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Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ ïëîñêàÿ ñõåìà ñòàòè÷åñêè îïðåäåëèìîé íà ÷åòû-
ðåõ îïîðàõ ìíîãîðåøåò÷àòîé ôåðìû ðåãóëÿðíîãî òèïà ñ êðèâîëèíåéíûì î÷åðòàíèåì
âåðõíåãî ïîÿñà. Ìåòîäîì èíäóêöèè â ñèñòåìå êîìïüþòåðíîé ìàòåìàòèêè íàõîäèòñÿ
çàâèñèìîñòü ïðîãèáà ôåðìû îò ÷èñëà ïàíåëåé, ðàçìåðîâ è âåëè÷èíû íàãðóçêè. Ïðî-
ãèá ñåðåäèíû ïðîëåòà è ãîðèçîíòàëüíûé ñäâèã ïîäâèæíîé îïîðû ïðè ðàâíîìåðíîé
óçëîâîé íàãðóçêå ïî âåðõíåìó èëè íèæíåìó ïîÿñàì íàõîäÿòñÿ â àíàëèòè÷åñêîé ôîð-
ìå ïî ôîðìóëå Ìàêñâåëëà – Ìîðà. Îáíàðóæåíî è ïîäòâåðæäåíî ñõåìîé ñêîðîñòåé
óçëîâ êèíåìàòè÷åñêîå âûðîæäåíèå ñèñòåìû ïðè îïðåäåëåííîì ÷èñëå ïàíåëåé. Ïðè-
âîäèòñÿ äèàãðàììà ðàñïðåäåëåíèÿ óñèëèé ïî ñòåðæíÿì êîíñòðóêöèè. Íàéäåíà
ëèíåéíàÿ àñèìïòîòèêà çàâèñèìîñòè ïðîãèáà îò ÷èñëà ïàíåëåé.
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Original article

FORMULAS FOR DEFORMATIONS OF A MULTI-LATTICE TRUSS
WITH AN ARBITRARY NUMBER OF PANELS

Mikhail N. Kirsanov
National Research University «MPEI», Moscow, Russia

Abstract. A planar scheme of a statically determinate multi-lattice truss of the regular
type with a curvilinear outline of the upper belt on four supports is considered. Using the
method of induction by the number of panels in the computer mathematics system, the
dependence of the truss deflection on the number of panels, size and load value is found.
The deflection of the middle of the span and the horizontal shift of the movable support
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for uniform nodal load along the upper or lower belt are in analytical form according to
the Maxwell–Mohr formula. The kinematic degeneration of the system at certain numbers
of panels was found and confirmed by the velocity diagram of the nodes. A diagram of
the distribution of forces over the bars of the structure is given. The linear asymptotics
of the dependence of the deflection on the number of panels is found.
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Ðàñ÷åò óñèëèé è äåôîðìàöèé ñòðîèòåëüíûõ êîíñòðóêöèé è ñîîðóæåíèé
îñíîâàí, êàê ïðàâèëî, íà ìåòîäå êîíå÷íûõ ýëåìåíòîâ [1–6]. Êàê íåêîòîðàÿ
àëüòåðíàòèâà äëÿ òåñòîâûõ ðàñ÷åòîâ ïðîñòûõ ñòàòè÷åñêè îïðåäåëèìûõ ìî-
äåëåé êîíñòðóêöèé èñïîëüçóþòñÿ òàêæå àíàëèòè÷åñêèå ìåòîäû ðàñ÷åòà
[7–10]. Ôîðìóëû çàâèñèìîñòè ïðîãèáà îò ÷èñëà ïàíåëåé äëÿ ïëîñêèõ âíåø-
íå ñòàòè÷åñêè íåîïðåäåëèìûõ ôåðì â ñèñòåìå Maple ïîëó÷åíû â [11–13].
Àíàëèòè÷åñêèå ìåòîäû ðàñ÷åòà, îñíîâàííûå íà ñèñòåìàõ êîìïüþòåðíîé ìà-
òåìàòèêè, ïðèìåíèìû è â çàäà÷àõ îïðåäåëåíèÿ ÷àñòîò ñîáñòâåííûõ êîëåáà-
íèé ôåðì. Íèæíèå ãðàíèöû ñîáñòâåííûõ ÷àñòîò ñòàòè÷åñêè îïðåäåëèìûõ
ïëîñêèõ ôåðì ðåãóëÿðíîãî òèïà â àíàëèòè÷åñêîé ôîðìå ïî ìåòîäó Äîíêåð-
ëåÿ ñ èñïîëüçîâàíèåì èíäóêöèè íàéäåíû â [14, 15]. Ïðîãèá ïðîñòðàíñòâåí-
íîé ôåðìû ñ ïðîèçâîëüíûì ÷èñëîì ïàíåëåé ïîëó÷åí â [16]. Â ìîíîãðàôèè
[17] äàíû àëãîðèòìû è ïðèìåðû àíàëèòè÷åñêèõ ðàñ÷åòîâ äåôîðìàöèé è ÷àñ-
òîò êîëåáàíèé ðåãóëÿðíûõ ñòåðæíåâûõ êîíñòðóêöèé. Ôîðìóëû äëÿ ðàñ÷åòà
ïðîãèáà è ñìåùåíèÿ îïîð ðàçëè÷íûõ ïëîñêèõ ðåãóëÿðíûõ ñòàòè÷åñêè îïðå-
äåëèìûõ áàëî÷íûõ è ðåøåò÷àòûõ ôåðì ïîä äåéñòâèåì ðàçëè÷íûõ íàãðóçîê
ñîäåðæàòñÿ â [18]. Âïåðâûå ïîñòàíîâêà çàäà÷è ïîèñêà è ðàñ÷åòà ïëîñêèõ
è ïðîñòðàíñòâåííûõ ñòàòè÷åñêè îïðåäåëèìûõ ðåãóëÿðíûõ ôåðì áûëà äàíà
â [19–21].

