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MexaHu4eckoe 060pyAOBAHUE CTPOUTEABCTBA U AOPOXHbIX PaGoT

YK 624.072.33.041.1

AHAJIUTUYECKHUM PACUET ITPOT'UBA COCIABHOFI
BHEIITHE CTATUYECKHW HEONPEJAEJINMOMN PAMBI

Hnrwwun Anexcanop Cepeeesuy

Hayuonanvnoiii uccneoosamenvckutl ynugepcumem « MOy

C ucnonvzoeanuem cucmemvl KOMNbIOMEPHOU MAMEMAMUKU U Memood UHOYKYUU 6ble0eHd
Gopmyna sasucumocmu npo2uba NIOCKOU CMEPHCHEBOU pambl COCMABHO20 MUNA, ONUPArOuelicss Ha
uemuvlpe WApHUPHbLIE ONOPbL, 08€ U3 KOMOPLIX AGNAIOMC NOOBUINCHBIMU. Brewnetl nazpyskoil aensemcs
BEPMUKAILHASL COCPEOOMOUEHHAs Ha2pY3Ka 6 couneHsaouem wapHupe. [loxazano, umo 3agucumocmo
npoeuba om yucia nauenell 8 puzeie umeem NOIUHOMUANbHBIU XAPAKMep.

Kniouesnte cnosa: ¢pepma, npocud, unoyxkyus, Maple, mounoe pewenue.

PaccmoTpuM cocTaBHYIO paMy pemieTdaToro THIa ¢ KpecTOOOpa3sHOW PEIIETKON W YEThIPhMS
oropamu (puc. 1). Oco6eHHOCTh KOHCTPYKIIU OTTOP HE TIO3BOJISET ONPEISIUTh UX PEaKIIUU OOBIYHBIMU
METOJAaMU MEXaHUKU M3 YPaBHEHHUS PAaBHOBECHS PaMbl B LIEJIOM M €€ OTAEIbHBIX yacTed mocie
pa30ueHus ee Ha YacTH M0 BHYTPEHHEMY COWIEHSIOUIEMY IapHUpY. Peakiiuu onop B TaKUX «BHELITHE
HEOTNpEeAeUMbIX» KOHCTPYKLHMSX OINPEAETSIOTCS M3 pelIeHHs YpaBHEHUU DPaBHOBECHS BCEX Y3JIOB
(bepMbI BMECTE C OTpeiefieHHEeM YCHIINN B CTEPKHAX. B HacTosIel paboTe cTaBUTCS 3aa4a MOJTY4IUTh
TOYHYIO (POPMYITY JUIsl 3aBUCUMOCTH Iporuda (epmbl OT yrcia naHesei B puresie npu GUKCHPOBAHHOM

YHCIIe ITaHesel B OOKOBBIX CTOHKAX.

Puc. 1. ®epma noj aeiicTBMEM COCPeAOTOYEHHOI HATPY3KH

18
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Jlnst pacueta nporuba paMsl (BepTHKAIBHOE TEPEMENICHHE COWISHSIOMIETO y371a) UCIIOJIb3YeTCs
IporpamMMa OIpeIeIeHUs] YCHIIMI B CTEPKHIX CTATUYECKU OTPENIeIUMBIX (epM, HalTUCaHHas Ha S3bIKe
CHUCTEMBbI KOMITbIOTEpHOU MaTemaTuku Maple [1]. Merosa, MCmoib30BaHHBIN TSI BBIBOJA MCKOMOM
dhopmyIel, paHee MPUMEHSIICS IS pacdeTa psijia pemerdarsix pepm [2-13], pepm apounoro tuna [14-
19] 1 mpoCTpaHCTBEHHBIX CTPYKTYp peryispHoro tumna [20-29]. AHaluTHUECKUE peteHus s pepM,
KOTOpBIE€ JIOIYCKAIOT MTHOBEHHYIO IIEPEMEHHOCTb, paccunTaHbl B [30-33]. MHAyKIMOHHBIN MeTOf,
npuMeHeHHbId B [34,35], Aan BO3MOXKHOCTh MOJYYUTh CTAaTHUYECKUE COOTHOIICHUS ISl HOKHUYHBIX
MEXaHU3MOB. AHAJUTHYECKHUE pelIeHus i peryisapHbeix ¢epm tuna bonpmana unu @uHka ObuH
nony4yeHbl B [36-40]. Pacuer mporuba mijaocKoil CTaTUYeCKH ONPEAEIMMON paMbl WHAYKIIMOHHBIM
MeToIoM ObLI cienaH B [41]. O630pbI paboT ¢ UCTOIB30BAHUEM HHIYKIIMOHHOTO METO/1a pacdera pepm
conepxatcs B [42-44]. B [45] nonmydeHo pemenue o nporude ['-o0pa3HOro KpoHIITeHA-GEPMBI TS
KpEIUICHUSI YIIMYHOTO OCBEIICHUS UIH PEKIIaMBbl.

B pesynbrare pacuéToB psaga Gpepm ¢ pa3nuyHBIM MOCIEA0BATENFHO YBETUYUBAIOIIUMCS YUCIOM

naHesnel moyrydyeHo BeIpaskeHue i nporuda (epmsbl, He 3aBHUCsIIee 10 (GopMe OT YnCIIa aHeen:

EFA = P(Ad* + B +ChY) | (2h2), (1)

e c=Va’+h - nuHa KOPOTKOTO packoca B purene. XapakTepHas uepTa peyisapHbulX
KOHCTPYKITUNA — TIOCTOSTHCTBO (hOPMBI KOHEYHOTO PEIICHUS I PAa3IMYHOro 4ucia naHenei [46,47].
C moMomip0 MeToAa MHAYKIIUKA HaIeHbl KA (PHUIIMEHTHI, 3aBUCSIITHNE OT YUCIIa MmaHenen [2-8].

