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IIpenucaosue

Teopust rpahoB — OfMH U3 pa3/e/ioB COBPEMEHHOH MaTeMaTHKU, HMEI0-
UH 6oJblioe MpUKJIafHOe 3HadeHUe. [Ipo6ieMbl ONTHMHU3ALKN TEINOBLIX,
ra3oBbIX M 3JEKTPHUUECKHUX CEeTel, BOMPOCH COBEPLIEHCTBOBAHUS aJITOPHUT-
MOB M CO3JaHHE HOBBIX XHMHMYECKHX COEIHHEHHH CBfi3aHbl ¢ (pyHIAMEH-
TaJbHBIMM CBOHCTBAMHM TaKMX aOCTPAaKTHBIX MaTeMaTHYeCKHX OOBEKTOB,
Kak rpadul. [losnroe BpeMs 3amauu TeopuH rpacoB pelIasuch BPyUHYIO, C
NOsIBJIEHUEeM KOMIbIOTEPOB MOSIBU/IACh BOBMOXKHOCTb HAMUCAHHUS CIIELHAJb-
HBEIX TIPOTPaMM Ha aJrOPUTMHUECKUX si3bikax. [lo3nHee MOSIBUIMCH MAKETHI
aHaJIUTUYeCKUX Bbluuciaenud Mathematica, MATLAB [9], Mathcad [26]
1 Maple [8], mosBossiiolIre BHIONHITL aHAIUTHYECKHE CHMBOJIbHBIE IIpe-
o6pasoBanus. [las pelieHus 3anady, 00bEKTaAMH KOTOPHIX SBJSIOTCS rpadl,
3TH TNaKeTbl MPOCTO He3aMeHHWMBl. B cucreme Maple ectpb emle u crenua-
JIU3UpOBaHHas OMO/IHOTEKa networks, coCTaBJeHHAsl U3 OMEPaTOPOB IJis
pabotel ¢ rpadamu. Takux ornepatopoB HeMHOro — Bcero 66, W YucIO
310 B Maple He MeHseTcs oT Bepcuu K Bepcuu . [losBusach mpoGiema
— onucarb NakeT networks M AaTh NPUMepbl pellieHUs 3afad C ero
nomolblo. PemeHnio 3To# mpob/eMbl U MOCBsLEeHA TaHHAS KHUTA.

B nepBoii yacTH KHUTH DaHbl CBeEHHUS] U3 TEOPHUH U pelleHHs] HEKOTOPBIX
OCHOBHBIX 3a7a4 Teopud rpados. Bo BTOpo# uacTu comepxkatcs roTOBble
NporpaMMbl, pa3paboTaHHBIE aBTOPOM Kak C TpPHUBJEYEHHEM OINEPAaTOPOB U
KOMaH[ NakeTa networks, Tak U pelleHHble HE3aBUCHUMBIM 06pa3oM Ha
s3blke Maple. B cBfi3u ¢ ynomMHHaHHEM si3blKa TPEACTABJEHUS MPOrpaMM
cJenyeT yIOeJuTb HEMHOTO BHUMaHHUsl 6ubauorpaduyeckomy o063opy. Heso
B TOM, UTO BO MHOTMX KHHMraxX M yueOHHKax MO NUCKPETHOH MaTeMaTHKe
IaHbl TeKCThl nporpamMMm. OnHako MosiBUJIACh TEHAEHLHMS MedyaTaTb X Ha
HEKOTOPOM MepPTBOM YCJIOBHOM si3biKe, MoxoxkeM Ha Pascal. K coxasnenuto,
O4YeHb YacTO TaKHe MpPOrpaMMbl IJIOXO UYHTAKOTCS, TaK KakK HEKOTOpble
«KOMaHJIbl» TOHSITHBI TOJIBKO JJIsl TIOCBSILIEHHBIX (OOBIYHO 3TO aBTOP KHHU-
ru). [IpusTHEIM MCKIOUeHHeM siBJsitoTcs KHura 3y6osa B.C., IlleBuenko
W.B. [11] u otuactu kuura HMeanosa b.H. [13]. Kuur ¢ nporpammamu mo
NUCKPEeTHOH MaTeMaTHKe Ha si3bike Maple Het, W, BEpOSTHO, 3TO HU3INAHHE
SIBJISIETCS TIEPBBIM.

"Ha 2006 rox nocsennss sepcus — Maple 10.
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B kHHre omucaHBl MOUTH BCe KOMAaHAbl U TPOLENypHl MaKeTa TEOpPHUU
rpadoB networks. MckJioueHue coCTaBAsOT TOIbKO BEPOSITHOCTHBIE 3a-
naud Ha rpagax. Kpome toro, no6aBsieHEl HEKOTOpPbIE HOBble COOCTBEHHbIE
npolienypel. B yacTHOCTH, BBeleHa Mpouenypa pucoBaHusi oprpada. I[lpu
BEIOOpe CTHJIS NPOrPAaMMHUPOBAHUS aBTOP NOOHBAJCS SICHOCTH H3JIOXKEHHS
aJrOpUTMa, HHOrJA faxke B yliepd KPaTKOCTH U CKOPOCTH paboThl Mporpam-
Mbl. CoBepllIeHCTBOBaHHME MPOrpaMM MpefJaraeTcs YdUTaTesasM, TeM GoJee,
YTO NaHHAsg KHHATa — y4yeOHHK, a YyUHUThCS JIydlle BCEro, MporpaMMHpYs
caMoMy M y6expaasicb, 4YTO «Mosi mporpamma Jayudiiels. 2Kenaem yutarensm
ycnexoB B 3Tom!

Aprop 6naronaput crynentos MOU(TY) Anekcannposa B.A., YnesiHo-
Ba P.B. u Cytanosa A.B. 3a nporpamms 15, 16, 19, 20, 28 u 32 c6opHuka u
cryneHTky ¥Yol'yY AradonoBy A.A. 3a TecTHpOBaHHe ¥ HalIeHHbIE OMIMOKH
B nporpamme 27.

ApXHUB BCeX TEKCTOB MPOrPaMM U3 KHHUTH MOXHO B3sITh Ha caiiTe aBTOpa
http://vuz.exponenta.ru.

ABTop Oymer OsarogapeH BCeM, KTO MPHIIJIET CBOH 3aMeyaHHs o
kHure 1o agpecy mpei2004@yandex.ru.



[naBal

HEOPUEHTHUPOBAHHBIE I'PA®DbI

OcHoeHble onpenenenns. [pag G(V, E) — COBOKyNHOCTb ABYX MHO-
JKeCTB: BepliuH V' 1 peGep E, MexXAy KOTOPbIMH OMNpeJeseHO OTHOLIEeHHE
WHUKAeHTHOCTH. Kaxnoe pe6po e u3 F UHUUAEHTHO POBHO ABYM BepIIH-
HaMm, v’ u v”, KoTopele OHO coenuusieT. [Ipu 3TOM BepiuuHa v u pebpo e
Ha3bIBAIOTCS UHYUOCHMHbLMY NPYT APYTY, a BeplIKHbl v’ U v” HasblBarOTCS
cmencHoimy. acro mumyT v, v w3 G u e uz G. [lpunsito o6osHaueHue
n JJIs 4Mcaa BeplinH rpada (MouHocTs MHOXKecTBa V): |[V(G)| =n, u m
175t yucqa ero pedep: |E(G)| = m. ToBopsr, uto rpap G ectb (n,m) rpad,
roe n — nopsdok rpada, m — pasmep rpada.

Ecau Bce pebpa (v1,v2) Tpada HeOPHEHTUPOBAHHEIE, T.€. Maphbl BEPILIHH,
omnpeneJiloLINe 3JeMeHThl MHOXKecTBa FE, HeymopsiioueHbl, TO Tako# rpag
Ha3blBaeTCsl HEOPUEHTHPOBAHHBIM IpaoM, UM Heoepapom.

Mapuwpym — mnocjenoBaTesbHOCTb pebep, B KOTOPOH KaxKIble [Ba
cocelHUX peOpa MUMeloT OOLLYI0 BepILIHHY.

MapuipyT B Heorpage, B KOTOPOM Bce pedpa pasHble, — uerns.

I'pad csa3en, ecau Jawobble OBe BepIIMHBI COEAMHEHBl XOTS Obl ONHUM
MapupyToM. Hucso pebep MaplipyTa onpeiesseT ero IJIHHY.

Llenb B rpade HaswiBaeTcss noAyaiiseposoii (UepoBoit), ecau oHa
CONIepKHUT Bce pebpa U BCe BepLIMHBI rpada.

Pe6pa, HHLMIEHTHbIE OfHOH Nape BepILUMH, Ha3blBAIOTCS MapaJlJiesibHbl-
MU UJIH KPAMHbIMU.

I'pach ¢ KpaTHBIMM pebpaMy Ha3bIBAeTCS MYAbMUSPAPOM.

Pe6po (v,v) HasbiBaeTcss nemseti (KOHLEBble BEpLIMHBI COBMAIAIOT).
I'pad, comepxkaiuit metnu (1 KpaTHble pebpa), HasbIBaeTCst nces00epadom.

Cmenenv deg(v) BeplIHHb — 4nCII0 pebep, HHUUAEHTHBIX v. B Heoepa-
e cymma cmeneneti 8cex sepulur pasna yosoenHomy uucay pebep (nem-
Ma 0 PYKOMOXKaTHSIX):

Z deg(v,) =2m.
i=1

[Tetns naer BKJIaA, paBHBIH 2, B CTENEHb BepLIHHBL.

Cmenennas nocaedosamesbHocmy — I0CJE0BaTeNbHOCTb CTeNeHel
BCeX BeplLIMH rpada, 3anucaHHas B ompeleseHHOM mopsigke (mo Bospac-
TaHUIO WK YOBIBAHHUIO).

Mampuua cmexncrocmu rpadpa — KBaaparHass Matpuua A nopsaka n,
TZie 3JEMEHT a;; PaBeH 4Mucay pebep, COEIMHSIOIMX BEPIUMHEL § H j.
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C rpacoM cBA3BIBAIOT TaKKe MaTpULly uryudenmrocmu I. Hucno cTpok
3TOH MaTpULBl PaBHO YHCJY BeplIHH, YMCJO CTOJNOLOB — 4YHCIy pebep;
iye = 1, €CJIM BeplIMHA v UHLUUIEHTHA pebpy e; B NIPOTHUBHOM CJyUYae i, =
= 0. B kaxnom crosi6lie MaTpUlbl HHUHUIEHTHOCTH MpocToro rpada (6es
netesib U 6e3 KpaTHbIX pebep) COMePKHUTCS MO [Be eAUHHLBL. UHCI0 eTUHHUIL
B CTPOKE paBHO CTelleHH COOTBETCTBYIOLIEH BEpPLIMHBI.

I'padp H(V4, Eq) HaseiBaetcs nodepagom rpada G(V, E), ecin V1 CV,
E; CFE. Ecmu V3 =V, To noarpacg Ha3blBaeTCsl OCIMOBHbIM.

Komnonenma cessnocmu rpada — MaKCHUMasbHBIH MO BKJIOYEHHIO
BEPLIMH U pebep CBA3HBIN MOArpad.

Pane rpada v* =n — k, roie kK — 4UCJI0 KOMIIOHEHT CBSI3HOCTH L

Jlepeso — cBsaAsHBIH rpad, comepKaiuii n — 1 pebpo 2.

1.1. Pagnyc u guamerp rpaca. JiiepoBa Lemnb

BbluuciieHHe pacCTOsTHUM U OTIpeliesieHHe MapIIpyToB B Tpade ABJAAIOTCSA
OHOHM M3 HauboJsiee OUEBUIOHBIX U MPAaKTUYHBIX 3ajgau Ha rpage. C onHoH
M3 TAaKMX 3aad Hadajgach TeopHs rpados °.

BBenem HekoTOpble HEOOXOAUMBIE ONpeNeNeHHSs.

IKcuenmpucumem BepIIMHbl rpada — paccTosHHE N0 MaKCHMaJbHO
yIaJeHHOH OT Hee BepIIHHEL.

Paduyc rpada — MUHUMaJbHBIA SKCLIEHTPUCHUTET BEpILUUH, a duamemp
rpada — MaKCUMaJbHbIH SKCUEHTPUCHTET BEPLIMH.

Llenmp rpaca 06pasy0T BepLUHHBl, Y KOTOPBIX IKCLEHTPUCUTET paBeH
panuycy. LleHTp rpada MoxeT cOCTOATh W3 ONHOH, HECKOJNBKHUX MJIH BCEX
BepILHXH rpada.

Tlepugeputinbie BepUIMHBI UMEIOT SKCUEHTPUCHTET, PABHBIH THAMETPY.

[Tpocrass uenb ¢ nAWHOH, paBHOH AuameTpy rpada, Ha3blBaeTcsi dua-
MempanvHol.

Teopema 1. B cssasrnom epage duamemp He Goabuie parea eco mam-
PULbL CMEHHOCTU.

Teopema 2 (XKopnana *). Kascdoe depeso umeem uenmp, cocmosujuii
U3 00HOU UAU 08YX CMEHCHbLX BEPULUH.

Teopema 3. Ecau duamemp depesa uemnuoiii, mo depeso umeem eOuH-
CMBEHHbLL YeHmp U 8Ce OuamempanbHble yenu npoxodam uepes Heeo,
ecau duamemp HeuemHwlil, Mo yeHmpos 08a u 8ce ouamempanvHvle yenu
codepacam pebpo, ux coedurnsrouiee.

'Besnunna v* = n — k HasbiBaeTCs TakxkKe KOLHKIHYECKHM paHroM rpada [10].
Yacro paHr rpada cBA3bIBaeTCsl C PAaHTOM MaTpHLbl cMexHOCTH (rank G = rank A).
DyneM mpuaepKuBaThCs TEPMHUHOJOTHH, NpUHsTON B Maple: rank G = v* =n — k.

*TToxpo6uee cm. c. 40.

33apaua JI. diinepa o kenurcoeprekux mocrax (1736 r.) [30].

*Jordan C.
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OueBuOHO TpaKTHYecKoe 3HadyeHHe LeHTpa rpada. Ecau, Hampumep,
pedb UIeT o rpade AOPOr ¢ BepLIMHAMU-TOPOLAMH, TO B MaTeMaTHUECKOM
LeHTpe Leaecoo0pasHo pa3MellaTh aIMUHUCTPATUBHBIH LEHTpP, CKJIaICKHe
nomerenust ¥ T.0. | B 1aHHOH 3ajaue paccTOsiHMe OLeHMBAeTCs B uMc/e
pebep. DTOT Ke aJrOPUTM MOXKHO MPUMEHSITb U AJsl B3BELIEHHOro rpaga,
rIe paccTosiHUSL — 3TO Beca pebep. B KavecTBe Beca MOXKHO O6paTh €BKJU-
JIOBBI PacCTOSTHUSA (1711 e8KAu008bLx TPahoB C BepLUIMHAMH, SBJSIOIIHMHUCS
TOYKaMH Ha TJIOCKOCTH HJH B MPOCTPAHCTBE), BPEMsl HJIH CTOUMOCTD Mepe-
NBH2KEHUS] MEXAY MyHKTaMHU. 1151 HeCBSA3HBIX IpadoB B YKA3aHHOM CMbIC/Ie
LIeHTp He oIpejenseTcs.

s poBepKH CyILIeCTBOBAHHS 3U/IePOBOH LIEMH HCIOJb3YETCs U3BECT-
Hasi TeopeMa.

Teopema 4 (Ditnepa ). Myaromuepag obradaem aiisreposoti yenvro
moeda 1 moAabko mozda, kK020a OHM C8A3€H U HUCAO 8EPUIUH HeuemHol
cmenenu pasro 0 uaru 2.

BepiunHbl HeueTHOH CTeNeHH B 3TOH TeopeMe, OUEBHIHO, SIBJSIOTCH
HayajoM W KOHLOM LeNd. Ecju TakWx BepLIMH HET, TO 3{jepoBa Lelb
CTaHOBHUTCH 3liseposoim yukaiom. I'pad, obaanaromui si1epoBbIM LHKJIOM,
HasblBaeTCsl alAeposuim. 3aMETHM, UTO B 3aJa4e O KeHUIcOeprcKMX MocTax
PasbICKUBAJICSl HMEHHO 3HJ/1epoB LIMKJ — [0 YCJO0BHIO TpeGOoBajoCch NPOUTH
no BceM cemMH MocTaM ropoaa KenurcGepra ® uepes peky Ilperosb mo
OLIHOMY pa3y W BEPHYTbCS K MCXOIHOH TOYKE.

Hapsiny ¢ siiiepoBbivu unkiaamu [30] npencTaBasiioT UHTepeC TaMUJIb-
TOHOBBl LMKJBl — TMPOCTble LHUKJB, NPOXOAsLINE Uepe3 BCe BePIUHHBI
rpada *.

Samaua. Ha#itu paguyc r, muamerp d u uentp rpada (puc. 1.1).
[IpoBepuTb Hamuuyue 3NUAEPOBON LEMNH.

a 6 8

5 4 5 4

Puc. 1.1

'"Kupcarnos M.H. MaremaTHuecKHii LeHTp MOCKOBCKoro metpo //Exponenta Pro.
Maremaruka B npunoxenusx. 2004. Ne4(4).

2Euler L.

3Ceituac 370 r. Kanunuurpas.

*Tlonpo6ree cm. c. 80.
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e 0 e

6 3 6 3

Hc

1 1 1
7 2 7 2 7 2
6 3
5 4 5 4 5 4
3 u
1 1 1
7 2 7 2 7 2
6 3 6 3 6 3
5 4 5 4 5 4

Puc. 1.1 (mpomoskeHue)

OrBerHl
r|d LeHTp diineposa 1emnb
a 2|4 3 Het
6213 1, 3,4 Ectb
B |24 5 Hert
r|21211,2,3,4,5,6,7 Ectb
nl2|3 2,3, 6 Her
e |2]1211,2 3,4,5,6,7 Her
X |23 1,2,3, 4,7 Her
3123 2,5, 6 Hert
u|3|13|1,23,4,5,6,7 Ectb

[Tpumep. Hdau Heorpad (puc. 1.2). Hafitu paguyc, nuamerp U LEHTp
rpaga. IlpoBepuTh HanM4YHe 3HIEPOBOH LETH.

1

Pemenwue. Paguyc u nuamerp (cmoco6 1).
Haxonst uenu HauMeHble# MJMHbBI, BBIUKC-
JIUM DACCTOSIHUSI MeXJy BepludHamu. Pe-
3yJIbTAaThl 3aHECEM B MAaTpHUILy PaCcCTOSHHH.
Jlast Heorpada 3Ta MaTpHila CHMMETPUYHAS.

Puc. 1.2
Jns coxkpalleHrst BBIUMCAEHUH HAXOAWM 3JIeMEHTHI TOJIOBUHBEI MaTPHLLbI,
3aroJIHSS APYTYIO MOJOBUHY U3 YCJIOBHUS CUMMETDPHUH:
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(1.1)

nn

|
NN wW— O
—_—— N O =
— = oMW
—_—O = = N
O = = = N

BblunciisieM 5KCLEHTPUCUTET € KaXKJI0H BEPLIMHBL. DTY BeJHUHHY MOXKHO
ONpefiesIsiTh KaK MaKCHMaJIbHBIH 3JIeMEHT COOTBETCTBYIOLLEr0 CTOIOLA (HJIH
CTPOKH) MaTpHLEl paccTossHu#. [Tosmydyaem

Ne

Ul W N —
RN WN W | O™

Panuyc rpada r — MUHUMAaJNbHBIA SKCLIEHTPUCUTET BepIIMH. B 1aHHOM
cayudae r = 2. Takoél 3KCUEHTPUCUTET UMetoT BepiuHbl Ne 2, Ne 4 u Ne 5.
OTH BepIIHHB 00pa3yioT LUeHTP rpaca. Juamerp rpada d — MakcHMa bHBINA
9KCLEHTPUCHUTET BeplluH. B naHHOM cayyae d = 3. Takoll 3KCLEHTpPHUCUTET
uMetoT BepiiuHbl Ne 1 u Ne 3; 310 mepudpepus rpada. B uccienoBanHoM
rpae BeplIHHBl OKa3aJUCh JUOO LEHTPAJbHBIMU, JHUO0 NepudepUiHbIMU.
B rpadax Gosbluero nopsiika cyuecTByOT U Apyrue BepLIMHBL.

AddexTuBHbIA anroput™ Yopinosana u Pyolina nJs onpeneseHus Kpat-
YaHIIuX NMyTed MeXIy BCeMH NapaMM BepUIMH rpacda, pealH30BaHHBIH B
Maple, npuBeneH Ha c. 94.

Panuyc u nuamerp (crmoco6 2). DKCUEHTPUCHTETH BEPIIMH HEGOJBIIOTO
rpada J1erko BbIYMCJSATh HEMOCPeACTBEHHBIM [IOACUETOM [0 PUCYHKY. OnHa-
KO He Bcerja rpad 3afiaH CBoUM pucyHkoM. Kpome Toro, rpad MoxkeT UMeThb
6osblod pasmep. [loaTomy HeobxomuM ApPYroH cnoco® pelieHHs 3anaud.
H3sBecTHa cienyolias Teopema.

Teopema 5. [Tycmo A = {«;;} — mampuya cmexcrocmu epaga G 6e3
nemeav u A¥ = {B;;}, ede k € N. Toeda [3;; pasno uucry mapupymos
Oaunbl k om sepuiunsl v; K 8epuiune v; .

Pelenne 3asau Teopuu rpadoB ¢ NOMOILBI Pa3/JHYHBIX NpeobpasoBa-
HUH MaTpHLbl CMEXHOCTH HasblBaloT ajnrebpandyeckuM MertonoM. Kak mpa-
BUJIO, ajreOpanyeckve MeTOAbl rosATcs AJs rpadoB HeGOJbLIOTO NOpsaKa
U 0COOEHHO YHOOHBI [/151 NPUMEHEeHHUs MaKeTOB CHMBOJBHOTO BbIUHCJEHHS
WUJIM KOMIIBIOTEPHBIX CHCTEM CO BCTPOEHHBIMH MaTPUUHBIMH aJrOpUTMaMH.

'Takue MapwpyThl 4acTo Ha3bIBAIOT (Vj, V;)-MapLIPyTAMH.
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[TocTpouM MaTpully CMeXHOCTH rpada:

01 0 0 O
1 0 0 1 1
A=/0 0 0 1 1
01 1 0 1
01 1 1 O

Bynem 3anosiHATb MaTpully paccTOsIHUH, paccMaTpuBasi CTeleHH MaTpHLbl
CMeXXHOCTH '. B nepBoM NpUO/IHIKEHMH eIHHHIbI MaTPHIbl CMeXHOCTH
MOKa3bIBAIOT Mapbl BepLIHH, PacCTOSHHE MeXIy KOTOpbIMH paBHO 1 (T.e.
OHU COE€JIMHEHB! OJIHUM PebpoM):

o1 - - -
1 0 - 1 1
Sy=|- - 0 1 1
-1 1 0 1
- 1 1 O
JlnaroHasnbHble 3/€MeHThl MaTpHLbl PAaCCTOSSHUH — HYJH. YMHOXaeM
MaTpHIly CMeKHOCTH Ha cebs:
1 0 0 1 1
0 3 2 1 1
A2=10 2 2 1 1
1 1 1 3 2
1 1 1 2 3

CoryiacHO TeopeMe MeXny BepiiMHamud 2 U 3, | U 4 U T. 1. UMeeTcs
HEKOTOPOE YHCJIO0 MapUIPYTOB JIJIMHON 2 (MOCKONBKY CTeNeHb MaTpPHLBl 2).
Uucso MapuipyToB 3leCh He HCMOJb3yeTcsl, BaxKeH caM (akT HaJudus
MapLIpyTa U ero AJHHA, Ha YTO M yKAa3biBAaeT HEHYJNEeBOH 3JileMeHT CTeleHH
MaTpHLBl, He COBMAJAIOUIUH C 37€MEHTOM, OTMEeUeHHbIM PU BLIYHUCIEHUH
MapLipyTa MeHbliell mauHbl. [lpoctaBiaseM 2 B He3amoJiHeHHbIE JeMEHTbI
MaTpHUIBl PACCTOSHUH U MOJyuaeM Cjefyrollee MpUOJIKEHHE:

01 - 2 2
10 2 1 1
Spy=[- 2 0 1 1
2 1 1 0 1
2 1 1 1 0

OcTanoch HeU3BECTHBIM PaCCTOsIHME Mexy BepliMHamH 1 u 3. bynem ymno-
KaTb MaTPUILy CMEXXHOCTH A caMmy Ha ce6s 10 TeX Mop, noka B Matpuue A*

'Jlns BellecTBEHHO!H CHMMETPUUECKOi MATPHIBI A CIIPaBeNIMBO MpeACTaBJeHHe
A = B7'CB, rne C — nuaroHanbHas marpuua. Bo3BeneHue B cTeneHb NpPH 3TOM
ynpomaercsi: A¥ = B~'C*B. Iluaronans matpuus C' coBnafaer ¢ cO6CTBEHHBIMHU
yucaaMy MaTpuibl A (crektp rpaga).
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He TOSIBUTCS HEHYJEeBOH 3J€MeHT ai3. 10r4a COOTBETCTBYIOWIMH 3JeMEHT
MaTpHUIbl PACCTOSHUE (MM ee TPUOJHIKEHHST) PaBEH CTENeHH MaTPHIIBI
CMEXHOCTH: S1,3 = k. [lonyuaem

0 3 2 1 1
3 2 2 6 6
A3=12 2 2 5 5/,
1 6 5 4 5
1 6 5 5 4
CJIe0BATe/IBHO, S1,3 = 3, U OKOHYATeJbHO
O 1 3 2 2
1 0 2 1 1
Sz =13 2 0 1 1
2 1 1 0 1
2 1 1 1 O

[TosmydyeHHast MaTpuLa CoBrajaeT ¢ MaTpuued paccrosHudl S (1.1), Hafinen-
HOH HeNoCpeACTBEHHBIMH BbIYMCJAEHHUSMH [0 PUCYHKY.

Oitneposa uenb. [pad Ha puc. 1.2 cBsizeH. JlioOble 1Be Mmapbl BepLIUH
COe/IMHeHbl HEeNpepbBHOH INocjenoBaTe/bHOCThI0 pebep. Hatinem cremenu
Bepinnd rpada. Bepmuna Ne 1 umeer crenmenb 1 (el MHIMIEHTHO OAHO
pe6po), BepminHa Ne 3 — 2, ocTa/jibHble BepLIMHBl — CTeneHb 3. B naHHOM
caydae B rpade ueTblpe BepLIMHBl HeueTHOH ctemenu (Ne 1, 2, 4, 5).
CuienoBatesibHO, COTJIacHO TeopeMe 4, rpad 3iiJaepoBoil Lienbio He 06/aaaer,
T.e. HeT LleMH, Cofepxaulell Bce pebpa rpaga mno ogHoMy pasy.

PaccmoTpuM s cpaBHeHUsi Tpad, obganamiinil iaepoBoi uenbio. B
rpace Ha puc. 1.3 nBe BepiuHbl (Nel ¥ 3) HMEIOT HEUETHYIO CTENEHb — 3,
CJlefloBaTe/IbHO, 3HsepoBa Lenb ecTb. HalTu 3Ty uenb — apyras 3anaua.
Becnopsinounoe 6syxxpaHue mo rpady He pnaeT pesyabrata. bojee Toro,
Lerneil MoxkeT ObITh HecKoJbKO. Hampumep, nens 1-2-3-4-1-3 (puc. 1.4) u
enb 1-2-3-1-4-3 (puc. 1.5).

Puc. 1.3 Puc. 1.4 Puc. 1.5

OueHUTb YMCIO 3UJIEPOBBIX Liemeil MOXKHO, HCIOJb3Ysi CJAEACTBHE H3
TeopeMmbl 4. BBenem Heo6xonumoe ompeneseHue.

[oBopsAT, uTO pebepHO-HeMepeceKawllHecs LENU noxkpovieaom Tpad,
ecsii Kaxjaoe pebpo rpada BXxomuT B omHy u3 Hux [10].
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CaencrBue. B csasnom epagpe, codepxcauiem k eepuiun Heuem-
HOU CmeneHu, MUHUMAAbHOE HYUCAO NOKPbIBAOUUX ee0 pebepHo-
Henepecekaroujuxcs yeneil pasro k/2.

Ecnu BepunHbl rpaca ynoBJETBOPSIOT TeopeMe 4, TO MHOXKeCTBO I10-
KpbIBAOLIUX peGepHO-HelepeceKawluxes leneld COCTOUT U3 OJHOH — 3H-
JgepoBoii. B ToM uucse u nns k = 2 noJKHA CYLIeCTBOBAaThb OfiHA 3iJepoBa
1leNb, COENUHSIONIAs BEPUIMHLI C HEUETHBIMU cTeneHsiMu. ['pad Ha puc. 1.3
OTHOCHTCSl K 3TOMY CJy4alo.

Tpu nmporpaMMbl HaxoXKIeHHs1 pafuyca rpada U nporpamma MpoBepKU
HaJMuus 3HJepoBoil enu B cucteMe Maple npuBeneHbl Ha ¢. 92-94.

1.2. PeGepHbiii rpac

Jlns npousBosibHOro rpada G peGepubiii ! rpad L(G) ompenensercs
C/IEAYIOLMMU YCTOBUSMU:

1) mHOKecTBO BepiinH pebepHoro rpada L(G) coBnagaer ¢ MHOXKeCTBOM
pebep rpapa G: VL(G) = EG;

2) BepILUIMHBI v; U v; CMeXXHbI B L(G) TOraa U TOJbKO TOrAa, Koraa pebpa
e; 1 ej cMexHH B G.

Anrnuiickoe HasBaHHe
o6o3HaueHue L(G).

Teopema 6. Ecau dy,ds,...,d, — cmenenHas nociedo8amensbHOCMb
(n,m) epaga G, mo L(G) asasemca (m,mq)-epagom, ede

2 peGepuoro rpaba — line graph, orciona u

I ,
my = igdl —m. (1.2)

Samaua. Ilo samannomy rpady (puc. 1.6) moCTpoUTb ero peGepHBIi
rpad.

a 6 8

4 3 4 3 4 3

Puc. 1.6

'Ope O. nasbiBaer 3T0T rpad rpahoM CMEKHOCTH peGep WIH CMENCHOCHHbLM
rpacgom [25].

2 MHorue aHrIMHCKHE TePMHHbI T€OPHH rpadioB, NpuHATHE B Maple, npuseaeHsbl
B mpeiMeTHOM yKasartese kHurd H. Kpucrogpuneca [17].
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[Tpumep. Iloctpoute pebepHbiil rpad ass rpada c puc. 1.2.

Pemenwne. Pemnm 3agauy rpaduueckd, ¢ MOMOIIBIO MPSMOTO II0-
cTpoeHust pebepHoro rpacda mo ompenesneHuo. B ueHTpe kaxkmoro pebpa
ucxonHoro rpada G momecTuM BeplinHy Gyayiiero peGeproro rpada L(G).