Çäåñü ïðåäëàãàåòñÿ ñõåìà ðåãóëÿðíîé áàëî÷íîé ôåðìû ñ òðîéíîé ðåøåò-
êîé (ðèñ. 1, à). Ñòàâèòñÿ çàäà÷à âûâåñòè ôîðìóëó çàâèñèìîñòè ïðîãèáà ôåð-
ìû îò ÷èñëà ïàíåëåé. Ðàññìàòðèâàþòñÿ òðè âèäà íàãðóçîê. Äëèíà ïðîëåòà
êîíñòðóêöèè L n a= -2 2 1( ) , ãäå 2n – ÷èñëî ïàíåëåé â ïðîëåòå, âûñîòà ôåðìû
5h. Ôåðìà ñîñòîèò èç K n= +8 10 ñòåðæíåé, âêëþ÷àÿ ïÿòü ñòåðæíåé, ìîäåëè-
ðóþùèõ òðè ïîäâèæíûå è îäíó íåïîäâèæíóþ øàðíèðíûå îïîðû. Ïðèíèìà-
åòñÿ, ÷òî âåðòèêàëüíàÿ íàãðóçêà ëèáî ñîñðåäîòî÷åíà â ñðåäíåì óçëå íèæíåãî
ïîÿñà, ëèáî ðàâíîìåðíî ðàñïðåäåëåíà ïî óçëàì íèæíåãî (ðèñ. 1, à) èëè âåðõ-
íåãî (ðèñ. 1, á) ïîÿñà.

