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klmnopqo rlsptu vwxxoyoz{wtl|zso }ytpzozwo~ �tvtnt ks�w~ zor�t�wl|zsr�|~
srs�qo �sn�w~ ������or�t�wl|zsr�| �ys{orrt voxsy�wysptzw�~�ywpsv��t� � pq�}nwptzwm �ysvsl|�zs r�t�q� r�oy�zo� ��� w s�slsno� ��~ �� w� yosls�wnor�w� �t�oywtlsp �ys�pl�o�r�
�yw vsr�w�ozww ������ ����  ¡¢�¢£¤¡�¥ ¦¢§¢�¨~ �sr�tplozzs� vl� ps��}�ozzs�s
�ys{orrt© ªsvolwysptzwo «�s�s �plozw� wr�sl|�}o�r� �t��o �yw tztlw�o �ys{or�rsp s�yt�s��w �t�oywtlsp �¬~ ­~ ®�© �or�t�wl|zsr�| zt�lmvto�r� w p ytr�yovolozww
zt�y��ozw� p �lsr�s� �tvtno �osyww }�y}�sr�w zosvzsysvzs�s �olt � �̄~ w �yw ytr��o�tzww �ltr�wnor�s�s �t�oywtlt �sv vtplozwo� ��t��t �°�©�tlwnwo �t�w� �sno�~ t �t��o w� rps�r�pt~ �s�zs �ysvo�szr�ywyspt�| zt �yw��oyo vwxxoyoz{wtl|zs�s }ytpzozw� �oyps�s �sy�v�t �±~ �²�©³trr�s�yw� vwxxoyoz{wtl|zso }ytpzozwo ����

u̇+ g(t)u = 0, ´�µ
�vo g(t) w u(t) ¶ vwxxoyoz{wy}o�qo vsr�t�snzso nwrls yt� x}z�{ww© ·sr�tpw�
s�s��ozzso ztntl|zso }rlspwo

u(k)(t0) = Uk, ´�µ
�vo �t� w �yo�vo poy�zw� wzvo�r p r�s��t� s�ztnto� �ysw�psvz}m �s t rss�po�r�p}�m�o�s �sy�v�t~ Uk ¶ �sr�s�zzt� �́tvtzzt�µ polwnwzt© kltrrwnor�t� �tvtnt ks�w
r�tpw�r� �yw k = 0 ¶ �tvto�r� ztntl|zso �ztnozwo rt�s� x}z�{ww© ¸rs�s� �sn�s�
�sy�v�t N �tvtnw ks�w ´�¹�µ �}vo� zt�qpt�| �ztnozwo t = τN

~ orlw �yw
t → τN , u(N)(t0) = UN , u(i)(t0) → ∞, i 6= N.

ºt�w� s�yt�s� p rt�s� srs�s� �sn�o �sr�tzsp�t s�s��ozzs� �tvtnw ks�w r
rss�po�r�p}m�w� �sy�v�s� �ysw�psvzs� p ztntl|zs� }rlspww zops��s�zt~ t �yw
�yw�lw�ozww ztntl|zs�s �s�oz�t t0 � srs�s� �sn�o zos��svw�so ztntl|zso �ztnozwo
x}z�{ww ytr�o� w p �yovolo r�yo�w�r� � �or�szonzsr�w©»os�o�ywnor�w� r�qrl s�s��ozzs� �tvtnw ks�w �roz© ¼rlw p �ltrrwnor�s� �tvt�no ks�w pq�wyto�r� wz�o�ytl|zt� �ywpt�~ �ys�sv��t� ½p z}�zs� �or�o p z}�zso
pyo��¾~ �s p s�s��ozzs� �tvtno ks�w w� pro� wz�o�ytl|zq� �ywpq�~ �oyoro�tm�w�
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�y��}m t = t0
~ �yo�}o�r� pq�yt�| �}~ �s�syt� }vsplo�psy�o� }rlspwm ´�µ© ¿ ntr��zsr�w~ �yw �tvtzzs� r�sysr�w~ z}�zs �svs�yt�| �ywp}m~ �oyoro�tm�}m �y��}m

