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Statement of the problem. Girder design of statically determinate truss  with diagonal lattice unusu-

al species is examined. Using induction, a consistent calculation of truss s with different number of 

panels displayed the ultimate formula for the deflection of the truss . The result is compared with the 

analytical expression of the deflection for two standard schemes girder for which expressions of the 

troughs are also obtained. 

Results. Analytical expressions for the deflection of the investigated truss s and two truss s in 

comparison based on the number of panels, size and load are obtained. Asymptotic and limiting 

properties of the truss  are identified. 

Conclusions. It is shown that for a certain number of panels and dimensions of the proposed 

scheme truss  more stringent than the truss  with standard bars. Analyzing the stability of com-

pressed rods and not imposing a limit on the strength of the tie bars considering the formula 

trough, the conclusion is made about the influence of redistribution of the material between the 

belts on the overall stiffness of the truss . 

 

Keywords: truss , deflection, ultimate properties, analytical solution. 

 

Introduction 

A numerical calculation of any structures with numerous members normally comes down to solv-

ing a system of linear large dimensional equations. That means an inevitable loss of accuracy 

which is sometimes unacceptable. Alternatively an analytical calculation is used as modern sys-

tems of symbolic mathematics (Maple, Mathematica, Maxima, etc.) are very common to use. 

However, all of these seems rather time-consuming which means there are solutions (even though 

absolutely accurate for a particular task) obtained only for systems with just a few members.  
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In [1] the induction method of

scribed. In [2—4] it is tested for different flat and spatial rod structures. The results obtained 

using the induction method have no limitations for a number of members and allow for co

prehensive formulas for efforts in rods, deflections and frequencies of nodes a truss 

effect of errors in the assemblage

form is studied in [6], the formula for a deflection of an arched truss is obtained in 

of a flat girder truss with a triangulated lattice

for optimization of the shape of belts

those identical to ant (“bee-like”

In [11] using the analytical method

kinematic changes of a truss. In

a formula for deflections with 

1. Scheme of a truss. A truss consists of

modeling the support where 

(nodes) of a truss is 4 4k n 

of rods 3 8 8m n    corresponds to the number of static equations, a truss is statistically d

terminate. The scheme of a truss is a periodic statistically determined system the significance of 

which is dwelled upon in [12]. Let us 

 

 

2. Calculations of efforts. The

a system of computer mathematics

necessary that joints and order of joining the nodes are introduced into the software. Let

number the joints of a truss (

belt). Choosing the start of the

2 1 2 1i i n i i nx x i a y y h i n         

4 3 4 3 4 4 4 4 2 1 4 30, / 2, , / 2n n n n n nx y y h x x y h         
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of obtaining solutions for a flat regularly structured truss is d

it is tested for different flat and spatial rod structures. The results obtained 

the induction method have no limitations for a number of members and allow for co

prehensive formulas for efforts in rods, deflections and frequencies of nodes a truss 

assemblage on the rigidity and strength of a flat trus

the formula for a deflection of an arched truss is obtained in 

of a flat girder truss with a triangulated lattice in [8]. Analytical approaches

for optimization of the shape of belts of trusses with the help of genetic algorithms

like” [10]). 

method the influence of the evenness of the number

In this paper the induction method is used to

 a non-standard scheme of a lattice.  

A truss consists of 2n  slabs and 3m  rods including 3 support rods 

modeling the support where 8 5m n   (Fig. 1). The number of nodes (number of joints 

4 4  , which yields 8 8n  equations of balance. Therefore t

corresponds to the number of static equations, a truss is statistically d

terminate. The scheme of a truss is a periodic statistically determined system the significance of 

which is dwelled upon in [12]. Let us look at a load on the lower belt by identical forces 

 

Fig. 1. Truss; n = 4 

The calculation was performed according to the

a system of computer mathematics Maple. In order to specify the scheme of a 

necessary that joints and order of joining the nodes are introduced into the software. Let