Ðàñ÷åò óñèëèé. Ïðîãèá îïðåäåëÿåòñÿ ïî ôîðìóëå Ìàêñâåëëà – Ìîðà.
Óñèëèÿ, âõîäÿùèå â ýòó ôîðìóëó, äëÿ ñòàòè÷åñêè îïðåäåëèìîé êîíñòðóêöèè
âû÷èñëÿþòñÿ ñ ïîìîùüþ ìåòîäà âûðåçàíèÿ óçëîâ [7–16]. Ôåðìà âíåøíå ñòà-
òè÷åñêè íåîïðåäåëèìàÿ [11–13, 18], òàê êàê ÷åòûðå îïîðû ñîçäàþò ïÿòü ðåàê-
öèé, êîòîðûå ìîæíî íàéòè òîëüêî èç ñîâìåñòíîé ñ óñèëèÿìè â ñòåðæíÿõ ñèñ-
òåìû óðàâíåíèé ðàâíîâåñèÿ óçëîâ. Ìàòðèöà ëèíåéíîé ñèñòåìû ñ K íåèçâåñò-
íûìè ñîñòîèò èç íàïðàâëÿþùèõ êîñèíóñîâ óñèëèé, êîòîðûå âû÷èñëÿþòñÿ ïî
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êîîðäèíàòàì óçëîâ â ñîîòâåòñòâèè ñ ïîðÿäêîì ñîåäèíåíèÿ ñòåðæíåé â óçëàõ.
Ðàñïîëàãàÿ íà÷àëî êîîðäèíàò â ëåâîé ïîäâèæíîé îïîðå, èìååì ñëåäóþùèå
êîîðäèíàòû óçëîâ:
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Ðåøåíèÿ äëÿ óñèëèé â ñòåðæíÿõ ïîëó÷àþòñÿ â àíàëèòè÷åñêîé ôîðìå.
Ðàñ÷åò ôåðìû ñ ðàçíûì ÷èñëîì ïàíåëåé ïîêàçàë, ÷òî â íåêîòîðûõ ñëó÷àÿõ îï-
ðåäåëèòåëü ìàòðèöû ñèñòåìû óðàâíåíèé ðàâíîâåñèÿ íåçàâèñèìî îò íàãðóçêè
âûðîæäàåòñÿ. Îáíàðóæåíà çàêîíîìåðíîñòü: ïðè n = 3 4 7 8 9, , , , ,... ôåðìà
ñòàíîâèòñÿ ãåîìåòðè÷åñêè èçìåíÿå-
ìîé. Íàéäåíà êàðòèíà ðàñïðåäåëåíèÿ
âîçìîæíûõ ñêîðîñòåé óçëîâ äëÿ ýòèõ
ñëó÷àåâ, ïîäòâåðæäàþùàÿ íàéäåííûé
ýôôåêò (ðèñ. 2).

Ñîîòíîøåíèå ìåæäó ñêîðîñòÿìè

v a u f u d/ / / ,= = ¢4 4 ãäå d a h= +9 2 2 ,

f a h= +2 29 , ïîëó÷åíî èç ðàññìîòðå-

íèÿ ïîëîæåíèé ìãíîâåííûõ öåíòðîâ
ñêîðîñòåé ñòåðæíåé. Ñòåðæíè 3–9 è
3–14 âðàùàþòñÿ âîêðóã ìãíîâåííûõ
öåíòðîâ ñêîðîñòåé. Ýëåìåíòû 9–10,
9–8, 2–3, 3–4, 13–14, 14–15 ïîâîðà÷è-

Òåîðèÿ ñîîðóæåíèé

9

Ðèñ. 1. Ôåðìà ïîä äåéñòâèåì ðàâíîìåðíîé óçëîâîé íàãðóçêè ïî íèæíå-
ìó ïîÿñó, n = 6 (à) è ïî âåðõíåìó ïîÿñó, n = 5 (á)

Fig. 1. The truss under the action of a uniform nodal load along the lower belt,
n = 6 (à) and the upper belt, n = 5 (b)

Ðèñ. 2. Ôåðìà ïðè n = 3. Îäíà èç âîçìîæ-
íûõ êàðòèí ðàñïðåäåëåíèÿ ñêîðîñòåé

óçëîâ èçìåíÿåìîé ôåðìû
Fig. 2. The truss at n = 3. One of the possib-
le patterns of the distribution of the speeds

of the nodes of the variable truss



âàþòñÿ âîêðóã ñâîèõ íåïîäâèæíûõ êîíöîâ. Áîëüøàÿ ÷àñòü óçëîâ 10–13, 4, 5,
15–17, 8 è îïîðû 1, 2, 6, 7 â òàêîì âàðèàíòå ðàñïðåäåëåíèÿ âîçìîæíûõ ñêîðî-
ñòåé íåïîäâèæíû. Óêàçàííàÿ êàðòèíà ðàñïðåäåëåíèÿ ñêîðîñòåé íå åäèíñò-
âåííàÿ. Íåçàâèñèìî îò ñêîðîñòåé óçëîâ 3, 9 è 14 óçëû 11, 5 è 16 òàêæå ìîãóò
èìåòü âèðòóàëüíûå ñêîðîñòè. Ñèñòåìà óðàâíåíèé ðàâíîâåñèÿ óçëîâ â äàííîì
ñëó÷àå âûðîæäàåòñÿ, îïðåäåëèòåëü ìàòðèöû îáðàùàåòñÿ â íóëü.