t = t0
�sv z}�zq� }�ls�© ¸�rmvt �sz��oz w r�qrl srs�s� �sn�w ¶ orlw syvwzt�t

�oyoronozw� wz�o�ytl|zs� �ywps� r �y��s� t = t0
r�yo�w�r� � �or�szonzsr�w~ �©o©

xt��wnor�w �t�s� �ywps� zo r}�or�p}o�~ �s «�t �sn�t ¶ srs�t�©�t�vo� x}z�{ww~ �tvtm�wo srs�qo �sn�w© Àz�o�ytl|zt� �ywpt� �ltrrwnor�s�
�tvtnw ks�w w�oo� pwv

u(t) = U0e
−J , J =

∫
gdt. ´�µ

Áwxxoyoz{wy}� ´�µ �s pyo�ozw t ~ �sl}nw� �srlovspt�ol|zs
u̇ = −U0 g e

−J ,

ü = U0 (g
2 − ġ) e−J ,

u(3) = −U0 (g
3 − 3gġ + g̈) e−J ,

...

´¬µ

�vo x}z�{ww Bk
~ k = 1, 2... w�om� pwv

B1 = g,

B2 = g2 − ġ,

B3 = g3 − 3gġ + g̈,

B4 = g4 − 6g2ġ + 3ġ2 + 4gg̈ − g(3),

....

´­µ

¿ s��o� rl}nto
u(k) = (−1)kU0 Bk e

−J . ´®µÂ�ytpovlwps vwxxoyoz{wtl|zs�yo�}yyoz�zso rss�zs�ozwo
Bk+1 = gBk − Ḃk, k = 1, 2, ... ´¯µ

¼rlw �tvtzt ztntl|zt� �ysw�psvzt� �sy�v�t N ~ �s
u(N)(t0) = (−1)NU0 BN e−J . ´°µ

Ãztls�wnzs~ orlw �tvtzt ztntl|zt� �ysw�psvzt� �sy�v�t k ~ �s
u(k)(t0) = (−1)kU0 Bk e

−J . ´±µ
Àr�lmnt� U0

w� ´°µ w ´±µ~ �sl}nw�

u(k)(t0) = (−1)k−NUN

Bk

BN

. ´�²µ

Äztnozwo u(k)(t0)
r�yo�w�r� � �or�szonzsr�w �yw t → τN

~ �vo τN ¶ z}lw x}z�{ww
BN (t)© Âlovspt�ol|zs~ srs�qo �sn�w s�yovol�m�r� �t� �syzw }ytpzozw� BN = 0 ©
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·yos�yt�}o� ´¯µ© ¿povo� �t�oz} g(t) = −ṙ(t)/r(t) wlw r(t) = e−J © À� ´¯µ rlov}o�

r Bk = −

Å
Å
t
(rBk−1). ´��µ

³o�}yrwpzso s�yt�ozwo � «�s�} rss�zs�ozwm vto�

r Bk = −

Å
Å
t
(rBk−1) =

d2

dt2
(rBk−2) = ... = (−1)j

dj

dtj
(rBk−j).

·ywzw�t� B0 = 1 ~ �sl}nw� s�rmvt �yw j = k xsy�}l} ³svyw�t ����

Bk(t) = (−1)keJ
dk

dtk
e−J . ´��µ

¼r�| w vy}�s� r�srs� �sl}nozw� x}z�{w� Bk(t)
~ z}lw �s�syq� s�yovol�m� srs��qo �sn�w© ·yw wrrlovsptzww zor�t�wl|zsr�w �ysvsl|zs r�t�q� yosls�wnor�w� r�oy��zo� ��� �ql wr�sl|�sptz w�ozzs «�s� r�srs�©

·srlovspt�ol|zs vwxxoyoz{wy}� ´�µ k − 1 yt�~ �sl}nw� zt srzspo xsy�}lqÆo��zw{t rlov}m�}m rwr�o�}
ug + u̇ = 0,

uġ + u̇g + ü = 0,

ug̈ + 2u̇ġ + gü+ u(3) = 0,

...

ug(k−1) + (k − 1)u̇g(k−2) + ...Ck−1
i u(i)g(k−1−i) + ...+ u(k) = 0.

´��µ

¼rlw s�zor�w pqr�}m �ysw�psvz}m x}z�{ww u(k) p �ytp}m ntr�|~ �s s�yovolw��ol| �t�yw{q
M

�sl}nozzs� rwr�o�q
MŪ = V̄

rsp�tvo� r x}z�{wo� Bk

detM = Bk.