(the lower belt is from the left to the right and then the upper 

the coordinates in the left motionless joint support we have 

2 1 2 1( 1) , 0, , 1,...,2 1,i i n i i nx x i a y y h i n         

4 3 4 3 4 4 4 4 2 1 4 30, / 2, , / 2n n n n n nx y y h x x y h         
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regularly structured truss is de-

it is tested for different flat and spatial rod structures. The results obtained 

the induction method have no limitations for a number of members and allow for com-

prehensive formulas for efforts in rods, deflections and frequencies of nodes a truss [5]. The 

on the rigidity and strength of a flat truss in an analytical 

the formula for a deflection of an arched truss is obtained in [7] and that 

approaches are also employed 

of trusses with the help of genetic algorithms [9] and 

number of panels on 

to obtain and analyze 

rods including 3 support rods 

(Fig. 1). The number of nodes (number of joints 

equations of balance. Therefore the number 

corresponds to the number of static equations, a truss is statistically de-

terminate. The scheme of a truss is a periodic statistically determined system the significance of 

look at a load on the lower belt by identical forces P. 

 

the algorithm [13] in 

In order to specify the scheme of a structure, it is 

necessary that joints and order of joining the nodes are introduced into the software. Let us 

the lower belt is from the left to the right and then the upper 

left motionless joint support we have  

( 1) , 0, , 1,...,2 1,x x i a y y h i n        

0, / 2, , / 2x y y h x x y h     . 
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The order of joining joints of the node lattice is determined by conditional vectors 

, 1,..., 3iV i m  . The coordinates of these vectors are numbers of joints along the ends. The 

start and end of the vectors are chosen randomly and in no way are they connected with the 

signs of the efforts in the rods.  

For rods of the lower belt we have the following vectors:  

[ , 1], 1,...,2iV i i i n   , 

for the upper belt: 

2 [ 1 2 , 2 2 ], 1,..., 2i nV i n i n i n       , 

for racks of lattices:  

4 [ 1, 2 1],i nV i i n     4 [ 1, 2 2], 1,...,2 1i nV i i n i n       , 

for braces of lattices: 

6 1 7 2[ 2, 2 1], [ , 3 3], 1,..., 1i n i nV i i n V i n i n i n             , 

for side racks and braces: 

8 2 8 1 8 8 1[2,4 3], [2 ,4 4], [2 3,4 3], [4n 4,4 1],n n n nV n V n n V n n V n             

8 2 8 3 8 4 8 5[1, 4 3], [2 2, 4 3], [4 n 4, 4 2], [2 1, 4 4]n n n nV n V n n V n V n n              . 

The direction cosines which are part of equations of the nodes of a truss are computed using 

the lengths of rods and projections of their vector presentations on the coordinate axes: 

2, 1, 2, 1,

2 2
1, 2, 1, 2, 0, , , 1,..., ,

i i i ii i i i V V i V Vl l l l x x l y y i m        

where 0 3m m   is a number of rods of a truss including three rods that correspond with a 

motionless and non-motionless supports. The first index in the number ,j iV  denotes the num-

ber of vector component iV , the second one –– the number of a rod. The matrix of direction 

cosinesG  has the following members: 

, , ,2 0 0/ , 2 2 , , 1, 2, 1,..., ,k i j i i iG l l k V j k m j i m         

, , ,1 0 0/ , 2 2 , , 1,2, 1,..., .k i j i i iG l l k V j k m j i m      
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Identifying the efforts in rods of a truss means solving a system of linear equations which is 

as follows in the matrix form:  

 S BG .  (1) 

Here S  is a vector of unknown efforts containing three supports; B  is a vector of loads with 

the length 0m . Horizontal loads applied to the node i are written as part of odd members 

2 1iB  , vertical ones as part of even 2iB . The solution of a system of linear equations are iden-

tified using a reverse matrix 1S BG . This method is well implemented in Maple system 

[14] and requires no purpose-designed linear algebra software package LinearAlgebra. 