1 Bynem coennHATb MOJyYeHHBIE BEPIIMHEI
pebpamu rpada L(G), ecau pebpa rpa-
¢a G, Ha KOTOPHIX JIeKaT 3TH BEpIIHHB,
cmexubl. Ha puc. 1.8 pebpa rpada L(G)
IJIs1 HarJIAHOCTH BblIeseHbl 0oJjiee TOJ-
CTBIMHU JIUHUSIMU. B pesysbrare peGepHbIii
rpad noay4ut m; = 10 peGep u 6 BepiiKH
(mo uucny m pebep rpada G).
Puc. 1.8

Uuceao mq COOTBETCTBYET 3HAYEHHIO, KOTOPOE MAOJKHO MOJYYUTBHCS
no ¢opmyne (1.2). CreneHnas nocsefoBaTeJbHOCTb rpadpa — 1-3-2-3-3.
Haxonum

1
my = 5(12—1—32—1—22—1—32—1—32)—6:16—6:10.
Takum o6pa3om, Ha pHUCYHKe COBMeLIeHbl MCXOAHBIH rpad G (TOHKHe
JIMHUK) U ero pebepHbiél rpad L(G) (ToJscThle JTHHUK).
Pemienue 3amaun o HaxoxjaeHuHn pebepHoro rpada B cucreme Maple
npuBesieHo Ha c. 96.

1.3. XpomaTnyecKuil MOJUHOM

[TpousBosbHas GpyHKIMs f(v) Ha MHOXKECTBe BeplinH rpada Ha3blBaeTCs
packpackou rpada. Packpacka HasbiBaeTcs mnpaBuibHOH, ecau f(v1) #
# f(ve) nas nOOBIX CMEXKHBIX BEpPUIMH ¥ W v3. MUHHMMa/bHOE YHUCIO
k, npu KoTtopoM rpap G siBasieTcs k-pacKpallliBaeMbIM, HasblBaeTCsl Xpo-
mamuueckum wuciom rpada x(G). as XpomaTHIecKoro 4ucia UMEKTCs
OLIEHKH.

Teopema 7 (Bpykca ). Zlusa awbozo epaga G, ne asasroujezocs
noanoim, x(G) < A(G), ecau A(G) > 3 — makcumarvnan u3 cmeneneil
sepuluH epaga.

Js1 onpenesneHuss KoJMUecTBa CoCcoO0OB pacKpacKu rpada B x LIBETOB
MOXHO COCTaBUTb xpomamuueckuti nosurom P(G,x). 3HaueHHe mosuHOMA
IIPY HEKOTOPOM KOHKPETHOM & = Xy PaBHO UMCJY IPaBUJbHBIX PaCKpacok
rpada B xo LBETOB.

"Brooks R.L.
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CylecTByeT JeMMa, YTBEpXKIAWOLIAsl, YTO XPOMAMUUECKUL NOAUHOM
epagha umeem 8uod

P(G,z) = P(G1,z) + P(Ga,x), (1.3)

ede G1 — epag, noayuennuiti uz G dobasaenuem Hosoco pebpa (u,v), a
epag Go noayuaemca us G omooxcdecmeienuem 8epuiun u u v.
Jpyroii BapuaHT JieMMBbI:

P(G,Z’) - P(Glaz) - P(G27x)7 (14)

ede G1 — epag, noayuennoviti us G ydasenuem pebpa (u,v), a epag G
noayuaemcs us G omoxcoecmsieHuem 8epuLur u u v.

Ornepauuio OTOXKAECTBJIEHHS BEPILUH % U v HA3BIBAIOT TAKXKe CmA2usa-
Huem pedpa (u,v). !

O6a BapuaHTa JieMMbl COCTABJISIIOT OCHOBY [Jisi XpPOMaTUYeCKOH penyK-
uuu rpacda. Xpomatuueckas peoykuus rpaja — mnpeiactaBjaeHHe rpada B
BUJIe HECKOJIbKHX MYCTBIX HJM TOJHBIX TI'padoB, CyMMa XpPOMAaTHUECKHX
MOJIMHOMOB KOTOPBIX paBHa XpoMaTHyeckoMy mosuHoMmy rpada. OueBua-
HO, 4TO XpOMaTHuUeCKH# mosuHOM myctoro rpada O, paBeH z" (Kaxpaas
BepIIMHA MOXeT ObITb pacKpallleHa He3aBUCHMO OT JIPYTHX), a JJIsl TIOJHOTO
rpada P(K,,z) = z(x —1)(x — 2), ..., (x — n+1). [locnenHee BbipaxkeHue
HA3BIBAIOT YAKMOPUALLHOLL cmenensto > TiepeMenHOM x: P (K, z) = z(™).

Pa3ioxeHHs1 MO MYCThIM U MOJHBIM rpadaM cBsizaHbl. PaKkTOPHANBHYIO
CTeNeHb MOXKHO TPelNCTaBUTb B BHUIE MOJHHOMA:

n

2" =" s1(n, k), (1.5)

k=0

rae s1(n, k) — uncaa CTHpJKMHra MepBOro poaa, U HaoGOpoOT, cTeneHb ™
MOKHO BBIPA3UTb Yepe3 (aKTOpHa/bHbIE CTENEHHU:

" = Z sa(n, k)ac(k), (1.6)

k=0

'Tpad G masmiBaercs cmseusaemoin x rpaby H, ecnu H monydaercs us G
nocJ/e0BaTe/bHbBIM CTsAriBaHueM ero pebep. Hucao Xadsueepa (Hadwiger H.)
rpaga G — MakCHMa/bHBIH MOPSAOK MOJHOro rpada, K KOTOPOMY CTATHBaeTcs
rpad G.

?daxtopuanbHas  cTereHb  CcBA3aHa ¢ CUMBOJOM  (a)r  Iloxrammepa
(Pochgammer L.), xoropeiii ompenesneH kak (a)r = a(a + 1),...,(a + k — 1).
Ouesugno, (a)x = (a + k — 1)® . Ilns cumBosia IToxraMmmepa HMeeTcs GOJIbLIOE
qncso popymyan (cMm., Hanpumep, [Ipyonukos A.I1., Bpuiukos [O.A., Mapuues O.H.
Hurerpasnsl u psnel. JononuutesbHble riaBsl. — M.: Hayka. 1986).
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rae so(n,k) — uucaa Crupaunra !

LIUMH CBOMCTBAMH:

BTOPOro popa, obJajaroliye cjenyo-

sa(n, k) =sa(n—1,k—1) 4+ ksa(n —1,k) npu 0 < k < n,

1.7
sa(n,n) =1mnpun >0, sz(n,0)=0npun >0. (L7

[Ipy mosy4eHMM XpOMaTHYECKOro MOJMHOMA MOTYT ObITh IOJE3HH! CJle-
IyloLIe TeopeMbl [2].

Teopema 8. Koaguuuenmor xpomamuuecko2o NOAUHOMA COCMABAL-
10Mm 3HAKONEPEeMEeHHYI0 noCAe008amMeAbHOCb.

Teopema 9. A6corromnasn sesutuna 8mopoeo K03ppuyuenma xpoma-
MUYECK020 NOAUHOMA PaBHA Hucay pebep epada.

Teopema 10. Haumenovuiee uucio i, 04 KOMOPO2O OMAULEH OM HYAS
KoagpPpuyuenm npu xr' 6 xpomamuueckom noiunome epaga G, pasro
uucay Komnouwenm cessnocmu epaga G.

Kpome BepIIMHHOH pacKpacKH, CYLIECTBYIOT elle peGepHas packpacka
W packpacka rpaHe.

3anaua. Haiitn xpomatnueckuil nonuHom rpacga (puc. 1.9) u Bbumc-
JINTb KOJMUECTBO CIIOCOOOB pacKpacku rpada B xg LIBETOB.

a 6 S
1 1 1
6 2 6, 2 6 0?2
5 3 5 3 5 3
4 4 4
zo =4 o =3 o =06
e 0 e
1 1 1
6, 2 6 2 6, 2
5 °3 5 3 5 3
4 4 4
x0:5 1-0:4 JJO:E)
Puc. 1.9

'Stirling T.
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o 3 u
1 1 1
6 2 6 2 6 2
5 3 5 3 5 3
4 4 4
Tro = 6 o — 6 Tro = 5
Puc. 1.9 (mponomxeHue)
OTBeTH
C(l‘) C(l‘())
a| a%—8z5+25z* — 3823 + 2822 — 8z 288
6 28 — 925 + 292* — 3923 + 1822 0
B 28 — 625 + 142* — 1523 + 622 15120
r 28 — 5ad + 102* — 922 + 322 5200
o | 8% — 8z% + 26x* — 4323 + 3622 — 12z 336
e | 20 — 925 + 342* — 662° + 6422 — 24z 1980
K | 20 — 925 4 332 — 6123 + 5622 — 20x 8160
3 | 2% — 8x® 4 262* — 4323 + 3622 — 122 | 10080
u | 28— 8z%+ 25z* — 3823 + 2822 — 8z 2160

[Tpumep. Halitu xpomatuueckuil nonuHom rpaca (puc. 1.10).

1

4

Puc. 1.10

Pewmenune. B 3aBucumoctd ot uucaa pebep
rpada MOXKHO HMCI0Jb30BaTh pasnoxkenue (1.3)
unan (1.4). Ecau rpad mnodTd mMoJHbIH, TO,
n06aBUB HECKOJbKO pebep M0 pasjoKeHHIo
(1.3), mnomyuyum XpOMAaTHYeCKHH MOJHHOM
B BHIE CYMMbl (aKTOPHAJNbHBEIX CTeNeHel.
Ecau xe pebep Maqo u AJAs MOJyUeHHUS
MyCTOTO rpaca TpebyeTcs yIAJTUTh
TOJIBKO ~ HECKOJIbKO  pebep, TO  cienyeT

HCIoJIb30BaTh pasnokenue (1.4) c¢ ynanenuem pebep. Takue meificTBHs
Ha3bIBAIOTCSl XPOMATHYECKOH pefyKIHeH.

1. Xpomamuueckasn pedyxkyus no nycmoeim epagam. Bocnosabsyemcs
gemmMoit (1.4). Ynansis pe6pa ¥ OTOXAECTBJSIS COOTBETCTBYIOIINE BePIIHHbI
(ctsiruBast pebpa), cBeleM HMCXOAHBIM rpad K mycThiM rpadam. CHauaja
passoxuM rpad Ha nBa, yopas, a 3aTeM CTHYB pebpo 1-3. BruimosHeHHOE
NeHCTBHE 3aMULIeM B BUJE YCJIOBHOIO PaBEHCTBA:
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G=&F =7 =G
3pech omepauyst CIOKEHHS (MM BBIYHTAHMS) OTHOCHTCS HE K CaMOMY
rpady, a K ero XpoMaTHuecKoMy MoJHHOMY. TakuM o6pa3oM, TocjenHee
paBeHCTBO 03HauaeT, uto P(G) = P(G1)—P(G2). lns cokpallleHus 3anucu
o6o3HaveHue P(...) Oynem onyckatb. Jlanee pasioxum Kaxabii u3 rpaos,
(G1 1 (G2, mOJB3YSCh TOH Ke JIeMMOH:

o o o

Glz\/:\ - i 72 :0470372(03702),

G2:\/:\ — = -2 103*02*2(02*01)-
HpI/IBeIIeM Nof0OHbBIE YJIEHH:

G=G1—Gy=04—03—2(03— 05)—

1.8
*(03*02*2(02*01))104*4O3+502*201. ( )

B uTore mosy4um HCKOMBIH XpPOMAaTHYECKHH TTOJHHOM:
P(G,z) = 2* — 423 + 52% — 2u. (1.9)

Pazsnoxenue (1.8) HasbiBaeTcss XpOMaTHUECKOH penykied rpada mo my-
CTBIM Ipagam.

OueBUIHO, pe3yJbTaT COOTBETCTBYeT yTBepxkaeHUsiM Teopem 8—10. Ko-
spduurentel B (1.9) o6pasyioT 3HaKoNepeMeHHYIO MOCJIEI0BATENBHOCTD,
a Ko3()pUUMeHT npu x> paBeH uyeThipeM — uucay pebep. Hanmenbuas
CTeNeHb x B MOJHHOME paBHA 1, T.e. YHCJTy KOMIIOHEHT CBSI3HOCTH T'pada.

2. Xpomamuueckas pedyxyus no noivoim epagam. JJobaBus kK rpady
(cm. puc. 1.10) pebpo 1-4, moayuum rpad ¢ GONBIIUM YHCJIOM pedep. 3aTeM
B 3TOM ke (HMCXOIHOM) rpade OTOXKAECTBHM BepiikHbl 1 u 4. B pesysbrare

NOJIy4YUM ABa rpaga:
-l 10

OToxaecTBJeHHE BepLUIMH NPUBOAMUT K YMeHbIIEHHIO MOpPsAKa W HHOTAA
pasmepa rpada. Bropo#t rpagp — 310 nosumelil rpad K, ero mpeo6paso-
BbIBaTh OoJibllie He TpeOyercs. K mepBomy rpady no6aBum pebpo 1-2 u
OTOXKJIECTBUM BepILIMHb 1 1 2:

$:$+V:K4+K3. (L11)
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B urore

$:K4+2K3. (1.12)

XpOMaTI/ILIeCKI/If/'I MOJIMHOM NPHUMET BUI

P(G,z) =2 + 220 = z(z — 1)(z — 2)(z — 3) +

1.13
+2z(x — 1) (z — 2) = 2* — 423 + 52 — 2z (113)

Pazsoxenue (1.12) HasbiBaeTCst XpOMaTHUYECKOH penyKIiiped rpaga mo moJ-
HBEIM Ipagdam.

O6a crocoba jaau OMUH pe3yabTaT, U U3 PEAYKLHH M0 MOJHBIM rpadam
JIETKO MOJIYYUTh PeNYKIMIO MO MYyCTbIM. [lJIf 3TOr0 NOCTATOUHO PACKPHITH
CKOOKH M mpuBecTH mnomoGHble ujenbl, kak B (1.13). Omxako oGpaTHoe
neHCTBUe He oueBHAHO. JLJsi TOro uToObl moauHOM z* — 4x3 + bx? — 2z,
MOJyUeHHBIH U3 TYCThIX TpadoB, BEIPa3UTh B BUIE CYMMbl (PaKTOPHAbHBIX
creneHel, HeobxonuMbl uucaa Ctupaunra 2-ro popa. CoryiacHO peKyppeHT-
HBIM opmynam (1.7) umeem cienyioline YucJa:

sa2(k, 1) =1, k=1,2,..,

52(3,2) = $2(2,1) 4 252(2,2) = 3,

$2(4,2) = $2(3,1) +252(3,2) =1+2-3=17,
52(4,3) = 52(3,2) + 352(3,3) =3+ 3 =6.

[Tosb3ysich (1.6) u HalimeHHBIME YncaaMy CTHPJAHHTA 2-T0 poja, MONYYHM
22 =z 4 (@)

3= 2 4323 4 )

2t =M 4+ 722 4 620 4 24,

8]

HpOI/ISBelleM npeo6pa30BaHHe XpoOMaTH4eCKOoro mnoJMHoMa:

ot — 4% + 522 — 22 = (M 4 723 4 6263) 4 24—
—4(zW 4323 4+ () 4 52 4 23)) 4 220 = 2 4 22(3),

Xpomatuueckoe uynciao x(G) rpada Jydlle BCero MOJYYHUTb, Pas3jokKHB
XPOMaTHUeCKHH MOJHHOM Ha COMHOXKHTEJH:

P(G,z) = 2(x —1)*(z — 2).

MuHiManbHOE HaTypasbHOe YHCIIO0 Z, IpH KoTopoM P(G,x) He obpaiaet-
csi B Hysib, paBHO 3. Otciona nonydaem x(G) = 3. Tak kak MakcuMaJbHast
creneHb BepiinH rpada A(G) = 3, Beinmognsiercs oueHka x(G) < A(G)
(cMm. c. 16).

Maple-nmporpaMma st HaX0XXIeHHs XPOMATHUECKOTO IMOJHHOMAa rpada
C HCIOJIb30BaHUEM omnepatopa chrompoly nprBesieHa Ha c. 97.
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1.4. Panr-nonuHom rpada

Panr rpada onpenensiercs kak v* = n—k, rie n — 4UCJO0 BepIlUH, k —
YHCJI0 KOMIIOHEHT CBSI3HOCTH rpada. KopaHr rpada, uiu uuk/aoMaTUueCcKUH
paHr, ectb ¥ =m — v* =m —n + k, Toe m — uucjo pebep.

Panr-nosinnom ! rpada G umeer Buz

Py(w,y) =Y a’e vy,

rie v = n —k — panr rpada G, vy — KOpaHT OCTOBHOrO (T.e. BKJIIO-
yamomlero B ceGsl Bce BepIUIHHBI rpaca) moarpada H, a vj; — ero pasr.
CymMHpoOBaHHe BefleTcs [0 BCeM OCTOBHBEIM noxrpadam rpada G.

PaHT-OJMHOM CJYXKHT ISl aHAJIM3a MHOXKECTBA OCTOBHBIX MOATpadoB.
Tax, nanpumep, koadduuuent npu x~* B P, (z,1/x) ecTb uncso noarpadpos
pasmepa k, a snauenue P,(0,1) paBHo uncay noarpados (Bk./wouas Hecob-
CTBEHHBIH MoArpad), paHr KOTOPHIX paBeH paHry camoro rpada. Ipyrue
CBOUCTBA paHra-noJMHOMa MpHUBelieHbl B nporpamMme 6 Ha c. 98.

3anaua. Haiitu panr-nosunom rpaga (puc. 1.11).

a 6 8
1 1 1
5( | 5@ | 5& |
4 3 4 3 4 3
e 0 e
1 1 1
5 \ ﬁ / 2 5& 02 BﬁQ
(o]
4 3 4 3 4 3
Hc 3 u
1 1 1
5% | | 2 | 5§ |
4 3 4 3 4 3
Puc. 1.11

"Haspanue storo nonuHoma (rankpoly) saumcTBoBaHo U3 Maple.



1.4.

Pawne-norunom epaga 23

Or

BeThl

Py (z,y)

—

= ow X oo M

23 +322+3z+1

v+ (2 +8) P+ (B +27) Y2+ (52 +30x +48) y+ 2t + 823 +
+282% 4+ 5la + 40

(22 +2z+ 1) y+a2*+52°+ 1022+ 9243

P+t + (Bx+36)y + (222 + 212+ 81)y? + (1322 + 582 +
+ 22 +105)y+a* + 923 + 71z + 352% + 66

2+ 2z +5)y+a3+522+10x+8

3 +322+3x+1

v+ 2+ + (4o +322+19) y+at + 723 +2122+21 4322
(22 +2z+ D) y+at+52>+102%2 +92+3
(r+1Dy+a*+523+1022+ 102 + 4

[Tpumep. Hafitu paur-monusrom rpada (puc. 1.12).

Pemenue. Hailinem Bce 16 ocToBHBIX noarpacos
rpada G (puc. 1.13-1.15). MHoxecTBO mpexcTa-
BUM B BHJe 4deThipex rpadoB pasmepa 1 (T.e. c
OfHUM peGpoM), LiecTH rpadoB pasmepa 2, ye-
TBIpeX rpadoB pasmepa 3 U IBYX HECOOCTBEHHBIX
rpadoB (myctoél rpad u rpad ). Hailimem nas
Kaxporo noarpada paur (mo gopmyne v* =4 —k,
rae k — 4YUCJ0 KOMIIOHEHT moarpada, BKJouas
H30JIMPOBaHHbIE BEPILIHHbBI) H KopaHr (v = m —
Puc. 1.12 — v*, e m — uucyo pebep noarpada).

Puc. 1.13
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Lol oy

v =2, v =2, v =2, , vt =2, v =2,
v=20 v=20 v=20 v=20 v=20 v=20
Puc. 1.14

V¥ =2, v* =3, v =3, v* =3, v* =3,
v=1 v=20 v=20 vr=0 v=1
Puc. 1.15

YuuTeiBas, UTO paHr v rpada paBeH 3, mosydyaeM CyMMy

qué—u}}yyH _
— 237040 4 4g3- 190 1 623290 4 323340 4 432yl 4 433yl =
=2 +422+6x+3+ay+y.

[IporpaMma HaxoxJIeHHsl paHra-nojuHoMa rpada B cucteme Maple mpu-
BefleHa Ha c¢. 98.

1.5. uxkasbl

MapuipyT, B KOTOPOM Hayaslo M KOHeLl COBMNAJaloT, — UUKAUUECKULL.
LIuK/IMYecKUE MapLIpyT HAa3bIBAETCS YUKAOM, €CJIH OH — IIEMb.

Ocmosom rpada G Has3bIBAIOT rpad, He CoNepXKallUi LUKJOB U COCTO-
AKK U3 pebep rpacda G u Bcex ero BepiuuH. OcToB rpada onpenessercs
HEOJHO3HAYHO.

Pe6pa rpaca, He BXomsiliMe B OCTOB, Ha3biBalTcs xopdamu. Lluki,
TOJTyJaloLIuics MpH 06aBJIeHUH K OCTOBY rpada ero XOpibl, Ha3bBaeTCs
pyHOameHmarbHbLM OTHOCUTEBHO 3TOH XOPIBIL.

Teopema 11. Yucao pebep neoepaga, komopsie Heobx00uMo yoarumo
0Nl NOAYHEHUS 0OCMOBa, He 3a8UCUM Om noCAe008aMeAbHOCMU UxX yoa-
ACHUS U POABHO UUKAOMAMUYECKOMY PaHaYy epada.

3anaua. [Ilo 3amanHoil marpuue cMmexHoctH (prc. 1.16) ompenenutsb
YHCJI0 MKJOB JJIMHBEL 3 (c3) U AIMHE 4 (c4). 3anncaTe MaTpHILy HHINAEHT-
HOCTH M MaTpully (PyHIaMeHTaJbHBEIX LIHKJIOB.
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Luxael

L.5.

QOO0 —~— O —~O
QOO —~O OO —~
SO0~ — OO OO
S — O OO — —~
SO —~ — O — — O —
—_,.— OO —~O —~ O
SO0 O —~— OO0
— OO —~O 000
O~ O —~OO0OOO0o

SO OO —~— O —~ O
OO —~O OO ~
SO~ —~~0O0O0O0OO
O = O — OO — —
CO— — O —~ — O —~
—— OO~ O —~—O
OO O ~— O OO
— OO —~0O 000
S~ O~ O OO OO0

SO OO —~— OO O
SO O~ — — O OO
SO O~ — OO OO
O~ OO —~O O — —~
—_— e ot O o — —
—_.— OO —~0O —~—O
S~ OO —~O0OO O
SO~ — —~— OO O
SO O —~— OO OO

SO0 O ~—~ OO0
SO0 —~— — OO
SO0 O —~OO —~O
O OO OO — —
O — OO —
S— OO —~0O0O0 —~O
S— OO0 —~— OO0
O —_— O OO
S — OO OO OO0O

SO OO —~O0O —~O
SO O —~— OO —~
SO O —~— OO OO
O OO OO —~O
SO~ — OO — — —
—_.— OO —~0O —~—O
OC— OO0 ~— OO O
—_O —~— O~ OO0
S~ O —~O0OO0OO O

SO OO —~— O —~O
OO —~O OO ~
SO O —~— O OO O
OC— OO —~O O — —
— et~ O — O —
S~ O0C O —~O —~—0O
OC— OO —~OOO O
—_O e~ —— O OO
O~ OO0 —~O0OO O

OO0 —~O0O —~O
SO0 —~ — — — O —
OO0 —~0O0O —~O
O — O — OO —~0O
CO — — O — -~
—_,— OO -~ 0O —~O
O— OO0 —~— O OO
SO — — O —~O OO0

g @ 0o —~00o00o0o

QOO0 —~— O —~O
OO —~O OO ~
SO~ —~~0O0O0OO0O
O — O — OO — —
CO— — O —~— O —~
S~ OO0 —~O —~—0O
O— OO0 —~—O OO
—_ O~ — O 0O OO0

n OO0 0000 CO

SO OO —~O0O —~O
SO O~ —~ — OO —~
SO O —~— O OO O
O O OO O —~O
—_—tt =t O O~~~
OC— OO0 —~O —~—~O
SO O —~— 0O OO
— O —— O OO

R O—~0O0 0000

Puc. 1.16

OrBerTHl

Cq
36
36
36

€3

Ne

Cq

€3

Ne

Cq

€3

Ne
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[Tpumep. Ilo 3anaHHOH MaTpHLle CMEXKHOCTH:

—o——0
cococo~
—o—oo0

O = O -

ONpENeJUTh YHMCIO LHKJAOB IJIuHbl 3 (c3) W mauHel 4 (cyq). 3amucathb
MaTpPHULy HHLIKIEHTHOCTH U MaTPUIy (QYyHIaMEHTaJbHbIX LHKJOB.

PemeHnue. MaTpuua CMeXHOCTH MAaHHOTO rpada CHMMeTpPHUHas,
M03TOMY €# COOTBETCTBYET HEOPHEeHTHPOBaHHBIN rpad. CymMMa 3JeMeHTOB
MaTpHUlbl paBHa 12, ciienoBaTeNbHO, MO JeMMe O PYKOMOXKaTHaX (cM. ¢. 7) B
rpage 6 pebep. Iloctpoum 3TOoT Tpad
(puc. 1.17). OueBugHo, B HeM nBa LKA (3—
4-5 u 1-3-5) paunodt 3 u omuH uuka (1-3-

1

b ? 4-5) navHo#t 4. B pmanHo# 3amave pelieHue
MOJIy4eHO MPSIMBIM MOACYETOM 10 H306paKe-

4 3 HUIO rpada. [ns 6osiee CJA0XKHBIX CJydaeB
Puc. 1.17 CYLIECTBYeT aJrOpPUTM pelleHHus 3aJadd 110

MaTpHIE CMEXHOCTH.

MsBecTHO, uTo cien (trace) MaTpuilbl CMEXHOCTH, BO3BEAEHHOH B k-i0
CTereHb, paBeH UMC/Y LHK/JIHYECKHX MaplIpyToB AaHHBE k . D10 umcso
BKJIIOYaeT B ceOs U HCKOMOE YHCJO LMKJIOB. LMK/ OT/iMYaeTcs OT LUKJH-
YeCcKOro MapIupyTa TeM, 4TO B HeM He MoBTopsioTcsi pebpa. Kpome Toro,
[Pe/IoJaraeTcsi, YT0 HCKOMble LHKJbl He MOMEUYEHBl, a B CJel MATPHUILbI
BXO[AAT HMEHHO MOMeUeHHble MapiipyThl. HermoMeueHHBIX [UKJIOB IJIHHOH 3
B 6 pa3 MeHblle, 4eM TOMEUYEHHBIX, TaK KaK KaX/blil MOMEUEHHBIH KK/
MOXKET OTJIMYaThCsl HA4aJloM, a UX B IaHHOM CJiydae TPH, U IBYMs Harpas-
JeHusiMH ofxoma (0 ¥ MPOTHB 4YacoBOH cTpesku). BossemeM 3amaHHyIo
MaTpHIly CMEXHOCTH B TPEThIO CTElNeHb:

2 3 6 2 6
301 21
AB=]16 145 5], (1.14)
2 2 5 25
6 1 5 5 4
W MOJyUYHUM
1
c3 = gtraceA3 =2. (1.15)

Bo3BeneHue MaTpUIlbl B CTENEHb JIyUllle BEIIOJHUTD [0 IPOTPpaMMe CUCTEMbI
Maple: c3:=A"3; mnpu 3TOM MNOAK/JIOUEHHS MaKeTa JHHEHHOU ajre6pbl

'Cm. Teopemy 5 Ha c. 11.
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LinearAlgebra He Tpebyercsa. [locKkoabKy UMKIAWYECKHX MapIpyTOB
JIJIMHOHU 3, OTJIMYHBIX OT LMKJOB AJHUHOH 3, He CYyLIECTBYeT, HakIeHHOe
YUCJO U eCTh OTBET B MOCTaBJeHHOH 3ajmaue. CJjel] MaTpullbl B IakeTe
LinearAlgebra cuctembl Maple Boiunc/sieTcs onepatopom Trace (c3).

C uuksiaMu JJauHOH 4 HeMHOro cioXKHee. B cien 4yeTBepToil cTeneHH
MaTpHULbl CMEXHOCTH rpada:

15 2 10 12 10
2 3 6 2 6

A*=|10 6 16 9 15 |, (1.16)
12 2 9 10 9

10 6 15 9 16

BXOASIT He TOJIBKO LMKJBl, HO U LHKJIWUYEeCKHEe MapLIpPyThl C IBOHHBIM HU

YeTbIpeXKpaTHEIM NpoxoxkaeHHeM pebep. O603HAUMM KOJHYeCcTBa TaKHX

MapLIPyTOB yepe3 Tz M x4 COOTBETCTBEHHO. OueBHIHO, YHCJIO MaplIpy-

TOB C 4YeThblpeXKpPaTHbIM IPOXOXIEeHHEM OJHOro pebpa MAJs BepIUUHBI v;
n

paBHO CTereHH 3TOH BepiiHb: x4 = Y deg(v;). Uucno mapupyTtos c
i=1

JByKPaTHBIM NPOXOKAeHHeM pedpa CKJaiblBaeTcs U3 YUCJ/IA T2, MapLIPyTOB

C BHUCSIUeH BEpLUMHOW v; U UMUCJ/A To. MAPLIPYTOB C BEPLIMHOM v; B LEHTPE.
n

Jlerko 3aMeTuTh, uTo To. = . deg(v;)(deg(v;) — 1). Hucno xo, 3aBHCHT

=

OT CTeleHel BEpUIMH, COCEIHUX C ;!

Ty = Y (deg(vx) —1),

i=1 {k,i}CG

rae {k,i} — pebpo, HHIKAEHTHOE BepUIMHAM i U k.
Hns rpaga Ha puc. 1.17 noayyum

trace A* = 60,

Toy =4+2+5+445 =20,
To.=64+0+6+2+6=20,
ra=3+14+3+2+3=12

C y4eToM TOro, 4TO HellOMEYEHHBHIX LHUKJOB AJMHOH 4 B 8 pa3 MeHbllle,
HOJTYYHM

cq = (trace A* — x9. — x9, — 4)/8 = (60 — 20 — 20 — 12)/8 = 1.

[Tocne npeobpasoBanuii hopmyaa npuMeT BUL

=g trace A —Z Z (degvk—l)—;deg v, | =1. (L.17)

i=1{k,i}CG
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Marpuna MHUMAEHTHOCTH. YHC/I0 CTPOK MaTpHLbl MHLHAEHTHOCTH
I paBHO 4HCJy BEpIIMH, YHCJO CTOJIOLOB — YHCHAY pebep; iye = 1, ecau
BeplIMHa U UHLUJEHTHa pebpy e, B IPOTUBHOM ciayuae i,. = 0. Marpuuy
ctpouM 1o puc. 1.17, pebpa Hymepyem mno puc. 1.18:

0 1 1 001
0 01 00O

110100
100 0 1 0
000 111

JBa crocoba mocTpoeHUs] MaTPHULbl HHUUAEHTHOCTH B cucTeMme Maple
paccmoTpeHsl B nporpamme 8 Ha c. 100.