C nomombto oniepatopa «rgf findrecur» u3 cnenuanu3upoBaHHOTO MaKeTa «genfuncy mo JaHHBIM
pacdera 4eThIpHaaIaTH GepM MoydaeM JIMHEHHbBIE OJHOPOIHBIC PEKYPPEHTHBIC YPaBHEHUS TIOPSIKOB
Tus:

A,=4,,+34,,-34,,-34, +34, +A4, -4,
B,=B,_+2B,,-2B, ;-B, ,+B,;
C, =C,+2C_,-2C ;-C_,+C_,.
Haxomum pemieHuss mpuBeIEHHBIX YpaBHEHHMH C TOMONIbIO ormepaTopa «rsolve» B BHIE

MOJINHOMOB TPETHETO U BTOPOTO MOPSAKA MO YUCITY MaHEeei:

_46m° +6n°(34+(=1)")+(221-45(=1)" )n—93(~1)" +165_

A
192
5 36m" +(43-7(=D)")n—-25(-1)" +49
16 ’
258 +10n(5—(=1)") = 65(-1)" +137
32 '

[Tonmyaennoe pemenne (1) merko o0OOMMUTH Ha MPOU3BOJIBLHOE COOTHOIICHHE KECTKOCTEH

CTEpKHEU pa3IMYHON JJINHBI:

19
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EFA=P(Ay,a’+By,c’ +Cy. h*)/ (2h*),
r7ie BBEIEHBI KOO(PPHUIIMEHTHI )KECTKOCTEH CTEP>KHEH COOTBETCTBYIOIIEH TTHHBIL:
EF,=EF/y,; EF, =EF | y,; EF,=EF/y,.
Monynu ynpyroctu CTep>KHEW NMPUHUMAIOTCS PaBHBIMH, a IJIOLIAAN CEYEHUS BapbUPYIOTCS 1O
OTHOILIEHUIO K HEKOTOPOH MOCTOSHHOM IIOIAIH £
Jli1s 6e3pa3mMepHOro OTHOCUTENbHOTO nporuda A'= AEF / (LP) Ha puc. 2 TOCTPOEHBI KPUBBIE IO
dopmyne (1) nmpu nmune nponera L =100 m. J[nuHa nmanenu a 3aBUCUT OT mponeta: a=L/(2n+5).

Bricora s yka3zaHa B MeTpax.

A NSRS
AT |

360 \ /
340 \ /

530 I\ ™\ /\\/‘\"‘fﬁh
8 % P AREANZ =12

1 2 3 4 5 [ 7 3 9 IE}K@|

Puc. 2. 3aBucumocths nporuda ot 4ymcJia naHesjen

C yBenuuyeHMEM YHMCIIa TaHeNeld yMEHbIIaeTcs KojebaHue BeTMYMHBI mporuba. Tem cambiM
3aBHCUMOCTh HAllOMHHAET TpauK 3aTyxamomux kojeOaHuil. Hammenbpmias BenuunmHa mporuda
JIOCTHTaeTcs Mpu n=2. AHAJIOTUYHAs «IHJI000pa3Has» 3aBHCHUMOCTh NpOrHba OT YMcia MaHelen

noxy4ena B [9] mist pamsl (puc. 3).

(h/2

T > >

Puc. 3. CTep:kHeBasi BHeIlIHE CTATHYECKHU Heonpeaenmasi pama [9]
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KoncTpykiuu stoii pamsl (puc. 3) u paccCMOTpEHHOU BbIIe (puc. 1) 00beANHSIET TUIT PEIIETKU U
HaJu4he BHEIIHEH CTaTHYeCKOW HEeONpeaeTuMOCTH. BrioiHe BO3MOXKHO, YTO UMEHHO 3TO U SIBJISETCS
MPUIMHON CKauYKO0Opa3HOM 3aBUCUMOCTH MIPOrHOa OT urciia maHeynen. [IpakTuaeckoe ucroipb30BaHue
oOHapyKeHHOTO (haKkTa Pe3KUX M3MEHEHUH JKECTKOCTH paMbl MPU U3MEHEHHH YHUCIIa MaHeled MOKET

OBITH B ONITUMU3AINH €€ KOHCTPYKIH PAllMOHAIBHBIM BEIOOPOM €€ TapaMeTpOB.
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ANALYTICAL CALCULATION OF THE DEFLECTION OF A COMPOSITE
EXTERNAL STATICALLY UNCERTAINLY FRAME

Ilyushin Alexander Sergeevich

National Research University « MPEI»

Using a computer mathematics system and induction method, a formula is derived for the
dependence of the deflection of a flat rod frame of a composite type, based on four articulated supports,
two of which are movable. The external load is the vertical concentrated load in the articulated joint. It is
shown that the dependence of the deflection on the number of panels in the crossbar is polynomial.
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VIIK 624.04

3ABUCHUMOCTSD [IPOI'UBA IIJIOCKOM IIAPHUPHO-CTEP)KHEBOM
PAMBI OT UNCJIA TAHEJIEN

Boiiko Anopeii IOpvesuy’
Tkauyk I eopeuii Huxonaesuy’
Inacosa Anna Anexceesna’

! Hayuonansnoni uccnedosamensckutl ynusepcumem « MOy
? Mockoéckuil (pusuko-mexnuueckuti uHCmumym (HayuoOHAIbHbIL UCCIeO06aMeNbCKULL
VHUBepcumem)
3 Poccutickutl xumuxo-mexnono2uyeckuil ynusepcumem um. .M. Menoeneesa

Ananusupyemcs oegpopmayus niockou peutemyamou ghepmvl pamHo2o muna noo oelucmseuem
COCPe0omoyYeHHOl HA2PY3KU 8 cepedune npojema Ui pasHOMEPHOU HA2PY3KU NO 8epXHEMY NOACY
pueens. Bwvieooumcs ¢ynkyus eenuuumst npoeuba pamvl om uucia naveneu. Jna peutenus
NOCMABIeHHOU 3a0ayU NPUMEHAIOMCS CheyualbHble onepamopwl cucmemvl Maple u memoo evipezanus
V3108. MHOYKmMuUsHblll Memoo no 08yM He3ABUCUMbBIM NApAMempam @epmvl 0aem GO3MONCHOCHIb
0000Wumb Yacmmuvle peuleHus Ha NPOU3BOIbHOE YUCNO nauenell. /[ onpedenenus nepemeujeHus
ucnoavzyemcs unmeepan Mopa.

