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Crarnueckuii pacuer miockoii ¢pepmbl ¢ ABOIHOM TPEYroJbLHOM peleTKoi

[Ipemmaraercs cxema CTaTUYECKH OOpeaenuMoil OamouHoi (epmbl ¢
MapaUIeIbHBIMU  TIOSICAMA W YETHIPbMSI BHEIIHUMH CBSI3IMHU. Packocwkl (epMbr
CTPYNITUPOBAHBI TIOTIAPHO W 00Pa3yIOT PEMIETKY OJM3KYI0 K TPEyroibHOW. B makete
CUMBOJIBHOM MaTemMaTwku Maple ¢ mpuMeHeHHeM MeToJa WHAYKIWU HaiJIeHO
TOYHOE BBIpAXEHHE IJIs1 MpOoruda KOHCTPYKIMH ¥ OKCTpEMajbHbIC YCHIHAS B
crepxusax. Mcnone3yercst oneparop rgf findrecur mis momydeHuss peKyppeHTHOTO
ypaBHEHMUSI, KOTOPOMY  yJOBIIETBOPSIOT YJICHBI MOCIIeI0BATEIbHOCTEH
K0O(QPUIMEHTOB B HCKOMOH (opmyne, wu omepartop rsolve mis HaxoxIaeHUs
pEIIeHNs dTOTO ypaBHEHHs. PemieHne mMeeT BUA MOJTMHOMA YETBEPTOW CTETICHH.
OtmedaeTcss 3aMETHOE BIMSIHHE YETHOCTH 4YHCJIAa TIaHeNeH Ha Tporud Qepmel.
YucneHHBId CUET TOKa3aJl, 4YTO KpuBas Je(OPMHUPOBAHHUS HIDKHETO Iosica
OKa3bIBAETCS HECHMMETPHYHOMW, a peaklus OJHON M3 BEPTUKAJIHHBIX OIMOp paBHA
HYJIIO TIPH JIFOOOM YHCIIe TTaHeNIeH.
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The scheme of statically determinate braced girder with parallel chords and four
external connections is suggested. Bracing of truss are grouped in pairs and form a
lattice that's close to triangular. In the symbolic mathematics package Maple using
the method of induction gives an exact expression for the deflection under the load
and and extreme forces in the rods. Maple operator rgf findrecur is used to obtain a
recurrent equation, which satisfy the members of the sequence of coefficients in the
desired equation and operator rsolve to find a solution of this equation. The solution
has the polynomial form of the fourth degree. There is a significant influence of
parity of the number of panels on the deflection of the truss. A numerical solution
showed that the curve of deformation of the lower zone is asymmetrical, and the

reaction of one of the vertical supports is equal to zero for any number of panels.
Key words: truss, induction, deflection, Maple

Introduction

The importance of analytical solutions in problems on rod systems is
undeniable. Of particular importance are such solutions, when the investigated design
consists of a significant number of elements and a numerical count, despite the great
accuracy that modern programs and computer equipment can afford, it begins to
malfunction. This, as a rule, is manifested in the accumulation of rounding errors that
are unavoidable in any numerical calculation. On the other hand, symbolic
transformations, due to their specificity, are suitable only for a very small amount of
work, with a small number of rods in the truss. The limitation for symbolic
transformations is their small speed. So for calculation in the symbolic form of the
deflection of a simple beam farm with 30 panels, the hours of operation of the intel
CORE 17 processor are required, for less productive systems this time is much longer.
The way out of this situation was found [1-3] - an inductive approach to obtaining
formulas, in which it is required to calculate successively a series of trusses with
different number of panels, and then by methods of the computer mathematics system
[4] to generalize the result to an arbitrary number of panels. As a test, it is permissible

to use numerical methods, which are performed in the same programs in which the
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symbolic results were obtained, but with the use of a special numerical option.
Another obstacle to obtaining an analytical result is a small number of schemes of
regular farms, primarily statically determinate (both planar and spatial). This question
was raised by Hutchinson [5] and is called "hunting" for statically determinate
trusses.

The scheme of the truss, the formulation of equations

Consider the construction of the truss in Fig. 1. The truss has n periodicity cells,
which will be conditionally called panels. Height of the truss /4. Despite the fact that
the truss has four external links instead of the standard ones for the beam trusses, the
construction is statically determinate. It contains & = 4n + 6 hinges (together with four
hinges on the ground) and m = 8n + 4 rods, including four bearings. Writing two
equilibrium equations for each of the 4n + 2 nodes, we obtain a closed system of
equations that gives the solution of the problem.