The deflection of a central node of the lower belt of a truss is determined using Maxwell-

Mohr formula: 

  1

m
k k k

kk

S s l

EF

  , (2) 

where kS
 are efforts in the rods of a truss under an external load; ks

 are efforts of a single 

load applied to the central node in the middle of a span; kl  are lengths of rods. The rod ma-

terial is assumed to be identical and the modulus of elasticity of all of the rods is E. The ar-

ea of a section of the lower belt is assumed to be 02 , 1,...,2kF gF k n  , for the upper belt

02(1 ) ,kF g F 
 

2 1,...,4k n n  , lattices (slanting braces and racks) — 0,kF pF  

4 1,...,k n m  . A multiplier 0 1g   that redistributes the area of a section along the lower 

and upper belt is chosen so that at 1/ 2, 1g p   the areas of the sections of all the rods of a 

truss are identical and are F0. Let us call the parameter p the coefficient of the reinforcement 

of the lattice. As g increases, so does the rigidity of the lower belt and that of the upper belt 

decreases and the total consumption of a material on the belt remains the same.   

In order to obtain the formula for deflection, let us use the induction method. Sequentially 

solving the problem for trusses with 1, 2, 3, etc. panels in the half of the span, let us first of all 

determine the sequences of whole coefficients proceeding the corresponding expressions and 

their shared members. We obtain the following  

 

3 3 3

0 2
0

( / / (1 )) ( ) /
( )

8
n n n na D g B g h H c C p

n P
h EF

   
  ,  (3) 
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where

 

2 2

(27 2 (5 12 4 36) (24 27)( 1) ) /12,

(( 1) ( 1) 1 2 ) / 2,

(2 (4 12 5 ) 3(( 1) 1)) /12,

(3( 1) ( 1) 3 2 ) / 2.

n

n

n

n

B n n n n n

C n n n

D n n n

H n n n

       

     

     

     

3. Analysis and comparison. 

sizes, load and sections of the rods constant for the entire truss

 

 
The induction method is used to obtain the

 
1  

where 2 2c a h  , 8 1m n 

the sequence 1, 14, 69, 216, 525, 1086, 2009, 3424, 5481, 8350, …

rence  

 n n n n n nA A A A A A

The recurrence equation is obtained by means of the operator 

age of the system Maple. Note

coefficients are required. In this case 10 trusses with the number of slabs in the half of the 

span from 1 to 10 was to be computed in a symbolic form. The

(3) are more complex as 14 calculations had to be performed and an e

equation had to be solved to obtain them. For

1 2 3 4 5 6 73 5 5 3n n n n n n n nD D D D D D D D            

The solution of the recurrence

tained using a standard operator
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3 2

2

2 2

2

(27 2 (5 12 4 36) (24 27)( 1) ) /12,

(( 1) ( 1) 1 2 ) / 2,

(2 (4 12 5 ) 3(( 1) 1)) /12,

(3( 1) ( 1) 3 2 ) / 2.

n

n

n

n

B n n n n n

C n n n

D n n n

H n n n

       

     

     

     

. Let us look at a comparison  truss 1 (Fig. 2) 

sizes, load and sections of the rods constant for the entire truss F = F0. 

 
Fig. 2. Comparison truss 1; n = 3  

The induction method is used to obtain the formula for deflection: 

3 2 3 3

1 2
1 0

( )1
( ) ,

2

m
n

k k k
k

A a n c h
n S s l P

EF h EF

 
     

8 1m n   and the coefficient 2 2(1 5 ) / 6nA n n   is a

1, 14, 69, 216, 525, 1086, 2009, 3424, 5481, 8350, … fitting in with the recu

1 2 3 4 55 10 10 5n n n n n nA A A A A A         . 