Äëÿ ñëó÷àåâ, èñêëþ÷àþùèõ èçìåíÿåìîñòü ñèñòåìû, ïðèíÿòà ñëåäóþùàÿ
ïîñëåäîâàòåëüíîñòü ÷èñåë ïàíåëåé:

n k kk= - - + =( ( ) ) / , , , , ... .7 3 1 10 4 1 2 3 (1)

Òàêèì îáðàçîì, â êà÷åñòâå óñëîâíîãî ÷èñëà ïàíåëåé äëÿ ðàññìàòðèâàå-
ìîé ôåðìû óäîáíî âûáðàòü ÷èñëî k, ïîñëåäîâàòåëüíî ïðîáåãàþùåå ðÿä íàòó-
ðàëüíûõ ÷èñåë, íà÷èíàÿ ñ åäèíèöû.

Âûïèøåì ôîðìóëû äëÿ óñèëèé â íåêîòîðûõ íàèáîëåå ñæàòûõ èëè ðàñòÿ-
íóòûõ ñòåðæíÿõ äëÿ ñëó÷àÿ çàãðóæåíèÿ íèæíåãî ïîÿñà (ñì. ðèñ. 1, à).

Ïîñëåäîâàòåëüíî ðàññ÷èòûâàÿ óñèëèÿ â ñòåðæíå O èç ñåðåäèíû âåðõíåãî
ïîÿñà, ïîëó÷àåì ñëåäóþùèå çíà÷åíèÿ:

O aP h O aP h

O aP h O aP h

k k

k k

= =

= =

= - = -

= - = -
1 2

3 4

3 7

16 24

/ , / ,

/ , / , O aP hk = = -5 39 / ,... .

Îáùèé ÷ëåí ïîñëåäîâàòåëüíîñòè 3, 7, 16, 24, 39, ... íàõîäèòñÿ ñðåäñòâàìè
ñèñòåìû êîìïüþòåðíîé ìàòåìàòèêè Maple. Ïîëó÷àåì èñêîìóþ çàâèñèìîñòü
óñèëèÿ îò ÷èñëà ïàíåëåé: O aP k k hk k= - + - - - - +( ( ( ) ) ( ) ) /( ).10 2 5 1 1 1 82 Àíà-

ëîãè÷íî îïðåäåëÿåì âûðàæåíèÿ äëÿ óñèëèé â ðàñêîñàõ D D1 2, èç ñåðåäèíû
ïðîëåòà è ñòåðæíÿ U íèæíåãî ïîÿñà:

D cP k h D Dk k
1 2 12 1 1 1 4= - - + - - = -( ( ) ( ) ) / ( ), ,

U Pa k k hk k= + - - - - -( ( ( ) ) ( ) ) /( ).10 2 5 1 1 3 82

Çäåñü c a h= +2 2 . Â ýòîì æå öèêëå ïî ÷èñëó ïàíåëåé âûâîäèì ôîðìó-

ëû äëÿ ðåàêöèé îïîð:

Y P k

Y P k

A
k k

B
k k

= - + - - +

= - - + - +

((( ) ) ( ) )/ ,

( ( ) ( ) ) /

1 5 1 1 2

2 1 1 1 4.

Âåðòèêàëüíûå êîìïîíåíòû ðåàêöèé â äâóõ ïðàâûõ îïîðàõ èç ñèììåòðèè
çàäà÷è ðàâíû ýòèì æå çíà÷åíèÿì. Ãîðèçîíòàëüíàÿ ðåàêöèÿ íåïîäâèæíîãî
øàðíèðà â îòñóòñòâèå ãîðèçîíòàëüíûõ íàãðóçîê ðàâíà íóëþ.