Knroueewie cnosa: pepma, pama, ghopmyna Maxceenna-Mopa, npoeud, unoyxkyus, Maple.

AHanuTHYeCKHil MeTo/ pacdera epM BO MHOTOM SIBJISIETCS QIbTEPHATHBHBIM 110 OTHOIICHHUIO K
TPAIUIIMOHHOMY YHCIEHHOMY. 3HA4YUMOCTh (OpPMYJIT B aHAJTUTHUYECKOM BHJIE IS pacyera
CTPOMUTENbHBIX KOHCTPYKIMI ONpesensercs MX MPOCTOTOM M YHCIOM HE3aBHCHMBIX IapaMeTpoB
KOHKpPETHOW 3aJaud, XapakTepHU3yIOIIMMU BMeCTe ¢ pazmepamu ¢(opMmy KoHCTpykiuu. [Ipocteie
dbopMyIbl Ui pacyeTa KOHCTPYKUMHU ¢ (PMKCHPOBAHHBIM YHCIOM Y3JIOB, B KOTOPBIE BXOJST TOJBKO
pa3Mephl, BENUYMHA HArpy3Kd ONPEAEICHHOTO BHIAa W XapaKTEPUCTHKH CBOWMCTB Marepuana,
MOJIYYal0TCS B U3BECTHBIX COBPEMEHHBIX CHCTEMaX KOMITHIOTEPHON MaTeMaTUKH, OJHON M3 KOTOPBIX
sBisieTcst Maple [1].

O6nacth mpuMeHeHus GopMyIt IJis pacdeTa dhepM, 00J1aJar0IX HEKOTOPOH MEPUOANIHOCTHIO
CTPYKTYpBI, IIPH MCIOJIb30BAaHUH JIBYX MapamMeTpoB (puc. 1, 2) 3HaUMTENBbHO HIMpE, YEM B 3a/ayax C
OJTHUM TlapameTpoM. B paccmaTpuBaemoil depme ¢ 27 MaHENsIMU B pUTelie BBICOTOW 2b W BBICOTOU
OOKOBBIX OMOPHBIX epM mh 3TO mapameTpsl m U 1. [lpu mamom gucie n u 0onbIIOM m GepmMa UMeeT
BEPTUKAIBHYIO (hOopMy OaIieHHOro TUIa, a pu m = 1 — 310 Oamounas pepma. B depme comepxutcs

N, =8(m+n)+16 crepxHell (BMeCTe C TpeMsl OIIOPHBIMHU).
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—t—tt—
a2

a @ @ a4 a @ a4 a a a a _a _a _a

Puc. 2. ®epma npu n=6, m=5 c pacnpeneneHHONH HATPY3KOH 10 BepXHEeMY MOACY

Pemenune 3amaum O BBIBOJIE AHAIMTUYECKOW 3aBHCHMOCTH MpOruba OT dYHCIa MaHeseH
HAYMHACTCS C ONPEICNICHUs YCHIINKA B CTEP)KHAX. B KOMIIBIOTEpHON MaTeMaTH4eCcKoi cucteme Maple
paspabotana mporpamma [l], ocHOBaHHasi Ha METOJIE BBIPE3aHUS Y3JIOB U COCTABJICHUS MaTPHIIBI
YpaBHEHHI paBHOBECHS BCEX Y3JIOB, JAlollasl pelIeHHEe 3aqaud 00 yCHIUSX B CHUMBOJBHOW (opme.
B nporpamMmy BBOJSITCS KOOPJMHATHI Y3JIOB, MOPSIOK COCIMHEHHs cTepxkHEH u y3ioB. Panee srta
nporpaMma TPUMEHsUJIaCh B HEKOTOPBIX AaHAJUTUYECKUX pacueTrax IJIOCKUX apovHbIX [2-5],
pemerdatsix [6-12] u mpocTpancTBeHHBIX Pepmax [13-20].

B Hacrosimieit pabote Anis Harpy3Kd MO CepeluHe pureliss nmpuMeHuM (opmyrny Makcseia-
Mopa:

N,-3
A=Y SPSOL/(EF), 1)

i=1
5 S0
rae EF — npononbHas )KeCTKOCTb YIPYTUX (MOJYJb yIpYrocTH £) cTepskHel; O; ~— yCUIIHE B CTEPIKHE

. . 1
c HoMepoM i=1,.., N, —3 {epMsbl OT 3a1aHHOI Harpy3KH; ll. — JITTMHA CTEPIKHS; Sl( ) yCWJINE B 3TOM

e CTepKHE OT JACUCTBUS €AUHUYHON CHJIBI, IPUIIOKEHHOM K CpeTHEMY Y3J1y HIDKHETO Iosica, Tporud
KOTOpOT0 (BEPTUKAJIILHOE CMEIIEHNE) BhluncisAeTcs. JKeCTKOCTh CTEep)KHEN MPUHATA OJMHAKOBOM IS

BCcex cTepkHel (epmbl. MeTo MHAYKIUU AaeT BO3MOXKHOCTh TOJY4YUTh oOIliee Ajig Bcex ¢epm
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C HpOI/I3BOJIBHBIMI/I qucjiamMmmu HaHeHeﬁ B pHreHe 58 CTOfIKaX BBIpa)KeHI/Ie JJIA CMCUICHU A CpeI[HeFO y3ﬂa
pureis Buaa:
3 3 3 2 2
A=P(Cd’ +C,d* +Cp* + C,hb*) | (BEF), )

rae P — BenuuuHa Harpy3ku Ha pamy; C; — HCKOMBIE KO3(DPHUIIMEHTH aHAIUTHUYECKOTO BBIPAYKEHHUS.