¿ �tpwrw�sr�w s� x}z�{ww g(t) w� �slwzs�sp BN
rlov}m� yt�lwnzqo w�por��zqo sy�s�sztl|zqo �zs�snlozq ����© ¿ ntr�zsr�w~ �yw g = 2t �sl}nto� �slwzs�qÇy�w�t©
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Þ� �ý¢�¡�¡ � �Þ�Þ� �ý¢�¡�¡ � �Þ�Þ Â�t�wl|zsr�| �o�zsls�wno�r�s� rwr�o�q �yw �snozww �slw�oyzq� �t�oywtlsp õõ À�por�w� ¸ylspr�s�s
�sr}vtyr�pozzs�s �o�zwnor�s�s }zwpoyrw�o�t© Âoyw�u�}zvt�oz�tl|zqo w �yw��ltvzqo �ys�lo�q �o�zw�w w �o�zsls�ww~ �²²°©� ��¯© ó© �¬ ¹ ��©

�­� �ý¢�¡�¡ � �Þ�Þ� û�� �Þ�Þ� �ü�¡ �ý �Þ
Þ� �£�¥¡¨  �Þ�Þ� �¢ü¨£�ý þÞ
Þ
ªo�svsls�w� r�y}��}yzs��tyt�o�ywnor�s�s rwz�o�t �o�tllsyo�}�w� rwr�o�©ks�rs�sl|r��zt�Ã�}you ks�rs�sl|r�w��zt�Ã�}yo �sr}vtyr�pozzq� �o�zwno�r�w� }zwpoyrw�o�~ �²�­© �°� r©
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Þ� �ý¢�¡�¡ � �Þ�Þ� �¨ �Þ� �¢ýü¨£�ý¢ �Þ ¸�yt�s��t �slw�oyzq�
�t�oywtlsp yo�tzwo� zt srzspo s�or�onozw� r�t�wl|zsr�w �o�zsls�wnor�s� rw�r�o�q w �yovptyw�ol|zq� pzo�zw� ps�vo�r�pw� zt �t�s�sp�w© ¿ltvwpsr�s�uÁtl|zt}�t~ �²��© �¯² r©

� �̄ û ü̈�¢¡�ý þÞÿÞ �or�t�wl|zsr�| ytr�yovolozw� zt�y��ozw� p �lsr�s� �tvtno
�osyww }�y}�sr�w zosvzsysvzs�s �olt õõ ·ªº�© �²��©��© Â© �®® ¹ �®±©

�°� û ü̈�¢¡�ý þÞÿÞ� ��£¤�ý¢ �Þ�Þ� ��§�ü�ý¢ þÞ�Þ �or�t�wl|zsr�| yo�ozw� }ytp�zozw� �tvtnw s ytr�o�tzww �ltr�wnor�s�s �t�oywtltõõ ºy}vq ytr�wyozzs�s
zt}nzs�s ro�wztyt �s �ys�lo�t� x}zvt�oz�tl|zs� �o�tzw�w p �osyww s�yt��s��w vtplozwo�© ¶ ª©~ ª»º� ½ªÃªÀ¾~ �²²°© Â© �°� ¹ �°­©

�±� û ü̈�¢¡�ý þÞÿÞ ¸�yovolozwo~ rps�r�pt w �ywls�ozw� svzs�s zolwzo�zs�s vwx�xoyoz{wtl|zs�s s�oyt�sytõõ ¿or�zw� º»»·� ¬´��µ �²�²© ó© ¬� ¹ ¬°©
��²� û ü̈�¢¡�ý þÞÿÞ ºsn�w zor�t�wl|zsr�w vwxxoyoz{wtl|zs�s }ytpzozw�õõ ¿or��zw� �»·�© ªo�tzw�t �yovol|zs�s rsr�s�zw�© �²�²© �´°µ© Â© �±� ¹ �±¯©
���� û ü̈�¢¡�ý þÞÿÞ ªt�o�t�wnor�wo srzspq zo�s�syq� �tvtn �o�tzw�w õõ À�p©

¿�Äsp~ Â�ysw�ol|r�ps© �±±®©�®© Â© �± ¹ ¬¬©
���� ����¨¡ �ÞûÞ kltrrwnor�wo sy�s�sztl|zqo �zs�snlozq© ª©u �t}�t~ �±¯±© ¬�®
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