Marpuna ¢yHgamMeHTadbHBIX HUKJIOB. [IpoHymepyeMm pebpa rpada,
HauuMHas Hymepauuio ¢ xopa (puc. 1.18).

1

Puc. 1.18 Puc. 1.19 Puc. 1.20

JBym xopaam, | v 2, COOTBETCTBYIOT 1Ba (PyHAaMEHTaJbHbIX LUKAA: [—
4-5 n 2-4-6 (pucyuku 1.19, 1.20). Matpuua GpyHIaMeHTaJbHbIX LHUKJIOB
UMeeT JIBe CTPOKH (YMCJIO LHUKJOB) U LIeCTh CTONOLOB (ducao pebep):

|1 2 58 4 5
T[T 0 0 1 1
210 1.0 1 0

6
0
1

B nepBo#i cTpoke Marpulbl eIUHHLAMH OTMEUeHbl CTOJOLBI C HOMEpaMu
pebep, BXOASILIMX B MEPBLIH LKKJ, a BO BTOPOH CTPOKe — HOoMepa pebep U3
BTOPOT0 LIMKJIA.



[naBa 2

OPUEHTHUPOBAHHDBIE I'PA®bI

Pe6po (vi,v2) B rpade G MoxKeT ObITb OPUEHTHPOBAHHBIM H HMETh
HauaJo U KoHell. Takoe pebpo HasblBaeTcs Ayrod, a rpad, comepKamun
IYTH, Ha3bIBAeTCS OPUEHTHUPOBAaHHBIM, WM oprpadom. Ha pucynke myra
usobpaxkaeTcss CTpeskod, a B Maple nyra BBogMTCS KaK yHopsiiodeHHast
napa BepwuH: [v1,v2]. MHorve noHATHs, BBeleHHbIE AJs Heorpagos,
175 oprpados npuoOpeTarT Ipyroe omnpejeseHue. Marpuua paccTosHUH
nJsi oprpada HECUMMETPHUYHA, W IKCLUEHTPHUCHUTET BEPUIMHBI 3aBHUCHUT OT
TOro, KaK BeIOHMpaeTcss MakCUMyM. Ec/M MakCHMyM HIIETCS B CTPOKe, TO
IKCLIEHTPUCUTET BepLIMHbI HA3bIBAETCST UUCJOM BHELIHero pasaesenus [17],
a ecqd B croble — UHCIOM BHYTpPeHHero paspeseHus. COOTBETCTBEHHO
Onpeae/siloTCs BHELIUHUN U BHYTPEHHUH LEHTPHI.

Ocnosanue opepaga — Heorpad ¢ TEMU Ke BepLIMHAMH, HO pebpaMu
BMECTO COOTBETCTBYIOILUX IYT.

MapuipyTr B oprpae — Inoc/efoBaTeNbHOCTb BepLUMH, COeIUHEHHBIX
JyraMH, HalpaBJeHHbIMHU B OHY CTOPOHY.

MapupyT, B KOTOpOM BCe IyTH pas3Hble, €CTb Nymb.

[TyTb, B KOTOPOM Hayajo M KOHel| COBMNAajaloT, ecTb Koxwmyp. HaunHa
MyTH HM3MepsieTCs YUCJIOM BXOASIIMX B HEro Ayr, a JJis B3BEIIEHHOTO
oprpadga 3To cymMa BecoB IYT.

B oprpade nBe JokaabHble cTeneny BepuuHel v: deg' (v) — 4neso ayr,
Bxogsmux B v, u deg®™ (v) — umeno ayr, Beixomsmux us v ! Jlemma o
pyKomnoxatusix (cM. ¢. 7) masi oprpada HMeeT BHUIL

> deg"(v) =) deg™(v) = m,

rie CYMMHpPOBaHHe NPOM3BOAUTCS MO BCEM BepLIMHaM rpada.

MHoecTBO BeplIMH v, 00pasyoLUux AYTY [v,u] ¢ BepLIHHON u, Ha3bl-
BaeTcsi MHOXXeCTBOM ['"(u) Mpe/iliecTBeHHUKOB BEPIUMHBI U, @ MHOXKECTBO
BEPLIHH u, 00pasylolnX AYTY [v,u] ¢ BepLIMHOA v, HA3bIBAETCS MHOXKe-
ctBoM '°“!(v) mpeeMHUMKOB BepiuKHbl v. MOIIHOCTH 3THX MHOXKECTB PaBHHbI,

COOTBETCTBEHHO, ToJycTenensiM Bepun: I (u) = deg(u), T (v)

=deg®(v).

B nanpnefimiem mox rpagom OyneM MOHMMaTb Kak Heorpad, Tak H
oprpad.

"Muorna ucnosbsyiotes cenyiomue o6osHadenus: d — nonycrenens uexona 1
d~ — moJiycTeneHb 3axoja.
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2.1. MapupyTtsl B oprpade

3ajmauu, cBsi3aHHBIE C MapuUIpyTaMd B oprpade, UMeoT GOJbIIoe TpaK-
THUYECKO€e 3HAYeHHE, YTO U IdeT CTHMYJ K PA3BHUTHIO U COBEPIIEHCTBOBAHHIO
MeTOIOB UX pelieHus. HauGosee yacto BCTaeT BONPOC O MHUHHUMAJBHBIX H
MaKCHMAaJIbHbIX PACCTOSIHUSIX, O YHCJe MapLIPyTOB ONpeAeeHHON AJHHBL.

OcoGeHHOCTh TaKUX 3a1ay AJsi oprpad)oB COCTOUT B TOM, UTO HECMOTPS
Ha HeGOJIbLIOH MOpPsAOK Tpada (B MpHBeIeHHOM HHXKe 3afaHHU MpelJara-
eTcsl MOPSIIOK D) MPOCTOE pellleHre HeoueBUAHO. B caenyomied 3anade s
pelleHHs MpejJIaraeTcsi JIErko MporpaMMUpyeMbii (0CO0eHHO B CHCTEMax
KOMIBIOTEPHOH MareMaTHKM) ajrebpandeckuit merox. [iuHa MapuipyTa
3[€Ch M3MePSIETCs B YKMCJIe AYT, BXOAAMMX B Hero. JlomyckaioTcsi 3aMKHY-
Thle MapLIPYTHL.

3amaua. Jlan oprpad nopsinka 5 (puc. 2.1). CKoJbKO B HEM MapIIpyTOB
JJTUHBL 37

a 6 8

8o

Y

O_
A
A

X‘

\A

~4—0 Z O=——p-0
4 3 4 3 4 3
19 0 e
2 ) 2 5 2 5
o o

[}
own
oo
o

~<«— —0 ———-0
3 3 4 3
Puc. 2.1
OTBeTH
0 r | I e | X
ny |15 (1118212 |16] 2|52
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[Tpumep. J[Hau oprpad (puc. 2.2). CKOJBKO B HEM MapIIpyTOB OJH-
HOH 37

Pemenue. Mcrombayem asnrebpanyeckut
MEeTOJ pelleHHsl 3aaud Ha OCHOBAaHHUH Te-

L >0 opembl 5 (cM. c. 11). 3anwuiiem MaTpHuily
cMexxHoCcTH. Marpuna cMmexkHOCTH oprpada
— HeCHMMeTpHYHas:

o 00010

4 s 10101

Puc. 2.2 A= 1 0 0 01

0 01 01

0 00 00

BosBenem 3Ty MaTpully B CTeNeHb 3:

100 01
001 11
A=10 01 0 1
00010
00000

CyMMHpyst BCe 3JIeMEHTBHl IMOJYyYeHHOH MAaTPHIBl, HAaXOAHWM, HUTO YHCJIO
MapIIpyTOB AJMHOH 3 paBHO BOCbMH. TpH €IMHMIEI, CTOSILIHE IO AHArO-
HaJli, MOKA3blBAIOT, YTO CIOfA BXOAMT 3 TOMedeHHHIX KOoHTypa. O4eBHIHO,
3T0 KOHTYpH! 1-4-3, 4-3-1 u 3-1-4.

[IpoBepuTh Ha/MMYKe KOHTYpa B oprpade MOXKHO TaKKe METOLOM TOIIOJIO-
THYeCKOH COPTHPOBKH (cM. ¢. 65). Ecain rpad He MoxkeT GbITh OTCOPTHPOBAH
TOTIOJIOTHYECKH, TO B HEM €CTb KOHTYPHI.

2.2. TpaH3UTHBHOE 3aMbIKaHUeE

OcHoBHble ompeneneHus. [Ipamoim (IeKapTOBBIM) MPOU3BENEHHEM
MHOKecTB A W B HasbiBaeTcsi MHOXecTBO A X B = {(z,y)| x € A, y €
€ B}. bunapnoe omuowienue Ha X — n1060€ MOAMHOXKECTBO MPSIMOro
npoussenenus: p C X x X.

OrtHowenne p Ha X pegarexcusno, ecan nnas jawboro x € X mapa
(x,x) € p.

OrtHouieHue p Ha X aumupegprekcusHo, ecau s jawboro x € X napa
(z,2) ¢ p.

OtHouenue p Ha X cummempuyro, ecnu [js 6o napbl (z,y) U3
yeqoBus (z,y) € p cnenyer (y,z) € p.

OrHotueHue p Ha X QHMUCUMMEMPUUHO, €CITH U3 YCIOBHH (z,y) € p U
(y,x) € p cienyer x = y.

OrtHouenue p Ha X acummempuuro, ecad Ajs J060# napol (x,y) U3
yeqoBus (z,y) € p cnenyer (y,z) & p.
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OrHoulenue p Ha X mMpan3umusHo, eciy 1Js J0bX AByX map (z,y)
u (y, z) u3 ycnosuit (z,y) € p u (y,2) € p cnenyer (z,z) € p.

OTHolIeHWe ) HA3BIBAIOT 3AMbIKAHUEM OTHOLIEHWS p Ha CBOUCTBO A,
ecau p obaagaer cBoiicTBoM A, p C p W LIS J11060r0 OTHOLIEHUS 0 CO
CBOHCTBOM A CIIpaBeJIMBO BJOXKeHHE p C 0.

Kommnosuuueit 6uHapHbix oTHoueHUH p C X XX u o0 C X XX HasblBawoT
OTHOILEHHE T = 0 o p, cocrosillee U3 nap (z,z), Takux, uto (z,y) C p,
(y,2) Co.

o0
TpaH3uTHBHOE 3aMblKaHHe OTHolleHHs p umeeT Bua pt = |J p¥, rue
k=1
p*=pop, pF=poptt
Teopema 12. Omrowerue p MPAH3UMUBHO Mo20a U MOALKO mozoa,
Koeda pop C p.
[pad ecTb OTHOLIEHHE Ha MHOXKECTBE BepIIMH. JIEMEHTAMH 3TOrO
OTHOIIEHHUST SIBASIOTCS OyTH (MM pebpa, ecyid OTHOLIEHHE CUMMETPHYHO).
Oprpag Ha3bIBaeTCS MPAHIUMUBHBIM, ECIH 1J151 JIOOBIX ero AyT [v;, Uk,
[k, v;j] cyliecTByeT 3aMblKaloas 1yra [v;, v;).
3amaua. HccnenoBath oTHOIEHHe, 3afaHHOe MaTpuied (puc. 2.3),
Ha CHUMMETPHIO, aHTUCHMMETPHIO, aCHMMETPHIO, pedIeKCHBHOCTh, aHTHpE-
(aekcuBHOCTb., HaliT TpaH3UTHBHOE 3aMblKaHHe OTHOIIeHHs. [locTpouTh
rpadh OTHOIIEHHS p ¥ €r0 TPAH3UTUBHOTO 3aMbIKAHHS.

a 6 8
O 1 1 1 1 0 1 1 O 1 0 O
0O 0 0 1 0O 0 1 O O 1 1 1
0O 1 1 0 0O 1 0 O 1 0 1 O
0O 0 0 O O 0 0 O 0O 0 0 O
e 0 e
0O 0 1 1 0O 0 0 1 1 1 1 0
1 0 0 O 1 1 0 O 0O 0 0 O
0O 1 0 O 1 0 0 O 1 0 0 1
0O 0 0 O O 01 O 0O 0 0 O
xH 3 u
0O 0 1 1 1 0 0 1 1 0 1 1
1 0 1 1 0O 0 1 1 0O 01 O
1 0 0 O 1 0 1 O O 1 1 O
0O 0 0 O 0O 0 0 O 0O 0 0 O

Puc. 2.3
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OTBeTH

a 6 8
0 1 1 1 1 1 1 1 1 1 1 1
0O 0 0 1 0O 1 1 O 1 1 1 1
0O 1 1 1 0O 1 1 O 1 1 1 1
0O 0 0 O 0O 0 0 O 0O 0 0 O

e o) e
1 1 1 1 1 0 1 1 1 1 1 1
1 1 1 1 1 1 1 1 0O 0 0 O
1 1 1 1 1 0 1 1 1 1 1 1
0O 0 0 O 1 0 1 1 0O 0 0 O

xHC 3 u
1 0 1 1 1 0 0 1 1 1 1 1
1 0 1 1 1 0 1 1 0O 1 1 O
1 0 1 1 1 0 1 1 0O 1 1 O
0O 0 0 O 0O 0 0 O O 0 0 O

Puc. 2.4

[Ipumep. [laHo OTHOILIEHHe, 3alaHHOE MaTpHlleH

OO OO
— o OO

1
0
0
1

OO — ==

HccrnenoBaTb OTHOLIEHHE Ha CHMMETPHIO, aHTHCUMMETPHIO, acCUMMeT-
puto, pedJIeKCUBHOCTb, aHTHUpPedIeKCHBHOCTb. HaliTh TpaH3UTHBHOE 3aMbl-
KaHHWe oTHouleHHs. [locTpoUTh Trpad OTHOIIEHHS p U €ro TPaH3UTHBHOTO
3aMbIKaHHs.

Pemenwne. Mcemenyem cBoiicTBa JaHHOTO OTHOLIEHHS.

1. JlaHHOe OTHOLIEHHE He SBJSETCS CUMMETPUYHBIM, TAK KaK MaTpuLa
HecuMMeTpuuHa. Hanpumep, napa (2, 1) npunannexxur p, a napa (1, 2) emy
He TIPUHAIJIEXKHNT.

2. OTHolleHHe aHTHCHMMETPHYHO, TaK KaK HeT HU OJHOH Maphl a;; =
= aj; = 1, ) 75 j

3. OTHolleHHe aHTUCHMMETPHUUHO, HO He aCMMMETPHUYHO, TaK KaK Ha
JMaroHalyd MaTpHUIbl UMeIOTCS 3JeMeHTHl, paBHEIE 1.

4. Bce nuaroHaJsibHble 3JIeMEHTHl MATPHUIBl PedIeKCHBHOIO OTHOIIEHHS
paBHbl 1. JlaHHOe OTHOLIEHHEe He SIBJASeTCS ped/IeKCHBHBIM.
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5. OTHoOIIEHHe He 006/afiaeT CBOMCTBOM aHTHPe(JIeKCHBHOCTH, TaK KakK
JMaroHasb MaTpHUIlbl HeHyJ/eBas.

6. JlaHHOe OTHOILIEHHe He fIBJSIeTCS TPAH3UTUBHBIM, TaK KakK, HallpuMep,
napsl (1, 4) u (4, 3) npuHannexar p, a napa (1, 3) eMy He MPHHAIJIEKHUT.

HafineM TpaH3WTHBHOe 3aMblKaHHe Tpaca, 3afaHHOrO OTHOLIEHHEM p.
[Tpouenypa TpaH3UTHBHOTO 3aMBIKAHHSI CBOJUTCS K 100aBJEHHIO B MAaTPULLY
CMeXKHOCTH rpaa MUHHUMAJBHOTO YHC/A eJUHHIL, TaK, YTOObl COOTBETCTBY-
Iolllee OTHOLIeHHe 06J1aia/o CBOHCTBOM TPAH3UTHBHOCTH.

Cnocob 1.

1. BriuncsisieM MaTpHILy KOMIO3HIMHU p2 = pop. Jlas 3T0ro ymMHOXKaeM !

MaTpHlly camy Ha cebs: A; = AA.
Hasii,5 = 1,...,4 BoUUCIsiEM

alij = (aﬂ A alj) V (aig A a2j) V (aig A agj) V (044 A a4j).
[Tonyyaem
1 0 0 1 1 0 0 1 1 0 1 1
A, — 1 0 0 0|0 O O O] |1 O O 1
110 o0 0 0|0 O 0 0| |O O O O
0 0 1 1 0 0 1 1 0 0 1 1

2. Haxonum Jiortyeckyto cyMMy (IM3BIOHKLHIO) MaTpul. [losneMeHTHast
JNU3BIOHKLHMS MaTpULl faeT

1 0 1 1
1 0 0 1
A=AVA4i=lg 0 0 0
0O 0 1 1
3. CpaBuum As u wmartpuny A. Ecim Ay = A, to Ay — uckomas

matpuna. Eciu As # A, tTo nosaraem A = Ao, Bo3Bpallaemcsi K m. 1 u
MOBTOpsiEM BCIO TPOLEAYPY AJSI HOBOH Marpuubl. B naHHoM caydyae Ag #
# A. Tlpunumaem

OO — —
(NN Ne)
—_ = —

"He nyrath mpoussenenue Gysesbix Matpui A = BC' ¢ M03JeMEHTHBIM JIOTHYUe-
ckuM ymHOxeHueM B A C. OueBunHo, a;; = 1, ecan xoTs Obl B OfHOM ciyudae k-i
3J1EMEHT ¢-H CTPOKH NepPBOT0 COMHOXHTeNs W k- 3JeMeHT j-ro crosbua BTOPOro
COMHOKHTeJIsI OflHOBpPeMeHHO paBHbl 1. B mpoTtuBHOM ciyudae a;; = 0.
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1’. YMHOXaeM MaTpHily camy Ha ceosi:

A =AA=

—_ = =
|
co—r—
cococo
—_— = =
—_ o — =

1 0 1 1
1 0 1 1
0 0 0 O
0 0 1 1
3’. CpaBuuBaem: Ay # A. Ilonaraem A =

elie pas.
1”. YMHOXaeM

A ¥ TOBTOpsieM MpPOLENYpPY

1 01 11 0 1 1 1 0 1 1
1o 1 11 0o 1 1 1 0 1 1
Ai=A44=49"9 0 ollo 0o 0 0|T|lo 0 0 0
00 1 1//0 0 1 1 0 0 1 I
2", Haxonum cymMmy:
10 1 1
10 1 1
A=AVAi=lg o o o
00 1 1

3”. CpaBuuBaem: Ay = A. CienoBatenbHo, A; — MaTprlla TPaH3UTHB-
HOTO 3aMbIKaHHsI 3a[aHHOTO OTHOLUEHHUSI.

Cnoco6 2. Anroputm Yopiesna ' [27].

PaccmartpuBaem Bce BHeMaroHaJ/bHble 3/1€MeHThl MaTpuLbl. Ecin a;; #
# 0, TO -10 CTPOKY 3aMeHsieM IU3BIOHKLHEH i-U U j-U CTPOK.

1. DnemeHT a4 = 1. [lepBylo cTpPoKy 3aMeHsieM MO3JIEMEHTHOH OHU3b-
IOHKLHMEeH NepBOM U YeTBEPTOH CTPOKHU:

A=

OOP—‘P—‘
[N e Ne)
—_0 0O —

"Warshall S.
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2. DnemeHT ag; = 1. BTopyio cTpoKy 3ameHsieM M03JeMEHTHOH AN3b-
IOHKL[MeH BTOPOH W NMepBOH CTPOKH:

Ay =

Ooi—‘i—‘
[N e N Ne)
—_ = —
i—‘oi—‘i—‘

3. DJeMeHT a4z = 1. JIU3BIOHKLHUS UeTBEPTOH WU TpeTbed CTPOKH He
MeHsleT BHA MaTpuubl. Takum o6pa3oM, MosydyeHHas MaTpulla sBJseTcCs
MaTpuuel TPaH3UTHBHOIO 3aMBIKAHHS OTHOLIEHUS p.

O6a crnocoba 1aloT OJUH U TOT 2Ke pe3yJibTaT.

Ha pucynkax 2.5 u 2.6 npencraBieHsl rpadbl OTHOLIEHHS p U €r0 TPaH-
3UTUBHOIO 3aMblKaHHUS. JlMaroHasbHble 371€MeHTbl MaTPULLbl COOTBETCTBYIOT
netiaM Ha rpage. Marpuua HecUMMeTpPUYHA, MO3TOMY Ipad OTHOLUEHHS
OpPHEHTHPOBAHHBbIH.

E E
4 4
Puc. 2.5 Puc. 2.6

Maple-nporpamma [J1s1 onpesieieHUsi HEKOTOPbIX CBOMCTB OTHOLIEHHUS 110
ero Matpule npuBeneHa Ha c. 101. B mporpamme maH Takxke aJaropuTMm
TPaH3UTUBHOIO 3aMbIKAHHUS.

2.3. KoMnoHeHThI CHJIBHOU CBSA3HOCTH rpada

[ToHsITHE CU/IBHOW CBS3HOCTH OTHOCHUTCSI TOJIBKO K oprpacdam.

Ocnosanue oprpada — Heorpad ¢ TeMH XKe BeplIMHaMH, HO pebpaMu
BMECTO COOTBETCTBYIOLIMX AyT .

Oprpad HasbiBaeTCs C843HbIM, €CIH CBA3HO €r0 OCHOBaHHUE.

BepiiuHa u docrmuscuma M3 BepLIMHBL U, €CJH CYLLECTBYET MapIIPYT U3
v B U.

'HaoGopoT, KaI0My HEOPHEHTHPOBAHHOMY rpadyy KAHOKUUECKU COOTBETCTBYET
oprpag ¢ TeMH »Ke BepLIMHAMH, B KOTOPOM KaxKnoe peOpo 3aMeHEHO AyraM,
WHUHUIEHTHBIMH TeM K€ BepLIMHAM W HMEILIHMHU MPOTHBONOJIOXKHbIE HalpaBJeHH s .
Kpowme Toro, npu BbluncaeHd MaTpulbl Kupxroda ynoGHO BBOAHTb OpueHmauuro
(oObIUHO MPOU3BOMIBHYI0) Heorpada — 3aMeHy pebep ayramu (cMm. c. 78).
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2.3.

Oprpad HasbBaeTCs CuAbHO C8A3HbIM (MM OPCBS3HBIM), €CJH J06as

€ro BepIIrWHa AOCTHKHMA U3 1060 BEPLIMHBI.

Fpa(b Ha3bIBaeTCA opuenmupyemoim, €CJIA OH SBJASETCA OCHOBAHHUEM

CUJIBHO CBSI3HOTO Trpada.

Samaua. HaliT KOMIIOHEHTHI CHIBHOM CBsI3HOCTH oprpada (puc. 2.7).

Puc. 2.7

OrBerTHl

[\ B arE{e}
— e
M~ S <

© — N
47_.Oa.|.a
oo
o o

¥ oo

N
= < <
<+ N ™

n © —
R )
—_ =~

TR SN

-~ H o

— 10 ©
S o5 <
~ NS

<+~ o
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O
INER N
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[Tpumep. Ha#iThu KOMIOHEHTH CUIBHOH CBsI3HOCTH Tpada (puc. 2.8).

Pewmenune. MaTpuua cMeXHOCTH rpada ume-
€T BUJI

000010

001100

100000
Ai=A=14000 01
001000

Puc. 2.8 010000

B rpade 7 nyr, mostomy HauGoJbLIMN NyTb OYAeT He IJHHHee CEeMHU.
[TocTpouM MaTpully AOCTUXKHMOCTHU:

20 20 3 0
: 326 3 3 2

- ) 302020
A7—2A—323213
k=1 20 3020

333 2 3 2

BrigesuM U3 3TOH MAaTpPHUIBl IJ1aBHblE MUHOPHl MAKCHMAJIbHOTO TIOpPsiIKa, He
comepxaiiue Hyau. Ecau rpad cesizeH, To B Marpulle OyoyT CTPOKHU, He
cofiepKalie HyJed. DTo cTpoku 2, 4, 6:

32 6 3 3 2
32 3 21 3
33 3 2 3 2

MuHop co cTpoKaMu U cTon61aMH ¢ 3TUMHU HOMepaMH COOTBETCTBYeT OfHON
KOMIIOHEHTe CBSI3HOCTH:
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y}la.}'[I/IM U3 MaTpUlbl CTPOKH H CTOJI6HbI C 3THUMH HOMEpaMH. HOJ'Iy'-II/IM
MHWHOD, COOTBeTCTByIOHlHIL/'I BTOpOIL/'I KOMITIOHEHTEe CBA3HOCTH!

2 . 2 . 3
3 . 2 . 2
Aassy =1
2 .3 . 2

Hrak, B rpade 1Be KOMIOHEHTHI CUIBHOH CBA3HOCTH: MOArpad ¢ BepIIH-
Hamu 1, 3, 5 u moarpad ¢ BepwnHamu 2, 4, 6. M306pasuM 06e KOMIOHEHTbI
CUJIbHOH CBSI3HOCTH B BHJIE OTHENbHBIX IpadoB (pucyHku 2.9, 2.10). Obwee
yucsno pebep B KOMIOHEHTaX MeHblle pasMepa HcxomgHoro rpacda. Hyra
[2, 3] He BolllIa HY B OMHY KOMIIOHEHTY.

Puc. 2.9 Puc. 2.10

Tpu BapuanTa pelueHHsl 3afaud O HAXOXKIEHHUU KOMIIOHEHT CHJIbHOH
CBsI3HOCTH rpada B cucreMe Maple npuBenensl Ha ¢. 104-106.
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JEPEBbSA

Jepeso — cBsisHbI  rpad 6e3 UHMKJIOB. Jlec (MM auukiuueckutl
rpa) — Heorpa¢ 6e3 LHKJIOB. KOMIOHEHTaMH Jleca sIBJSIOTCS JI€PEBbS.

Teopema 13. [{1a neoepagpa G ¢ n sepuiunamu 6e3 nemensv ciedyro-
wue ycaosus IK8UBANEHMHbL:

1) G — depeso;

2) G — csas3nubill epagh, codepracauuti n — 1 pebpo;

3) G — ayuxauueckuii epag, codepacaujuti n — 1 pebpo;

4) arobuie dse Hecosnadaroujue sepuiunel epaga G coedunsem edur-
CMBEHHAS enb;

5) G — ayukrauveckuti epag, maxotl, umo ecau 8 Heeo 006a8uUMmb 00HO
pebpo, mo 8 Hem NoABUMCS POBHO OOUH UUKAL.

Teopema 14. Heoepagd G ssasemcs secom moeda u moavKo moeoa,
koeda kopane epaga v(G) = 0.

Bucsuas BepiuuHa B nepeBe — BeplinHa cTenedu 1. Bucsuue BeplinHbl
Ha3blBAIOTCS AUCMbAMU, BCE OCTaJIbHblE — BHYMPEHHUMU BEPIIHHAMH.

Ecau B mepeBe 0co60 BbleeHa OfHA BeplIMHA, Ha3blBaeMasi KOPHeM,
TO TaKoe [epeBO HA3bIBAETCH KOPHEBbIM, UHAUE — CB80600HbIM.

KopHeBoe nepeBo MOXHO cuWTaTh oprpaoM ¢ OpHUeHTaUued Ayr u3
KOpHSI WY B KopeHb. OUeBUAHO, AJIs JI0O0H BepLIMHBI KOPHEBOIO IEPEBa,
kpome kopHsi, deg™ = 1. Jlast kopus deg™ = 0, aast anctves deg®™ = 0.

BepuinHbl JepeBa, ynajeHHble Ha paccTosHue k (B 4ucjae Oyr) OT
KOpHst, obpasyioT k-it spyc (ypoBeHb) nepeBa. HawubGosbliee sHaueHue k
Ha3blBAETCS 86/COMOLL epeBa.

Ecau U3 BepIIMHBI ¥ KOPHEBOTO JepeBa BHIXOAST NYTH, TO BePLIMHb Ha
KOHIlaX 3THUX AyT HA3bIBAIOTCS CHIHOBBAMH .

3.1. lenrpoun nepesa

Bemeso k BepluHe v IepeBa — 3TO MaKCUMaJbHBIM Moarpad, comepxa-
UH v B Ka4eCTBe BUCSYEH BepLIUHBI. Bec cj BepLIUHBl k — HaWOOJbILINH
pasmep ee BeTseil. LlenTpoun > nepesa C — MHOXKECTBO BepLIMH C Hau-
menblrM BecoM: C = {v|c(v) = emin} [32].

'B auramiickoit utepatype u Maple — nouepu (daughter). OTciona, BeposTHO,
¥ TEPMHUH «J0YepHHe» (a He «CHIHOBHHE») KOMIIAHHH H T.II.
*Unu yenmp macc nepesa [25].
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Bec mo6oro nucra nepeBa paBeH pasMepy epesa.

BbicoTa mepeBa ¢ KOpPHEM, pacloOOXKEHHBIM B LEHTPOHIE, He OGoJiblie
HaWMeHbLIEro Beca ero BepIIHH.

CBoGonHOe fepeBO MOpsifKa m C IBYMs LEHTPOMIAMH HMeeT YeTHOe
KOJIHUECTBO BEpLIKH, a BeC KaXKAOT0 LIEHTPOHAA paBeH n/2.

Ilisi ueHTpouna HepeBa cyliecTByeT Teopema 2KopaaHa, aHasordHuHast
ero e Teopeme o 1eHTpe (cM. Teopemy 2 Ha c. 8).

Teopema 15 (2Kopnana). Kasxdoe depeso umeem yenmpoud, cocmos-
wutl U3 00HOU uau 08Yx cmexcHolx sepuiun [32].

Samaua. Haiitu uenrpoun mepesa (puc. 3.1) U HaMMEHbIINH BeC €ro
BEpIIHH.

a
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OTBeTH

Cmin C Cmin C Cmin C
a 10 23 || r 12 2 X 12 14
12 9 I 12 23 12 18
B 11 12 e 11 17 U 12 12

w

[Tpumep. HaliTy HauMeHbIINE Bec BeplIMH fepeBa (puc. 3.2) U ero
LEeHTPOUL.

Pemenune. OueBUaHO, BeC KaxKI0Hd BU-
csiuell BepLUIMHBI IepeBa MopsiiKka 1 paBeH
n — 1. Bucsiune BepIIMHBI HE MOTYT CO-
CTaBHUTb LIEHTPOUJ NepeBa, MO3TOMY HC-
KJIOUUM H3 PACCMOTDEHHUSI BEPIIUHEI 1, 2,
4,6, 12, 13 u 16. Jlus Bcex OCTa/bHBIX
BEPILIHH HakIeM UX Bec, BHIYUCISS IJIUHY
Puc. 3.2 (pasmep) ux BeTBeH.

Uucso BeTBell BepIIMHBI PaBHO ee CTermeHU. Pa3Mepbl BeTBel BeplIWH
3, 5 u 8 paBuul 1 u 14. CyenoBatenbHO, Beca 3TUX BeplIMH paBHb 14. K
BeplIKHe 7 TOAXONST YeThipe BeTBU pa3dmepoM 1, 2, 2 u 10. Takum o6pasowm,
ee Bec ¢y = 10. AHaJIOrMYHO BHIYUCSIOTCS Beca APYTHX BepLIHH: ¢g = 13,
c10 = 11, c14 = 10, ¢11 = ¢35 = 8. MUHUMaJIbHBIA Bec BeplIUH paBeH §,
CJIefloBaTe/IbHO, LIEHTPOU AepeBa 00pa3yioT [1Be BepLIMHBI C TAKUM BECOM:
11 u 15.