Or™mernM Takxe, uto d =+'a’ +b> — [HHA packoca B CTOMKaX.

KpaiiHe BaKHO OTMETUTH, YTO MPOTUO 3aBUCHT OT YHCIIA IMaHEeNel KaK B BEPTHKAILHOM, TaK U B
TOpU30HTAJIBHOM HaIpaBJICHHUH. 910 TOBOPHUT 0 H€06XOI[I/IMOCTI/I pacucra YUCJIIOBbLIX
MOCTIeIOBATEIbHOCTEN OT MapaMeTpa # MpH MOCTOSIHHOM M1, a 3aTeM, Ha000pOT, JUIsl MapaMeTpa m Ipu
MTOCTOSIHHOM 71.

Paccuntaem xoaddunuentsr C; B (2) OT €AUHUYHOW HATPy3KH, IPUMEHSS METOJ WHAYKIIUU H
BBISABJIASA YU CJIOBBIC ITOCIIE10BATCIIBHOCTU KOB(b(bI/II_II/IeHTOB nepea CTCrCHAMU JIMHEUHBIX PasMEpoB a, b,
d, a Taxke ucronb3ys oneparop rgf findrecur u3 makera genfunc cucremsr Maple. 1o 3TuM maHHBIM
IUTS K&KIOTO U3 CIyYaeB, ONMMHMCAHHBIX BBIMIC, OJYYHM PEKYPPEHTHBIC YPAaBHEHHS NPH TTOCTOSHHOM
napameTpe m:

C, 3C,

2C1(n—2) - 2C1(n—3) + 3C1(n—4) - Cl(n—S); Cz C2(n—l) + C2(n—2) + CZ(n—});

(n-1) — m =

C3

m =

n) — C3(n—l) + C3(i172) - C3(n73); C4(n) = C4(n71)'

AHaJOrM4HO MOJYyYUM YpaBHEHUS MPU IOCTOSSHHOM IIapaMeTpe 7.

Cl(m) = Cl(mfl); Cz(m) = CZ(m—l); CS(m) = C3(m—1); C4(m) = 2C4(m—l) _C4(m—2)‘

Hcnonb3ys onepatop rsolve Ui pelIeHUs PeKypPPEHTHBIX YpaBHEHHMH B BHUJE aHATUTHUECKUX

BbIpaXEHUH, moryuyum koddurentsl C;, 3aBUcsIue ot yucen m u n [21-22]:
C =(2n*+6n> +10n-3(=1)" +3)/24; C, = (4n—(=1)" +3)/8; C, =(4n=3(-1)" +1)/8; C,=m/2.

B 3amgade o nporutde ¢Gepmbl 1o IeWCTBHEM paBHOMEPHON HArpy3KH BhIpaKEHHE ISl TIPOruoda
UMeeT TOT ke B (2). AHamornuHo, ucnoiyib3ys oneparop rgf findrecur u3 nmakera genfunc cucremsl
Maple mo naHHBIM, MOJYYEHHBIM JUIS PA3IUYHBIX M U 1, BBIBEAEM PEKYPPEHTHbIE YpaBHEHHS INpPU
MTOCTOSIHHOM TIapaMeTpe 71, & 3aTeM U 1 COOTBETCTBEHHO. Y PaBHEHHUSI MOJTYJIAFOTCS OOMBINErO MOPSIKA
U JUTsl KX BBIBOJIA TpeOyeTcst OombIee BpeMs:

C1 3Cl Cl(n72) - 5C1(n73) + 5C1(n74) + Cl(n—S) - 3C1(n76) + Cl(n—7);

) T 2%y T

Cz C2(n71) + Zcz(nfz) - 2C2(n73) - CZ(n74) + Cz(nfs);

n =

C3 C3(n—l) + 2C3(n—2) - 2C3(n—3) - C3(n—4) + CS(n—S); C4 2C4(n—l) - C4(n—2)'

= =

Kak moxaspIBaloT pacuerbl, HEKOTOpble KOA(h(UIMEHTH HE 3aBUCAT OT 4YHCIa MaHelel Mo

2
BepTukanu ¢epmbl. s koaddunmenta npu A~ umeeM mpocToe OJHOPOJHOE YpaBHEHHE BTOPOTO

nopsiaka C,,, =2C,,, —C,,_,,- C HOMOIIBIO oneparopa rsolve HalJeM PELICHNUs OTHX yPaBHEHUH
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C, =(10n* +30n° +68n” +20n—(12n—3) (-1)" -3)/ 96; C, =(2n* +3n—n(-1)" +2)/8;
C, =(2n" +13n-(3n-4)(-1)" +10)/8; C, =m(4n+3)/2.

OcHOBBIBasiICh Ha TOJyYEHHBIE PE3YyIbTAThl, MOKHO YCTaHOBUTH, YTO BBIBEJEHBI JIOCTATOYHO
pocThie POPMYJIbL, TO3BOJISIFOIINE OLEHUTH AePOpMAaIIHIO MPEITI0KEHHONU cXeMbl (pepMbl. AITOPUTM,
C TIOMOIIBI0 KOTOPOTO OBLTH MOTYYEeHBI (POPMYIIBI, MOXKET OBITH MIEPEHACTPOCH U Ha APYrHe HArpy3KH.
[TpumeuarenbHO, YTO BecbMa A(PPEKTUBHBIM MOIYYEHHOE PELICHHE SBISETCS NMpU OOJIBIIOM YHUCIIe
naHesnel B gpepMme, T.€. B T€X CIIydasx, KOTJa IPHU YUCIEHHOM PEUIeHUH CUCTEMbl YpaBHEHHM OO0JbIION
pa3MepHOCTH BO3HUKAIOT TPYJHOCTU €€ MPEOJ0JTICHHUS], YTO 00BACHAETCS HEM30€KHBIM HAKOIIEHUEM
IIOTPELIHOCTEN cUeTa.