Ðàñïðåäåëåíèå óñèëèé â ñòåðæíÿõ ôåðìû ñ íàãðóçêîé ïî âåðõíåìó ïîÿñó,
îòíåñåííûõ ê íàãðóçêå P, â ÷èñëåííîì âèäå ïðè n a h= = =5 3 1, ,ì ì ïðåä-
ñòàâëåíî íà ðèñ. 3. Òîëùèíû îòðåçêîâ óñëîâíî ïðîïîðöèîíàëüíû ìîäóëÿì
óñèëèé â ñîîòâåòñòâóþùèõ ñòåðæíÿõ. Ñæàòûå ñòåðæíè âûäåëåíû ñèíèì öâå-
òîì, ðàñòÿíóòûå – êðàñíûì. Íåíàãðóæåííûå ñòåðæíè îáîçíà÷åíû òîíêèìè
÷åðíûìè ëèíèÿìè. ×èñëà, îêðóãëåííûå äî òðåõ çíàêîâ, óêàçûâàþò çíà÷åíèÿ
îòíîñèòåëüíûõ óñèëèé. Âåðõíèé ïîÿñ ïðè òàêîé íàãðóçêå çàêîíîìåðíî ñæàò,
íèæíèé ïîÿñ (êðîìå êðàéíèõ ñòåðæíåé) – ðàñòÿíóò.
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Ïðè ýòîì íåñêîëüêî íåîæèäàííî îêàçûâàåòñÿ, ÷òî íàèáîëåå ðàñòÿíóòûå
ñòåðæíè íàõîäÿòñÿ íå â ñåðåäèíå íèæíåãî ïîÿñà, à íàèáîëåå ñæàòûå íå â ñå-
ðåäèíå âåðõíåãî. Òàêîå ðàñïðåäåëåíèå óñèëèé õàðàêòåðíî äëÿ ðåøåò÷àòûõ
ôåðì [18].

Ðàñïðåäåëåíèå óñèëèé â ñòåðæíÿõ ôåðìû äëÿ ñëó÷àÿ íàãðóæåíèÿ íèæíå-
ãî ïîÿñà ïðåäñòàâëåíî íà ðèñ. 3, á. Çäåñü, òàê æå êàê è â ïðåäûäóùåì ñëó÷àå,
ìàêñèìàëüíûå óñèëèÿ â ñòåðæíÿõ îêàçûâàþòñÿ íå â ñåðåäèíå ïîÿñîâ. Óñèëèÿ
â ñòåðæíÿõ ðåøåòêè çàìåòíî ìåíüøå, ÷åì â ïîÿñàõ.

Âû÷èñëåíèå ïðîãèáà. Áóäåì îöåíèâàòü ïðîãèá ôåðìû ïî âåðòèêàëüíî-
ìó ñìåùåíèþ ñðåäíåãî óçëà C â íèæíåì ïîÿñå. Ôîðìóëó Ìàêñâåëëà–Ìîðà
çàïèøåì â âèäå

D =
=

-

åS S l EFj
P

j
j

K

j
[ ] [ ] /( ).1

1

5

(2)

Ñóììèðîâàíèå âåäåòñÿ ïî âñåì äåôîðìèðóåìûì ñòåðæíÿì êîíñòðóêöèè,
êðîìå ïÿòè æåñòêèõ â îïîðàõ. Èñïîëüçîâàíû îáîçíà÷åíèÿ: S j

P[ ] – óñèëèå

îò äåéñòâèÿ âíåøíåé íàãðóçêè â ñòåðæíå ñ íîìåðîì j; S j
[ ]1 – óñèëèå îò äåéñò-

âèÿ åäèíè÷íîé áåçðàçìåðíîé ñèëû, ïðèëîæåííîé ê óçëó C. Äëèíà ñòåðæíÿ

l x x y yj t m t m= - + -( ) ( )2 2 âû÷èñëÿåòñÿ ïî êîîðäèíàòàì åãî êîíöîâ ñ íîìå-

ðàìè t è m. Íîìåðà êîíöîâ çàäàþòñÿ â ñïåöèàëüíîì ñïèñêå ñòåðæíåé ïî àíà-
ëîãèè ñïèñêà ðåáåð â ãðàôå. Æåñòêîñòü ñòåðæíÿ EF. Ðàñ÷åò ïðîãèáà ïî ôîð-
ìóëå (2) ïîñëåäîâàòåëüíîñòè ôåðì ñ óâåëè÷èâàþùèìñÿ ÷èñëîì ïàíåëåé äàåò
âèä èñêîìîé çàâèñèìîñòè

