2 ,1 2 , 1,2.

T i T i T i T i

i

j j i e

j j i e

L x x L y y

l L L

G L l T i j n

G L l T i j n j
α

α

= − = −

= +

= − α = + − ≤

= α = + − ≤ =

 

The system of equilibrium equations is written in matrix form =GS P , where S  is the vector of 
unknown forces in the rods and supports, P  is the vector of loads. 

Trial calculations of the forces in the rods from the action of arbitrary loads have shown that for some 
numbers of panels, for example 2,5,8,11,...,n =  or 3 1, 1,2,3...,n k k= − =  the determinant of the 
system of equilibrium equations vanishes. This is possible in the case of instantaneous change of the 
design, which, of course, is completely unacceptable here. This fact is confirmed by the diagram of possible 
velocities (Fig. 2). This is not the only scheme of possible velocities. Its asymmetric variants are also 
admissible when all nodes in one of the truss halves are stationary or the directions of the velocities are 
asymmetric. There is a connection between the values of the velocities .v h u a=  
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Figure 2. Scheme of possible velocities of truss nodes, n = 5. 

Eliminating the unacceptable values of n from the calculations, we set the following sequence of 
panel numbers used to display the dependence of the vibration frequency on the number of panels: 

( )( )6 5 1 4, 1,2,... .kn k k= + − − =                                            (1) 

In what follows, by the order of the truss, we mean the number k. The dependence of the deflection 
of this truss on the number of panels at various loads is given in the handbook [21]. 

2.2. First frequency. The analytical solution according to the Dunkerley’s method 
Since each node endowed with mass has two degrees of freedom, the number of degrees of freedom 

of the considered truss is equal to 2 ,sN N=  where 4 2N n= +  is the number of masses. The formula 
for determining the lower (first) frequency by the Dunkerley’s method [29, 30], which gives an estimate of 
this value from below, has the form 

1 2
2 2

, ,
1
1 1 ,D h j v j

N

j

−

=

 
ω = ω + ω  

 
∑                                                    (2) 

where , , 1,..,h j j Nω =  is partial frequencies of horizontal vibrations, and ,v jω  is partial frequencies of 

vertical ones. Partial frequencies are calculated from the analysis of the differential equation of motion of 
one mass fixed at node j of the truss 

0,j j jmu D u+ =  

where ju  is the vertical displacement of the mass, ju  is the acceleration, kD  is the stiffness coefficient (j 

is the mass number). The frequency of vibration of the load is .j jD mω =  The stiffness coefficient is 

calculated using the Maxwell – Mohr formula under the assumption that the stiffness of all the rods are the 
same 

( )( ) ( )
23

1
1 .j

j j

ne
D S l EFα α

−

α=
δ = = ∑  

Here it is indicated ( )jSα  is the forces in the element number α  from the action of a unit vertical or 
horizontal force applied to the node where the mass numbered k is located. According to (2) we have 

( )2

1
.D h vj

Ns

j
m m−

=
ω = δ = ∆ + ∆∑                                                 (3) 

Sequential calculation of trusses with an increasing number of panels shows that the expression for 
the coefficient v∆  has a constant form 

( ) ( )3 3 3 3 2
1 2 3 4 ,v C a C c C d C h h nEF∆ = + + +                                  (4) 
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where 2 2 2 2, 4c a h d a h= + = +  are the lengths of the braces. 

The coefficients 1 4, ..., ,C C  as functions of the number k, related to the number of panels n in half 
the span by formula (1), are found by the induction method with the involvement of the Maple system 
operators. 