3.2. lecaTnyHasi KOOTUPOBKA

JlepeBbsi mpencTaBsiOT cOO00i BaxkHBIE Bum rpados. C momoulbio Je-
PEBbEB OIMUCHIBAIOTCS 0a3bl JAHHBIX, AEPEBbS MOAEJHUPYIOT AJITOPUTMbI U
NPOrpaMMBbl, HX UCIOJb3YIOT B 3JIeKTPOTEeXHUKE, XUMUH. OIHON U3 aKTyaJb-
HBIX 337au B 3MO0XY KOMIBIOTEPHBEIX U TeJIeKOMMYHHKALUOHHBIX CETEH $B-
Jsiercs 3agada cxkatus uHpopmanuu. Ciona BXOIUT U KOIHUPOBKA JEPEBbEB.
KomnakTHasi 3anuch fepeBa, ITOJHOCTHIO OMHCHIBAIOIIAS €r0 CTPYKTYPY,
MOXKET CYLIECTBEHHO YNPOCTUTb KaK Mepenayy MH(GOpPMAUMU O IepeBe, Tak
U paboTy ¢ HUM. PasnnyHble BUAB KOAUPOBKH AePEBbEB MOIPOOHO OMHUCAHEI
B [14].

[IpuBenem omHy M3 NPOCTEHLIMX KOAHPOBOK IOMEUEHHBIX AEPEBBLEB C
BbIJIeIEHHBIM KOPHEM — [ECSATHUHYIO.

Konupys nepeBo, npupep:KrBaeMcsi CjaefyOLUIUX TTPaBHII.

1. KonupoBka HauMHaeTcsi C KOPHS U 3aKaHYMBAETCs B KOpHE.

2. Kaxpplfi war Ha ofHy AYTY OT KOPHS KOAHUPYETCS eAWHHLEH.

3. B y3ne BoiGupaem HampaB/eHHe Ha BEPLIMHY C MEHBLIHM HOMEPOM.



3.2. Hecamuunas Koouposka 43

4. JIOCTUTHYB JIMCTA, UEM Hasal, KOOUPYs KaXKAbIH LIar HyJeM.

5. Tlpu nBukeHWH Has3ag B y3je Bcerga BeIOMpaeM HampaBjeHHe Ha
HEMpOHIeHHYI0 BEPIIMHY ¢ MEHbIIUM HOMEPOM.

KonupoBka B Tako#l hopme mosydyaercst IOCTATOYHO KOMIAKTHOH, Of-
HaKO OHa He HeceT B cebe HH(pOPMAalMH O HOMepaxX BepIIHH JepeBa.
CylLeCTBYIOT aHaJOTHUHbIE KONWUPOBKH, [I€ BMECTO €IHHHII B TAKOM XKe
Nopsifike MPOCTABJSIOTCS HOMepa UJH Ha3BaHHs BEPILIHH.

EcTb mepeBbsi, [/ KOTOPHIX HECJOXKHO BBIBECTH (HOPMYJY AECSITHUHOH
KOIUPOBKH. PaccmoTpuM, Hampumep, rpadui-3Be3isl K, fABJOLIHECS
MOJIHBIMK ABYIOJIbHBIMUA TpaaMd, OfHA W3 [0Jied KOTOPHIX COCTOMUT H3
omHo#i BepuwnHbl |, Jlpyroe o6o3Hauenue 3e3f — Ki ., = Sy.

Ha pucynkax 3.3-3.6 mpuBeleHbl 3Be3/lbl U WX ABOWYHBLIE U JECATHY-
Hble KOIMpoBKH. KopeHb JepeBa pacroJiaraeTcsi B LEHTPaJbHOH BeplIUHE
3Be3nbl. Jlerko monyuyuth obuLyio popmyay: Z(S,) = 2(4™ —1)/3.

So S3 Sy S
1010 101010 10101010 1010101010
10 42 170 682
Puc. 3.3 Puc. 3.4 Puc. 3.5 Puc. 3.6

Ecnu KopeHb MOMECTHUTD B JI060H M3 BUCAUMX BEPIIKMH, TO KO Z' TAaKOro
JepeBa OyleT BblpaxKaTbCsl OOJBLUIMM YHCJIOM. Dosee Toro, cyliecTByeT
3aBucumoctb Z(S,) — Z'(Sp) = Z(Sp—1). AHaJOrHUHO paccMaTpPHUBAIOTCS
uenu 2 (Cy,; puc. 3.7).

B 3Be3nax ToJIbKO 1Ba BapHaHTa pacloJioKEeHHs KOPHS C pas/MYHbIMH

IeCATHUHBIMU KOAHMpOBKaMHU. B wemnu
JK€ YMCJIO BapUaHTOB  KONHUPOBOK B
Cs 3aBUCUMOCTH OT  MOJIOXKEHHS  KOpHA

0—o0—0—0—0
C pacteT ¢ YBEJHYEHHUEM N. PaCCMOTpI/IM
o—o0—0—0 4 o o
CaMbli TIPOCTOM BapHaHT, pPaCIOJ02KHUB

KOpeHb B KOHLEBOH BepliuHe (JHCTe).
o—o Cy Has Co [OJIyYUM NEeCATUYHYIO
konupoBky 10 u gBouunyio 2. Touno
TaK  Ke JUIS  OCTaJbHHIX  Lemei:
1100 u 12, 111000 u 56, 11110000

Puc. 3.7

'91a xe BepiIMHA ABJAAETCA LEHTPOM U LEHTPOMIOM Jepesa. HauMeHbuiuii Bec
BEpIUMH 3Be3/bl paBeH .

2Y ueneit Coy, H Cpny1 HAUMEHBLIWH BeC BepIIHH paBeH 7. LIeHTP U LeHTPou
Lenei cOBNafaloT.
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u 240. O6was Qopmyia AJs AECATUYHOH KONMUPOBKH LM C KOPHEM B
KOHIeBOH BepuiuHe umeet Bua Z(Cy,) =27~ 1(2n~1 —1).

3anaua. 3anucath AeCcATHYHBIH Kon HepeBa (puc. 3.8) ¢ KopHeM B
BepllrHe 7.

Puc. 3.8
OTBeTH
Kon(10) Kon(10) Kon(10)
766905776 862838828 1002643328
920926640 955371392 863518256
754522592 978115976 966725216
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[Tpumep. 3anucaTbh HecATHUHBIH Koa AepeBa (puc. 3.9) ¢ KopHeM B
BeplInHe 3.
PeweHue. Ha ocHoBaHWU MpaBua KOTUPOBKH,
JBUTasiCh MO IepeBy, MPOCTABUM B KOJI €IHHHILbI
¥ Hyau. [Ipu nBHXKEHHH K3 KOPHS 3 K BepLIKHE
7 mpoxonuMm ueTeipe pebpa. B konm samuckiBaem
yeTbipe enrHuubl: 1111. BosBpaiascs ot Bepuiu-
Hbl 7 K BepiinHe 2 (no OunKadiiell pasBUJIKH),
MPOXOAHUM TPH pebpa. 3amucbiBaeM B KOA TPH
ayasi: 000. Ot BepmuHb 2 K 5 U jgajnee K 8
Puc. 3.9 (Menbiuit HoMep): 11; or 8 Hazam K 5 U oT b K
9: 01; ot 9 x kopHio 3: 000.
1 nakonern, ot 3 x 6 u o6patHo: 10. B urore, cobupas Bce BMmecTe,
MOJNyUUM ABOMYHBIH KOJ AepeBa:

1111 000 110 100 010.

PasbuBas yuc/io Ha TPOHKH, NepeBOAUM IOJyu4eHHOe JBOWUHOE MpeACTaB-
Jenue B BocbMepHuuHoe . [Tomydyaem 1706425, 3aTeM MepeBOIUM 3TO HMCJIO
B gecatnuuHoe: 280 +4-81 +6-82+0-8% 4+ 78+ 1-8% = 61858.

MoxHO nepeBecTH ABOMYHOE YHUCJIO U3 1 LUUPP B AECATUYHOE YUCJIO
HEeMoCcpeiCTBEHHO Mo (popMmyJie

n
Z ki2n7i,
=1

rae k; — -1 uudpa (0 nau 1) B IBOUYHOM YHCJIE.
Maple-nporpamma fJsl feCATHYHON KOJMPOBKM NpHBefieHa Ha c. 114.

3.3. Komupogka Ilprodepa

Bri6op KOmMpOBKHM IepeBa 3aBUCHUT OT pellaeMOil TeopeTHUECKOH WU
TeXHUUecKod 3agmauu. Cpenu BCeX BO3MOXKHBIX KOIAHPOBOK €CTECTBEHHO
OTBICKATb ONTHMaJbHbIE 110 KAKOMY-TO KauecTBY pelieHus. Brepsble mpo-
6J1eMOi ONITUMaNbHOCTH KOIUPOBKH AepeBbeB 3aHsiyicss A.B. Anucumor (06
ONTHUMaJbHOH ynakoBke fAepeBbeB// Kubepnernka. — 1976. Ne 3. C. 89
- 91). bel0 MoOKasaHO, YTO CYILIECTBYET ONTHMAaJbHBIH B ONpeneseHHOM
CMBICJIE KOJI JepeBa — Tak Ha3biBaeMblil Kof [Iprodepa 2 DT0 10CTATOYHO
penko ynomuHaemoe ums BcTpeuaetcst B T. 1 kuuru 1. Kuyra [16] u B KHure
O. Ope [25] B cBfi3M ¢ BLIBOAOM uMc/aa 1"~ 2 TOMEUEHHBIX JEPeBbeB °.
Haubosee nosHo komupoBka [Ipiodepa U medcTBUS ¢ yncaaMHu (Komamu)

"meem 0002 = 0g, 0015 = 1g, 0102 = 25, 0112 = 35, 1002 = 4g, 1012 = 5g,
1102 = 65, 1112 = 7s.

2Prufer, Ernst Paul Heinz.

3Teopema Kanu (Cayley A.).
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[Tprocpepa paccmorpensl B ¢yHnamentanbHoMm Tpyzne B.H. KacesnoBa u
B.A. Escturneesa [14].

B uacrtHoCTH, 6blI0 TOKa3aHO, Kak obpasyercs kon [lpiocepa nepesa,
MOJIYYeHHOrO CKJIEHKON (OTOXKAECTBJEHHEM BepLIHH) IBYX APYTHX Hepe-
BbeB. OTMmeTuM, uTo kKomupoBKa [Iprodepa mnpumeHsieTcsi K CBOOOAHBIM
IepeBbsiM (HEOPUEHTHPOBAHHBIM AEPEBLSIM, T.€. NEPEBbSIM, B KOTOPHIX HET
BBIIEJIEHHOTO KOpPHS).

[TpuBenem anropuTM KOIUPOBKH MOMeueHHOTo fepeBa o [Ipiodepy.

1. HaiitTu BHCAYYIO BepLIMHY ¢ MUHMMAJbHBIM HOMEPOM i.
2. 3anucarp B Kop [lpiohepa BepuInHy, CMEXKHYIO C 7.

3. ¥YnanuThb BeplIMHY ¢ U3 JepeBa. Eciu nepeBo He MycToe, TO MEPEUTH
K m.l.

Samaua. 3anucarb Kox [Ipiodepa [14] nepesa (puc. 3.10).

Puc. 3.10



3.3. Kooduposxa [lprogpepa 47

OTBeTH
Kon Iprodepa

a| [5,3,4,87,911,13,9, 5,6, 7, 11, 15]
6112 6,4,8,9,7, 8,12, 10, 11, 14, 15, 11, 12]
B|[2, 26,86, 7, 7,11, 13, 14, 11, 15, 14, 15]
r| [5,6,7,8,12,9,10,9,5, 6,7, 8, 12, 16]
ol (2,3, 2,6,9,10,9, 10, 14, 10, 6, 7, 8, 12]
el[5 2,6,8,9,10, 7, 11, 13, 11, 11, 15, 14, 15]
x| [3,2,1,5,8,7,6,5,9, 13,9, 10, 11, 15]
3| [2,3,2,6,9,10, 14, 13, 9, 10, 6, 7, 8, 12]
ul[2, 6,3 43,2, 6,10,10, 14, 11, 15, 14, 15]

[Tpumep. 3anucatsh Kox [Ipiodepa [14] mas mepesa (puc. 3.11).

Puc. 3.11

Pemenune. Haxonum BHCsiUyl0 BeplIMHY C MHUHHMaJbHBIM HOMEPOM,
3anuceiBaeM B Kop [lprodpepa BepiinHy, CMeKHYIO C HEH, U yaJsieM ee U3
nepesa. IlocnenoBaresbHOCTL onpenesieHus: kKopa Ilpiodepa nnsa paccmar-
prBaeMoro JepeBa Moka3aHa Ha pucyHkax 3.12-3.17. Ilasg HarasiiHOCTH
nu3obpakeHrWe yIajeHHOH BepUIMHBI OCTAeTCs Ha PUCYHKe, a CTHUpPaeTcs
TOJIBKO pebpo.

P =12, 3] P =12, 3, 12]
Puc. 3.12
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P=12 3, 12, 8] P=123,12,8,4 P=123,128,4,3]
Puc. 3.13

P=1[23128 43 2| P=1[231238 4,32, 6]

Puc. 3.14

Jd £ & & Jd & &
P=123,12 84, 3,2 6,9] P=123,1218,43,26,9 5]
Puc. 3.15
013 013 14 15 16
) I T RN TR )
P e F I P
d & & Jd Z P

P=102,31284326,956  P=][23128432°86,9,5,6,10]

Puc. 3.16
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O e—O—=O O O e—O

09 OIO Oll O12 09 OIO Oll O12

05 06 07 08 05 06 O7 08

O1 02 03 04 O1 02 03 04
P=12312 84,3, 2, P=123128,4,3 26,

6,9, 5, 6, 10, 14] 9,5, 6, 10, 14, 15]

Puc. 3.17

B pesynbrare xon Ilprodepa nmeer Bup
P=12,3,12,8,4,3,2,6,9,5,6,10, 14, 15].

Bepuwunbsl B koze Ilpiohepa MoryT noBTopsiTbes, 6oJiee TOro, B Kofe
[Iptodpepa moxxeT ObITH TOJBKO OfHA BepluMHA. Tak, ecjad HOMep LieHTpaJb-
HOH BepLIMHBI 3Be3ibl Ha pHC. 3.5 paBeH D, TO KO COCTOHT H3 TpeX
OlIMHAaKOBBIX Hp — H55.

I Be Maple-nporpammsl kogupoBku [Iprodepa npusenessl Ha c. 117.

3.4. PacnakoBka koaa IIprocgepa

Pacnaxoska kopa IIpiodepa mporsBoaUTCS 110 aJATOPUTMY, OIIUCAHHOMY B
[14]. OcHoBHOe TpeGoBaHHE K aJrOPUTMaM KOTUPOBAHHUS — ONHO3HAUHOCTD
BOCCTaHOBJIEHHsI HH(DOPMALHH.

3anauva. [lo 3apannomy kony [lprodepa noctpoutsb mepeBo.

a)

[6, 3, 4, 5, 10, 7, 8, 9, 10, 15, 12, 13, 14, 15, 20, 16, 17, 18, 19, 20, 25, 23, 24];
6)

[2, 3,4, 3,8,6,11, 9, 8, 13, 16, 17, 18, 19, 20, 21, 22, 17, 18, 19, 20, 25, 24];
B)

[2,7,4,4,9,11, 8, 9,9, 14, 12, 17, 14, 21, 18, 22, 23, 18, 19, 14, 15, 20, 25];

r)

[5,4,3,2,6,9,8, 7,6, 11, 21, 16, 18, 19, 18, 17, 16, 11, 12, 13, 14, 15, 20];

1)

[2, 3, 4,9, 10, 13, 18, 13, 8, 16, 11, 6, 7, 17, 12, 7, 8, 9, 10, 15, 20, 25, 24];

e)

[6,2,7,9,10, 11, 7, 12, 14, 15, 12, 17, 17, 22, 18, 15, 14, 13, 18, 23, 22, 23, 24];
x)

[2, 3, 8, 11, 12, 5, 4, 9, 8, 13, 16, 17, 13, 18, 20, 21, 22, 23, 24, 25, 22, 23, 24];
3)

[6,7,8,4,9,09, 11, 14, 15, 14, 16, 17, 18, 17, 16, 11, 6, 7, 8, 9, 14, 19, 24];

1)

[6, 7, 3, 8, 10, 11, 12, 8, 13, 15, 16, 13, 18, 19, 20, 21, 18, 19, 22, 23, 24, 19, 20].
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OTBerTH

a 6 8
21 22 23 24 25 1922 23 24 95 21 22 23 24 25
16 17 18 19 20 16 )17 18 19 [20 19120
JLJI2 13 (14 {15 11 J,12 13 [14 [15 14 _[15
6 7 8 9 o 6 7 18 9 .10 9 10
WMS 1 2 3 4 5 1 S 4 H

2 0 e
21 22 23 24 25 95 21 22 23 24 25
16 17 118 119 [20 120 16 117 I8 19 20
112 13 14 )15 15 1 12 13 14 15
6 7 8 9 10 10 6 178 19 lio
1 2 3 4 5 5 12 3 14 s

aH 3 u
21 22 23 24 25 21 22 23 24 25 21 22 23 24 25
16 117 118 119 [20 16 17 Ji8 19 20 16 17 18 119 |20
11 12 l13 14 [15 11 12 13 14 [15 112 113 14 15
6 17 18 9 .10 6 7 8 19 10 6 17 18 9 lio
12 13 a5 1 12 13 4 5 1 2 13 4 5

Puc. 3.18

[Tpumep. TlocTpouts nmepeBo, cooTBeTcTByMolIee Kooy [Iprodepa P =
[5, 6,7, 8, 6,10, 14, 15, 11, 10, 6, 7, 8, 12].

Pewenue. Areopumm pacnaxosku kooa [Iprogpepa P.

BBenem crucok (BeKTOp) HEKOTOPbIX 3jaeMeHTOB N = [a1,...,an] U
omepalMio YKOPOYEHHsl CIHMCKA Ha OIMH IMEpPBbIi 3JieMeHT, 0003Ha4YuB ee
3Be3noukoit: N* = [ag, as, ..., a,]. Torma

) A=P, N=11,...,n];

2)v=minN, v ¢ A, u=ay;

3) BepIIHHBl U U U COENUHUTH PeGpoM;

4) N=N\v, A= A%

5) ecau |[N| = 2, TO COeIHHHTb [Be MOCJEAHHWE BEPLIMHBI, N1 U Ng, U
3aBEepIUUTD NPOLEAYPY; B MPOTHUBHOM CJydyae BEPHYThCs K II. 2.

Jlist Koma, JAaHHOTO B YCJOBHM 3a[a4H, MOCJAeI0BaTeNbHO T0JydaeM

e A=15,6,7,8,6,10,14,15,11,10,6,7,8,12],
B =1,2,3,4,5,6,7,8,9,10,11,12,13, 14, 15, 16],
pe6po (5, 1);

e A=1[6,7,8,6,10,14,15,11,10,6,7,8,12],
N =1[2,3,4,5,6,7,8,9,10,11,12,13, 14, 15, 16],
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pebpo (6, 2);

A=17,8,6,10,14,15,11,10,6,7,8,12],

N =13,4,5,6,7,8,9,10,11,12,13,14, 15, 16],

pecpo (7, 3);

A=[8,6,10,14,15,11,10,6,7,8,12],

N =[4,5,6,7,8,9,10,11,12,13,14, 15, 16],

pebpo (8, 4);

A =1[6,10,14,15,11,10,6,7,8,12],

N =1[5,6,7,8,9,10,11,12,13,14, 15, 16],

pebpo (6, 5);

A =[10,14,15,11,10,6,7,8,12],

N=[6.7.8,9,10,11,12,13, 14,15, 16].

Bepuunst 6, 7, 8 ectb B A, mostomy Bepuiuny 10 (mepBast u3 cruc-
Ka A) coenunsiem ¢ 9; moaydaem pebpo (10, 9). YkopauuBaem A u
ynajisieM BepiuuHy 9 uz N. KypcHBOM BblIesieHbl BEPLIHHBI CIHCKa
N, npucytctByioline B A. Jlanee

A =[14,15,11,10,6,7,8,12],

N=1[6,7,810,11,12, 13,14,15, 16).

Bepunun 6, 7, 8, 10, 11, 12 us N ectb B A, nostomy BepiuuHy 14
(mepBasi U3 A) coenuHsieM C BepIIWHOH 13, cienymoliell 3a CUCKOM
6, 7, 8, 10, 11, 12, u nonyuaem pe6po (14, 13). YkopauuBaem crnepenu
crucok A, oTpe3ast oT Hero 14, u ynanseMm BepuuHy 13 us N. [asee
A=[15,11,10,6,7,8,12],

N =1[06,7,8,10,11,12, 14,15, 16]. AnajornuHo nojyudaem pe6po
(15, 14). Bepumny 15 Gepem u3 A, Bepmnny 14 — n3 N.
A=[11,10,6,7,8,12],

N=1[6,7,8,10,11,12, 15, 16],

pebpo (11, 15);

A=1[10,6,7,8,12],

N =16,7,8,10, 11,12, 16],

pe6po (10, 11);

A=16,7,8,12],

N=16,7,8, 10,12, 16],

pe6po (6, 10);
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o A=[7,812],
N =16,7,8,12,16],
pedpo (7, 6);

o A=[8,12],
N =[7,8,12,16],
pedpo (8, 7);

o A=]12],
N = [8,12,16],

pebpo (12, 8).

e Ha nocnenHeM atamne nosyuaeM pe6po, o6pa3oBaHHOe IABYyMs BepLIU-
HaMHu u3 N:

A=][], N =[12,16], pe6po (12, 16).

JlepeBo, 3akonrposanHoe 110 [Ipiodepy, — cBoOORHOE, T.€. OHO He HMeeT
KopHsi. OHO MOXeT ObITb M300pa’keHo, HalpUMep, B BHJe, NOKA3aHHOM Ha
puc. 3.19 unu Ha puc. 3.20. B nocsnenHem ciydae B iepeBe HCKYCCTBEHHO
BEIIeIeH KopeHb 6. [losydyeHHoe mepeBo umeer 6 apycos .

Puc. 3.19 Puc. 3.20

OnucaHHbIH npouecc Jerko mnporpammupyercsi. CooTBeTCTByMOLLAsA
Maple-nporpamMma npuBeneHa Ha c. 119.

3.5. Koguposka I'anta

Jlnsi nepeBbeB THNA 2-3, T.e. JepeBbeB, KaxK/Aas He KOHLEBAas BepLIMHA
KOTOPBbIX UMeeT 1o 2 Wik 3 chiHa, mpuMmeHsietcs ko anra [14]. bes kakoro-
au60 HM3MEHEHHs aJrOopuUTMa 3TOT Koj 06o06IiaeTcss U Ha 6oJjee CJIOKHbIE
cay4au. lepeBo He 00s13aTesIbHO 10/IKHO 66T NoMedeHo. Konrposka [anta
(B oTsinume oT KonupoBKH [Ipiothepa) He coxpaHsieT HHOPMALHIO 00 HMeHax
BEpLIVH.

1Ka}(ylo BEpLIMHY CBOOOJHOTO JepeBa Halo MPHHSTh 38 KOpPeHb, UTOOBI BbICOTA
nepeBa Oblla MUHMMAJbHOH?
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Koduposxa lanma

3.5.

3anaua. Hafitn kon I'anta nepesa (puc. 3.21).

A AN

A AN

[y
TS

TR A

Puc. 3.21

OrBeTHl

Kon

Kon

)

o

Y
A )
—_ —_
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[Tpumep. Halitu xon Tanra mepesa (puc. 3.22).

Pewenue. Bribepem HanpasieHue obxona aepesa. IIycTb KOx COCTOUT
U3 YMcJa ChIHOBEH KaXK[IOH BepIUMHBI AepeBa NMpPH 00Xole AepeBa caesa
Hanpaso, CHu3y e6eepx. Bucsuue BeplIMHB (MX CTermeHb paBHA 1) He
UMEIOT ChIHOBeM, MO3TOMY B KOJ IepeBa MopsiiKa 1, UMEILIEro ng BUCIUUX
BEpIIMH, BOUmeT n — mo uucena. Ilns nmepeBa Ha puc. 3.22 KOIHUPOBKa
JoJ2KHa cofepKath 12 —8 = 4 yucsa. HauHeM KoaupoBKY ¢ caMoil BepxHe#
BepiinHbl — A. OHa umeer Tpu coiHa — B, C, D. CiiefoBaTesbHO, 3aHOCUM
B KOJ YHCJIO 3:

[~ ——3].

[lepexonum Ha caenymwouuii apyc. Camas npasas BeplidHa, B, nMmeeT Tpu
CblHa. 3aHOCHM B KOJL YHCJIO 3:

[— —3,3].
[pomosmkasi majee, OKOHUATEJbHO MoJydaem Kox [2, 3, 3, 3].
A
D C B
Puc. 3.22

Maple-nporpamMma st KonupoBku [anta npusenena Ha c. 120.

3.6. PacnakoBka koma I'anra

3anava. Pacnakosath Kon 'anTa u mocTpouTs AepeBo:

a) e)

3,1, 1,3,2,2,4,3,1,3,3]; [3,3,21,1,2,21,3,3,2,3];
6) %)

(2,2, 2 3, 2 4,42 3, 3,2 3]; [3,3,2,2,2,2 2 2 2 3]

8) 3)

[1,3,2 3,312 3,31, 3]; [1,1,223,1,2 2 3]

2) u

1,1,1,1,1,3,3,1, 2 3]; [2,3,3,3, 1,21, 3];

d) K)

(2,3,2,2,3,3,4,2, 2,3, 3]; 3,3, 1,2 1,1,2 3, 2,2, 3].
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OTBeTH
a 6
AR A
8 e
0 e
oHc 3
u K
O AR

Puc. 3.23

[Tpumep. Ilo 3apanHomy kony lanra [3,1,1,1,1,4,2,1,2,3,3,3], no-
CTPOUTDb IEPEBO.

Pemenwue. Iloctpoenne HaunHaercst ¢ KopHs. OT KOpHS, COTJIacHO
Noc/IelHEMY UHCNY KOJa, UIET TPHU AYTH K TPeM BepLIMHAM-ChIHOBbSIM 2-T0

spyca. PaccMaTtpuBas cienyoliue ¢
KOHIIA TPH YMCJA KOJa, BBISICHSIEM,
YTO OT 3THUX BEpIIMH HAeT 3, 3 U
2 nyru cooTBeTcTBeHHO. M3o06pa-
JKaeM 3Ty 4YacTb JepeBa U IponoJ-
JKaeM CTPOHTb CJedylomui spyc. B
Puc. 3.24 pesyJbTaTe moJydyaem puc. 3.24.

Maple-nporpaMma /st pacnakoBkH Kopa ['anmra mpuBeneHa Ha c. 122.
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AJITOPUTMBbI

B sToll ryiaBe coGpaHBl 3amauH, AJs pelleHHs KOTOPHIX HCIOJIb3YIOTCS
JU00 KJacCHYecKHe, JIMO0 HOBble aJTOPHUTMBI, HMEIOLIHEe YHHBepCaJbHOE
nprMeHeHHe. COBepIIeHHO OUEBHAHO, UTO pellleHHe MHOTMX 3aiad He SB-
JsieTcsi camoliesiblo. Kak mpaBuio, 3TO MOJUTOH I OTJNAAKH H3BECTHBIX
M TIOCTPOEHMs HOBBIX METOIOB pellleHHs. BoJsbllioe 4HCIO alrOpHTMOB Ha
rpadax ¢ moApoOGHBIM OMHUCAHWEM W aHaJHu30M comepxutcs B [17]. B [11]
aJropuTMbl Ha rpadax peasnusoBaHbl B cpefie Delphi na s3pike Pascal.
HekoTopele cBefeHHS 10 TEOPHUH alrOpuUTMOB comepxkares B [20].

4.1. Kparuaimuii myTh B oprpace

Jlyram Bo B3BellleHHOM oprpage NocTaBJgeHO B COOTBETCTBHE HEKOTOPOe
yucao (Bec). DTo MOXKET OBbITb €BKJHAOBO PACCTOSIHHE MEXIY BepLIMHAMH
WJIM KaKasi-mubo Apyrasi Yuc/aoBasi XapaKTepUCTHKA (1leHa, BpeMsi, SHeprHs).
CraBuTcs 3a1a4a HaX0XKIeHHUsI KpaTyaHIlero My TH BO B3BeLIEHHOM oprpadge
OT OJIHOH 3aJlaHHOM BepILHHBI 10 Apyro#. [lnuHa myTH — cymMMa BecoB IyT
nytd. Bec nyr mMoxkeT ObITb MOJIOXKUTENbHBIM, OTPULATEbHBIM, HYJEBBIM
UJIM GECKOHEUHBIM (UTO COOTBETCTBYET OTCYTCTBHIO AYTH). 31€Ch Mbl OyneM
paccMaTpuBaTh IOJIOXHTe/bHEle Beca. Kpome Toro, mpeamnosaraercsi, 4yTo
pellleHHe ecTb, T.e. YKa3aHHble BepIIHMHBI coefrHeHbl myTeM. CyliecTBYOT
TaK)Ke aHaJIOTHYHBbIE 3aJauH [Js rpadoB ¢ ABOHHBIMH Becamu [17].

Samaua. [las sagannoro oprpada (puc. 4.1) HallTi KpaTyadui Ny Th
oT BepliKHbl 1 K BepiiuHe 12. Ha pucynke psiiom ¢ nyroil ykasaH ee Bec.

Y
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Puc. 4.1 (mpoaosKeHue)
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OTBeTH

[IyTs Hnuna [IyTp Hnnna
all211751 13 e 12111086351 |11
6121198741 |11 ® (12111086351 |10
B|121198741 |12 3 (121198741 11
r{12118741 11 u (1211875324112
012119874218 K|1211968741 |11

[Tpumep. JaHn B3BeweHHHH oprpa¢ (puc. 4.2). HaiiTn kparuafiumi
NyTb U3 BepliuHbl A B B.