The recurrence equation is obtained by means of the operator rgf_findrecur

Note that in order to use this operator, the even number of sequence 

coefficients are required. In this case 10 trusses with the number of slabs in the half of the 

span from 1 to 10 was to be computed in a symbolic form. The coefficients

are more complex as 14 calculations had to be performed and an eighth order recurrence 

equation had to be solved to obtain them. For the coefficient Dn, we have, e

1 2 3 4 5 6 73 5 5 3n n n n n n n nD D D D D D D D            

recurrence solution (6), i.e. the expression of the shared member 

operator rsolve with the initial data A1 = 1, A2 = 14, 
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(27 2 (5 12 4 36) (24 27)( 1) ) /12,n

  (4) 

. 2) with the identical 

 

( )
( ) ,  (5) 

a shared member of 

fitting in with the recur-

  (6) 

findrecur of genfunc pack-

operator, the even number of sequence 

coefficients are required. In this case 10 trusses with the number of slabs in the half of the 

coefficients (4) of the formula 

ighth order recurrence 

e.g.,  

1 2 3 4 5 6 7n n n n n n n nD D D D D D D D       . 

the expression of the shared member An is ob-

14, A3 = 69, … . 



Issue № 1(29), 2016 

Let us now look at a comparison truss 

method is obtained for the formula for deflection 

 

where 2 24d a h  , 8 1m n 

equation for the coefficient An

1 2 33, 52, 267,...A A A   . The

analytical calculations of a truss with different numbers of slabs. 

 

 
Let us compare the dependencies of the deflection on the number of slabs in three 

Obviously as the length of a 

analysis more analytical, let 

where L is the length of a span of a truss.

Fig. 4 shows deflections of the truss in question 

(see Fig. 2, 3). The ratio of the

subject to change. Therefore 

ened lower belt (curved line

0,25 0,5g   ).  

It is worth noting that for the chosen sizes of the truss these curved lines intersect at 

The deflections of the test trusses (comparison trusses 1 and 2) are larger or smaller than the 

deflection of the truss in question depending on the number of slabs. 

Fractures on the curved lines

including the expression like (-

one another as the number of slabs increases. 
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a comparison truss 2 (Fig. 3) with a triangulated lattice. The induction 

method is obtained for the formula for deflection  

3 2 3

2 2
0 1 0

1
( ) ,

8

m
n

k k k
k

A a n d
n S s l P

EF h EF


     

8 1m n  , 2 2(10 1) / 3nA n n  . It is of interest 

n coincides with (6) with the only difference of the initial values

3, 52, 267,... The coefficient at d3 is easy to deduce and requires no 10 extra 

analytical calculations of a truss with different numbers of slabs.  

 
Fig. 3. Comparison truss 2; n = 3 

Let us compare the dependencies of the deflection on the number of slabs in three 

 slab a increases, so does the deflection. In

 us consider trusses of a constant length and thus 

is the length of a span of a truss.  

shows deflections of the truss in question (see Fig. 1) and two comparison trusses

the rigidity of belts (for the shared constant

 Figure presents two curved lines for this trus

curved line 3, 0,6 0,5g   ) and thickened upper belt 

It is worth noting that for the chosen sizes of the truss these curved lines intersect at 

The deflections of the test trusses (comparison trusses 1 and 2) are larger or smaller than the 

deflection of the truss in question depending on the number of slabs.  

lines 3 and 4 are due to “flashing” summands in the coefficients 

-1)n. The curved lines 1 and 2 (almost straight

one another as the number of slabs increases.  

 ISSN 2075-0811 

with a triangulated lattice. The induction 

 (7) 

 that the recurrence 

with the only difference of the initial values: 

is easy to deduce and requires no 10 extra 

 

Let us compare the dependencies of the deflection on the number of slabs in three cases. 

increases, so does the deflection. In order to make the 

trusses of a constant length and thus / (2 ),a L n  

and two comparison trusses 

constant total area) can be 

truss — with a thick-

and thickened upper belt (curved line 4, 

It is worth noting that for the chosen sizes of the truss these curved lines intersect at 7n . 