OTMeTuM, YTO METOJ WHAYKIMH M IporpamMma pacyera ycwiMid Ha s3bike Maple Ttakoke
WCIIOIB30BAJIUCH TIPU pacyeTe MIIOCKUX PACIOPHBIX paM U apok [23,24], cimabo BcrapymeHHon (GepMbl
[25], pemeTyaToii depMbl, UMEIOIIECH CITydan KHHEMAaTHUYECKOW H3MEHSIEMOCTH [26], KOHCTPYKIIUH
OameHHoro Tuma [27] W HEKOTOPHIX JPYTrHUX IJIOCKUX CTATHYECKU ompenenumMbix ¢epm [28-31].
MeTo0M WHAYKIIUY MOJTy4YeHbl aHATUTUYECKUE BBIPKEHHS I YacTOT KojeOaHUi OamouHbIX (epm
[32,33]. O030p HEKOTOPHIX aHATOTHYHBIX PAOOT, UCTIOIB3YIOIMHKX MporpamMmy [1] B 3agadax o mporude

MJIOCKUX (epMm, BBITTOTHEH B [4,34].
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DEPENDENCE OF THE BEND OF THE PLANE HINGE-ROD FRAME ON
THE NUMBER OF PANELS

Boyko Andrey Yurievich'!
Tkachuk Georgyi Nikolayevich’
Plyasova Anna Alexeevna’

National Research University « MPEI»
’Moscow Institute of Physics and Technology (National Research University)
SMendeleev University of Chemical Technology of Russia

The deformation of a flat lattice frame-type truss under the influence of a concentrated load in the
middle of the span or a uniform load along the upper girder belt is analyzed. The function of the amount
of deflection of the frame on the number of panels is displayed. To solve this problem, special operators
of the Maple system and the method of cutting nodes are used. The inductive method for two independent
parameters of the truss makes it possible to generalize particular solutions to an arbitrary number of
panels. To determine the displacement, the Mohr integral is used.

Keywords: truss, lattice, frame, Maxwell-Mohr’s integral, deflection, induction, Maple.
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VIIK 624.04

AHAJIMTUYECKHUA PACYET IPOT'UBA PAMHOM ®EPMBbI
C MPOU3BOJIbHBIM Y CJIOM IMAHEJIEA B CUCTEME MAPLE

Tkauyxk I eopeuii Huxonaesuy'
Boiiko Anopeii IOpvesuy’

I Mockoeckuii pusuxo-mexnuueckuii uHcmumym (HaQyUOHAIbHbIIL UCCIE008AMENbCKULL
VHUsepcumem)
? Hayuonanvuwlii uccneooeamenvckuii ynueepcumem « MOy

IInockas cmamuyecku onpedenumas ghepma ¢ packoCHOU NPAMOY20abHOU peulemKoll umeem 0ge
ONopbl U NPOU3BOILHOE YUCTO naHenel 6 pucene. K ¢hepme npunoscena nazpyska 6 cepeoute nponema.
3aoaueii pabomul sA6nAemMCA NOIYUEHUE 3ABUCUMOCU NPO2UOA (hepMbl 8 AHATUMUYECKOM 8Ude Om
yucna nawenel 6 puzene U 4ucia nameneu 8 OOKOBLIX ONOpHbIX ¢hepmax. [na pewenus 3adaqu
UCNONIL3YIOMCSL ONepamopdvl CUCmeMbl KOMnblomepHot mamemamuxku Maple u memoo unoyxyuu no
08YM He3a8UCUMBIM NApamempam npu 0000ueHUY YaCMHbIX peueHuli Ha 0OWuUL CLyyail.

Knioueswie cnosa: ¢pepma, pama, popmyna Maxceenina-Mopa, npoeu6d, unoykyus, Maple.

MeToapl KOMIBIOTEPHONH MaTEMaTHKHU MPU pacueTe CTPOUTENBbHBIX KOHCTPYKIUI C pa3BUTHEM
MIPOrpaMMHOTO OOEeCIeYeHUs 3aHUMaloT Bce Oosiee 3HAUMMOE MECTO B WHXKEHEPHOM MNpaKTHKe U
Hay4HbIX HcchenoBaHusix [1-4]. He oTpumas mnepBOCTENEHHYIO pPOJb YHUCIEHHBIX METOAOB U
COOTBETCTBYIOLINX Pa3HOOOpa3HBIX MAKETOB I WX Pealn3alliy, 3aMETHM, YTO KOPOTKHE, MPOCTHIE
(b opMyIIbl, MO3BOJISIIOIINE MOJYYUTh PEIIeHUe Al KOHCTPYKIUH C MPOU3BOJIBHBIM YHCIIOM 3JIEMEHTOB,
Bcerja OyanyT BOCTpeOOBaHBI Kak B MPAKTHKE (XOTs OBl JUIsl OIICHKHM YMUCIEHHBIX PEUICHUH), TaK U B
Teopur. BwiBom Qopmyn s pacuera KOHCTPYKIUIM, HECMOTpST Ha OYEBHJHBIE TEOPETHYECKHUE
TPYAHOCTH, ONPABAAH BO3MOXKHOCTBIO MHOTOKPAaTHOTO HMX NpUMEHEHHus. s perysipHeix depm c
MIPOU3BOJIFHBIM YHCJIOM 3JIEMEHTOB MEPUONUYHOCTH (MaHesiel WM TPyNN MaHesel) Takue perieHus
MO>KHO MOJIyYUTh METOJIOM MHAYKUUU. B HacTosiei pabore mpuMeHsieTcsi MeTOA MHAYKIUHU [0 ABYM
HE3aBUCHUMBIM TapaMeTpaM, 4YTO CYHIECTBEHHO pacIiupsieT o0JacTb NPUMEHHUMOCTH HTOTOBOH
bopmyIIbI.