Pemenue. [lpumenum anroputm E. Ieiikerpsl ! [10]. Tlomaroseii
AJITOPUTM  OTIPEefieJieHHs] KpaTdaid-

IIEr0 PacCTOSHUS OT BepLUMHbl A
no B cocroutr B caepywoiem. C
KaxKJ0Od BepLIMHOH CBSI3bIBaETCH
MeTKa. MeTka  MOxeT  OBHITh
MOCTOSTHHOX WJn BPEMEHHOH.
[lepBonauasnbHo BepiiuHe A npu-
Puc. 4.2 MHUChIBAaeTCs MOCTOsIHHAsS MeTKa O,
a BCeM OCTa/JbHBIM MeTKa co. Ha mepBoM 1iare BBIUHC/SIIOTCS PACCTOSTHHUS
OT BepLIMHBI A ¢ MOCTOSIHHOH METKOH /0 BCeX OCTasbHBIX BepLIMH. Ecan
HEKOTOpasl BepLIMHA He COellHeHa C BepPLIMHOM C IOCTOSHHOW METKOH
WM Jyra HampaBJ/ieHa B 0OpaTHYIO CTOPOHY, TO PacCTOsSIHWE NMPHHUMAaeTcs
6eckoHeuHbIM. HalineHHble pacCTOSIHUS SBJSIOTCS BPeMEHHBIMU METKaMH
BepwMH. MUHMMaNbHAs U3 BpEMEHHBIX METOK OepeTcs 3a mocrosiHHYy0. Ha
CJeAyIOUIEM Ilare BpeMeHHble METKH BCeX BepLIMH (KpoMe TeX, Yy KOTO-
PBIX MOCTOSIHHBIE METKH) BBIUHCJSIOTCS KaK CyMMa 3HayeHHs MOC/eIHed
NOJIy4eHHOH TOCTOSIHHOM MeTKHM M PacCTOsIHUSl OT Hee B cjyuae, eCJHd 3TO
3HauyeHHe He OoJibllle MpPeAbIAYILEro 3HayeHHWs BPEeMeHHOH MeTKH NaHHOH
BepwMHb. TakuM 06pa3oM, BpeMeHHasi METKa BEepIIMHBI MOXKET HJH OCTa-
BaThbCsl MPEXKHEH, UK yMeHbIIaTbcsl. MUHMMa/IbHAS U3 BpeMEHHBIX METOK
BCEX BEpLIWH ONATb NPUHUMaETCs 3a MocTossHHY10. [Ipouece npononkaercs
[0 TeX MOp, NMOKa BepliWHa B He MOJYyYHUT MOCTOSHHYI MeTKy. 3HayeHHe
5TOU METKU W eCcTb KpaTuaiilllee paccrosiHue oT A no B.
PaccMOTpUM OTHe/bHBIE 1IATH PELIeHHS.

1. Bepwuna A nosnyuaer noctosiHHy MeTKy O, ocTajbHble — METKY 00:

1 2 3 4 5 6

@OOOOOOOOOO

'Dijkstra E.W.
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BbluucasieM paccTosiHUsi OT BepluMHbl 1 c mocTosHHOH MeTko# O.
BepuHbel 2, 4 1 5 MeHSIIOT CBOM BpeMeHHBle MeTKH Ha 11, 12 u 26.
OcTasbHble UMEIOT NpeXHHe MeTKM — oo. O4eBHAHO, HaWMeHbllekH
MeTKo# siBsiercst 11. OHa M CTaHOBUTCS TMOCTOSTHHOH:

1 2 3 4 5 6

@ [©, SlNe Ole o]
[11] o0 12 26

Brruncisiem paccTosiHUS OT BEPIIMHBI 2 ¢ MOCTOSTHHOU MeTKo# 11. Bep-
IUHE 3 ¥ O UMeloT paccTosiHus 15 u 16 no BepmuHe 2. Cymmupys,
nosyyaeM 3HaueHus 26 u 27. JlJ1s BepLIMHBI O pexKHee 3HaueHue, 26,
6b1J10 MeHbIIe HOBOTO 3HavyeHus 27. CjienoBaTe/ibHO, 3HaUeHHE METKH
O He MeHsieM; OHO ocTaeTcsi paBHbIM 26. M3 Tpex BpeMeHHBIX METOK
— 12, 26 u 26 — HauMeHbllIasl MPUHAAJNEKUT BeplirHe 4. DTa MeTKa
U CTAHOBUTCS MOCTOSHHOM:

1 2 3 4 5 6

@ 00 0o 00
oo26oo

26 00

BbluncasieM paccTosiHHS OT BeplUMHbl 4 C INOCTOSHHOH MeTKoH 12.
BepuinHa 5 umeet 1o Hee paccrosinue 13. Cymmupys (13 + 12), noay-
YyaeM 3HaueHue 25 BpeMeHHOH MeTKH BepILUMHBI 5 BMECTO MPEXKHEro
3Hauenust 26. M3 1ByX BpeMeHHbBIX METOK BEPIIHH 3 U 5 HauMeHblas
TNPUHAIJIEXKHUT BepIIMHe D. DTa METKA U CTAHOBHTCS MOCTOSTHHOM:

1 2 3 4 5

Ha caenytomiem sTare, BEIUKUC/IsIs PACCTOSIHUSI OT BEPIIKHEL b ¢ MOCTO-
SIHHOH MeTKo# 25, mpuXoauM K KoHe4HOH BepmrHe B. Ho ee merka
(25414 = 39) He cTaHOBHUTCS MOCTOSHHOH, TaK KaK OHA He SIBJISETCS
MHUHHMaJbHOH. PaccTosiHHE OT BEPLIMHEL O 0 BEPIIMHBI 3 MPUHATO OO
(onu He coenunenbl). [IpexHee 3HaYeHHe BpeMeHHOH METKH BepIIHHbI
3 MeHblie oco. [losTomMy MeTKa BepliMHBI 3 He MeHsieTcsi. Mertka
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BEPLIMHBI 3 CO 3HAaUeHHeM 26, MeHbIINM 39, CTaHOBUTCS MOCTOSHHOM.
Ha csienyiomenm stamne uieM pacCcTOssHUS OT Hee:

=]
=
28 8 8o

3

©

6. PaccrosiHue oT BepluiMHBl 3 10 BeplinHbl 6 coctaBiseT 20. Tak Kak
26 + 20 > 39, 3HayeHue MeTKH 6 He MeHsieM. Ha 3ToMm miare oHa
ocTaeTcsl MpexKHed U eJUHCTBEHHON BpeMeHHOH MeTKoil. BpemeHHas
MeTKa BepIIMHBl 6 CTaHOBHTCS MOCTOSHHOH, YTO O3HAyaeT KOHeL]
npouecca. MunumaneHoe paccrosiuue oT A 1o B pasno 39.

JBe Maple-niporpaMmel 1151 onpefesieHns KpaTuaiiuero nyTu B oprpage
npuBefieHbl Ha ¢. 109 u 111.

4.2. IIoTok B ceTu

CeTbi0 Ha3bLIBAIOT B3BEIIEHHBIH Oprpad) ¢ AByMsl BbIAEJEHHBIMH BEpIIH-
HaMH: HCTOKOM M CTOKOM. VICTOK HMMeeT HyJIeBYHO MOJIYCTeNeHb 3axoia, a
CTOK — HYJIEBYIO TIOJNYCTENEHb UCX0Aa. Bec nyru o3HauaeT ee MPOMYCKHYO
crnoco6HocTh. [ToTOK — ellle OMHO YKCHO, TIpUnUcanHoe ayre. [1oTok ayru
He GoJibllle ee MPOMYCKHOH CIOCOGHOCTH U MOXKeT MeHsiTbes. [IoToK BBIXO-
IUT U3 UCTOKA U 6e3 MoTepb, B TOM ke 0ObeMe 3aXOAUT B CTOK. YCJOBHE
paBHOBecust (0 00beMy BXOfa ¥ BbIXOAA) BBIMOJHSETCS W AJs KaxKIOH
BEPIIVHBI CETH.

3agaua o HaubGoJsblleM TOTOKE B CETH — He eIMHCTBEeHHasi, HO, Be-
pOSITHO, OCHOBHasi 3ajaya aJjs MoTOKOB B ceTH. OueBHIHA BO3MOXHOCTDH
MPaKTHUECKOTO TPUMEHEHHST 3TOH 3ajaud [Jsi pelleHHs] TPaHCIOPTHBIX
npo6sieM (MPOOGKH Ha IOpOrax MOXKHO YCJIOBHO CBSI3bIBATb C HACHILIEHHEM
CEeTH WJIH OTIeNbHOH ee AyTH), MpobJieM TPaHCIOPTHPOBKH HEPTEMPOLYKTOB
HJIH 3JIEKTPOIHEPTHH.

3apauva. 3ajaHa NpoNyCcKHas CIOCOOGHOCTb AYT TPAHCIIOPTHOH ceTH
(puc. 4.3) ¢ Hauas0M (MCTOKOM) B BepIlIMHe 1 U KOHIIOM (CTOKOM) B BEpIIMHE
14. Vcnontbayst anroputm Popda—Darkepcona [13], HaliTh MakCUMAaJbHBIH
MOTOK MO CETH.
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4.2.

Puc. 4.3
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OTBeTH

a| 6| B| T | ole|xX|3]|wu
1171221192616 |17 |18 17|24 |19

[Tpumep. 3anana npomyckHasi CIOCOOHOCTb AYT TPAHCIOPTHOH CeTH
(puc. 4.4) ¢ HavasmoMm B BepiirHe 1 W KOHLOM B BepiinHe 8. Mcmosb3ys
anroput™m Popda—Darkepcora, HAUTH MaKCHMAaJbHbIH MOTOK MO CETH.

Puc. 4.4

Pewmenue. AIropuT™M COCTOUT U3 ABYX 4YacTed — HACHILIEHHUS MOTOKA
U ero nepepacnpezenenus. [IoTok HasbiBaeTCs HacbILEHHBbIM, eCJH Jio0as
Lenb K3 HUCTOKAa B CTOK COAEPXKHUT HachIlleHHYylo Ayry. B mepBo#i uactu
aJrOpPUTMa pasbICKUBAIOTCS LENM M3 MCTOKA B CTOK M BCe IyTU LeNnu
HAaCBIIAIOTCS OAMHAKOBBIM BO3MOXHO OOJBIIMM MOTOKOM, ONpeaessieMbiM
MPONYCKHOH CIOCOOHOCTBIO HanboJsiee «TOHKOM» AYTH WM HaUMeHblIeH
Pa3HOCTBIO MeXAY NPOMYCKHOH CIOCOOHOCTBIO U MOTOKOM B ayre. Passinu-
HBle LEeNd MOTyT MUMeTb obuive ayru. [loJydeHHBIH MOTOK COIVIACOBaH C
yCJIOBHEM COXpaHeHHUs B y3nax (BepwinHax). [I0TOK, BXOASIIKE B BEPIIHHY,
paBeH MOTOKY, BBIXOAsLleMy W3 Hee. [IoTOK B CeTH NMPOXOOUT IO uensm
U3 UCTOKa B CTOK, T.€. HEJONYCTHM MHOTOKPAaTHBHIH MPOXOA MO OTHAeJbHOH
nyre. [lepBast yacTb 3aa4u CUYMTAETCS PELIEHHOH, eCJIM HET HeHAChIILEHHbIX
Henedl M3 UCTOKa B CcTOK. [lepBas uacTh 3ajmadd He WMeeT eAWHCTBEHHOTO
pelleHus.

Bo BTOpO#i yacTu nepepacnpesesieHHe NOTOKA BBIMOJIHSETCS MUCXOAS U3
YCJIOBUSl NOCTHMKeHHs1 oOllero Mo ceTH MakCUMyMma notoka. s aToro
B ocHOBaHuHU rpada (r.e. B rpade, B KOTOPOM CHsITA OpHUEHTALHUs [OYyT)
PasbICKUBAIOTCS MapIIPyThl U3 UCTOKA B CTOK, COCTOSAILIHE U3 pebep, COOT-
BeTCTBYIOILHUX HEHACHILIEHHBIM AyraM, HalpaBJeHHbIM Bllepe/l, U HEMyCThIM
Jyram, HanpasJjaeHHbIM Ha3an. [IoToku B ayrax npsiMoro HamnpaBJIeHHs yBe-
JIMUMBAIOTCS HA BEJHUMHY, Ha KOTOPYIO YMEHbILIAKTCS MOTOKK B 00paTHBIX
nyrax BelOpaHHOro Mapuipyrta. IIpy 3ToM, OueBHAHO, HeJsb3sl MpPEeBHIIAThH
NPONYCKHYIO CIIOCOOHOCTb NyT, HalpaBJeHHBIX BIepel, W JAONyCKaTb OT-
prLaTe bHBIX MOTOKOB B OOpPaTHBIX Ayrax. B HeKOTOphIX caydasx Ipu
yoadyHoM BbiGope lienell B MepBOH 4YacTH ajJropuTMma MepepacnpefesieHus
MOTOKAa He Tpebyercs.
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1. Hacpimenne moroka. Paccmorpum nyTtbh 1-2-4-6-8. Ilpomyctum
Yyepe3 3TOT NMyTb MNOTOK, paBHbIH 4. [lpu atom nyru [2, 4] u [4, 6]
GyLyT HaChILIEeHHBIMH. AHaJMOTHYHO, TyTh 1-3—-5-7-8 HACBLITHM MOTOKOM 4.
Pacnpenenenue motoka oTMeTHM Ha rpade (puc. 4.5). B uncauresne craBum
MPOMYCKHYIO CIIOCOOHOCTb, B 3HaMeHaTesJe — IOTOK. UHC/IHUTENb BCerga
GoJibllle 3HAMEHATEJIs], 8 3HAMEHATeJ b MOXKET OBbITb U HYJIEM.

3ameTum, uto u3 1 B 8 ecTb ellle HeHACHILEHHBIH yTh, 1-3-2-5-4-7—
6-8,MoTOK B KOTOPOM MOXKHO yBesquuuTh Ha 2. [Ipy aTom HacwITATCS IyTH
[1, 3], [2, 5] u [4, 7] (puc. 4.6).

W3 1 B 8 GoJibllle HET HeHachilleHHBIX nyTedt. [To myre [1,3] nBuraTbes
Hesib3s (OHA yrKe HachlllleHa), a ABHXKeHHe mo ayre [1,2] sakaHuHBaeTcsi B
BeplIvHe 2, TaK Kak 00e BBIXONSIIME U3 Hee NYTH HaChILIEeHb.

2. Ilepepacnpenenenne moroka. HaiizeMm mnoc/enoBaTesqbHOCTb Bep-
wuH oT 1 K 8, Takyw, 4YTO AYTH, COENMHSIOLIHE COCeNHHE BepLINHbI,
HarnpaBJieHHble U3 | B 8, He HaCHIILEHBI, & AYTH, HaTpaBJeHHble B 06paTHOM
HanpaBJeHWH, He MycThl. MiMeeM eNHHCTBEHHYI MOCJEeN0BATENbHOCTD: 1—
2-3-5-7-6-8. Tlepepacnpenensiem notok. [loTok B ayrax npsiMmoro Ha-
npaBJieHHsi YBeJWYMBaeM Ha 1, a MOTOK B Iyrax oOpaTHOrO HampaBJ/eHHUs
yMeHblaeM Ha 1. [Ipouecc mpomoskaeM 10 Tex mop, MokKa OfHa U3 MPSIMBIX
IyT He OyIeT HachlllleHa /K Kakas-HuOyob oOpaTHas ayra He OyneT mycTa.

4/4 4/4
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[ToTok B HACBIIEHHOH CETH MOXXHO TMOCUMTATh 10 MOTOKY, BBIXOASALIEMY W3
uctoka | nau Bxopsmemy B cTok 8. OueBHIHO, 3TH UHCJ/IA AOJKHBI OBITH
paBHbl. Kpome Toro, mJisi IpOBEPKH pelleHHs CJelyeT MPOBEPUTH YCJOBHE
COXpaHEeHHs MOTOKAa Mo y3/aaM. [Ljsi KaxKIoro yssa CyMMapHBIH BXOASLIUN
MOTOK [OJKEeH ObITh paBeH BhIXOAsilleMy. B paccmarpuBaeMoM mpumepe
notok paBeH 1l. PacnpenesneHue moToka mo gyraM IMpU OJHOM H TOM JKe
CYMMapHOM MHHHMaJIbHOM MOTOKE B CETH HEe eIUHCTBEHHOE.

Maple-nporpaMma 151 onpeneseHHss MaKCHMaJbHOTO TOTOKAa B CeTH
npuBeseHa Ha c. 123.

4.3. Tononornyeckasi COpTUPOBKa CeTH

[TycTb B ceTd B 0o0lieM caydyae UMeeTCs HECKOJBKO HCTOKOB M CTOKOB.
CTOKH M UCTOKHM 32aHHMAIOT B CETH KpalHHe mosoxeHHs. Bce ocranbHble
BEpPLIMHBI MOTYT OBITh AaJblile N OJMKe K HUM. PacnoJsiokeHne BepIIHHBI
B CeTH olpefessercs ee yposguem. OnpelendM 3TO NOHsATHe. BepluuHbl
ypoBHss 0 — 3To HCTOKH; OHHM o0Opa3yiloT MHOxecTBo Ny. Ecou N; —
MHOXKECTBO BepLIMH YpPoBHA ¢ < k, TO INgi1 — MHOXECTBO BepIIUH
ypoBHS k + 1 cocTosilliee U3 TeX U TOJBKO TeX BEPIUHH, NpellleCTBEeHHUKH
KOTOPBIX TpUHAAJeXar Jai60oMy U3 MHOXKecTB No,...,[Ni, NPHUEM Cpeix
3THX MHOXECTB HET MyCThIX [3].

[TopsinkoBo# (hyHKLMEH ceTH Ha3bIBAIOT OTOOpaKeHHe, COMOCTaBsolIee
K2XKJI0H BepIIHHE CeTH ee YPOBEHb.

Samaua. Hafitu nopsakosyio ¢pyHkuuio cetu (puc. 4.8).
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Puc. 4.8 (mponosKkeHue)

OrBerTHl

Ne [TopsinkoBast GyHKIHUS
4,3,7,9,6,5,1,8,2

O N O — W

= w0 ¥ oE 0w o

—
~Z —

Puc. 4.11

Pemenue. Haxomum Bepmuubsl (4 u 9), mnosaycrenedb 3axoma
KOTOpbiX paBHa 0. YmajseM 3TH BepliMHBI W [YTH, BBIXOASAIIHE
w3 Hux [3]. VYmaseHHble BepIIMHBI 0GpasylOT MepBbIH  YPOBEHb
yrnopsimoueHHo#d  cetu. [lonyuaem HoByio cetb (puc. 4.10). B
HOBOH ceTH B BepwMHbl 1, b ¥ 8 He BXoHAT Oyru. Yaajasem
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3TH BeplIUHH (OHH 06pasylT BTO-
pOH ypOBEHb) M IMOJyYaeM CeTh,
usobpaxkeHHywo Ha puc. 4.11. Oue-
BUJHO, TPETHH yPOBEHb COCTOUT U3
BepwiH 2, 3 U 6, a ToOCHeIHHH
(cTOK ceTH) — W3 eIUHCTBEHHOU
BepluuHbl 7. M3o0paxkaem Ty xe
ceTb 10 ypoBHsIM (puc. 4.12).

Maple-nporpamma /s TOMOJIO-
THYECKOH COPTHUPOBKH CETH TpHBe-
IeHa Ha c. 127.

Puc. 4.12

4.4. IlapocoueTtaHue B IBYAOJbHOM rpace

[pa HasbiBaeTcsi 08y0oabHLIM, €CNH CYLIECTBYeT Takoe pa3bueHHe
MHOXKECTBa €ro BeplMH Ha 1Be YacTH, 4YTO KOHLl KaxKaoro pebpa mpu-
HaJJIeXKaT pasHbIM 4acTaM (H0JIsiM).

Teopema 16 (Kenura '). Jus dsydosvrocmu epaga neobxodumo u
docmamouro, umobol OH He CO0epHas YUKAOE HEeUHeMmHOU OAUHbL.

Ecau nwo6ble 1Be BeplIMHBI IBYAOJBHOTO rpada, BXOASIHe B pasHble
JIOJIM, CMEXHBI, TO Tpad HasbiBaeTcsl noAHbiM 08ydorbHbiM. O603HAUEHHE
JJ151 TIOJTHOTO IBYAOJBHOTO rpada ¢ m ¥ m BepIIMHAMH B 10aaX — K, .

Tak kak mo ornpeneseHHI0 B ABYAOJbHOM rpade BepLIMHBI OfHOU NOJH
HUKOTJIA He COeMHSAIOTCS pebpamu, AJst M30eKaHWs BBOAA HEHYXKHOH HMH-
(hopMalMK MaTpUIy CMEXHOCTH JJIsl ABYLOJBHOTO rpada MOXKHO 3amucarthb
B COKpalleHHOH (opMe: 3JeMeHT a;; MaTPHLBl CMeXKHOCTH JBYIOJNbHOI'O
rpacda paBeH 1, ecsu ¢-s1 BeplIMHA ONHON NOJH COEIMHEHA C j-H BepIIUHON
ApYyrodl 1oJM; B NPOTHBHOM cjayuae a;; = 0. Ecaum Hymepauus BeplinH
rpacga ob1ias, a He M0 AO0JISIM, TO j-10 BEPLUMHY APYTOH LOJH B ONpPeNeNeHHH
HaJ0 3aMeHUTb Ha (j + n)-10 BepluHy rpada K, ,,. OueBnaHo, Marpuua
IBYLOJbHOrO Tpada B o6ILEM caydae HMeeT pa3Mep n X m, T.e. He SIBJISeTCs
KBaJpaTHOH.

Iapocouemanuem rpada HaspiBaeTcs: rpad), pe6pa KOTOPOro SIBJASIOTCS
MOIMHOXKECTBOM pebep rpaga, a BepliMHBl UMEIOT CTeNeHb 1.

[Tapocoueranue, He sBJsIIOLIEECS MOIMHOXKECTBOM JPYTOro MapocoyeTa-
HUSl, Ha3bIBAETCS MAKCUMALLHLIM.

[Tapocoueranue, copep:xailee HauOoJibllee YUca0 pebep, Ha3bIBaeTCA
Hauboarvuium. Haubosbllee napocoueTanue sBJASETCS U MaKCHMAaJsbHBIM.

[TapocoyeraHue, MOPSIOK KOTOPOTO paBeH MOPSIAKY rpada, HasbBaet-
csi cogepuiernoim. CoBeplleHHOe [1apocoyeTaHHe BKJiuaeT B cebsl Bce
BEpPLIMHBl JBYAOJbHOTO Tpada. OdeBHOHO, COBEpLIEHHOE MapocouyeTaHHe
sIBJIsleTCsl HauOOJbLIMM U MaKCHMasbHEIM. MakcuMa/bHOE MapocoueTaHue

'Kénig D.
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MOxKeT ObITh U He HaubosblinM. B onHOM rpade MOryT nMeThbesl pa3indHble
MaKCHMaJibHble TTAPOCOUETAHHUS OHOTO MOPSIAKA.

Uwncso coBeplIeHHBIX MapocovYeTaHHWH B ABYLOJNBHOM rpade, UMELEM
OIMHAKOBOE€ YMCJIO BEPIIMH B JAOJISAX, MOXHO ONpPENEJHUTb, BHIYUCIHB Mep-
MaHEeHT | ero MaTpMlibl CMEKHOCTH.

Marpuiua cMexxHOCTH OBYHOJbHOrO rpada Ha puc. 4.13 umeer BUJI

111
101
111

[TepmaHeHT 2TOH MaTpulibl paBeH 4. Bce ueThbipe NoKpbITHS rpada nzobpa-
JKeHbl Ha puc. 4.14-4.17.

K x 2K

Puc. 4.13 Puc. 4.14 Puc. 4.15 Puc. 4.16 Puc. 4.17 Puc. 4.18

Ecau rpad He MMeeT COBEPIIEHHOTO MapOCOYETaHHs], TO IEPMAHEHT €ro
MaTpHLbl paBeH Hyq0. HanprmMep, MaTpuia rpada ¢ 0IHON H30JHPOBAHHOM
BeplIMHON Ha puc. 4.18 umeer BUA

1 11
1 01
000

[lepmanenT 3Toll MaTpulbl pasen 0 2.

'TepmanenT MaTpuiel (per) paBeH cyMMe BceX NPOU3BEIEHHH 3JIeMEHTOB MaTpH-
11bl TI0 OJHOMY M3 KaXK[0H CTPOKHU B pasHbix crosbuax. [lepmanent [25] kBagpaTHOM
MaTpUlbl ai; (2,7 = 1,...,n) onpeae/sercs, NoA0GHO ONPEIeNUTENI0, PEKYPPEHTHBIM
obpaszom. Ilpu n = 1 umeem per(A1) = a11. Jas matpuusl A,41 pasMepoM n +

n
+ 1 moayuum pasjoxeHue 1o nepBoi cTpoke: per(Ant1) = >, aixper(Ax), rue
k=1

per(Ax) — nepMaHeHT MaTPULIBI Pa3MepPOM 7, IOJYUEeHHOH U3 A, 1 BbIUEPKHBAHHEM
nepBoi CTPOKH U k-ro ctosi6ua. Takum 06pa3om, mepMaHEHT OTIHYAETCS OT ONpefe-
JIUTENIS TOJIBKO TeM, YTO BCE €ro cjaraemble 6epyTcs co 3HakoM mitoc. Hanpumep,
:1)) i‘:1-4+3-2.

‘Teopema 17 [24]. [Tepmarenm mampuyos. A, cocmoaueti uz 0 u 1, nopsadka
n, pasex HYyaro moeda u moavko moeda, Kozda 8 A cyujecmsyem noomampuya
u3 Hyaet pasmepom s X t, ede s+t =mn+ 1.

per|
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3apgauya.

B 3anmanHoMm nBynosbHOM rpade (puc. 4.19) HallTH uuca0

COBepIIeHHbIX NapocoyeTaHuid P ¥ 0fHO U3 HaubOJbIINX NapOCOUeTaHHUH.

a 6 8
e 0 e
xH 3 u
Puc. 4.19
OTBeTH
a. P=0 6. P=2 8. P=2
e. P=2 0. P=0 e. P=1
= = X
— —
aw. P=1 3. P=2 u. P=0
Puc. 4.20
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[Tpumep. B saganHom nBymosbHOM rpade (prc. 4.21) HaifiTh Hau6oJIb-
lIee 1apOCOUETAHHE.

1 4
Pemwenue. [TpumeHnMm aJITOPUTM

Popna-Pasnkepcona  (cM. c. 62).
O6pasyeM M3  OBYHOJbHOrO  rpada
ceTb, J00aBJsAgd MCTOK 7 U CTOK 8
U OpUeHTUpys pebpa U3 UCTOKA B

2 5
crok. IlpomyckHylo cHOCOGHOCTH BCeEX
NOJNyYeHHBIX Jye TMOJOXHUM paBHOH |
(puc. 4.22). MakcuManbHBIE TOTOK IO
o 9TOH CeTH COOTBETCTBYeT HCKOMOMY
3 6 mapocoyeTaHrio rpada. 3aMeTHM, 4YTO
Puc. 4.21 peleHue OyIeT He €IHHCTBEHHBIM.
1 1/1 4
1/0 1/1
8
Y /18
/07 5
1/
1/0
3 6
Puc. 4.22 Puc. 4.23

Haxonnm Bce BO3MOXKHbIE MapIIPyThl U3 HCTOKA B CTOK H HACHILAeM HX.
Takux mapuipytos nBa: 7—-1-4-8 u 7-2-5-8 (puc. 4.23). MapuipyToB u3
7 B 8, M0 KOTOPBIM MOXHO GblIO OBl MPOMYCTHTb NOMOJHUTEJBbHBIH MOTOK,
Goabue Het !. IepepacnpenensieM NoiyueHHLH NOTOK. Haxonum nyTu us
HCTOKA B CTOK, COJEepKalllie HeHAaChIleHHble MpsiMble AYTH W HEMyCThle
obpatHble. B naHHoi 3anaue 310 MyTh 7-3-5-2-6-8. YMeHblllaeM NOTOK B
00paTHBIX NyraX W YBeJUUHUBaeM Ha 3Ty K€ BeJHYHMHY MOTOK B MPSMBIX
nyrax (puc. 4.24). B mOKpBITHE MCXOAHOrO IBYHOJbHOrO Tpada BOHAYT
pebpa ¢ moTokoM, paBHbIM 1 (puc. 4.25).

'"Muorna i duKcanuy 3aBepuieHMs NepBOro 3Tama aqroOpMTMa HACHIIEHHBIE
IyTH U3 rpada youpaioT U K ClefyIolleMy 3Taly MepexoisT, ecH CeTh OKasasnach
pa3opBaHHOM, T.e. HCTOK OTOPBAH OT CTOKa.
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1 11 4 1 4
/1 1/0, 1/1
7 /1 o 1% 8
2 A 5 D) 5
1/1 1/
11

'O
3 6 3 6

Puc. 4.24 Puc. 4.25

ManI/IHa CMEXHOCTHU UCXOAHOTO ABYHOJIBHOTO rpa(ba HMeeT BUJ

1 00
111
010

[lepmaneHT 3TO# MaTpuubl paBeH 1. CienoBaTesbHO, HAMHU HaHIEHO €lWH-
CTBEHHOE COBEepILEHHOE MOKPLITHE.

Maple-npouenypa, peanusyiomiasi APyrod alrOpUTM HAXOXKIEHHUS HaH-
60JIbllIET0 MapocoUeTaHus ABYIOJbHOTO rpacha, npuBeneHa Ha c. 131. Tlpu-
Mep HCIOJb30BaHUS 3TOH MpPOLEAYpPHl AaH Ha c. 134.

4.5. 3agaya 0 Ha3HAUYEHUAX

HM3BecTHO, YTO COBeplleHHOe NapocoyeTaHHe B ABYIOJBbHOM rpage Mo-
JKeT ObIThb He eIUHCTBeHHBIM. [TosToMy, eciu rpad B3BelleHHBIH, T.e. Kax-
noe pe6po HajieJeHo BeCOM, TO eCTECTBEHHO MTOCTABUTh 3aJady O IOHUCKe Ma-
pocoyeTaHusl ¢ HAUOOJBIINM HJIH HaUMeHbIIMM BecoM. O4eBHAHA BO3MOXK-
HOCTb NPaKTHYeCKOro NpHMeHeHHUsl pelleHUsl 3TOH 3amgadyd. PaccMoTpuM,
HarnpuMep, 3afady O Ha3Ha4eHWH TPYNIbl n COTPYAHHUKOB M0 1 pabouyuM
MectaM. Kax bl U3 cCOTPyIHUKOB MOKeT paboTaTb Ha JMI0OOM H3 3TUX MECT,
HO omJaTa Tpyna Besje pasHas. O603HaulM 4epes a;; OMIaTy Tpyla COTPY-
HMKa ¢ Ha pabodeM MecTe j. Marpuua Ko3pOULHEHTOB a;; B 00LIeM caydae
HecuMMeTpuyHa. OnTUManbHOe pacrpejiesieHde COTPYAHHKOB COOTBETCTBY-
eT MUHHUMaJIbHbIM pacxofiaM Ha Mpou3BoAcTBo. [IpencraBssis cOTpyqHHKOB
BeplIMHAMHK OJHOH HoJsu rpada, a paboyde MecTa — BepLIMHAMH APYTol
JOJH, TOJYy4YUM IOJHBIH ABYIOJNbHBIA B3BelleHHBH rpad. CoBepliueHHOe
napocoyeTaHWe HaWMeHbILIEro Beca sIBJseTCs pelleHHeM 3anaqyH.