Using the operator rgf_findrecur, we make sure that the sequence of coefficients 1C  satisfies the 
linear homogeneous recurrent equation of the ninth order 

1, 1, 1 1, 2 1, 3 1, 4

1, 5 1, 6 1, 7 1, 8 1, 9

4 4 6
6 4 4 .

k k k k k

k k k k k
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− − − −

− − − − −

= + − − +

+ + − − +
 

The rsolve operator solves this equation 

( ) ( )( ) ( )( )(
( )( ) ( ) )

4 3 2
1 1 54 9 19 5 1 3 123 35 1

3 92 45 1 40 1 50 40.

k k

k k

C k k k k

k

= + + − − + − − +

+ − − − − +
 

The remaining coefficients are found as solutions to similar equations of the sixth and seventh orders: 
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Similarly, we obtain the sum related to the partial frequencies of horizontal vibrations: 

( ) ( )3 3 3 3 2 2
5 6 7 8 ,h C a C c C d C h a n EF∆ = + + +                                       (5) 

where 
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As a result, we obtain the desired lower estimate of the first frequency in analytical form 

( ) ( ) ( )( )3 3 3 3 2 3 3 3 3 2
1 2 3 4 5 6 7 8

.D
nEF

m C a C c C d C h h C a C c C d C h na
ω =

+ + + + + + +
     (6) 

If we do not take into account the horizontal fluctuations of loads, then the solution turns out to be 
much simpler 

( )3 3 3 3
1 2 3 4

.D
nEFh

m C a C c C d C h
ω =

+ + +
                                              (7) 
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3. Results and Discussion 
3.1. Numerical calculation of the spectrum of natural frequencies 

Let us estimate the accuracy of the obtained dependence by comparing it with the result of the 
numerical solution. To calculate the forces in the rods, which are used to calculate the stiffness of the 
structure, you can use the same program used to calculate the estimate (6). 

The system of differential equations for the movement of loads has the form 

0,N N+ =M U D U                                                               (8) 

where [ ]1 1, ..., , , ..., T
N Nx x y y=U  is the displacement of the masses, ND  is the stiffness matrix, NM  

is the diagonal inertia matrix of size N×N, and U  is the acceleration vector. Multiplying (8) by the 
compliance matrix ,NB  we reduce the problem of finding natural frequencies to the problem of the 

eigenvalues of the matrix .N N N=Φ B M  Indeed, taking into account the ratio 2 ,= −ωU U  where ω  is 

the natural frequency of oscillations, we obtain ,N = λΦ U U  where 21λ = ω  is the eigenvalue of the 

matrix .NΦ  Maple has an Eigenvalues operator from the LinearAlgebra package for calculating 
eigenvalues and vectors of matrices.  

Example. The elastic modulus of steel 52 10 MPa.E = ⋅  The rods have a cross-section of 
240.5 smF =  and a linear mass of 31.8kg/mρ =  (channel-shaped cross-section No. 30). Dimensions

3 m, 1 ma h= = are accepted. The mass of each node in the analytical solution (6) is calculated by the 

formula 0m L N= ρ  where ( ) ( )0 4 4 1 2 1 6L an n c n d h+ − + − +=  is total length of all truss rods. In the 
numerical solution, the masses of the nodes depend on the lengths of the rods connected to the nodes. 
The mass of each rod is divided in half between the nodes at its ends. For the assumed cross-section of 
the rods and the dimensions of the truss at 3,n =  the corresponding mass distribution is given in Fig. 3. In 
an analytical solution designed for equal masses, each node has a mass in this case 203 kg.m =  

 
Figure 3. Mass distribution over the truss nodes in the numerical solution of the problem (kg). 

Graph 4 compares the analytical estimate (6) and the lowest frequency of the spectrum of the truss, 
obtained numerically. 

With an increase in the number of panels, the vibration frequency decreases, and the degree of 
approximation of the analytical estimate also increases. More precisely, you can trace the dependence of 
the error on the number of panels, if you enter the value ( )1 1Dε = ω −ω ω  of the relative discrepancy. 

For 12,k >  the discrepancy of solution (5) decreases to a quite acceptable value of several percent 
(Fig. 4). An increase in the accuracy of the solution with a decrease in the height h of the structure is also 
noticeable. 