®depma BbICOTOUW 2mh (CM. PUCYHOK) C TPOJIETOM, COCTOSIIIIUM W3 271 TaHENed JUIMHOW a,
Harpy>keHa BEpTHKAJIbHOUW CUJION P B cepeIMHE MPOJIeTa M0 HIKHEMY TTosicy purens. depMa sSBiIgeTcs
IIJIOCKOM U IIPU 3TOM CTaTUYECKH ONPEAEIUMON. B cMMMETpUYHOM pame BBIIEIEHBI TPU YaCTH: PUTEIlb
C 2n maHeNsIMM, HAKJIOHHBIE U BEpPTHKAJIbHBIE YacTH ¢ 2m naHedssMH. Bce maHenu umeror
CUMMETPUYHYIO OTHOCHUTENIbHO IIEHTpa IMpojeTa HaKJIOHHYIO pemieTky. [Ipou3BeneM MeToaoMm
BBIPE3aHMSI BCEX Y3JIOB paMbl pacueT peakluil ornop UM YCHJINHA OJTHOBPEMEHHO. /[ 3Toro mpuMeHuM

IIporpaMMy, KOTOpasi paHee HCI0JIb30BajlaCh B HEKOTOPBIX AHATUTHUECKHUX pacueTax pazIudHbIX
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IUTOCKUX IITPEHTEIbHBIX, ADOYHBIX U IIPOCTPAHCTBEHHBIX GepM. i pacueTa MHOTOpemeTyaThIX hepm
3Ta mporpamma siisiercs: Hanbosee 3¢ (heKTHBHOM.
B paccmarpuBaemoii depme ¢ n TaHENsIMH B TIOJIOBHHE IMIPOJIETa YHCIO CTEpKHEH —

Ng =8(n+2m)—"7. OnopHble CTEPXKHH, MOAEIUPYIOLIME ONOPBI, IPEINOIAralOTC KECTKUMH U B

pacdeT BenMYHMHBI mMporuda He BXomiaT. Mcmomb3dyem mporpammy [1-4], pa3paboTaHHyl0 B cCHUCTEME
Maple, kotopast Obliia anmpoOupoBaHa B HEKOTOPHIX padoTax [5-8] mnsa pacuera yCHINN B CTEPKHSIX B

aHaIMTU4YeCKou popme.

@ -
NN N N N
ot ot L-I. ICT ot TTE h
P
mh
B
e " 2nb _ ma

Gepmanpun =4, m=2

Pacuer HaumHaercs ¢ koaupoBaHUsS CTPYKTYpbl (pepmbl. Hmke mpencraBieH (parmMeHT koma
MporpaMMBbI JIJIsl BBOJIa KOOPIMHAT Y3JI0B Ha SI3BIKE CUCTEMBl CHMBOJILHON MaTeMaTuku Maple:

>H:=2*m*h:

> for i to m do

> x[i]:=a; y[i]:=h*i; x[i+3*m+2*n-3]:=2*n*b+2*m*a-a;
yli+3*m+2*n-3]:=m*h-(i-1)*h; x[i+5*m+2*n-2]:=i*a;
> y[i+5*m+2*n-2]:=h*i+tm*h;  x[i+6*m+4*n-3]:=i*a+2*n*b+m*a-a;

> yl[i+6*m+4*n-3]:=H-(i-1)*h;

V

> od:

> for i to m-1 do

> x[itm]:=a*i+a; y[i+m]:=h*i+m*h;

> x[i+2*m+2*n-2]:=a*m+2*n*b+a*i-a; y[i+2*m+2*n-2|:=2*m*h-i*h;

> od:

> for i to 2*n-1 do

> x[i+2*m-1]:=m*a+b*i;y[i+2*m-1]:=2*m*h-h;

> x[i+6*m+2*n-2]:=m*a+b*i;y[i+6*m+2*n-2]:=H;

> od:

C mnoMmompl0 CHeUHaTbHBIX BEKTOPOB, COAEpKAIIMX HOMEpa KOHIIOB COOTBETCTBYIOLIETO

CTEPXHS, OIIPENIENSIETCs CTPYKTYpa COEAMHEHNH Y3JI0B U CTepKHEH [9].
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Taxoke cocTaBIAIOTCS ypaBHEHHS paBHOBECHS B TPOCSKIUAX HA OCU KOOPAMHAT IS Y3710B ()epMBI.
Cucrema BBOJIUTCA B KOMIIBIOTEP B MATPUYHOM BHU/IC.

Pemenue cucteMpl TMHEHHBIX ypaBHEHHH B CHMBOJIBHOUN (opMe (3a/1eliCTBOBaHBI ONEPATOPHI
CHUCTEMBbI CUMBOJILHOW MaTeMaTHku Maple) maeT BbIpakeHHs IS YCUIUH BO Bcex cTepkHsX. [[ms
BBIUUCIICHU MTporuba MCIob3yercs nHTerpan Mopa B Buje:

A=P(Ca’ +C,c> +Ch* +C,f* +b°C,+ Cya’b+ C,ba) | (2W°EF),

rne EF — KeCTKOCTh CTep)KHEW; 4 — BbIcOTa mpoinera; P — Harpy3ka Ha ¢depmy; C; — HCKOMBIE

koo durmenTsL. B cBoro ouepens, ¢ =Na’ +h> , f=b>+h*.

OTmeTuM, 9TO MPOTrHO 3aBUCHT OT YMCIIA TTAHENIeH KaK B BEPTHKAILHOM, TaK U B TOPHU30HTAIIEHOM
HanpaBieHuu. Takum 00pa3oM, HEOOXOIUM pacyeT YHCIOBBIX MOCIEA0BATEIILHOCTEH OT mapaMerpa 7
MIPY MIOCTOSTHHOM 71, @ 3aTe€M, Ha000pOT, JJIs TapaMeTpa 7 MPH MOCTOSTHHOM 71.