The deflections of the test trusses (comparison trusses 1 and 2) are larger or smaller than the 

“flashing” summands in the coefficients (4) 

almost straight) always approach 
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The analytical form of presenting the results allows one to obtain a

tions accounting for the behavior of the curved lines in Graph 4. We have the following limit 

for the comparison truss:  

For the truss and comparison truss 2 in question we have 

Let us compare the deflection of the truss and comparison truss in question for different rei

forcement coefficients of the lattice 

that can enable us to obtain *p

of the span of the truss as was done in designing the graphs in Fig. 4. Hence

causes an increase in the span. At

responding expression (equation root

 

2 3 2 3(2 3 3( 1) ( 1)) (2 1 ( 1) ( 1))
*

2( (5( 1) 3 5 4 (3 ( 1) )) )

n n n h n n n c
p

          


As seen from Fig. 5, this dependence is strongly sensitive to the height of a truss. For smaller 

heights the reinforcement coefficient is more than 1, for larger ones it is less than 1. The function 

*( )p n  is clearly inhomogeneous condi

deflection n increases, the fluctuations of the graph (particularly for higher trusses) attenuate. 
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The analytical form of presenting the results allows one to obtain a specific ratio of defle

tions accounting for the behavior of the curved lines in Graph 4. We have the following limit 

1

2

lim 1
n





. 

and comparison truss 2 in question we have  

0

2

1
lim

4n p





. 

Let us compare the deflection of the truss and comparison truss in question for different rei

forcement coefficients of the lattice p . According to (3) and (7), we have

*p  where all the deflections are identical. Let us not fix the length 

of the span of the truss as was done in designing the graphs in Fig. 4. Hence

causes an increase in the span. At 1/ 2g   (the belts have identical sections) we have the co

equation root 0 2   ): 

2 3 2 3

3 2 2 3

(2 3 3( 1) ( 1)) (2 1 ( 1) ( 1))

2( (5( 1) 3 5 4 (3 ( 1) )) )

n n

n n

n n n h n n n c

a n n n d

          

      

As seen from Fig. 5, this dependence is strongly sensitive to the height of a truss. For smaller 

heights the reinforcement coefficient is more than 1, for larger ones it is less than 1. The function 

is clearly inhomogeneous conditioned by the summands in (8) contained in (

increases, the fluctuations of the graph (particularly for higher trusses) attenuate. 

 

Fig. 4. 1, 2 are comparison trus
es 1 and 2, 

h = 1 m (see Fig. 2, 3),
3, 4 is a truss (see Fig. 1) 

at L = 12 m, 
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specific ratio of deflec-

tions accounting for the behavior of the curved lines in Graph 4. We have the following limit 

Let us compare the deflection of the truss and comparison truss in question for different rein-

have the ratio 0 2    

Let us not fix the length 

of the span of the truss as was done in designing the graphs in Fig. 4. Hence an increase in n 

the belts have identical sections) we have the cor-

2 3 2 3

3 2 2 3

(2 3 3( 1) ( 1)) (2 1 ( 1) ( 1))

2( (5( 1) 3 5 4 (3 ( 1) )) )

n nn n n h n n n c

a n n n d

          
.  (8) 

As seen from Fig. 5, this dependence is strongly sensitive to the height of a truss. For smaller 

heights the reinforcement coefficient is more than 1, for larger ones it is less than 1. The function 

tioned by the summands in (8) contained in (-1)n. As the 

increases, the fluctuations of the graph (particularly for higher trusses) attenuate.  