With an increase in the number of panels, the vibration frequency decreases, and the degree of 
approximation of the analytical estimate increases. More precisely, you can trace the dependence of the 
error on the number of panels, if it corresponds to the relative discrepancy ( )1 1 .Dε = ω −ω ω  For 

12,k >  the discrepancy of solution (5) decreases to a quite acceptable value of several percent (Fig. 5). 
An increase in the accuracy of the solution with a decrease in the height of the structure is also noticeable. 
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Figure 4. Dependence of the lower Dunkerley’s estimate Dω  and the first frequency 1ω  obtained 
numerically on the number of panels. 

 
Figure 5. Solution (6) discrepancy depending on the number of panels  

and the height of the truss; I – h = 1 m; II – h = 2 m. 

Increasing analytical accuracy with the increasing number of panels is of fundamental importance to 
practice. The "curse of dimension" is known, according to which with an increase in the complexity of the 
design, associated, for example, with an increase in the number of panels, the accuracy of solving a system 
of algebraic equations inevitably decreases, and the calculation time increases. Of course, the high bit 
depth and power of modern computing technology overcome this difficulty to some extent, but there can 
always be a design of such complexity that the power of the computing system and the amount of memory 
may not be enough. An analytical solution gives a simple solution and an increase in the order of the 
calculated system only goes to increase its accuracy. Note, however, that the effect of increasing the 
accuracy of the lower Dunkerley’s estimate is not valid for all structures. For spatial systems, for example, 
the error grows with an increase in the number of panels, asymptotically approaching a value of the order 
of 30–40 %. 

Note that without taking into account the horizontal fluctuations in the Dunkerley’s formula (3), the 
result does not change much.  

The corresponding frequency ratio according to the formula (6) and (7) decreases with an increase 
in the number of panels and a decrease in the height of the truss (Fig. 6). 
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Figure 6. Comparison of frequencies obtained by formulas (6) and (7). 

3.2. Natural frequency spectrum 
An analysis of the entire frequency spectrum of the truss revealed interesting features. In Fig. 7, with 

the same data as for Fig. 3, the spectra of trusses with k = 1,2, ..., 8 are plotted. Horizontal mass fluctuations 
are not taken into account here. Each broken curve corresponds to a truss of order k, the abscissa shows 
the numbers of frequencies in the spectrum. The characteristic independence of the last five higher 
frequencies in each spectrum from the order of the system is noticeable. Here, the equality of frequencies 

is taken within the framework of a certain accuracy. Let us denote ( )k
jω  is frequencies with number j in the 

spectrum of a truss of the order of k, ordered in ascending order. According to (1), the number of degrees 

of freedom of a truss of the order of k is equal to ( ) ,6 7 1 1,2,... .kN k k= + − − =  The higher frequencies 

in the spectra of the truss under consideration are multiples of pairs and do not depend on accuracy ωδ  
on the order of k. For example, for h = 1 m, we have higher frequencies 
( ) ( )8 1119.138 c , 6 7 1 ,j

kN kj− = = + − −ω =  that are multiple and equal to each other for different k with 

a relative accuracy of ( ) ( )( ) ( )8 1 8 51.26 10 ,j j j
−

ωδ = ω −ω ω = ⋅  and for h = 2 m the frequency and error of 

equality of conditionally multiple frequencies are less: ( )8 188.885 s ,j
−ω =  50.643 10 .−

ωδ = ⋅  

The same pattern also applies to the second and third frequencies from the end of the spectrum: 
2, 3.j jN N= − = −  The lowest frequencies in the spectra are located more chaotically. 

 
Figure 7. Spectra of natural frequencies of trusses of orders 1-8. 
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4. Conclusion 
1. For the considered planar truss, an analytical lower estimate of the first frequency is obtained for 

an arbitrary number of panels. The coefficients of the resulting formula have the form of polynomials no 
higher than the fifth order in the number of panels. 

2. It is noted that for a certain number of panels, the truss allows instantaneous kinematic variability. 
This is confirmed by the distribution pattern of possible node velocities.  

3. A comparison of the analytical estimate with the numerical result shows that with an increase in 
the number of panels, the accuracy of the estimate increases. 

4. It is shown that the highest frequency in the truss spectrum and several higher frequencies do not 
depend on the order of the truss. Multiple frequencies are found. 
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