D = + +P C a C c C h EF( ) / .1
3

2
3

3
3 (3)

Êîýôôèöèåíòû C C1 2, è C3 çàâèñÿò îò óñëîâíîãî ÷èñëà ïàíåëåé k è
îïðåäåëÿþòñÿ ìåòîäîì èíäóêöèè. Íàïðèìåð, êîýôôèöèåíò C1 îïðåäåëÿåò-
ñÿ  èç ðåøåíèÿ ëèíåéíîãî îäíîðîäíîãî ðåêóððåíòíîãî óðàâíåíèÿ äåâÿòîãî
ïîðÿäêà

C C C C C C

C

k k k k k k

k

1 1 1 1 2 1 3 1 4 1 5

1

4 4 6 6

4
, , , , , ,

,

= + - - + +

+
- - - - -

- - - -- - +6 1 7 1 8 1 94C C Ck k k, , , .
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Ðèñ. 3. Ðàñïðåäåëåíèå óñèëèé â ñòåðæíÿõ, íàãðóçêà ïî âåðõíåìó ïîÿñó, n = 5 (à)
è ïî íèæíåìó ïîÿñó, n = 5 (á)

Fig. 3. Distribution of forces in the rods, load on the upper belt, n = 5(à) and on the
lower belt, n = 5 (b)



Äëÿ îïðåäåëåíèÿ ðåêóððåíòíîãî óðàâíåíèÿ èñïîëüçóåòñÿ ôóíêöèÿ
rgf_findrecur ñèñòåìû Maple. Âûðàæåíèÿ äëÿ êîýôôèöèåíòîâ â ñëó÷àå ñîñðå-
äîòî÷åííîé ñèëû â ñåðåäèíå ïðîëåòà èìåþò âèä:

C k k kk k k
1

3 220 30 1 1 10 4 3 1 9 1 9 12= + - - + - - - - +( ( ( ) ) ( ( ) ) ( ) ) / ,

C k Ck k
2 35 1 1 2 4 1 1= - - + = - -( ( ) ) / , ( ) .

(4)

Äëÿ íàãðóçêè ïî óçëàì âåðõíåãî ïîÿñà èìååì ñëåäóþùèå ðåøåíèÿ:

C k k kk k
1

4 3 2250 4 125 89 1 590 534 1

364 1

= + - - + - - +

+

( ( ( ) ) ( ( ) )

( - - - - +

= + - - + - -

( ) ) ( ) ) / ,

( ( ( ) ) ( )

1 57 1 57 48

5 1 1 4 4 12
2

k k

k

k

C k k k

kC k

) / ,

( )( ( ) ).

4

2 2 1 13 = + - -

(5)

Äëÿ ñëó÷àÿ íàãðóçêè ïî íèæíåìó ïîÿñó:

C k k kk k
1

4 3 2250 4 125 89 1 2 217 267 1

208

= + - - + - - +

+

( ( ( ) ) ( ( ) )

(1 1 51 1 51 48

10 2 1 1 3 12
2

- - - - +

= + - - + -

( ) ) ( ) ) / ,

( ( ( ) ) (

k k

k

k

C k k ) ) / ,

( )(( ) ).

k

kC k

-

= - + - -

3 8

2 1 1 13

(6)