Sanaua. Omnnara Tpyna paGoTHHKa ¢ Ha paboyeM MecTe j ompeje-
asercs KoaohuureHToM a;; (puc. 4.26). Ha#ith onHO M3 ONTHMasbHBIX
Ha3HaueHUH U CyMMapHble 3aTpaThl X Ha NPOU3BOACTBO.
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a 6
17 18 16 18 18 18 18 21 21 37 29 30 33 45
18 39 18 47 45 48 55 16 16 48 43 38 44 56
26 30 18 58 59 62 66 19 16 42 46 44 50 59
A =125 29 18 50 51 54 61 A =125 16 29 50 48 54 66
30 37 18 33 57 60 64 24 16 34 29 42 48 57
30 34 18 33 34 60 64 16 15 16 16 16 15 16
39 40 18 39 43 40 74 36 16 46 38 36 36 75
8 e
2019 19 16 19 19 19 36 36 47 37 44 41 58
19 39 49 19 49 51 53 28 47 43 42 49 49 60
28 34 56 19 56 58 57 23 23 36 35 39 42 56
A =125 31 26 19 47 49 48 A=1|17 23 23 11 23 23 23
29 38 42 19 63 65 64 23 35 34 27 48 48 62
34 37 38 19 38 69 68 23 29 25 24 25 42 56
36 36 46 19 40 39 66 23 42 47 37 41 35 80
o) e
30 32 31 46 40 30 50 24 36 32 24 30 39 43
21 23 28 43 40 21 47 24 53 58 24 47 56 63
21 17 33 45 45 17 55 24 33 42 24 40 46 56
A=|21 17 17 12 17 11 17 A =128 40 39 24 52 58 65
33 32 37 37 57 17 67 25 34 33 24 39 45 52
28 24 26 32 29 17 57 24 24 24 19 24 14 24
37 39 35 44 38 17 72 32 44 34 24 29 35 63
) 3
15 15 23 35 36 39 34 30 36 35 42 37 51 42
16 15 41 41 45 48 46 24 29 34 41 39 47 41
19 15 44 47 51 51 46 13 23 20 23 23 23 23
A=115131518 15 15 15 A =124 30 32 44 42 53 47
30 15 38 38 63 63 61 23 23 31 26 42 53 47
30 15 32 38 36 63 61 23 34 33 34 32 69 63
28 15 30 39 34 37 54 23 34 27 31 26 37 48
u K
12 26 26 26 19 23 23 15 18 14 18 18 18 18
28 56 49 48 28 54 57 19 30 18 40 44 42 47
27 38 59 52 27 52 58 28 33 18 53 54 55 60
A =126 31 30 44 26 50 56 A =125 30 18 41 45 46 51
26 34 36 26 26 43 49 27 29 18 30 57 58 63
27 32 31 27 23 45 51 28 30 18 28 32 54 59
33 35 43 30 23 27 57 33 41 18 36 37 38 66

Puc. 4.26
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OTBeTH

Ne| ¥ Beca Hasnauenus Ne| X Beca »asHauenus

a [190 |18, 18, 18, 29, 33, 34, 40| e | 200 |43, 24, 33, 24, 33, 14, 29
6 | 172 |30, 16, 16, 29, 29, 16, 36| x | 180 | 23, 16, 15, 15, 38, 36, 37
B | 194 |19, 19, 34, 26, 19, 38, 39| 3 | 201 |42, 29, 23, 32, 26, 23, 26
r (20541, 43, 23, 23, 27, 25, 23| u | 193 | 23, 28, 27, 31, 26, 31, 27
o169 | 31, 21, 17, 17, 37, 29, 17 | x | 185 |18, 19, 18, 30, 30, 32, 38

[Tpumep. Onnara Tpyna paboTHHKA ¢ Ha paboyeM MecTe j ompefe-
JsieTcss Ko3(OOULHEHTOM

—_— — —
-

S = O N

— Ol =

== O W

Hatimu 00HO U3 OnmumasbHblX HASHAUEHUL U cymmaprole sampamol
Ha npouseo@cmea

Pemenwue. [IpuMeHuM 17 pellleHUst BeHTepCKUE anroput™ [2]. AJ-
TOPUTM OCHOBaH Ha Teopuu yepenytouiuxes teneit [Ixx. [lerepcena. [Ipeo6-
pasyeMm matpuuy A. BblureM M3 KaxKHOH CTPOKH MHUHHMMaJbHbIH 3J1€MEHT.
[Tonyunm

0 602
, o 535
A=11604 0

0593

M3o06pa3um ABYNOMBHBIH rpad, B KOTOPOM pedpa COOTBETCTBYIOT HYJIEBHIM
sjiemerTam Matpuisl A’ (puc. 4.27).

X Y X Y
1 1 1 1
2 2 2 2
3 3 3 3
4 4 4 4
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PaccmoTpuM B 3TOM rpade Kakoe-1H00 MakCUMajbHOe NapocoyeTaHHe.
Brinenum cooTBeTcTBYWOIIKE pebpa (puc. 4.28).

Uepenyrouietics ! tenn w3 X B Y Her. Cjie0BaTesbHO, 3TO napocoyera-
HUe ABJseTcs HauboJblUIMM. BblIeJUM MHOXKeCTBa BepILIMH, He BXOAsLIHe
B napocoderanue. 10 X,, = {z4}, Yin = {ys}. CocraBum MHOKecCTBa
BepILHH, KOTOPble BXOAAT B LENU 2, coeaunsomue X,, 1 X:

X' ={xy, 24}, Y = {m}.

[IpeoGpasyem maTpuuy A’. HaiineM MUHHMMa/bHBEIM 3/1eMEHT B CTPOKax ¢
HOMepaMH 3JIeMEHTOB MHOXecTBa X' M CT0/16LaX C HOMEpPaMH 3J1eMEHTOB
MHoxecTBa Y\Y”, T.e B Matpule

535

593
MuHnuManbHBIA 2/1eMeHT paBeH 3. BoiuteM 3 u3 cTpok 2 u 4 u no6asum 3
K croabuy 1. [Tonyyum

A// —

OEOOO
N O N
PR~ O O
S O NN

CootBercTBytolni rpad (cm. puc. 4.28) usmenuscs. HMcuesno pepo
(1, 1), u nobasuauch pebpa (2, 3) u (4, 4) (puc. 4.29). B stom rpade
ecTb pedpo (4, 4), He BXofsIee B BbIIEJEHHOE MAPOCOUYETAHUE U HE MHIIH-
NIEHTHOe ero BepliWHaM, HO coenuHsiioulee X u Y. [lapocoueranue crano
cosepieHHbiM (puc. 4.30), MHOXKecTBa X, U Yy, TyCTHI, CJeI0BATEIbHO,
3ajaya pemeHa. Takum o6pa3oM, BeIOHMpasi 3J€MeHThl UCXOAHOH MaTpPHIIbI
A ¢ HoMepamu pebep MOJYYEHHOrO MapocouyeTaHusi, HalJeM HaWMeHblIHe
3aTpaThl: X =aj3+ag1 +ass+ayy=1+14+1+4=7.

'Yepenyromascs: 1enb COCTOUT U3 HEUETHOTO UMC/IA YePENYIOLUXCS TOHKHX (K3
X BY) u toncteix (B 06paTHOM HampaB/eHuu) pebGep, HaUWHAsi U KOHUAs TOHKUM
pe6pom. Ecau Obl Takas Uenb CyLlecTBOBaJa, TO YUCAO pebep B MapocoyeTaHUU
MOKHO ObIJIO Obl YBEJHUHTh, IOMEHSIB TOJICTbIe U TOHKHe peOpa B 3TOH LEMH.

201 X K Y MOXHO [BMIaThCsl 110 TOHKHM peGpaM, B OGPATHOM HaIpaBJeHHH —
0 TOJICTHIM.
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X Y X Y X Y X Y
1 1 1 1 1 1 1 1
2 2 2 2 2 2 2 2
3 3 3 3 3 3 3 3
4 4 4 4 4 4 4 4

Puc. 4.29 Puc. 4.30 Puc. 4.31 Puc. 4.32

Sameuanue L [lapocoueranue Ha puc. 4.28 He eIHHCTBEHHOE.
Hwmeetcs ewe omHo HauboJbliee (3 pebpa) mapocouertanue (puc. 4.31).
MHoxecTBa BeplIKH, He BXO[sllIHe B Napocouetanue, — 310 X,, = {x2} u
Y = {y=2}. Tlpu atom mHoxectBa X’ 1 Y’ He n3MeHsTCS:

X' =A{wxo, x4}, Y ={n}.

3ameuanue 2 [lapocoueranue Ha puc. 4.28 cpasy okasajiochb
HaubosnpmiuM. OnHAKO MOXKHO Oblio Obl BHIOpaTb W He HaWOOJblIee, HO
MaKkcHMaJjbHOe Tapocoueranue (puc. 4.32). B sTom ciyuae, oGpaTtus
uepenyIOLLYIOCs LUellb T4, Y1, L1, Y3 (TONCThIE peOpa MEeHSIIOTCS Ha TOHKHE,
¥ Ha0060poT), NOJNYIUM HanboJbliee MOKpeITHE (puc. 4.31).

4.6. OcToB HAaUMEHbLIEr0 Beca

OcroBoM rpada GG HasbIBalOT rpag, He COoepKalIUH LHUKJIOB U COCTOS-
KK U3 pebep rpada G 1 Bcex ero BepluuH. TakuM o6pa3oM, oCTOB rpada
sBasieTcs: nepeBoM. Uwucso pebep ocToBa paBHO paHry rpada (v* = n —
— k). Uuncso ocToBoB rpada MOXKHO BEIYHUCJINUTH MO MaTpulle Kupxroda (cu.
c. 76).

3anmaua. Jlan B3BeweHHbld rpad (puc. 4.33). Haiiti yucio ocToBoB
rpacda 1 ocToB rpada MUHUMAJBHOTO Beca.

B rtabsinue oTBeToB Ha ¢. 76 maHbl Beca pebep MHHUMAJbHOIO OCTOBA,
CyMMapHBIH BeC 0CTOBa X U YHUCJO OCTOBOB rpada ng.
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75

6

Puc. 4.33
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OTBeTH

Ne Beca peb6ep ocroBa b ng

16, 11, 13, 14, 15, 17, 22, 25, 24 | 157 | 3861
17, 12, 13, 14, 15, 21, 26, 25, 24 | 167 | 3289
11, 13, 14, 15, 17, 21, 23, 24, 25 | 163 | 3115
12, 13, 14, 15, 16, 23, 24, 25, 26 | 168 | 2584
14, 15, 18, 19, 23, 22, 26, 27, 28 | 192 | 3910
10, 12, 13, 15, 16, 19, 22, 23, 25 | 155 | 4095
10, 11, 12, 14, 15, 18, 22, 23, 25 | 150 | 2944
19, 20, 15, 16, 17, 18, 25, 26, 27 | 183 | 3289
13, 16, 17, 18, 19, 20, 25, 26, 27 | 181 | 3115
27,12, 13, 14, 15, 21, 23, 24, 25 | 174 | 4095

XX w X oR 3w O

[Tpumep. Jlau B3BemieHHbd rpad (puc. 4.34).

Puc. 4.34

Haiitu uncsio ocToBOB rpada u ocToB rpada MUHHUMAJbHOrO Beca (3Kc-
TpeMaJIbHOE IePEBO).

Pewenue. Yucro ocmosos epaga. Uucao ocTOBOB rpada MOXKHO
BBIYMCJAUTD 110 €r0 MaTPUYHBIM XapakTepucTHKaM. M3BecTHa caenyromias
Teopema.

Teopema 18 (Kupxrooa !). Yucso ocmosos epaga pasro arcebpau-
yeckomy 0onoaneruo 1106020 aremenma mampuyvl Kupxeoga.

Anementsl Matpulbl Kupxroga B rpada G onpelensioTcs CaefyOLIUM
o6pasom. Ecnu Bepwmubl ¢ M j rpada G cMexHBH, TO bj; = —1, a
€CJIM BepIIMHBl ¢ U j He CMexHhl, TOo b;; = 0. JluaroHanbHble 3JIeMeHTbI
matpuubl Kupxroda B paBHbl cTeneHsM BepiuuH: b; = deg(i). OueBunto
CBOHCTBO: CyMMa 3JIeMEHTOB B KaXKI0H CTPOKE M KayKJIOM CTOJIOIe MaTPHULIbI
Kupxroda paBna 0. V3BecTHO TakKe, uTO ajrebpanueckue JAOMOJHEHHs
BCceX 3JeMeHTOB Matpuibl Kupxroda paBHbl, a paHr marpuubl Kupxrodga

'Kirchhoff G. (1824-1887rr.) — HeMmelKHil DU3HK U MEXaHHK.
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Heorpada mopsiaKa n MOKHO BBIYHUCJHTB 10 (opmyse rank B =n — k, rae
k — 4McJI0 KOMIOHEHT rpada.
[Iponymepyem Bepuiunbl rpada (puc. 4.35).

2

Puc. 4.35

B cooTtBeTcTBUU ¢ ompenesieHHeM 3anullieM MaTpuly Kupxroda:

3 -1 0 0 0 -1 -1
-1 2 0 0 0 0 -1

0 0 2 -1 0 0 -1

B=| 0 0 -1 3 -1 0 -1
0 0 0 -1 2 -1 0

-1 0 0 0 -1 3 -1
-1 -1 -1 -1 0 -1 5

Paccmotpum MuHOp 3JeMeHTa by 1:

2 0 0 0 0 -1
0 2 -1 0 0 -1
|l 0o -1 3 -1 0 -1
Mi=1 9 0 -1 2 -1 0
0O 0 0 -1 3 -1

1 -1 -1 0 -1 5

Breruucsnum onpepenutenn: detmy; = 79. Takum o6pasom, rpagp umeer
79 0OCTOBOB, Cpefld KOTOPHIX Hal0 BbIOpPaTh 3KCTpPeMasbHOE [epeBo, T.e
nepeBo, obJajarllee HEKOTOPbIMH 3CTPeMaNbHBIMUA CBOHCTBAMH, B IaHHBIM
cay4ae — MUHHAMAaJbHBIM BECOM.

3ameTuM, uto MaTpuly Kupxroga mMokHO HAaHTH, HCNOJb3Ys (hopMyny

B=1IIT - 24, (4.1)

rne I 1 A — Marpuubl MHUWAEHTHOCTH W CMEXHOCTH rpada. Marpuny
WHLUAEHTHOCTH 3alHUlIeM [Js CJeIyIlleld Mocaef0BaTeNlbHOCTH HOMEPOB
pedep: (3,7), (6,7), (L,2), (6,1), (5,6), (3,4), (2,7), (4,7), (1,7), (4,5).
CTpoKH MaTpUIBl WHUUAEHTHOCTH COOTBETCTBYIOT BEPLIMHAM, CTOJNOUBI —
pebpam. B Heorpade marpuua HHUUAEHTHOCTH I COCTOUT U3 HyJeH U
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€IUHHI, a MaTpulla CME2KHOCTH A CUMMeETpHUYHAasA:

0011000010 0100011
0010001000 1000001
1000010000 0001001
I=|0000010101|,A=|(0010101
0000100001 0001010
0101100000 1000101
11100001110 ] 11111010 ]

®opmyna (4.1) Oymer mpole, eClu pacCMOTPETb HEKOTOPYIO OpUEHMAYUI0
epaga. Tlon opueHTauued rpacda moHUMawT oprpad, moJaydawiuics 3a-
MEeHOH KaxKAoro pebpa Ayrod MPOHW3BOJBHOTO HampaBJeHHs. PacemoTpum,
HampuMep, BapUaHT, PHUBENEHHBIN Ha puc. 4.36.

Puc. 4.36

Howmepa nyr Ha pucyHKe yKasaHbl NOJYXHPHBIM LIPU(MTOM B COOTBETCTBHU
c HoMepaMu pebep McxomHoro rpaca. Marpuua UHUHMAEHTHOCTH [; OpUeH-
TalMHU rpada UMeeT BUJ

0 0 -1 -1 0 0 0 0 —1 0
0o 0 1 0 0 0 -1 0 0 0

-1 0 0 0 0 -1 0 0 0 0

L= 0 0 0 0 0 1 0 -1 0 —I
0o 0 0 0 -1 0 0 0 0 1

0o -1 0 1 1 0 0 0 0 0

.1 1 0 0 0 0 1 1 1 0]

CymMma 37eMeHTOB B J060M cTo/16Le 3TOH MaTpulbl Bcerga pasHa O.
Martpuna Kupxroca mMoxeT ObITb BHIYMC/EHA [0 GopMyJie

B=nI'. (4.2)

Auaroputm JIxx. Kpackana mocTpoeHns octoBa MHHUMAJbHOTO Be-
ca. Crpoum rpad, npucoennHss K MycTOMy rpady Ha MHOXKeCTBE BEpPILIMH
3ajaHHoro rpaca pebpo HauMeHbiero Beca [10]. K mosyueHHomy rpady
MOCJIEI0BATENBHO MIPUCOEHHSAEM OCTa/lbHble pebpa, BHIOMpas Ha KaxKIOM
mare pebpo HaWMeEHbBLIEro Beca, He oOpasywollee LHUKJ C HMEKMIUMHUCS
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pebpamu. B Hamem cnyuae HaumHaem ¢ pe6pa Becom 13 — HanMMeHbLIero
B rpade. Ha pucynkax 4.37-4.42 pana nocJsienoBaTe/bHOCTh JEHCTBUH.
Pe6po Becom 19 He BkJIIOUaeTcsi B OCTOB, TaK Kak OHO 00pasyeT LHKJ C
pe6pamu BecoM 14 u 13.

[e] [e] [e] [e]
4 4
13 13 16 13
[e] o—0 [e]
[e] [e] [e] [e] [e] [e]
Puc. 4.37 Puc. 4.38 Puc. 4.39
[e]
f 21 f 21 fl
16 13 16 13 16 13
18 18 9 18
[e] [e]
Puc. 4.40 Puc. 4.41 Puc. 4.42

Auropurm 6smkaimero coceia NoCTPOEHUS OCTOBA MUHMMAJbHOIO
Beca. Auroputm [Ix. Kpackana TpeGyeT Ha KaxKAOM IlIare MPOBEPKH
Ha LUMUKJIUYHOCTb WU MPEABAPUTENBbHOH COPTHPOBKH pebep Mo Becam, 4TO
3aTPYAHHUTEJBHO AJis rpadhoB ¢ H60JbinM uncaoMm pebep. Heckonbko mpoiie
caenyrooiui aaroputm [13].

1. OTmMeuaem MpOU3BOJBHYIO BEPLIMHY rpada, ¢ KOTOPOH HayHeTCs Mo-
crpoeHue. CTpouM pe6po HaWMeHbILIEro Beca, HHIWAEHTHOE 3TOH BepILUHHE.

2. Nmem pe6Gpo MHUHHUMAaJbHOIO Beca, WHUUIEHTHOE ONHOH W3 IBYX
MOJTy4eHHBIX BepILHH. B MHOKeCTBO NMoOHCKa He BXOAUT NMOCTPOEHHOE pedpo.

3. llponomnkaeM najee, pasbicKMBasi KaXAblil pa3 pedpo HaWMeHbLIEro
Beca, UHLUUAEHTHOE MOCTPOEHHBIM BepILUMHAM, He BKJ/0Yas B KPYT TOHCKA
Bce pedpa, UX COeNHHSIOLINe.

B Hamiem npumepe HauHewm c BepiunHbl A. Ha pucynkax 4.43-4.48 nana
[10CJIeI0BATEJbHOCTb JEHCTBUH.
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o] o] o] o] o]
4
16 13 16 13 16 13
o0
o] o] o] o] o] o]
Puc. 4.43 Puc. 4.44 Puc. 4.45
o]
f 21 4 21 f
16 13 16 13 16 13
18 18 29 18
o] o]
Puc. 4.46 Puc. 4.47 Puc. 4.48

[IporpamMma nsst Maple, ucnoJb3yioliasi BCTPOeHHble (YHKLUHH, NaHa
Ha c. 138, nporpamma c BH3yaJH3auHell Mpolecca MOCJIeL0BATENBHOTO
MOCTPOEHHUs 0CTOBa — Ha c. 141.

4.7. 'aMUJIbLTOHOBBI LIMUKJIbI

[TpocToii LUK, MPOXONsALIME Yepe3 BCe BepILHHBI Tpada, Ha3blBaeTCs
eamurvmonosoim . TIpocTas Lenb, MPoXosllas yepes Bce BepLIMHBI Ipa-
(ha, Ha3bIBAETCH 2aMUNLLMOHOBOL.

3agaua HAXOXKIEHHS FaMHJbTOHOBBIX LIMKJIOB MOJYy4HJa CBOE Pa3BUTHE
B CBfI3H C PSIOM MpakTU4YecKuX 3anad. OfHOU M3 HUX sBJSETCS Tak Ha-
3bIBaeMast 3a0aua KOMMUBOSKHCEPA, B KOTOPOH OmNpefessieTcss KpaTualni
raMHJIbTOHOB LIUKJI (cM. ¢. 84).

B orinune oT moucKa 3HNEpOBBIX LHKJIOB, NPOXOASIIUX UYepe3 KaxKaoe
pebpo rpacda mo omHOMYy pa3dy, /s KOTOPBIX elle DijepoM MOJyYeHO
HeoOXOAMMOEe W [OCTaTOYHOE YCJOBHE CYLIeCTBOBAHHUS LHMKJA, OJs ra-
MHJIBTOHOBBIX LMKJIOB TaKOro ycJoBHUs He Ha#neHo. CyIlliecTBYIOT, OIHAKO,
JNOCTATOUHBIE YCJOBUS CYLIeCTBOBAHUS FAMUJIbTOHOBBEIX LIUKJIOB.

[IprBeneM HECKOJBKO TaKUX MPH3HAKOB [2].

'B 1859 r. Yunbam Famuaston (Hamilton W.) mpeisoxun mMaTeMaTHYeCKyio
UIPY-TOJIOBOJIOMKY, CBSI3aHHYI0O C OOXONOM BepIUMH [OAeKasApa, IOJIOXKHB TeM
caMbIM Haya/o OfHOMY M3 CaMblX M3BECTHBIX HallpaBJeHHE TeopuH rpados.
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['pac, obanaromnil raMU/IbTOHOBEIM [IUKJIOM, OyleM Has3blBaTb eamMulb-
MOHOBbLIM.

Teopema 19 ([upaka '). Ipag eamuremonos, ecau cmenerns 0606
eco sepuiunbl yoosremsopsem Hepasercmsy deg(v) > n/2.

Teopema 20 ( Ope 2). Ipag camurvmoros, eciu cmeneni A06bLX
08Yx e20 HeCMeMcHolx 6epuiur v U U YOoBAEMEBOPAIOM HEPABEHCMEY
deg v + deg u > n.

Jlaist oprpacoB Takke MMeeTCsl LOCTAaTOYHOE YCJIOBHE.

Teopema 21 (I'yiia-Ypu 3). Opcsasnoiii epag obradaem zamusromo-
HoBbLM yukiom *, ecau Ons awboil eco sepuunve v deg"(v) = n/2,
deg®™ (v) > n/2.

HanomuuMm, uto oprpad Ha3blBaeTCsl OpPC8A3HbIM, ecad Jobast ero Bep-
[IMHA HOCTHXKUMA U3 J1060H BepLIMHEL.

Oprpad Ha3blBaeTCs N0OAY2AMUNLMOHOBbIM, €CIA OH COIEPXKUT FaMUJb-
TOHOBY LI€Mlb.

Cpenu B3BellleHHBIX OpPrpadoB BBIIEJSIOT oprpadbl, YIOBJIETBOPSIOIIHE
HepaBeHCTBY TPEYroJbHUKA:

c(u,v) < c(u, w) + c(w,v). (4.3)

OueBHIHO, 3TOMY YCJIOBHIO YIOBJIETBOPSIOT e8KAU008bL 2pagv. — rpadbl,
BEpLIMHBI KOTOPBIX SIBJSIIOTCS TOYKAMU IJIOCKOCTH, @ Beca — eBKJIHJOBBIMU
PacCTOSIHUAMHU MeXAy HUMH.

3anaua. HafiTh Bce raMMJIBTOHOBH LUKJBI rpada (puc. 4.49).

Puc. 4.49

'Dirac G.A.

20re O. [25]

3Ghouila-Houri A. [2].

*Iluka B oprpade, COracHO OnpefeseHHI0 Ha c. 29, NpaBUJbHee HA3bIBATH
KOHTYPOM, OIHAKO JJIsi TaMHJIbTOHOBBIX LMKJOB, OTAABasi JaHb TPaIHLHH, MOXKHO
ClleslaTh UCKJIIOUEHHE.
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Puc. 4.49 (npopo/KeHHe)

OTBeTH

[aMHUIBTOHOBEI IIHUKJIbI

acbdg, abgdc, agdcb, abedg, adcbg
abdgc, acdbg, acdgb, abgdc
agedb, abdcg, acgdb

a | acbdg, adbgc, adgbc, acbgd
6 | acdbg, acbdg

B | agbcd, adcbg, abedg

r | agbed

o | agcbd, acgbd

e | agbcd

XK

3

7

[Tpumep. Hau rpad (puc. 4.50). Haiitu Bce raMHU/IbTOHOBBI LIMKJIBI Tpada.

Pemenue. B [I7] onucan anre6pauueckuil aiaroput™ ! Ha-

XOXJEeHHsT BCEX TaMHJIbTOHOBBIX LMKJOB, OCHOBaHHBI Ha TeopeMme
5 (eMm. c¢. 11). Dra Teopema MO3BOJSET HAaHUTH YHCJIO MapLIpPyTOB
OMpefiesieHHON [JIMHBI 0 3JieMEeHTaM CTeleHH MaTPULbl CMEXHOCTH
A rpada. OmHako 3TH MapLIpyThl OCTAOTCS O€3BIMSIHHBIMH, TeopeMa
He [naeT HH(OPMAUWM O BepLUIHHAX B Mapuipyrax. Eciu HeMHOro
M3MEHHTb MaTpULy CMeXHOCTH H MaJouH(OPMAaTHBHEIE eIMHHLbL B
Hell 3aMeHHTb Ha HMeHa BepIIHH, TO BO3BeleHHe TaKOH MaTPHLBl B

'Yau S.S. (1967 r.), Danielson G.H. (1968 r.), Dhawan V. (1969 r.).
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CTeleHb AacT 0oJblile UH(OPMaALUK O MaplipyTax. Beenem Takum o6pazom
MOIU(HUIUPOBAHHYI0 MaTPULy CMeXHOCTM B 1o npaBuay: 3JeMeHT

MaTpUUbl (;; = v;, €C/IM CYIIeCcTByeT MyTb M3 BepLIMHHl v; B BEPLIMHY vj.
Jnis 3aganHoro rpada nosyuydM MaTpUIy CMeXHOCTH A u Matpuuy B:

s
I
O, OO

1
0
1
0
1

O = O =
— O, OR
SO+
Sy
I
o 2 OO
SO T O o
S0 OO0 0
QU O QU O
o O v

Jlanee moc/ie10BaTeIbHO HAXOAMM BCTIOMOTaTe IbHble MaTpuLbl Py : 1 Py
/ /
Pii1 =B Py, PL=A, P, =o(F).

Marpuubl B u P, yMHOXAIOTCS M0 OOBIYHOMY MPABUJIY YMHOXEHHS MaT-
pYL, a MO TMpPOU3BElEeHHEM BEpPIIMH MOHUMAeTCss HeKOMMYyTaTHBHas OW-
HapHas onepauus CKJeHWBaHWs, 3alaHHash Ha MHoxecTBe cJjoB. CJ0BO —
yIOpsiioueHHasi I0C/Ie10BaTeNbHOCTh BepiunH (6ykB). [IpousBenenue ciaoBa
ULUL, ..., U U CJIOBA V1V2, ..., Uy, ECTb CJOBO UIUL, ..y ULULVL, ..y Upy.

Marpuua P] npeo6pasyercst B MaTpuly Fj CleLHabHEIM ONepaTopoM
®. Oneparop ®, meficTByIOIMi Ha 3/1e€MeHTbl p;; MaTPHLbl, BHIUEpKHBaeT
(o6HyssleT) Te ee 3JIEMEHTHI, B KOTOPBIX COEPXKHTCS BEpIIMHA v; HIH vj.
Takue s/eMeHTH cofiep»KaT KOHTYpHI, 3aMblKalolLlMecs Ha v; WK v;. Tak
KaK Ha TJIaBHOW OHMaroHanu Py CORep:KUTCS HH(POpPMAUHs O LUKJAAX, IJIs
VIPOLIEHNS U YCKOPEHHUSI PAaCueTOB MOXKHO OOHYJSAThH IVIABHYIO JHAaroHaJb
Bcex Matpull Py, KpoMe, pazymeercs, nocjaeineil — P,,, MOCKOJbKY ee 1ua-
TOHaJIb U CONEPXKUT UCKOMBIE LIUKJIbI 6€3 Ha4albHOH U KOHEYHOH BEpILHHBI.
OTH BEpLIMHBI JIETKO NOOABUTb IOC/Je OKOHUAHHUS OCHOBHOH HTepaTHBHOH
NpOLEeYpHI.
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Jns 3anaHHOro rpada noJy4uM rnoc/iefoBaTe bHOCTh MaTpull Py (Bcrmo-
MoraresbHble MaTpulibl P}, He BhinucaHel). Mmeem

0 c+g b+d c+g b+d

c 0 0 c+g 0
P=|d a 0 a a+b+d

c atctg a 0 a

d 0 b+d 0 0

3amerum, yTo MaTpuia P, mosydeHa u3 Pj neiictBuem omeparopa P: B
nepBoM cToJIOLE M MepBOH CTPOKe HeT CJIOB C BepUIMHOH a, BO BTOPOM
CTOJI01le ¥ BTOPOH CTpPOKe OTCYTCTByeT BepluuHa b u T.4. [asee

0 dc+dg gb+gd bc+bg cb+cd
cd + gd 0 gd ca ca + cd
P; = 0 ag + da + dg 0 ag+bg ab+ad+da |,
0 ac+ag+ca ab+ gb 0 ab+ ca + cb
be + de da + dc da be 0
0 c¢dg+gdc bgd+dgb cbg+ gbc bed+ deb
gdc 0 gda cag cad + cda
Py = | bgd adg+ dag 0 abg dab
gbc cag agb 0 acb + cab
bed  dac + dea dab bea 0

[Tocnennsist matpunia (Ps) — nuaroHanbHasi. Bce ee ajieMeHTH — HyJEBbIE,
KpoMe Ps5 11 = bgdc + cbgd + dgbc + gbed, Ps 22 = cadg + cdag + gdac +
+ gdca, Ps33 = abgd + adgb + bgda + dagb, Ps 44 = acbg + agbc +
+ cabg + gbca, Pss5 = bcad + beda + dach + dcab. K monyueHHBIM
cJaraeMblM B 3J€MeHTe MaTpulbl Pyi N00aBUM B Hayaje WM B KOHIE
Mo BeplLIUHe vg, TOe v = @, v2 = b, v3 = ¢, v4 = d, v5 = ¢, 4
BBIMOJTHUM KPYTOBYIO MMEPEeCTAHOBKY TakK, UYTOObl BeplIMHA a OKasaJjach
nepBoi. MHOrHe TaMUJIbTOHOBBI LIMKJIbI TIOBTOPSIIOTCS. MHOXKeCTBO OTBETOB
IJisl JaHHOH 3afauu OyeT CJeYIOLIUM:

abgdc, adgbe, acbgd, agbced.