P *P {P *P *P *P

Fig. 1. Cxema depmbl ipu n=4

Forces in the rods are found according to the program [4], written in the system
of symbolic mathematics Maple. We introduce into the program the coordinates of
the hinges and the order of joining the rods. We choose the origin in the leftmost
mobile support. The coordinates of the hinges have the following values (Fig. 2):
Xy =4 —Da, =0,
Xy, =@4i-3)a, y,;=0,i=L..,n+1
Xpivann =2(2i=Da, ¥y0n0 =h,

X2it2n+2 = (41 - l)aa Yoivons2 = h: I= 1,--.,n —1.
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Fig. 2. Homepa cTepyxHel U mapHUpoOB, n=2
We neglect the deformation of the support rods. The lengths of these rods are
not included in the solution and can be taken arbitrarily. The coordinates of all four
support nodes fixed to the ground:
%3=0, ys3=-1
X2 =0, Vip =1,
X1 = Xopi2s Ve =L
Xp =Xy +1, 1 =0.
The structure of the bars of the lattice of the truss is given by some vectors

V.,i=1,...,m. These vectors specify the numbers of the hinges at the ends of the rods.

The choice of the beginning and the end of the conditional vectors is not connected

with the efforts in the rods and their signs and can be arbitrary. The bars of the lower

belt correspond to the wvectors: V;=[i,i+1], i=1..,2n+1, upper —

V. =[i+2n+2,i+2n+3], i=1,...,2n—1. For the bars of the lattice we have the

i+2n+l —

vectors: V., =[2i—1,2i+2n+1], Vs, =[20,2i+2n+2], Vi, =[2i+1,2i+2n+1],

l 1

Vier, =[2i+2,2i+2n+2], i=1,...,n.
The matrix of the system of equilibrium equations for nodes consists of the
direction cosines of the rod's forces, which are calculated in terms of the lengths of

the rods and the projection of their vector representations on the coordinate axes:

_ 2 2 _ _ .
[, = 1“1,1' +12’l- , lu =Xy, =Xy 1251- =Yy, ~Vn, 1= L,...,m.



In the numbery;, j stands for the component of the vector (1 or 2), i is the

number of the rod. The matrix Z of the equilibrium equations has the following
elements:

Z”, :_lj’l./ll., r=2Vl.,2—2+j, r<m, j=L2,i=1,..,m,
Z”',i :Z],l /ll’ 7":2[/1’1 _2+J, I’Sm, j:1,2, i:1,...,m-

CucreMy ypaBHEHHiI paBHOBecHs y310B ZS =B, rie S — BEKTOp YCHIHil B
CTEPKHAX, BKIIOYAs UETHIPEe ONOpPHBbIE CTEpXKHA,— B BEKTOp HArpys3ox,
MPUMEHUTEIFHO K CHMBOJBHOW MaTeMaTHKE YAOOHO pemiatb METOIOM OOpaTHOM
Matpuupl. s 3a1aHHONM HAarpy3Ky BEKTOP HArpy30K MMEET CIIEIYIOLIME HEHYJIEBBIE

aneMeHTsl: B, =—P,i=2n+3,...,4n+2 (puc. 1, 2).

The system of equations for the equilibrium of nodes ZS = B, where S — the
force vector in the rods, including four support rods, B— the vector of loads, with
respect to symbolic mathematics, is conveniently solved by the inverse matrix
method. For a given load, the load vector has the following non-zero elements:
B,;=—P,i=2n+3,...,4n+2 (Fig. 1, 2).

Solution

By the Maxwell-Mor formula we determine the deflection of the middle of the span

4
A — ,/nz Slslll
5 EF,
where the following notations are introduced: S, — the forces in the trusses of the

truss from the action of the external load, s; — the forces from the unit load applied
to the node in which the deflection is measured, /; — the lengths of the rods. The
stiffness of the bars for the belts and the grill is different. Stiffness of belts -
EF =FEF,i=1,..,4n, grilles — EF, =EF /y,i=4n+1,...,m—4. The construction of
the truss is such that there is no exact central node. To calculate the deflection, select
the node with the number n + 2, which is closest to the middle. The successive

calculation of the deflection of farms with a different number of panels gives, as a
result, the same type of response
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where the coefficients 4,, C, depend only on the number of panels n, ¢ =<h* +4a” .

Writing a sequence of 20 coefficients at a’: 48, 216, 1424, 2976, ..., 1648800, using
the rgf findrecur operator of the Maple system [4], we can obtain an equation that

the coefficients A4, satisfy

A =A +44 ,—-44 ,—6A4 ,+6A4 +44 —44 ,—A +A4 ,.