Ðåøåíèÿ èìåþò âèä ïîëèíîìîâ ïî k. Ïðè ýòîì ïîðÿäîê ïîëèíîìîâ (5),
(6) äëÿ ðàñïðåäåëåííîé íàãðóçêè âûøå, ÷åì äëÿ ñîñðåäîòî÷åííîé (4). Ðåøå-
íèÿ äëÿ ñîñðåäîòî÷åííîé íàãðóçêè òàêæå êîðî÷å. Äëÿ íàõîæäåíèÿ îáùèõ
÷ëåíîâ ïîñëåäîâàòåëüíîñòè â ýòîì ñëó÷àå íå òðåáóåòñÿ èìåòü ïîñëåäîâàòåëü-
íîñòü ðåøåíèé äëèíîé äî 18, êàê ïðè ðàñïðåäåëåííîé íàãðóçêå. Ïðè ïîëó÷å-
íèè ðåøåíèé â ñèìâîëüíîé ôîðìå ýòî ñóùåñòâåííîå óïðîùåíèå, îñîáåííî
ó÷èòûâàÿ, ÷òî ñêîðîñòü ñèìâîëüíîãî ïðîöåññîðà âåñüìà íåáîëüøàÿ. Ðåøåíèÿ
óäîáíî ïðîâåðÿòü â òîé æå ïðîãðàììå, âûïîëíÿÿ âñå ðàñ÷åòû ÷èñëåííî.

Âû÷èñëåíèå ãîðèçîíòàëüíîãî ñìåùåíèÿ ïîäâèæíîé îïîðû. Ïðè
äåéñòâèè âåðòèêàëüíûõ ñèë íà ôåðìó ïîäâèæíàÿ ëåâàÿ îïîðà ñìåùàåòñÿ. Ðàñ-
÷åò ýòîãî ñìåùåíèÿ ìîæíî âûïîëíèòü, âîñïîëüçîâàâøèñü òåì æå àëãîðèò-
ìîì, ÷òî è ïðè ðàñ÷åòå ïðîãèáà. Äëÿ ýòîãî â ôîðìóëå (2) â êà÷åñòâå ñèëû S j

[ ]1

ñëåäóåò ïðèíÿòü ãîðèçîíòàëüíóþ ñèëó, ïðèëîæåííóþ ê ïîäâèæíîé îïîðå.
Èíäóêöèåé ïî ÷èñëó ïàíåëåé ïîëó÷èì ôîðìóëó äëÿ ñäâèãà â ñëó÷àå ñîñðåäî-
òî÷åííîé íàãðóçêè:

d = + - - - - +Pa k k hEFk k2 210 10 1 1 1 1 4( ( ( ) ) ( ) ) / ( ).

Ñäâèã îò ðàâíîìåðíî-óçëîâîé íàãðóçêè ïî íèæíåìó è âåðõíåìó ïîÿñàì
âû÷èñëÿåòñÿ ñîîòâåòñòâåííî ïî ôîðìóëàì:

d = + - - - - + + - -Pa k k kk k k2 3 250 3 25 13 1 5 9 1 1 6 1 6( ( ( ) ) ( ( ) ) ( ) ) / ( ),6hEF

d = + - - + - - - - +Pa k k kk k k2 3 250 3 25 13 1 109 45 1 33 1( ( ( ) ) ( ( ) ) ( ) 33 6)/( ).hEF

×èñëåííûé ïðèìåð. Íàéäåííóþ çàâèñèìîñòü ïðîãèáà îò ÷èñëà ïàíåëåé
äëÿ ôåðìû äëèíû L n a= - =2 2 1 80( ) ì ñ îáùåé íàãðóçêîé íà íèæíèé ïîÿñ
P n P0 2 3= -( ) ïðîèëëþñòðèðóåì êðèâûìè íà ðèñ. 4. Áåçðàçìåðíûé ïðîãèá,
îòíåñåííûé ê îáùåé íàãðóçêå è äëèíå ïðîëåòà, îáîçíà÷èì ¢ =D DEF P L/( )0 .
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Òðè êðèâûå, ïîñòðîåííûå ïî ôîðìóëàì (3), (5) è (6), ñîîòâåòñòâóþò òðåì ðàç-
ëè÷íûì âûñîòàì ôåðìû. Ãðàôèêè îáíàðóæèâàþò çíà÷èòåëüíûå ñêà÷êè âåëè-
÷èíû ïðîãèáà â çàâèñèìîñòè îò ÷åòíîñòè ÷èñëà k, õàðàêòåðèçóþùåãî ÷èñëî
ïàíåëåé. Ïðè èçìåíåíèè k îò 2 äî 18 ñîîòâåòñòâóþùåå ÷èñëî ïàíåëåé â ïîëî-
âèíå ïðîëåòà ìåíÿåòñÿ, ñîãëàñíî çàìåíå (1), îò 6 äî 46.