JUist mosTyueHus aHAIMTHYECKUX BbIpakeHUH KoappuimenToB C; C TOMOIIBIO aHATN3a YUCIOBBIX
MOCJIEZIOBATENbHOCTEH B KakJIOM ciydae OblUT ImpUMEHEH omepaTtop rgf findrecur makera genfunc
cucrembl Maple. Tak, MOXHO TOJYYHTh JMHEWHBIC OJHOPOJHBIC PEKYPPEHTHBIC YpaBHEHHS IS
kodpduurentoB C;. YpaBHEHUS IPU TOCTOSHHOM HapaMeTpe 71 UMEIOT BU/I:

Cl Cl(nfl); Cz(n) = CZ(n—l); C3(n) = 2C3(n71) - C3(i172); C4(n) = 2C4 C4(n72);

m = (n-1) —

CS(n) = 4C5(n—1) - 6C5(n—2) + 4C5(n—3) - CS(n—4); Cﬁ(n) = 2C6(n—l) - CG(n—Z); C7(n) = 3C7(n—1) - 3C7(n—2) + C7(n—3)'

AHaJOrMYHO MPUBEJEM PEKYpPpPEHTHBIE YPaBHEHUS IPU MOCTOSHHOM ((DUKCUPOBAHHOM) A:

Cl(m) = 2C1(m—1) - Cl(m—2); CZ(m) = 4C2(m—l) - 6C2(m—2) + 4C2(m—3) - CZ(m—4);

CS(m) = 3C3(m—1) - 3C3(m—2) + C3(m,3); C4(m) = C4(m—l); Cs CS(mfl);

(m =
Cé(m) = 3C6(m—1) - 3C6(m—2) + C6(m—3); C7(m) = 2C7(m—l) - C7(m—2)'
Hcnons3ys oneparop rsolve, HalijieM pelieHns peKyppEeHTHBIX ypaBHeHHH C;:
C =m; C, :(Zm3 +m)/3; C,=m*+n-1; C,=n; C, :(Zn3 +n>/3; C, =2m’n; C,=2n"m.

[Iporpamma pacuera ycHIIMH, a TaKke METOJ] MHAYKIMK Ha si3bIke Maple ncnoibp30Baiuch paHee
npu pacueTe pemeryarsix ¢epm [1-12], mpocTpaHCTBEHHBIX KOHCTPYKIMU PEryisipHoro tuna [13-22], a
Ttakke ¢epm apouHoro tuma [23-28]. bmaromaps metomy wWHAyKIUH B pabote [29] BBIBEIEHBI
COOTHOIIIEHUSI CTATUKU PETYJISIPHBIX HOKHUYHBIX MEXaHU3MOB, a B [30,31] mosydeHbl aHATUTUYECKUE
pemenus s pepm tuna @unka niam bonemana. B cBoto ouepesb, aHATUTUUECKHE PELIeHUs AT pepm,
JOMYCKAIOMINX MIHOBEHHYIO HM3MEHSEMOCTh, paccuuTaHbl B paborax [32-34]. 3amaua o cMelIeHUU
MIOJIBMKHOM OTOpHI (DepMbI B aHATUTHYECKOM BHUJIE C MPUMEHEeHueM cucteMsl Maple pemiena B [35,36].
YactoTel KonebaHus Tpy3a B IMPOU3BOJILHOM Yy3j€ OaloyHOM (epMbl TakkKe METOJOM HWHAYKIUU
nostydeHsl B [37-39]. depMbl paMHOTO THTIA aHATUTHYECKH paccuuTaHbl B [40,41]. OTmMeTM 0030pbI

[42-44] paboT, NCTIONB3YIOIIUX METO MHAYKIIUH IIPH pacyeTe IUIOCKUX CTAaTHUYECKH ONPEICTUMBIX (hepM.
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ANALYTICAL CALCULATION OF THE FRAME FARM BEND FARM WITH
A RANDOM NUMBER OF PANELS IN THE MAPLE SYSTEM

Tkachuk Georgyi Nikolayevich’
Boyko Andrey Yurievich’

'Moscow Institute of Physics and Technology (National Research University)
’National Research University « MPEI»

A flat statically definable truss with a diagonal rectangular lattice has two supports and an
arbitrary number of panels in the crossbar. A load is applied to the truss in the middle of the span. The
aim of the work is to obtain the dependence of the deflection of the truss in an analytical form on the
number of panels in the crossbar and the number of panels in the side support trusses. To solve the
problem, the operators of the Maple computer mathematics system and the method of induction by two
independent parameters are used when generalizing partial solutions to the General case.
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ANALYTICAL CALCULATION OF THE SIZE OF THE BEND OF
RECTANGULAR SHAPE FRAME TRUSS WITH A RANDOM NUMBER OF
PANELS IN THE MAPLE SYSTEM

Chinchenko Anna Mikhailovna

National Research University « MPEI»

The dependence of the deflection of the elastic truss on the number of panels in the crossbar is
deduced. A flat statically definable multi-lattice truss of rectangular shape has two supports and is
loaded along the upper belt or in the middle of the span. The operators of the Maple system of symbolic
mathematics and the method of generalization of partial solutions to the General case are used.

Keywords: truss, lattice, frame, Maxwell-Mohr’s integral, deflection, induction, Maple.

For a long time, the calculation of building structures was carried out only by numerical methods
in specialized packages (for example, Lear), the basis of which is the finite element method. The result
of numerical calculation is a graph or some data that needs to be obtained again when the input
parameters (dimensions, number of panels) are changed. Significantly more effective is the use of
accurate solutions. There are still few such solutions. In [1-9], based on the induction method using the
Maple computer mathematics system, a number of solutions for flat trusses were obtained. In [10-16],
the derivation of formulas for the deflection of spatial trusses is given; in [17-22], the problems of arch
deflection are solved in an analytical form.

In the considered truss (see figure) with n panels at half span, the number of rods is

N =8(n + m) + 27 . The support rods modeling the supports are assumed to be rigid and are not included

in the calculation of the magnitude of the deflection. We use the program [23] developed in the Maple

system.