Omneparop rsolve maet penieHne Toro ypaBHEHHS
A =10n* +2(5-2(-1)")n’ + 13 =11(=1)")n* + 5(1— (=1)")(n-1).

Similarly, we obtain the general term of the coefficient sequence for c’:
C, =323 -2(-1)"n* +(1-(-1)")(4n-1))/8.

AHaJu3 pemieHust

[To wnaiimennoit dopmyne (2) mocTpouM KpuBBIe Oe3pa3MepHOro Mporuoda
A'=AEF /(LP,) mpu ¢ukcupoBanuoil mmmue nponera L=(4n+1)a=40m, e
3aBUCAILICH OT YHWCJIA TAaHEJEeH, W 33aJaHHOM CYMMAapHOM JEWCTBYIONIEH Harpys3ke
P, =2nP (puc. 3). Takasg 3agaya, BBIOOp 4MCJIA MaHENEH NPU U3BECTHOM IIPOJIETE
KOHCTPYKIIMU, OOBIYHO CTOUT MEpe] MPOSKTUPOBIIMKOM. Pa3smep / Ha pucyHke
yka3aH B MeTpax. [IpuHsITO, 4TO MIIOMAAb CEYCHUs CTEpKHEH pemeTku (PackocoB)
MEHBIIIE, YeM Y CTePKHEH MOsCOB B JiBa pa3a: y=2.
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Puc. 3. 3aBucumocTh nporuda oT Ynciia maHeaei



KpuBble MMEIOT 3HAYMUTENbHBIE CKAaYKH B 3aBUCHUMOCTH OT YETHOCTH YHCIA
na”eneil. C yBennyeHHeM Yrcia MmaHeneld Ha UKCUPOBAHHOM IMPOJIETE CKAYKU U CaM
nporu6 yBenuuuBaroTcs. [IpakTukyromeMy HHXEHEpYy-POSKTUPOBIIUKY 3TO MOXKET
MOMOYb CJIeTIaTh Pa3yMHBIA BBIOOp YMCIIa TaHEIeH KOHCTPYKIIMU TPU ONTHMH3AINN
KECTKOCTH CHUCTEMBI.

Ckauky Ha KpHUBOHM mMporuda MoJICKa3bIBAIOT, YTO U JAe(hOpMUPOBAHHAS JTHHHS
HIDKHEro Mosca Takxke OyJeT MMEThb MOAOOHbIE OCOOEHHOCTU. UMCIEHHBIH pacyeT
npu a=1m, y=1, n=5 noarBepxkmaer 31O npeanoioxenue (puc. 4). Bpeneno
o6o3Hauenne A =AEF /(LP). Kpusas mporn6a HecUMMETpHYHA, YTO OOBACHIETCS
MpexJe BCero acuMmMmerpueit onop. OueBUIHO Takxke, 4To Nporud B mapHupe n+tl ¢
KOOpAMHATON X, =9, BbIUUCIEHHBII 10 dopmyre (2), He SABIAETCS MAKCUMAJIbHbBIM.

MaxkcuManbHbId POrMO MPUXOAUTCSA HA IIAPHUP ¢ HOMepoM n+2. JIs 4eTHOro n

KapTHHA oOpaTtHasi, popmyia (2) maeT MaKCUMaIbHBIA MPOTHO HUYKHETO IOsICA.

—~

A

Puc. 4. 3ru6 Hmwxkuero nosica, L=21 m.

Yceuius B KPUTHYECKHUX CTEPKHAX

Pemenue 3amaum 06 ycwinsix B CTEpKHSAX (PepMbl TPATUITMOHHO HAYMHAETCS C
ompenaeneHus: peakiuii onop. OgHAKO, B JaHHON KOHCTPYKIIMH, UMEIOIIEH YeThIpe
CBSI3U, OMNPEACIUTh PEAKIUU OMOP OTIAEIBHO OT YCHUJIUA B CTEP)KHSIX HEBO3MOXHO.
Ecnm Ob1 5T0 OBITA cHcTEeMa W3 IBYX Tel, COSAMHEHHBIX MIAPHUPHO HIN KaK-THOO
ele Mexay coOoil, To mojoOHas 3ajaya permiach Obl BbIIEICHHUEM pPAaBHOBECUS
OTZIETIbHBIX YacTeil. 3/1ech ke MPUXOAUTCS PacCMaTpUBATh PABHOBECHE BCEX Y3JI0B
dbepMbl, uyTO, OE3YCIOBHO, BPYUHYIO KpaitHe 3aTpyaHuTenabHo. Cama cxema (epmbl
TakuM 00pa30M €CTECTBEHHBIM MyTEM IMOTAIKUBACT K TPUMEHEHUIO KOMITBIOTEPHBIX