Íåñìîòðÿ íà ñêà÷êîîáðàçíîå èçìåíåíèå ïðîãèáà, ïðîñëåæèâàåòñÿ íà-
êëîííàÿ àñèìïòîòà, óãîë íàêëîíà êîòîðîé ìîæíî íàéòè â ñèñòåìå Maple.
Óãîë íàêëîíà òåì áîëüøå, ÷åì ìåíüøå îòíîøåíèå äëèíû ïðîëåòà ê âûñîòå
ôåðìû: lim

k
k h L

®¥
¢ =D / / ( ).5 12

Çàâèñèìîñòü ñäâèãà îò ÷èñëà ïàíåëåé ïðè íàãðóæåíèè íèæíåãî ïîÿñà
áîëåå ïëàâíàÿ è òàêæå èìååò àñèìïòîòó. Â ýòîì ñëó÷àå àñèìïòîòà ãîðè-
çîíòàëüíàÿ è ïðîïîðöèîíàëüíà äëèíå ïðîëåòà: lim

k
L h

®¥
¢ =d 25 324/( ), ãäå

¢ =d dEF P L/( ).0

Çàêëþ÷åíèå. Âûâîä ôîðìóë äëÿ ïðîãèáà è ñìåùåíèÿ ïîäâèæíîé îïîðû
ìíîãîðåøåò÷àòîé ôåðìû ñ ÷åòûðüìÿ îïîðàìè âûïîëíåí ìåòîäîì èíäóêöèè
â ñèñòåìå êîìïüþòåðíîé ìàòåìàòèêè Maple. Äëÿ ïðåäëîæåííîãî àëãîðèòìà
âíåøíÿÿ ñòàòè÷åñêàÿ íåîïðåäåëèìîñòü êîíñòðóêöèè íå ÿâëÿåòñÿ ïîìåõîé.
Ôîðìóëû äëÿ çàâèñèìîñòåé ðåàêöèé îïîð îò ÷èñëà ïàíåëåé ïîëó÷åíû îäíî-
âðåìåííî ñ óñèëèÿìè â ñòåðæíÿõ ðåøåòêè. Ôîðìóëû äëÿ ïðîãèáà ôåðìû
îêàçàëèñü ñðàâíèòåëüíî íåñëîæíûìè, ïîëèíîìèàëüíîãî òèïà, óäîáíûìè äëÿ
ïîëó÷åíèÿ ïðåäâàðèòåëüíîé îöåíêè äåôîðìàöèé êîíñòðóêöèè. Íàéäåíû
íåêîòîðûå àñèìïòîòèêè ðåøåíèÿ. Çàìå÷åíî êèíåìàòè÷åñêîå âûðîæäåíèå
ïðåäëîæåííîé ñõåìû ôåðìû è äàíà ôîðìóëà äëÿ îáùåãî ÷ëåíà ïîñëåäîâà-
òåëüíîñòè äîïóñòèìîãî ÷èñëà ïàíåëåé.

Ïîñòðîåííàÿ êàðòèíà ðàñïðåäåëåíèÿ óñèëèé â ðåøåòêå êîíñòðóêöèè
ïîêàçàëà, ÷òî íàèáîëåå íàãðóæåííûå ñòåðæíè íàõîäÿòñÿ íå â ñåðåäèíàõ
ïîÿñîâ. Âûâåäåíû ôîðìóëû äëÿ óñèëèé â íàèáîëåå ñæàòûõ è ðàñòÿíóòûõ
ñòåðæíÿõ. Èñïîëüçîâàííûé àëãîðèòì âûâîäà ðàñ÷åòíûõ ôîðìóë ìîæåò áûòü
ïðèìåíåí â äðóãèõ ñòðîèòåëüíûõ êîíñòðóêöèÿõ ðåãóëÿðíîãî òèïà.
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Ðèñ. 4. Çàâèñèìîñòü ïðîãèáà îò ÷èñëà ïàíåëåé, L = 80 ì,
I – h = 5 ì; II – h = 4 ì; III – h = 3 ì

Fig. 4. The dependence of the deflection on the number of
panels, L = 80 m, I – h = 5 m; II – h = 4 m; III – h = 3 m
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