1, 2 are comparison truss-
and 2, L = 12 m,  

1 m (see Fig. 2, 3), 
3, 4 is a truss (see Fig. 1)  

12 m, h = 1 m, p = 1 
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A specific value of this parameter can be identified 

Conclusions. The major outcome of the paper is obtaining the formula for the dependence of 

the deflection on the number of slabs. This has two implications. The first one is bridging “the 

dimension curse”. A drop of accuracy (sometimes a significant drop) hampering t

tions using systems with a large number of rods causes an individual in charge of calculation 

and design to resort to accurate formulas that are first not always available to use and secon

ly do not account for all the parameters of a system. All

accounted for. However in this paper the result (formula) apart from obvious parameters of 

load, sizes and rigidity also contains coefficients of redistribution of the sections of the areas 

of the belts g and p. Furthermo

calculation of a deflection of a truss with a final number of slabs is nothing but an ordinary 

equation from a university Construction Mechanics course even if the solution is searched for 

in a symbolic form. Induction generalization of the result on a random number of slabs is not 

generally possible or is so elaborate that the outcome is unfathomable and impractical. In this 

task we did get this kind of a solution. The second implication of 

testing. For complex and costly computational packages a brief testing ensures high accuracy 

of calculations.  

Here for a girder truss with declining braces where an even load is applied to its lower belt, 

the formula for the deflection of the middle of the span depending on the size of a truss, nu
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Fig. 5. Coefficient of the rei
forcement of the truss 

determined using the condition 

A specific value of this parameter can be identified  

3 3

3 3
lim * .

3n

c h
p

d a





 

. The major outcome of the paper is obtaining the formula for the dependence of 

the deflection on the number of slabs. This has two implications. The first one is bridging “the 

dimension curse”. A drop of accuracy (sometimes a significant drop) hampering t

tions using systems with a large number of rods causes an individual in charge of calculation 

and design to resort to accurate formulas that are first not always available to use and secon

ly do not account for all the parameters of a system. All the parameters cannot possibly be 

accounted for. However in this paper the result (formula) apart from obvious parameters of 

load, sizes and rigidity also contains coefficients of redistribution of the sections of the areas 

. Furthermore, it contains the number of slabs of the truss 

calculation of a deflection of a truss with a final number of slabs is nothing but an ordinary 

equation from a university Construction Mechanics course even if the solution is searched for 

n a symbolic form. Induction generalization of the result on a random number of slabs is not 

generally possible or is so elaborate that the outcome is unfathomable and impractical. In this 

task we did get this kind of a solution. The second implication of the formula has to do with 

testing. For complex and costly computational packages a brief testing ensures high accuracy 

Here for a girder truss with declining braces where an even load is applied to its lower belt, 

deflection of the middle of the span depending on the size of a truss, nu
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Coefficient of the rein-
forcement of the truss p*(n),  

determined using the condition 
Δ0 = Δ2 

. The major outcome of the paper is obtaining the formula for the dependence of 

the deflection on the number of slabs. This has two implications. The first one is bridging “the 

dimension curse”. A drop of accuracy (sometimes a significant drop) hampering the calcula-

tions using systems with a large number of rods causes an individual in charge of calculation 

and design to resort to accurate formulas that are first not always available to use and second-

the parameters cannot possibly be 

accounted for. However in this paper the result (formula) apart from obvious parameters of 

load, sizes and rigidity also contains coefficients of redistribution of the sections of the areas 

re, it contains the number of slabs of the truss n. An elementary 

calculation of a deflection of a truss with a final number of slabs is nothing but an ordinary 

equation from a university Construction Mechanics course even if the solution is searched for 

n a symbolic form. Induction generalization of the result on a random number of slabs is not 

generally possible or is so elaborate that the outcome is unfathomable and impractical. In this 

the formula has to do with 

testing. For complex and costly computational packages a brief testing ensures high accuracy 

Here for a girder truss with declining braces where an even load is applied to its lower belt, 

deflection of the middle of the span depending on the size of a truss, num-



Scientific Herald of the Voronezh State University of Architecture and Civil Engineering. Construction and Architecture 

92 

ber of spans and load was obtained. The comparison employing analytical formulas for the 

deflections of trusses with other lattices showed that the ratio of the deflections may vary de-

pending on the size and number of spans. Some specific ratios of the deflections of trusses 

have been found. A typical inhomogeneity of the dependence of the deflection on the number 

of slabs is highlighted.  
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