MeToA0B. OmnucaHHBINA BbIIIE AJITOPUTM COCTABJIEHUS YPaBHEHUW pPaBHOBECHUS U



pellIeHrEe MOJYYEHHON CHCTEMBI AlOT MPU 3TOM HMHTEPECHBIN pe3ynabraT. Peakiuu

KpPalHUX BEPTHKAILHBIX ONOP paBHbI S . =S,  =nP, a peakuyMu OCTaIbHLIX OIOD

(F OpU3O0HTAJIbHAaA CBA3b HpaBOﬁ OIIOPBI U BTOpPAass BCPTHUKAJIbHAA CBA3b CJ'IeBa) PaBHBI

nymo S ,=S5 =0. Ecau HyneBoe 3Ha4€HHE T'OPU30HTAIBHON OINOPHI JOCTATOYHO

OUYEBHUJIHO TMPU YKHCTO BEPTUKAIBHOM BHEIIHEW HArpy3ke, TO HyJieBas peakiius
JIOTIOJTHATEIFHOU OTIOPHI CJIeBa HECKOJIBKO HeokuaanHa. OIHAaKO 3TO ACHCTBUTEIEHO
TaKk, U CBUJICTEIHCTBYET O CHMMETPUU HANPSHKEHHOTO COCTOSIHUSI KOHCTPYKIIUH.
JledopMupOBaHHOE K€ COCTOSTHUE, KaK ATO BUHO U3 PUCYHKA 3, HECCUMMETPHUIHO.
Havimem BbIpakeHus I8 YCWIMH B HEKOTOPBIX JPYTHMX CTEPKHSIX.
Ncnonb30BaHHBIN anTOpUTM BbIBOZA (OPMYIT MIPUMEHUM K MOUCKY BBIPAXKEHUS IS
ycuHs B JIFOOOM M3 ctepkHeld depmbl. Ha mpakTuke ske TpeOyeTcs 3HaTh YCHUIUS B
HambOoJee cxaToM U Haubosee pacTsHyToMm crepkHe. llepBoe TpeOyercs s
MPOBEPKU YCTOMYMBOCTH, BTOPOE — IMPOYHOCTH Ha pa3pbiB. Ilo cpaBHeHHIO C
BBIBOJIOM (OPMYJIBI TPOTHOa Mporeaypa sl MOUCKa YCHUIINN 3HAYUTEIHHO TPOIIIE.
Jis  HopMmanbHOWM paboTsl  omepatopa rgf findrecur TpeOyeTcst  aHaIu3
MOCIIEZIOBATETFHOCTA KOA((DUIIMEHTOB MEHBIICH UIMHBI, TPOIe U (POpMymbl Is
WUCKOMBIX yCWIWH. BprumcnmM ycwius B JBYX COCETHHX CTEPKHAX B CEpeIrHe
HIDKHETO Tosica ¢ HoMepamu n+1 u nt2 (puc. 2) U B ABYX CTEPXKHSX B CEpeUHE
BepxHero mnosica ¢ Homepamu 3n+1 u 3n+2. B cummerpuuHoit dhepme, T1ie cepearHa
MpoJIeTa OMPEAENAETCS OJHO3HAYHO, MTOCTATOYHO OBLIO OBl HMCCIEA0BATH TOJBKO

OIWH CTCPIKCHD. I/IHI[YKL[I/ISI 110 BOCbMHU (I)epMaM AacT CICAYOIUEC PC3YJIIbTAThI:
S . =Pn*+((-D)"+Dn—((=1)"=1)/2)a/h,
S, =P +(1=(=D)"n+((=1)"=1)/2)a/h,
S3ne1 = Spi2s
S3,0 =—P(m* + A+ (=D)")n—((=1)"+3)/2)a/h,n=2,3,....
Kax u poru0, ycunus conmepxat "muraromue" cimaraembie (—1)", co3maromue

3aBUCUMOCTD PEIICHUs OT YETHOCTH YHMCia MaHesel (M3J10Mbl Ha puc. 3, 4).

Conclusions



A scheme of a statically definable truss with four external links is proposed.
The design has an asymmetrical arrangement of supports. A fairly compact, accurate
formula for deflecting a truss is obtained and analyzed for a given load on the upper
belt with an arbitrary number of panels. Derived formulas for effort in the most
compressed and stretched rods of the farm. The effect of the parity of the number of
panels on the results found is found. A review of the papers using this method of
induction to derive analytical expressions for the deflection is contained in [6-8].
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