[Tonubiii rpad mopsinka n umeet (n — 1)! raMUIBTOHOBBIX LIKKJIOB.
OueBUIHO, BPYUHYIO 3TOT aJTOPUTM He peasnusyercsi. BapuaHT nporpam-
Mbl 17151 Maple, paboTtarlie# o onucaHHOMY aJropuTMmy, AaH Ha c. 144.

4.8. 3agaua KomMMUBOsIKEpa

O10 06pasHoe Ha3BaHHe YCTOHYMBO 3aKPEMNMJIOCh 32 OJHOH M3 CaMbIX
WHTepEeCHBIX, MPAaKTHUECKW 3HAYHUMBIX W OJHOBPEMEHHO CJOXKHBIX 3a1ad
Teopuu rpadoB. 3anaya, Oepylias cBoe Hauajso U3 pador [aMuibTOHA,
COCTOMUT B ONpeleseHUH KpaTyalllero raMu/bTOHOBA LHKJa B rpage. Ee



3ajadyed 06 0CTOBe HaMMeHblero Beca (cM. . 74)

B B By
gty

L 2y L

3
1

TTTTTT




86 Aneopummot [naBa 4

[Tpumep. [lau B3BemweHHbH oprpad (puc. 4.52). Hafitu kparuafimmi
raMHJIbTOHOB LUK

Pemenue. Cnoco6 1. Paccmorpum anropuTM OJukaiiiiero cocesia
(Nva — Nearest vertex add) '. Haunem nBu»eHue 1o rpady 13 IpoH3BOIb-
HOH BepILMHBI, HapUMep W3 BepLIHHBI a. Beibrpas M3 ABYX BO3MOXKHBIX
oyr, a — f U a — b, KOPOTKYIO OYTY,
a — b, nnvHOW 1, nanee 100 BepLIMHBI
c nBuraeMcs 0e3 pasBeTBJEHHUH: a —
— f — d — c¢. U3 ¢ HampaBsasemcs
no 6oJjiee KOPOTKOH JAOpore B ¢, 3aTeM
B b u BosBpauwaemcs B a. CymmapHas
JUIMHa LMKaa paBHa 1 4+ 3 4+ 8 + 1 +
+ 3+ 3 = 19. Anroput™m OGuKalIero
cocefa He TapaHTHPYeT OINTHMaJbHOrO
pelueHusi. PelieHue 3aBUCUT OT BblGopa
HayasJbHOH BepIIMHBl M OT BbOOpa
HanpaBJeHHsl [BUXKEHHS TpPH HaJIW4YUH
IBYX U 6oJiee HampaBJeHUH OOMHAKOBOTrO Beca. [IpoBepuM npyryio BepLInHy
B KauecTBe HayaJbHOH.

Ecsu HauuHATh ABUXKEHHE U3 b B CTOPOHY a MO AyTe BECOM 3, TO LIHKJI
b—a— f—d— c— g— bOyner coBnasatb ¢ HalHIeHHbIM, OTINYASCH
TOJIBKO HayajoM oTcyeTa. [Ipu BeiGope HampaB/eHHs b — g, TaKKe BeCOM
3, mosyunM uuka b — g — ¢ — d — f — a — b, uMerouui Bec 3 + 3 +
+1+1+43+3=14. dtoT UMK/, HAUMEHBIINH MO BeCy, MOXKHO TPHUHSATDb 32
OKOHYaTeJ/JbHBIH OTBeT. B melcTBUTENBHOCTH, CyMMapHBId Bec 14 siBjsieTcs
HAaUMEHBIINM IS 3TOH 3a1auu.

M3BecTHa olleHKa ajaroputma GJrkafiiero cocena [2] nns rpada, Beca
KOTOPOTO YIOBJIETBOPSIIOT HEPABEHCTBY TpeyrosnbHuKa (cMm. ¢. 81):

Puc. 4.52

CNva < 0, 5([ln n] + 1)Copt;

T Copt — BEC ONTHMANbHOIO MapiipyTa. B Hamem ciydae xoadduuueHT B
sTolt ouerke 0,5([Inn] 4+ 1) = 1.
CooTBeTcTBylOlILas nporpamma aJjsi Maple naHa Ha c. 145.

Crnioco6 2. Pacemotpum anroputs™ Gamzkatineit BetaBkd (Nvi — Nearest
insert) [2]. [TocTpoenue nuKAa HauHeM C J0GOH BepIIMHBI, HAIPHMEp C.
[IpucoenvHUM K ¢ BeplIHHY, o0pasylollylo BMecTe ¢ Hell nukJja. M3 Tpex
BO3MOXKHBIX BapHaHTOB, ¢ — d — ¢, ¢ — g — ¢ U ¢ — b — ¢, BO3bMeM
caMblil KOPOTKHH, ¢ — g — ¢, nauHol 4 (puc. 4.53). Ha caenyiomem mare
MOXXHO 100aBHUTH JINOO BepIIHHY d, BCTaBJSS AYyTH g — d U d — ¢ BMeCTO
IyTh g — ¢, A160 b yxKe ¢ OByMsl BapuaHTaMU LHUKJIOB: g — ¢ — b — ¢

! AHaJIOTHUHBLH 10 CTPATErHH aIrOPUTM MCIIOMb30BAJICS JJI5 ONPeeNeHHs 0CTOBA
HavMeHblero Beca (cM. c. 79).
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ug—b— c— g. Bpoibupaem IUKJ HaUMeHbIIEH AJUHBL ¢ — ¢ — b — g
(puc. 4.54). AHaJOrMYHO TOC/IEIOBATENBHO BCTABASEM B LMK BEPLIMHHEI d,
f, a (pucynku 4.55-4.57). B pesysbrare mosayuaeMm LUK/ AJHHOH 3 + 3 +
+1+3+8+4+3 =21

p

Puc. 4.53 Puc. 4.54 Puc. 4.55

Pesynbrat manek ot onTuMaspHOH AJauHB 14. B pamkax 3toro ajaro-
pPUTMa MOXHO JOOWTbCS MeHbIIEH IJHHBI, MeHssl HauaJbHYH BEpIIUHY H
HanpaBJieHHsl B TOYKaX BETBJIEHHS pelleHHs.

M3BecTHa oleHKa aJaroputMma Oanxkakiien BcTaBku [2], ags rpada, Beca
KOTOPOTO YAOBJIETBOPSIIOT HEPABEHCTBY TpeyrosbHuKa (cMm. ¢. 81):

CNvi € 2copt;
THe Copt — BEC ONTHMAJIBHOTO MapLIpyTa.

Crnoco6 3. OmHUM 13 MeTOIOB MCKYCCTBEHHOTO HHTEJJIEKTa SIBJSETCS
MypaBbUHBIH anroputM Mapko Jlopuro !. OcHOBHas ujies airopuTma moj-
CMOTpEeHa B [IPUPOJIe U UMUTHUPYET ABHKeHUEe KOJOHHH MypaBbeB. [To popme
3TOT aJITOPUTM MOXOXK Ha xamHblii Nva (cnoco6 1) ¥ B HEKOTOpOH cTeneHH
siBJIsieTcs ero o6o06ueHreM. Eciu B anroputme GsnrKaiiiero cocena Bei6op
JasbHeHllero MyTH MPOU3BOLMTCS, HCXOAS M3 MHHHMMAJBbHOIO paccTosi-
HUS [0 OyepefHOH BepIUMHBbI, TO 31eCb BbLIOOPOM YIpaBJseT ciydakHas
(hYyHKLMS, HaNpaBJ/sollas ABHKEeHHEe OT TeKYIero MoJoxKeHus ¢ GoJbliei
BEpOSITHOCTBIO B BEpIIWHY j, B KOTOPOH HauboJblllee 3HaUeHHE HEKOTOPOH

"Marco Dorigo [33].
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dyHKUHK Pjj j; (Tme ¢ — HOMep BepIIMHEI, B KOTOPOH INPOU3BOIUTCS BHIGOD,
k — HoMep MypaBbsi, IBHXKYlIerocs no ayram rpada). Kak u B Nva, Bo
BpeMsl ABMKEHHsI CO3[AeTCsl CIHUCOK MPOHIEHHBIX BEPLIMH, UTO T103BOJSET
uzbexkaTb MpexaeBpeMeHHOro 3auuk/auBaHus. [lpuBenem Bum (yHKUUH,
YOpPaBJISOLLEN EPEXONOM U3 NAHHOHU BEPLUHHBI ¢ B BEPLUUHY j:

ranh
Pyi= =20 (4.4)
ZTimnim
m
rie 7;,; — KoaudecTBO (hepomoHa (pheromon), ocTaB/eHHOrO MypaBbsIMH
Ha gyre [i,j]; m;; — BenudyMHa, obpaTHas Becy (mjuHe) Iyru [¢,j];
a, f — >sMmnupudeckre KospduuueHTel. PyHKUMA Fjj ) MOACKa3blBaeT

MypaBbl0 HOMEp BEpIUHHBl j, B KOTOPYIO OH MAOJKEH HampaBuUTbcs. B
3HameHatese (4.4) cTOUT HOpMHUpYIOWIKH KO3(pdHULMeHT, TakoH, 4To 0 <
< Pir < 1. MHgekc m B cymme mpoGeraer 1o BCeM HeNPOHAEHHBIM
BepIIMHAM, CMEXHBIM C 4. B peajbHOCTH MypaBeld OCTaBJseT CJel
(bepoMOH) BO BpeMsi MPOXOXKAEHHs MYTH, U UeM dYallle OH BO3BpAlllaeTcs
B MCXOJHYI0 TOYKY (a 3TO BO3MOXHO, €CJIM OH BBIOMPAET ONTHMaJsbHble
NyTH), TeM dYeTde cjel. B MaremaTnueckoil ke Monean OYHKUHA T
YBEJHYHBAETCS TOJBKO MO 3aBeplIeHHH MaplipyTa Ha BeJUYHHY, 00paTHO
MPOTOPLMOHAJIbHY0 AJMWHe MapuipyTa. [Ipy o = 0 anropuTm coBmangaet
¢ Nva — wMmypaBell pyKOBOACTByeTCs TOJbKO AJWMHOH myTd. Ilpu [ =
= (0 OCHOBOH [J1s1 BbIOOpA TYTH SIBJASETCS TOJNBKO OMBIT (KOJHYECTBO
(hepoMoHa, UK «T1yOUHA CJefa») IPedbAyIIHX MypaBbeB-UCCaeI0BaTeNeH.
BakHo oTMeTHTb elle OfHO OTIW4YMe OT ajaroputmMa Nva. Bribop
NyTH TPOM3BOAUTCH He M0 MaKCUMyMy (YHKOMH DPjjp, a ClIydyadHbIM
06pa3oM, HO Ha cJydaid, KOHeUHo, BJHseT 3HaueHHe Fjj . IlosicHum 3to
Ha mnpumepe. [lycTe MypaBe#l k mogmolles K HEKOTOPOH BeplidHe 8 H
OOHapYy>KUJI, 4TO Mepel HUM 7 BO3MOXKHBIX MyTed K ceMM BepliMHaM (Ha
y’Ke TIpOieHHble OH BHHMaHHs He obpamaer). Kyma uatu? Mypase#
noBepsieTcss caydaro. OH  «myckaeT pynetky» (puc. 4.58). B kaxo#

Puc. 4.58

CEKTOp «lIapHK» 3aKaTuTcs, Tyaa U uatd. OgHako pyneTka, pa3MeueHHas
¢dynkuuedt Pgjr, j = 1,..,7, uMeeT HepaBHble ceKkTopa. Uem Osnxe
BeplliMHA U UeM IVyOxke Tyna cjael, TeM OoJiblie ceKTop. Takum o6pasoMm,
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MypaBell HCIOJb3YyeT U OIBIT NPeNIIeCTBEHHUKOB (7i;), U 34PaBBEIH CMBICI
(m55), ¥ cay4aiiHBIH (aKkTOp, T.e. BCe KaK B JKH3HH.

JL1s1 TOro 4TOGH He MPOMYCTUTb ONTHMAJbHOE pelleHHe, B MypaBbHHOM
aJITOPUTMe MPENYCMOTPEHO «HCMapeHHe» caefa. DTO JOCTHUTaeTCsl BBeeHHU-
eM Ko3(Q(hHLHeHTa p B UTepPaTUBHOH (opMyne 7;; = (1 — p)7;;, IpUMeHsI0-
ulefica rmocJse KaxkJIoro HukJaa obxopa rpada.

B anroputMe neficTByeT Liesiasi KOJIOHHS MypaBbeB. MareMaTHUECKH 3TO
03HAUaeT, YTO B KaXOM LHKJe 00X01a IBHKEeHHe IPOU3BOIUTCS U3 Pa3HBIX
BEPLIMH HE3aBUCHMBEIM 06pa3oM.

3zech NMpUBeNEH CaMbIil MPOCTOH BapHaHT anroputMa. AJropuTM MOXKeT
ObITb yayuiieH. [lJist yCKOpeHHs CXOOMMOCTH MHOTJA BBOAST TaK Ha3biBae-
MBIX 24umHeix MypaBbeB [33]. B [7] mpuBeneHb HausyulIre KOMOHHALUH
napaMmeTpoB « U 3.

CooTtBeTcTByloLIast mporpamMMa aJsi Maple naHa Ha c. 148.

Croco6 4. Anroput™ oTKura. ATOT aJCOPUTM, KaK B MypPaBbUHBIH airo-
PUTM, OTHOCHTCS K BEPOSITHOCTHBIM MeToaM pelieHusi. KitoyeBbiM MOMeH-
TOM B TAaKMX IOAXOAAX SIBJSETCS CJAYYAHHBIH BEIGOP OMHOTO M3 HECKOJBbKHX
BO3MOXXHBIX pelLIeHHH BMECTO aHa/Mu3a KaxA0ro. DTO MO3BOJSET COKPATUTD
BpeMsi CUeTa, a BpeMsl cyeTa B HEKOTOPBIX 3aauax Ha rpadax HMeeT MPUH-
uunuasnbHoe 3HaueHue. IIpocTolt nepebop /s 3ajay, CJOXKHOCTb KOTOPBIX
(Bpemsi cyera) pacTeT MO MOKa3aTeJbHOMY WJH (DAKTOPHANbHOMY 3aKOHY
B 3aBUCHMOCTU OT MOpsifKa rpacda, MoxKeT Aaxe AJs HeOOJbIIUX rpados
0Ka3aTbCs HeNOMYCTUMO MJUTeNbHbIM. OleHKa 3TOH XapakTepUCTHKH B
KasKJOM TIpHJIOKeHHH cBosi. Hanpumep, A1 MOGUILHOTO poboTa !, Bhimos-
HSIIOLIEr0 MaHEBp B TOHWCKE ONTHMAJBHOTO pelleHHs, GOPTOBOH KOMIIbIO-
Tep MOJ’KEeH pelllaTh 3a4ady KOMMHUBOSIKepa 3a HOJNW CeKyHOBl. [Ipsmo#
Ke nepeGop BapHaHTOB MpPU MATH-IECATH NYHKTAX Ha3HAYeHHS BO3MOXKEH
TOJIBKO 32 HECKOJIbKO MHHYT, YTO B JAHHOM C/yuae HUKAaK He-NPHeMJEMO.
[Tpu onTUMH3aUUKU TPOEKTHPYEMBIX B J1a0OPaTOPHBIX YCJIOBHSX TEMJOBHIX,
ra3oBbIX, JMEKTPUUECKUX UK TPAHCIIOPTHBIX CeTeH, KaK MPaBUJIO, C COTHeH
Unu Gosiee BeplirH (Y3J/10B), MPOEKT MOXKET 3aTSAHYTbCs JaxKe Ha MHOTHe
rogel. VIMEHHO TO3TOMY aKTyaJbHBl BEPOSITHOCTHBIE TOAXOIBI, AAIOIIHE,
MOXKeT ObITb, HE CaMble TOUHBIE, HO BIIOJIHE JOMYCTUMbIE perieHusi. PaccmMoT-
PUM MEeTOJ OTXKHra, 0ObIYHO H3ydyaeMblil B Kypcax TEOPHUH UCKYCCTBEHHOTO
UHTeJIJIeKTa.

O6pasHoe Ha3BaHMe JHLIb OTUACTH NepeflaeT Colep:KaHHe U CBS3bIBaeT-
csl ¢ mpoueccoM o6pa3oBaHUs CTPYKTYPhl MeTaJJa IpU HarpeBaHHU U aJib-
HeHleM oxnaKaeHuu. F3BecTHO, 4TO TOMBKO KOHTPOJHUPYEMOe OXJ1aXKIeHHe
NPUBOAUT K KejaeMOH CTpyKType Metassa. [Ipu Gosbiuied Temmeparype
CTeneHb CBOOOMbl uacTHll (B HalleM cjydae — KOJHUYECTBO BapUaHTOB
peluenusi) Gosblle, MPU MeHblIed — MeHblle. EciuM 1aTh BO3MOXHOCTb

'Mo6H/bHbIe POGOTH U MeXaTpPOHHbIE CHCTeMbl: MaTepuabl HayuHOH MIKOJIbI —
koH(pepeHuun. — M.: Uan-so Mock. yH-ta, 2000.
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aJTOPUTMY CJy4aHHO BHIOMPATh pellleHHe, ONTHMAJbHOE Ha KaXKAOM liare
(>kaoHBIH aJTOPUTM), TO MOXKHO MPOMYCTUTD XOM, He JYUIIHH JOKaJbHO, HO
JalolKi B pe3ynbpTare 6oJiee ONTHMa/bHOE pelleHHe.

B meTone oTxKura ouepeqHoi NopsioK CJe0BaHHUS [0 MapIIPYTy MeXLY
ropofaMy BbiGHpaeTrcsl cay4yaiiHO, HeOOJbIIMM H3MEHEHHEM IpeablAyLlero
pelLleHH s, IPEANOJOKUTEIbHO ONTUMabHOrO. CaMBIHl IPOCTON BapHaHT U3-
MeHEeHHs] — TepecTaHoBKa ABYX CJAy4alHO BBIOPAHHBIX FOPOJIOB B MapuLIpyTe
caenoBanusi. Ecay mosydeHHBIH MapuipyT Jydlle BCeX CYyIIeCTBOBABLIMX
paHee, TO TOT MapuIpyT GepeTcsi 3a odepeaHoil |. Ecu MapupyT Xyuke,
TO CaMblii TNPOCTOH BapuaHT — 3TO He OpaThb ero (3ayeM yXyAallaThb
peuenue?). OnHAKO TaK pelleHHe MOXKeT 3aKaTUTbCSl B OUH M3 JIOKAJIbHBIX
MHHHMYMOB, KOTOPBIMHM M300UIYIOT MofoOHbIe 3amauu (puc. 4.59). Umenno

200
150
100

50

o 20 40 60 80 100

Puc. 4.59

[03TOMY MJIOXOMY pelleHHI0 Hano nath wanc. [llaHc 3ToT (Wi, mpaBUIb-
Hee, BEPOSITHOCTh) PaCCUUTHIBAETCS M0 (popMyJie

P =exp(—AL/T),

rie AL — moJioXKUTesNbHasi Pa3HOCTb MEXIY KaueCTBOM TECTHPYEMOro H
paHee MOJIy4eHHOI0 ONTHMAaJbHOIO pellieHHH, T° — HeKOTOPBIH MOCTOSTHHO
yMeHblaouiicss napamerp (ycioBHo — Temmepatypa). B ciyuae sana-
4d KOMMHBOSI)KEPA KauecTBO OLEeHHBaeTcs IJMHOH Mapuipyta. O4eBHAHO,
YTO 4YeM MeHbllle TeKyllee pelleHHe MOPTHT MHUHHUMYM M ueM OoJiblie
TeMIepaTypa, TeM 6oJbllle BepOSTHOCTb MPHUHSTHS «IIPOOGHOTO» BHIXOAA H3
JIOKaJbHOTO MUHUMYMa.

CHMKeHHe TeMIlepaTypel OObIYHO MpOU3BOLUTCA MO dopmyne Tiyq =
=al, e 0 < a<l1.

CooTBetcTBytolias nporpamma ajsi Maple mana Ha c. 152.

1I/IHOI'I_[a HOJIy‘-IeHHbIﬁ BAapHaHT CpaBHUBAETCA C IPEAbIAYIIHUM.
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MAPLE-ITPOI'PAMMDBI

5.1. Pagnyc u guamerp rpaca

B nepBo# "acTy mporpaMmbl 3aaeTcsl Tpad U ONPenesIoTCs ero paau-
yc, nuameTp U ueHTp. Mcenenyercs HeopueHTHpOBaHHBIH rpad, 3afaHHbIH
Ha puc. 1.8 (cm. c. 16).

I'pa¢ 3apmaercs onepatopoMm graph(V, E), rie V. — MHOXeCTBO BepILUUH
rpapa, E — MHOxecTBO pebep. B KadyecTBe BeplIMH MOXKHO MCIIOJb30-
BaTb NIPOM3BOJIbHEIE NMeHA B KaBblUKax, HalpuMep 'my nomer" (BKJ4Yas
npobesibl), epeMeHHble, 3HaYeHHs] KOTOPBIX paHee He OMpelensioTcs, UJH,
4TO IIpollle, NMPOCTO HOMepa. B naHHOM ciydyae HOMepa BBOASITCS Ollepa-
TOPOM MOBTOpPeHHs V:={$1..n}, 3aMeHSIOIIHUM IPOCTOE MepeyuceHne
Vv:={1,2,3,4,5}. Ipyro# omnepaTop MOBTOPEHHS, CJYKAILUN AJNS ITUX
2Ke Lesied, uMmeeT BUI V:={seq(i,i=1..n)}.

Hns 3aganus rpada MoXKHO HCIMOJb30BaTh TaK¥Ke ONepaTopbl new(G),
addvertex U addedge.

OnepaTtop BBIBOA pHCYHKa rpaja Ha mMeyaTb HMeeT TPH BapHaHTa
(opMbl BeIBOAA BepwMH: Concentric, Linear u, Mo yMoJ4yaHHIO, paB-
HOMEpHO 10 OKpyKHOCTH. Ecait B onuun Concentric 3aiaTh HECKOJBKO
CIMCKOB, HanpuMep Concentric([1,2,3]1,[4,5,6,7]), TO BEpPLIHHBI
[IePBOro CIHCKa OYAYT HA BHyTPeHHeH OKPYKHOCTH. AHAJOTHUHO BBIBOISIT-
csl BepIIMHBl rpada c onuueldl Linear, npuMep MOXHO I[OCMOTpPeTb Ha
c. 104.

OTmeTrM HEOOXOAMMOCTD HCIIOJb30BaHUS OllepaTopa MevaTr-BeIBOAA Ha
3kpaH print(j). Heso B TOM, UTO 3HaueHHUe B TeJje YCJOBHOIO Olepa-
topa if ... then ... end He BHIBOOUTCA Ha NedaTb, €CJIU OIePaTOP
HaXOAUTCS BHYTPH LIMKJIA, axKe KOrJa BesJe CTOSIT TOYKM C 3alsAToH, a He
JBOETOYHE:

for j to n do if W[J]=RG then j; end;od;

Hanporus, onepatop print (j) BbIBOLHUT pe3yJbTaT B J10O0M ciayyae.
Jlns cokpalleHHsi 3amucH B OlepaTope LMKJa ONYyCKAalTCs HadaslbHOe
3HaYeHHe CYeTYHKA LHUKJA, TPUHATOE M0 YMOJYAHHIO eIWHHUIEeH, W Liar
LUK, TaKKe paBHbIH enuHule: for j from 1 by 1 to n do. Ile-
pel LIMKJOM BCTaBJ/leHa 3aluch LJeHTp;, KOTopas BOCIPUHUMAETCS NPOCTO
KaK HeHa3HaueHHas epeMeHHas UJ/H 3aro/I0BOK CJelyollero gajee CIUcKa
BepiinH. B Maple nonyckaetcsi pyccKUi WIPUQT AJs TepeMeHHBbIX.
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OCHOBHBIM 0I1EPAaTOPOM MPOTPaMMbl siBJIsieTcsi allpairs, BbIUHC/ISA-
IOIIKE PacCTOSIHUSI MEXIY OTHEJbHBIMH BepiunHamu rpada. Pesysibratom
SIBJISIETCSl KBajpaTHasi Tabjdila pacCTOSIHMH, Mo (hopMe COBMAALIAs C
MaTpHlei paccTosHUH |, DKCLEHTPUCUTET BepIIHHbI 1 CONePXKHUTCS B Mepe-
MeHHOH W[ 1i]. MHUHUMAJbHBIN SKCUEHTPHCHTET PaBeH paguycy rpada, Mak-
CUMasbHBIH — auaMeTpy. MoxHO y6equThCsl B CIIPaBeNJIMBOCTH TEOPEMBI |
(cM. ¢. 8) 0 cpaBHeHHH nuaMeTpa rpada U paHTra MaTPULLl CMeXHOCTH. L5
9TOrO IOCTATOYHO OMPENENUTb MATPUIy CMeXHOCTH A:=adjacency(G)
M BbI3BaTb onepartop Rank(A) BLIYKC/EHHS paHTa MaTpulbl. B maHHOH
3ajaye paHr MaTPHUIILl CMEXXHOCTH PaBeH MsITH, a AHaMeTp rpada — Tpem.

Jliisi BBIUMCJ/IEHHS] IHAaMeTPa MOXKHO TaKKe HCIIOJIb30BaTh ONEeparop
diameter.

Bo BTOpod yacTH mporpaMmbl MPOBEpsieTCsl HAJHWYHe SEJIePOBOH LENH
B rpade. Omeparop type ompesesisieT YeTHOCTb CTeNeHH i-H BepIIMHbI,
KOTOpasi BuiuncasieTcs: pyHkuued vdegree (i, G). Eciu crenennb HeyeTHast
(odd), To cueTYMK uMc/a TaKUX BepIIMH yBeJHYUBAETCS 2.

IIporpamma 1

> restart:with(networks): with(LinearAlgebra):
>E:={{1,2},{2,4},{2,5},{3,4},{3,5},{5,4}}: # Pebpa
>n:=5: V:={$1..n}: # BepmuHH

> G :=graph(V,E): # Tpad

> draw(Concentric([2,1,5,4,3]1),G); # Pucynoxk

> S:=allpairs(G);
> for i to n do W[i]:=max(seq(S[i,u]l,u=1l..n)):od:
> RG:=min(seq(W[i],i=1..n)); # Papuyc

!B Maple marpuua i TabiuLa ABASIOTCA PA3NUYHBIMH THIIAMH.
2 lnst yetHBIX unces B Maple BBeeHO 0603HaueHHe even.
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> DG:=max(seq(W[i],i=1..n)); # IuameTp

RG :=2
DG :=3
> leHTp;
> for j to n do if W[j]=RG then print(j) end:od:
entp
2
4
5
> k:=0: # CueTuwmk uUMCJla BEPHNUH HEUETHOMN CTEIeHU
> for i to n do
> if type(vdegree(i,G),odd) then k:=k+1;end;od;
> if k=0 or k=2 then print("EcTb sinepora uens");fi;

B cienyromelt nporpaMme MaTpuLia pacCTOSIHUE BBIUMC/ISIETCS 110 CIOCO-
6y 2 (cm. c. 11) 6e3 onepatopa allpairs. Pacemorpum cayyaii Heorpada.
Martpuua paccrosiHuil 6yfeT npu 3TOM CUMMeTpU4YHOH. CTeneHb MaTPHULbL
CMEXHOCTH HaKamjuBaeTcs B MaTpuue A0, NepBOHAYaJbHO eIUHUYHOH.
CyeTyuK BBIUMC/JAEHHH N mJs Heorpada orpaHhdyeH 4ucaoM n(n-1)/2
3JeMEeHTOB MaTpHlbl Haj AMaroHasbio. [ljs oprpada 3TO UYHCIO PaBHO
n(n-1).

[TpuBenemM TOMBKO Ty 4YacTb MPOrpaMMbl, KOTOpasi CJedyeT 32 BBOAOM
IaHHBIX (ISATh MEPBBIX cTpodek nporpammbl 1). [Iporpamma Tpebyer mom-
KJII0UeHHs NaKeTa JMHeHHOH anre6pel LinearAlgebra. s cpaBHeHUs
pe3y/bTaToB, MOJYyYeHHbIX omnepatopoM allpairs W mo mporpamme 2,
HeoOX0AMMO TPUBECTH MaTPHIbl pacCTOSHUH K ofHOMY Thmy. Jlerdye Bcero
tabnuuy allpairs (tun tfable) KOHBePTUPOBATb B MATPHULY C MOMOLIbIO
KOHCTPYKTOpa MaTpul Matrix. 3amMeTuM, 4TO oneparop convert ¢ 3TUM
He cIIpaBJ/sieTcsl. B 9KBUBa/NeHTHOCTH pe3yJ/1bTaToOB yOexkJaeMcsi, UCIIO/b3Ys
onepartop Equal nakera LinearAlgebra.

OueHuTb Bpemsi paGoThl aJropuTMa MOXHO C IIOMOLLBIO OIepaTopa
time (). a5 sToro nepen nepBbIM ONEPATOPOM MPOrpaMMbl HaO OIpefe-
JIUTb TeKylllee BpeMs, KOTOpOe OTCUUTBIBAETCS B CeKYHJaX C HayaJa CeCCUU
Maple: t1:=time () :. B KoHlle nporpaMMbl BpeMsl CueTa MOXKHO BBbIBECTH
Ha 3KpaH: time()-t1.

IIporpamma 2

> A:=adjacency(G);

> AQ:=IdentityMatrix(n):

> AllPairs:=Matrix(n, shape=symmetric):
> N:=0:
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> for k while N<>n*(n-1)/2 do

> AQ0:=A0.A:

> for i to n do

> for j to i-1 do

> if AllPairs[i,j]=0 and AO0[i,7]<>0 then
> AllPairs[i,j]:= k; N:=N+l:end:

> od:

> od:

> od:

> S:=AllPairs:
> S0:=allpairs(G):
> Al:=Matrix(n,n,S0):
> Equal (Al,S);
true

Eute oqHuM 3¢()eKTUBHBIM aJTrOPUTMOM AJIsI OTIpeleseHHs] KpaTyaiinx
MyTed MeXAy BCEMH MapaMH BepLIMH rpada siBjseTcs ajroputm yopuiesna
u Qnoiina [19], peannsoBanHbd B caenyolied nporpamme. Kak u B mpemsi-
Iylied mporpamme, BBOA AaHHBIX coBmagaeT ¢ mporpammo#t 1 (cm. c. 92).
[Iporpamma 3 3anuceiBaeTcs BeJeq 3a onepaTopoM draw.