[SCIE "SR
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e
>

caaaaaaaaaaaaaacaaanaaaaaaeaaaadad

Truss forn=5,m=4
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For calculation, it is necessary to enter in the program the coordinates of the truss nodes and the
order of the rods. Below is a snippet of program code for entering node coordinates:
> H:=h* (4+2%m) :
> x[1l]:=2%a: x[2]:=4%a: y[1l]:=0: y[2]:=0:
> for i tom do  x[i+2]:=5%*a; y[i+2] :=2*h*i-h;
> x[i+ml+n+3] :=a*4*n+5%a; y[i+ml+n+3] :=H-2*h*i-3*h;
od:
> for i to m+3 do x[i+2*ml1+5]:

0; y[i+2*m1+5] :=2*h*i-2*h;
xX[i+2*ml+m+2*n+12] :=10*a+4*n*a;
y[i+2*ml+m+2*n+12] :=H-2*h*i+2*h;

end:

Coordinates are entered in for i to .. do .. end loops: for an arbitrary number of panels n. Using
special vectors containing the numbers of the ends of the rods, the structure of the joints of nodes and
rods is defined.

A matrix G of equilibrium equations is compiled in projections on the coordinate axis for truss
nodes. The odd equations correspond to the projections onto the x axis, the even equations correspond
to the y axis:

> N:=8* (m+n)+30; G:=Matrix (N, N):

> for i to N do

> L x y[1]:=x[ST[i][2]]-x[ST[i][1]]:

> L x y[2]:=y[ST[i][2]]-y[ST[i][1]]:

> L[i] :=subs(a®2+h”*2=c”2,sqrt(L_x y[1]"2+L x y[2]"2));
> for jl to 2 do

> jj:=2*ST[i] [2]-2+71:

> if jj<=N then G[jj,i]l:=-L x y[jl]/L[i]:fi;
> jj:=2*ST[i] [1]-2+71:

> if jj<=N then G[jj,il:= L x y[jl]/L[i]:fi;
> od;

> od:

Solving a system of linear equations in symbolic form (operators of the Maple symbolic
mathematics system are involved) gives expressions for efforts in all the rods. To calculate the

deflection, the Mohr’s integral is used in the form:

A=P(Cd’ +C,c* +C,i*) | (2h°EF), (1)
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where EF is the stiffness of the rods, /4 is the height of the panel, P is the load on the truss, C; are the

desired coefficients, c =+ a’ + 4’ is the length of the smallest brace.

In the general case, the deflection depends both on the number of panels m vertically and
horizontally n. Consider the case m=4. Calculation of a number of trusses with a successively
increasing number of panels 7 gives a series of numbers — coefficients C; in (1). The analysis of these
sequences and the derivation of their common members constitute the main mathematical difficulty of
the task. The first numerical calculations show that for some values of n the determinant of the system

vanishes. Analyzing the pattern of occurrence of these cases, we find that the calculation is possible only
with n=(1- (—1)" +6k)/4, k=1,2,3,.... Thus, the parameter £ becomes the number &, which is uniquely

related to the number of panels in the crossbar.
Using the operator rgf findrecur from the genfunc package of the Maple system, one can obtain
linear homogeneous recurrence equations for the coefficients C; of various degrees:

C,=C,,+3C,,-3C,,-3C, ,+3C , +C, —C
C,=2C,, ,—C,ys
C=Cy s
The rsolve operator gives solutions of these equations in the form of polynomials in &
C, =4k + 2> (11 = (=1)") + 2k (48 - 25(-1)") = 125(=1)" +167)/ 2;
C, = (2k(33-24(=1)")-459(=1)" +549)/2;
C, =4(29-18(=1)").
For a distributed load, linear homogeneous recurrence equations for the coefficients C; have the

form of a more complex form:

Cl,k = Cl,k—l + 4Cl,k—2 - 4Cl,k—3 - 6C1,k—4 + 6Cl,k—5 + 4C1,k—6 - 4Cl,k—7 - Cl,k—S + Cl,k—‘);
G, =3C,; ,—3C,, ,+Cy ) g
C3,k = 2C3,k—2 - C3,k—4‘

Note that the coefficients in the recurrence equations are binomial numbers. The solutions of the
recurrence equations for the case of distributed load are also more complicated, the degree of
polynomials is higher:

C, = (B0k* + 20k (11— (=1)") + 2k*(555-183(=1)") + (331-167(-1)" )8k —1231(=1)* +1999)/8;
C, = (2k*(147 = 72(=1)") + 6k(461-251(=1)") = 1965(-1)" +3237) / 4;

C, =2(6k(23—6(-=1)" )= 61(=1)* +197).
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In [24-27], the oscillation frequencies of loads of flat trusses were obtained by induction on the
basis of the Mohr integral. Reviews of works using the inductive method of deriving formulas for

deflection of statically definable trusses are contained in [28-30].
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AHAJIMTUYECKH PACUYET BEJIMYUHBI ITIPOTUEA PAMHOM ®EPMbI
MPSAMOYT'OJbHOM ®OPMBI C ITPOU3BOJIBHBIM YU CJIOM ITAHEJIENA
B CUCTEME MAPLE

Yunuenko Auna Muxaiiiosna

Hayuonanvnuiii uccneoosamenvcrkuii ynusepcumem « MIOUy

TIpusooumcs 6b1600 3a8ucUMOCmU npocuba ynpy2ou pepmuvl om yucia naumenet ¢ pueene. [lnockas
cmamu4ecKku onpeoenumas MHo2opewemuamas (epma npamoyeoibHou opmel umeem 08e onopuvl u
HA2PYIHCEHA NO BEePXHEMY NOSCY Ulu 8 cepedutHe npolema. Hcnoawsylomes onepamopvl cucmembl
cumgonvbHou mamemamuxu Maple u memoo 0600weHUs YACMHBIX peuleHUll Ha 00Ul CyYall.

Knioueswie cnosa: Maple, pepma, pama, unmezpan Mopa, npozu6, unoyxkyusi.
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