Cnauasna maTpulle Al1Pairs npucBauBaeTCsl MaTpulia BeCoB (paccTosi-
Huil). B mpocreiiluem ciyuae, Korga Bce pacCcTOsIHUsSI paBHBI 1, 3T0 MaTpuua
CMe>KHOCTH. BMecTo Hy/eBbIX 3/leMEHTOB B MaTpHIle CMEXHOCTH CTaBsIT-
cs1 6eckoHeunble (infinity) paccrosinus. HTepecHO OTMETHTB, YTO Ha
MaTpHULy, MOJy4YeHHYIO omnepaTopoM adjacency, He JeHCTByeT olepaTop
NoAcTaHOBKH subs (0=infinity,AllPairs), nmosToMmy 3ameHa HyJeH
Ha 6€CKOHEYHOCTh MTPOM3BE/IeHa T103IeMEHTHO B IBOHHOM 1MKJe. [ cpas-
HeHHUs Ha NevaTbh BbIBeJleHbl 00e MaTpuupl, allpairs u AllPairs. Ouu
COBMAAOT. 3aMeTUM, 4To allpairs, BCTPOEHHBIH B MakeT networks,
TaKXKe HCIO0Jb3yeT alroputm Yopuoana—-Pmoiza.

IIporpamma 3

> allpairs_=Matrix(n,n,allpairs(G));
> AllPairs:=adjacency(G) :

allpairs_ =

NN W— O
— =N O =
— = O N W
— O~ N
O = =N

> for i to n do
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> for j to n do

> if AllPairs[i,j]=0 then

> AllPairs[i,j]:=infinity; fi;

>  od:

> od:

> for i to n do AllPairs[i,i]:=0; od:
> for m to n do

> for i to n do

> for j to n do

> AllPairs([i,j]:=min(AllPairs[i,j],
> AllPairs[i,m]+AllPairs[m,j]l);
> od;

>  od;

> od;

>

AllPairs_=AllPairs;

AllPairs_ =

RN WO
— =N O
== o N W
— O =N
O = =N

5.2. PebGepHbIil rpad

Paccmotpum rpad Ha puc. 1.2 (em. ¢. 10). Bepuunsl rpada 3agatorces ne-
pedncIeHHeM HMeH (B JaHHOM cjydae, HOMepoB) orepatopoM addvertex,
a pebpa — omeparopom connect. [Ipp 3ToM MOXKHO cpasy 3anaTh Bce
peGpa, HMHUHMIEHTHBE OINHOH BepliHHe, HampuMmep pebpa (2, 1), (2, 4),
(2, 5): connect(2,{1,4,5},G). B oneparope draw n/s n3o6pakeHus
rpada naHa onuusi Gopmbl pucyHKa — Concentric. CIHCOK BeplIHH B
3TOM ONMUMK YKa3blBaeT HAa MOPSIAOK H300paKeHHsl BepLIMH PaBHOMEPHO
[0 OKPYXKHOCTH IPOTHB YacCOBOH CTpeJIKH, HauWHas C HYJIEBOro yria,
OTJIO?KEHHOTO OT TOPU30HTAJbHOM OCH KOOpAMHAT, HAaIpaBJeHHOH Harpa-
Bo. [lo yMmosuanuio omepatop draw TakKe HCHONb3yeT 3Ty OINLUHI0 H
Ha TepBOe MeCTO MOMellaeT BEpIIHHY C MeHbIIUM HOMepoM. [ljisi Toro
4yTOOBI U306paXKeHUe MOSBUIOCH Ha dKpaHe, HeOOXOOHUMO NBOETOUHE IMOCJTe
onepatopa draw 3aMeHHTb Ha TOYKY C 3amsiToi. 31eChb U B HEKOTOPHIX
OPYTUX MporpaMMax focje oneparopa draw CTaBUTCS ABOETOUHE, UTOOHI
He N1yGIHUpPOBATh UMEIOLIUHCS B TEKCTE PUCYHOK.

[To dopmyse (1.2) (cm. c. 14) BBIUHCASIETCS TEOPETHUECKOE YMCIO ml
pebep B peGepHOM rpade.
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B nBoiiHOM LMKJE B COOTBETCTBHUH C OINpeleseHHeM pebGepHOro rpadga
dhopMupyeTcsi MHOXKecTBO ero pebep. Pefpa ucxonHoro rpada o6o3HavaoT-
cs B cucteMe Maple xak el, e2.. en. [losTomy a5 Toro, 4T06Bl OHU OBLIU
INOCTYTIHBI, B LIUKJE NIPUMEHseTCs onepatop | | «IpUKJIeHBaHUS» HOMepa K
OyKBe e.

[Tony4yennoe mHOXecTBO pebep E1 mM03BoJsieT co3naThb U H306pasuThb
UCKOMBIH pebepHbIl rpad G1.

IIporpamma 4

> restart:with(networks):
Hcxoonoiil epag

> new(G): n:=5: addvertex({$l..n},G):

> connect(2,{1,4,5},G): connect(3,{4,5},G):
> connect(4,5,G):

> draw(Concentric([2,1,5,4,3]),G):

> E:=edges(G):

> m:=nops(E):
HYucao pebep pebeprozo epaga

> ml:=add(vdegree(i,G)"2,1i=1..n)/2-m;
> El:={}:
> for i to m do

> for j from i+l to m do

> if nops(ends(e||i,G) intersect ends(el||j,G))=1
> then E1:=El1 union {{i,3j}};

> fi;

> od;

> od;

%

El; # MuoxecTBO pebep
ml1 =10
{{1,2}, {2,3}, {2,6}, {3,6}, {5,6}, {35}, {4,5}, {2,4}, {13}, {4,6}}
> new(Gl): addvertex({$1l..m},Gl): # Pebepuuu rpad
> addedges(E1l,Gl):
> ml:=nops(El); # Uucno pebep
> draw(Gl) ;
ml1 =10
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5.3. XpomaTnyecKuil MOJNHOM

PaccmatpuBaetcs rpad ¢ puc. 1.10 (cMm. c. 19). XpoMaTuyeckuii mosnu-
HOM IOJIy4aeTcsl C MOMOLIbI0 onepatopa chrompoly nakera networks.
Beruncsienre unc/ia packpacoK BBHITOJHSIETCS MPH TOMOLIM oOlepaTopa
eval. ToyHO TaK ke MOXHO BOCIOJIb30BaThbCsl ONEPATOPOM MOACTAHOBKU
subs (x=3,p). XpomaTHuyeckas peiyKLHs MO NyCTbIM rpacam cpasy cie-
JlyeT U3 BHJA MOJIMHOMA, TaK KaK YHMCJIO MYCTHIX rpadoB COOTBETCTBYIOLIMX
MOPSIIKOB PAaBHO MOAYJSAM K03(h(HUIHEHTOB MoJHHOMa. XpoMaThieckas pe-
NYKUHUSI 1O TIOJNHBIM rpadaM BHIMIOJHSIETCS ¢ MoMollblo unces CTHpJIHHTA
(stirling?2). [dus aToro K mporpamme MOAKJIOYEH MakeT combinat.

IIporpamma 5

> restart: with(networks): with(combinat):
> new(G) :addvertex({$1..4},G):
> addedge([{1,3},{1,4},{2,3},{3,4}1,G):
> p:=chrompoly (G, x); # XpoMaTHUeCKH! IOJIMHOM
p=x(-1+2)2(-2+2)
> eval (p,x=3); # Uucyno packpacok B 3 1BeTa
12

Xpomamuueckasn pedyxuyus no nycmoim epagam
> add(coeff(p,x,1)*0[1],1i=1..4);
—201+5052—-403+4+ 04
> for j to 4 do
> al[jl:=add(K[i]*stirling2(]j,1i),i=1..3); od;
a1 = K4
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as = K1+ K»
a3 =K +3Ky+ K3
a4 =K1 +7Ky+6K3+ Ky

Xpomamuueckas pedyKyus no nNOAHuIM epagam

> add(coeff(p,x,1i)*al[i],i=1..4);
2K3+ Ky

5.4. Paur-noauHom rpaca

[Tonyuum paur-nosnHom rpada ¢ puc. 1.12 (em. c. 23). Has storo
BOCIIOJIb3yeMCS ellle ONHUM crlocob6oM 3afaHus rpada, 0co6eHHO yI0OHBIM
175 Tpaga, 6muskoro K nosHoMy. CHadasia 3agaquM MOJHBEIE (complete)
rpa¢ K4, 3areMm cotpeM (delete) B HeM nBa pebpa, BEIOpPaB MOCJIETHHUE.
Pe6pa B Maple o6o3HauatoTes kKak €l, e2 u T.a.

[Tocsie 3TOr0 MOXKHO JaBaTh KOMaHAY AJISl FeHepallhd HCKOMOTO MOJHHO-
Ma. B kauecTBe nepeMeHHBIX BO3bMeM X U Y. Ly yno6cTBa packpoeM CKoO-
KU onepaTopoM expand. 3HaueHHe MOJMHOMA B HEKOTOPBIX ONpeeseHHbIX
TOUKaX (x,y) UMeeT BIIOJHE KOHKPETHBIH CMBICJ, YKa3aHHBIH B KOMMeEH-
Tapusx K mporpaMme. PaccmaTpuBalTcs TOJbKO OCTOBHBlE moarpadsl (mo
YyeThlpe BEPILIMHBI B KaXAOM: n = 4). 3aMeTHM, YTO B YHCJIO OCTOBHBIX
noarpaos BXOASAT M HecOOCTBEHHBIe MOATpadbl, T.e. NMyCTOH moArpad u
noarpag, coBnafarmlMi ¢ CaMUM TrpagoM.

Panur noarpaga Ha nogMHoXKecTBe ero pe6ep E1 MOXHO BBIYHUCJIUTH C
nomollbio onepatopa rank (E1, G). [lss BbUMC/IEHHUSs] paHra caMmoro rpaga
JIOCTATOUHO B3Th Bce pebpa rpada: el, e2, e3, e4.

Anukandeckuil rpad — rpad, He comepXKallMi LHKJOB, HJIHU rpad c
Hy/eBbIM paHroM (v = 0).

Hns panHoro rpada omepatop rankpoly(G,0,1) HaxXomUT YHCIO
noarpagos pasra 3.

Yucsio 0cToBOB omnpenessietcs: Takxke U B nporpamme 30 (cm. c. 139).

IIporpamma 6

%

restart: with(networks):
G:=complete(4): G:=delete({eb5,eb6},G):
expand(rankpoly (G, x,vy));

> +422+6r+xy+3+y
rank({el,e2,e3,e4},G);

%

\

%

3
rankpoly(G,1,1), # Uucno nonrpagdos

%
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> rankpoly(G,1,0), # Uucrio auukauueckux noarpados
> rankpoly(G,0,1), # Uucmno mopnrpador paura rpada G
> rankpoly(G,0,0); # Uucrio oCTOBOB

16, 14, 4, 3

5.5. Ilukasl B Heorpade

Ananusupyercs rpag ¢ puc. 1.17 (cm. c. 26). BrruucieHuss npousso-
nsites no gopmynam (1.15) u (1.17) (cm. c¢. 27). [lpousBoasTcss Bo3BedeHHe
B CTeleHb MaTPHIBI CMEXHOCTH, 3aTeM BbIYHCJIEHHE CJea MoJydyeHHOH
MaTpHUIBl ¢ MoMollblo onepatopa Trace. Omnepatop neighbors(i,G)
HaXOJHUT CIIMCOK BeplIMH Heorpada, cocemqHux ¢ BepliuHo# i. OmepaTop
vdegree (i, G) BBIYHCJSAET CTENEHb BePLUMHBI i.

CaMblil KOPOTKHE LMKJ B Tpade MOXKHO HAaUTH C MOMOLIbIO OMepaTopa
girth(G, short). B nepemeHnHoll short coxpaHsiloTcs HMeHa pebep
aToro uukJ/aa. Hassanus BepiuuH, 06pasyomnX UUKJ, U3BJAEKAIOTCS B LIUKJIE
onepatopoM ends. J[JiMHa LMKJa nC B AIaHHOM INpuMepe paBHa 3. M3 nByx
LUKJIOB AJHHOH 3 6epeTcsl OLMH TMPOU3BOJbHBIM.

IIporpamma 7

restart:with(networks): with(LinearAlgebra):

n:=5:

V:={$1l..n}: # BepmunHu

E:={{1,2},{1,3},{1,5},({5,3},{4,3},{4,5}}:

G :=graph(V,E): # TI'pad

draw(Concentric([2,1,5,4,3]),G): # PucyHok

A:=adjacency(G):

A3:=A"3:

C3:=Trace(A3)/6; # KomuuecTBO LMKJIOB OJMHOH 3
c3:.=2

vV V.V V V V V V V

\

Ad:=A"4:
t4:=Trace(A4); # LuknMuecKkHe MapPHPYTH LIIUHON 4
t4 =60

%

for i to n do
s:=0:
for j in neighbors(i,G) do
s:=s+vdegree(j,G)-1l:0d:
t4:=t4-s-vdegree(i,G)"2:
od:

vV V. V. V V V
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> C4:=t4/4/2;# KonmuuecTBO ILUKJIOB OJIMHON 4
C4:=1
> nc:=girth(G, short): seq(ends(short[i],G),i=1..nc);

{1, 5}, {3, 5}, {1, 3}

5.6. Marpuna MHIUIAEHTHOCTH

CHauana MaTpuLa MHOMAEHTHOCTH AJis rpada c¢ puc. 1.17 (cm. c. 26)
onpefeJsieTcs ¢ MOMOILbIO oneparopa incidence (G) nakera networks.
Yucs10 CTPOK MaTpPHUILbl HHIMAEHTHOCTH PaBHO YMCJ/Y BEpIUMH, YHCJO CTOJ6-
noB — uucay pebep. Ecau rpad mpocrtoii (He MynpTHrpag ¢ KpaTHBIMH
peOpaMH ¥ He mceBaorpad ¢ METASMH), TO CyMMa 3JEMEHTOB KaxKIOro
cTos1flla paBHa 2, a CyMMa 3JIeMeHTOB KaxK[IOH M3 CTPOK — CTeleHH
COOTBETCTBYOLIEH BEpIIUHBL.

Marpuily MHUMIEHTHOCTH MOXKHO MOCTPOHTb M0 MaTpHlle CMeKHOCTH
u 6e3 uCnoJb30BaHUSA omepatopa incidence(G). [IBo#HOH UMK 00X0-
Ja MaTpHULBl CMEXKHOCTH 110 BEPXHEMY TPEYTroJbHHUKY C HCIOJb30BaHHEM
YCJIOBHOTO OfepaTopa JaeT MCKOMYIO MaTpHLy, OTJIHYAIOLLYIOCS OT Mpeibl-
Iylel 3a cyeT U3MeHeHHUs] HOMepoB pebep .

3amMeTHM, 4TO 3alMCh YCJOBHOTO OMNepaTopa MOXKHO 3aBepllaTb Kak C
nomoiibto £i, Tak u ¢ nomowsbo end if uau mpocto end.
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restart: with(networks):
:=5: V:={$1..n}: # Bepmwunu
:={{4,3},{1,3},{1,2},{5,3},{5,4},{1,5}}:

vV V. .V V V V V
P 38 @B

:=nops (E) : # Pebpa
:=graph(V,E): # T'pad
:=adjacency(G): # MaTpulla CMEXHOCTH
incidence (G); # MaTpuua uHLuOeHTHOCTH (1)
1 1.0 0 01
1 0 00 0 O
0 01 1 0 1
001 010
01 01 1 0

> In:=Matrix(n,m):
> k:=0:

'Onna ocoGennocts omepartopa incidence: Maple nepecraBisieT CTONOLB B
MaTpulle MHLUMAEHTHOCTU B IPOU3BOJBHOM MOPSIAKE, a He II0 MOPSAKY HOMepoB
pebep.
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> for i to n do

> for j from i to n do

> if A[i,j]=1 then

> k:=k+1l: In[i,k]:=1: In[]j,k]:=1:

> fi;

> od;

> od;

> In; # MaTpuua HMHLUOEHTHOCTH (2)
1 110 0 0
1 0 0 0 0 O
01 0 1 1 0
00 0 1 01
0 01 0 11

5.7. TpaHsuTuBHOE 3aMbIKaHHE

Jns onpenesieHHss CBOMCTB MaTpHLbl rpada HCINOJNB3YeTCsl onepaTtop
IsMatrixShape nakera LinearAlgebra. B napamerpax omneparopa
HeT TPaH3UTHBHOCTH, [103TOMY JaHHOE CBOHCTBO ONHCBHIBAETCS B CIIELH-
anbHOH mpouenype trnztv. [lpouenypa paboTaeT TOYHO MO ONpeleseHHI0
TPaH3UTHUBHOCTH (cM. ¢. 32). AHaJOTHUHO MOXKHO BBECTH MPOBEPKY BCeX
OCTaJ/IbHBIX CBOMCTB OTHOLIEHHUS.

B kauectBe mpumepa paccmotpeH rpad ¢ puc. 2.5 (cum. c¢. 36). IlepBo-
HauaJ/bHasl NPOBEpKa MOKAa3bIBAET, UTO OTHOLIEHHe, COOTBETCTBYIOILEe I'pa-
¢y, He TpaH3uTHBHO. [locse pUMeHeHHs anropuTMa Yopllosaa MnoJaydaem
TpPaH3UTHUBHOE 3aMblKaHue. s paGoThl ajqroputMa TpebyeTcss MaTpULa,
3JleMeHTaMH KOTOpPOH §IBJISIOTCS JIOTHYeCcKHe KOHCTaHThl true u false.
[Ipocras nopcraHoBka subs (1l=true, 0O=false,A) JieTKo ¢ 3TUM CIIPaB-
asercs. Ilocse mosydyeHHsT HMCKOMOH MaTpHllbl HEOOXOAMMO BHITOJHHUTD
oOpaTHyl0 3aMeHy: subs (true=1, false=0,3).
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> restart: with(LinearAlgebra): n:=4:

> A:=Matrix([[1,0,0,1],[1,0,0,0],[0,0,0,01,

> [0,0,1,111);
> ‘IsMatrixShape/trnztv' := proc(Ad)

> local i,j,m,S:

> S:=true:

> for i to n do

> for j to n do
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> for m to n do
> if(A[i,m]*A[m,j]=1) then
> S:= S and is(A[i,jl=1);£fi;
> od;
>  od;
> od:
> end:
> IsMatrixShape (A, trnztv); # IIpoBepka TPaH3UTHUBHOCTH

1 0 0 1

1 0 0 O

A=1000 0

0 011

false
> if IsMatrixShape (A, symmetric) then
> print ("Heorpad") else print("Oprpad"); fi;

"Oprpad”
> if Trace(A)=n then
> print("I'va® pedrnekcuBHOro orHomenus"); fi;
> if Trace(A)=0 then
> print("I'va® auTupednexcuBHOro orHomeHus");fi;
> if IsMatrixShape (A, zero) then
> print("lOycTou rpad"); fi;
> A:=subs(l=true, O=false,d);

true false false true
true false false false
false  false false false
false  false true true

A=

A:=subs(true=1, false=0,3);
IsMatrixShape (A, trnztv); # [IpoBepka TPaH3UTHUBHOCTHU

> for m to n do # AnropurM Yopmeia

> for i to n do

> for j to n do

> A[i,jl:=A[1,j] or (A[i,m] and A[m,jl);
> od;

>  od;

> od;

>

>
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1 01 1
1 01 1

A=1900 0
00 1 1
true

5.8. KoMnoHeHTbI CHJIbHON CBSI3HOCTHU rpada

[IpuBenem Tpu BapuaHTa pelleHHs 3aJaydl O HAXO0XKIEHHH KOMIIOHEHT
CHJIBHOH cBsI3HOCTH rpada. Paccmorpum oprpad (puc. 5.1), comepxkarmuii,
OUYEBH/IHO, TPH KOMIIOHEHTH! CUJIbHOH cBsidHocTH: (1,2), (3,4), (5,6). dyru
3a[alTcsl CIIUCKOM, Hampumep [1,2], a He MHOXKeCTBOM, Kak B Heorpade:
{1, 2}. K coxanenuio, B Maple prcyHkH oprpada u Heorpada He OTIHYAI0TCS

(myru cTpeskamMu He Bblaegstiorcs). [loaTomy
1 9 PHUCYHOK, TMOJYy4YeHHBIH onepaTopoM draw(G),
HemoxoX Ha puc. 5.1 (myrm Ttyma W
3 4 o6paTHO CJMBaWTCS B OAHY). B mporpamme
onpejiesisieTcss  MaTpULa  JOCTHXKUMOCTH M,
5 6 HeCHMMETpPHUHAs  1Jid oprpada. Crpoku
MaTpHLBl  COOTBETCTBYIOT  BepLIMHAM,  OT
Puc. 5.1 KOTOPBIX HIET MyTh, & CTOJNOLB — BeplLIHHAM,
B KOTOpble MyTh NMpPHXOOWT. PaccmarpuBass MaTpuiy M, 3ameyaeM, UTO H3
BEpLIVH | U 2 TOCTHXKUMEI Bce BepIIHHB rpada (cTpoku 1 1 2 He comepxar
Hysel), caMd »Xe BeplMHBI 1 W 2 pHOCTHKMMBI W3 MHOXecTBa {l, 2}.
[lepeceuennem muoxects {l, 2, 3, 4, 5, 6} u {1, 2} sABIsETCA MHOXKECTBO
{1, 2}. DT0 MHOXKECTBO U SIB/sS€TCS KOMIIOHEHTOH CHUJIbHOH CBSI3HOCTH rpa-
¢pa. Omnepauusi nepeceueHUss MHOXKECTB IKBHBAJEHTHA 3aMeHe 3JIeMEHTOB
MaTpHULBl HOCTHAKHUMOCTH TPOU3BEIEHHEM 3JIEMEHTOB U HX CHMMETPHUUHBIX
00pa3oB. IDTO U BHIIOJHEHO B IporpaMMe B JBOHHOM LHKJIe Mo i u J.
HavanpHble 3HaYeHHs NepeMeHHBIX [HKJaa from U War by, Mo yMoJ4aHHIO
paBHble 1, 1m0 OOBIKHOBeHHIO, He NHUIIyTCcsS. B mnosmydyeHHOH Marpuue B
TMOCJeIHIO0 CTPOKY HOMMCHIBAIOTCS HOMepa BepuivH. CjleyeT OTMETHTb
XapakTepHylo mjas Maple KOHCTPYKLHIO ONMpeieseHHs] U OILHOBPEMEHHOrO
BBI30Ba (DYHKIIHH, CO3JAMIIEH OCAE10BATENbHOCTb HOMEPOB BePLIMH: (7 )
-> j. OpueHTalMsi BeKTOpa HOMEpOB cosfaeTcs omuueil row !. Jlasee,
IPOCMATPHBAs MEPBYIO CTPOKY MOJNYUHBIIEHCS MaTpPHLB!, 3aHOCHM B Iep-
BBIl CIHCOK CBSI3HOCTH HOMepa CTOJIOLOB C HEHYJNEBBIMH 3JeMEeHTaMH |
BBIUEPKHBAEM COOTBETCTBYIOLIHE CTPOKH M CTOJOLEI. DTa ONepalys MOBTO-
psieTcs B LMKJe 110 J 0 HcUepraHHsl MaTpHuIsl. McnoseayloTes onepaTopsl
DeleteColumn u DeleteRow 13 nakera LinearAlgebra. Ty onepa-
TOpbl He MOTYT BblYepPKHBATb MOCJENHHE CTPOKY W CTOJOEeL M3 MaTpHLbl,
MO03TOMY B IPOrpaMMy BBelleH yCJOBHBIM onepaTop if nVv1<>n.

'Cron6er samaercs omupell column.
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> restart: with(networks):with(LinearAlgebra):

>n:=6: G:=void(n):

> addedge([[1,2],[2,11,[3,4],[4,3],

\

> m:=nops (edges(G)) :

%

1

%

A:=adjacency(G);

01 1 0
1 0 0 0
0 0 0 1
A= 0 01 0
00 0 O
00 0 O
> M:=convert(evalm(add(A*k, k=1.
4 4 10 10
4 4 10 6
0 0 4 4
M=140 4 4
0O 0 0 O
0O 0 0 O
> for i to n do
> for j to n do
> M[i,j]:=M[i,J]1*M[]j,1];
> od:
> od:
>

2

(5,61,[6,51,[1,31,[3,5]1,G):

# Nycronr rpad

# Oyru
# Uucrno gyr

draw(Linear([5,3,11,[6,4,2]),G); # PucyHok

# MaTpuila CMEeXHOCTH

— oo~k OO

0

_— o oo

0

.m)),Matrix);

20
10
10
10
4
4

10
10
10
6
4
4

FHEFEES A E RS A A R R
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> NM:=Vector[row] (n, (j) -> j):# Homepa BepmuH
> M:= << M>,<NM>>; # HoMmepa - B [OCJIEOHIOIO CTPOKY

(16 16 0 0 0 0]
64 16 0 0 0 0
0 0 16 16 0 0
0 0 64 16 0 0
0 0 0 0 16 16
0 0 0 0 64 16
1 2 3 4 5 6|

for j while nVl<_>n do

>
> n:=Dimension(M)[2];
> KMP[j]:={}: # KOMIIOHEHTa CBS3HOCTHU Jj
> V1l:={}: # HomMepa HCKJIOUAEMHX CTPOK M CTOJIOLIOB
> for i to n do
> if M[1,i]<>0 then V1:=V1 union {i}:
> KMP[j]:=KMP[j] union {M[n+l,i]} end;
> od;
> V1:=convert(V1l,list):
> nVl1:=nops(V1l):
> if nvVl<>n then
> M:=DeleteRow(DeleteColumn(M,V1),V1l);fi;
> od:
> TabnuuaKoumrnoneHnT=op (KMP) ;
Ta6anuaKommnonent = ([1 = {1, 2}, 2 = {3, 4}, 3= {5, 6}])

BoJsiee nmpocTo#i BapuaHT mporpaMmbl onpeneseHUs KOMIOHEHT CHUJIbHOH
CBSI3HOCTH oprpada ocHOBaH Ha PYHKUUH components, NpUMeHsIeMOH /151
HAXOXKJIeHNUsI KOMIIOHEHT CBSI3HOCTH Heorpaca. [lepBasi yacTb mporpaMmel,
Te BBOAMTCS oprpad, co3gaercss MaTpULla NOCTHXKHUMOCTH M IMepeMHOXKa-
I0TCSl ee CHMMETPUUHbBIe 3JieMeHThl, OepeTcsl U3 TpelblAyllell TporpaMMbl.
[IpuBeneM TOJIBKO Te CTPOKH, KOTOpPBIE HAYT MOCJE 3aKOMMEHTHPOBAHHOH
CTPOKH #######4# .

Pacemotpum rtpadp ¢ puc. 2.8 (em. c¢. 38). Cnucok nayr nans
storo rpacga umeer Bui addedge([[1,51,[5,31,[3,11,[2,4],
[4,61,[6,21,[2,311,G). Marpuua M onpegnenaser Heorpad GI1,
B KOTOPOM CBSI3HOCTb COOTBETCTBYET CHJIBHOH CBfI3HOCTH HCXOTHOIO
rpaga. Cnucok pebep cosnaerTcs B ABOHMHOM LIMKJE NMPU 00XOfe BepxHeH
TpeyrosbHOH uyacTu Matpuubl M. B oriuuue ot oprpada, pebpa Temepb
NpeacTaBAsAOT coboil MHOXKecTBa W 0003HAYAIOTCS KaK MHOXKECTBA, T.€.
¢urypHeiMu ckobkamu. [lanee cospmaercsi Heorpad, ¥ OCTaeTcs TOJIbKO
BOCIIOJ/Ib30BaThCsl (DyHKLUHMeH components [/ MOJAy4YyeHUs! pe3ynabTaTa
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R E S s SESEEESEE SIS LSS LS L LS LS
E:={}:
for i to n do
for j from i+l to n do
if M[i,j]<>0 then E:=E union {{i,j}};end;
od:
od:
Gl:=void(n): addedge(E,Gl): # HoBu#t Heorpad

KomMmnoneHTH=Ccomponents (G1) ;

vV V. V VvV V V V V V V

UucnoKoMnoHeHT=nops (components (Gl));
Komnonentsl = {{1, 3, 5}, {2, 4, 6}}

YucsoKomnoneHt = 2

Ewie onun crnoco6 BhISIBJAEHHST KOMIOHEHT CHJIbHOH CBSI3HOCTH T'OJUTCS
1751 oprpaoB, Y KOTOPbIX 4YHCJI0 pebep OCHOBAHHUS COBMAJAeT C YHUCJIOM
nyr. B nakere networks umeercsi omepatop bicomponents 6J0KOB
Heorpada ¢ BbleJeHHEeM MOCTOB MexXay HHMH. s Toro utoObl BOC-
M0J1b30BaThCsl UM, HEOOXOAMMO MOJNYUNUTh OcHOBaHHWe rpada. Crenatb 3TO
MOXKHO, MpeoOpasoBaB Ayru (cnucku BepiinH) B pebpa (MHoxicecmsa Bep-
wuH): E1 := {seq({op(ends(edges(G)[i],G))},i=1..m)}, roe
m — YHCJI0 YT HcXogHoro rpada G. 3areM OOGBIUHBIM 06pasoM MOJY-
yaeM rpad Gl c 3TUM CIHCKOM pebep ¥ TNpHUMeHsieM K HeMy OIepaTop
bicomponents(Gl). Hnsa rpada (puc. 5.2), mpencTaBJeHHOr0 AyraMH
({1,21,12,41,04,11,13,61,[6,51,1[5,31,[1,311], oTtBer umeer
BH/L [{el}, {{e2, e3, ed}, {e5,

I 2 e6, e7}}]. Ilpu aTom B oTBeTe 3amucaHbl

3 4 pebpa ocHoBanus: {{1, 3}, {2, 4},

{1, 2}, {1, 4}, {3, 6}, {5, 6},

5 6 {3, 5}}. OrgenbHo Bhzesed MocT {el}
Puc. 5.2 OT BepLUMHHl 3 K BepluuHe I.

5.9. Ilytu B oprpadcpe

Jlist TOro uTOGBl BHIYMCAUTh YKUCJAO MApIIPyTOB IJIUHBI 3, HEOOXOAUMO
06bIYHBEIM 06pa3oM 3a1aTh rpad, MOAKMIOYUB NakeT networks, HaliTU ero
MaTpuIly cMexHocTH (A:=adjacency(G)), BO3BECTH ee B TPEThIO CTe-
neHb (M:=A"3) ¥ MPOCYMMHPOBATh BCE 3JEMEHThI MOJYUEHHOH MaTpPHIIbL:
add(add(M[i,j],1i=1..n),J=1..n).
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5.10. N3o6paxenue oprpaca

Henmocratkom npoueaypsl draw cucteMbl Maple ! spasietcs To, uto
oprpadsl usobpaxkaroTcs, Kak Heorpadel. Kpome Toro, mommuchiBaioTcs
TOJIbKO BepIIUHBI, a pebpa (oyru) ocrarorcss Ge3bIMSHHBIMH, UTO 3aTpyl-
HflIeT uTeHWe pucyHka. [IpuBemem mporpammy majs pucoBaHHS oprpados
¢ momeTko# nayr. OmepatropoM save mporpaMma 3amUCbiBaeTcss Ha JWCK
B (halinm draw.m. Bbi3BaTh mporpaMmy MoxKHO omneparopoMm read. Ilas
yno6CTBa MOJb30BAHUS JIyUllle YKa3blBaTh abCOMIOTHLIN agpec ¢aiaa, Torna
Maple MoxeT ero HaliTh ¥ B TOM cJjydae, Korna (ais 3amyckaeTcsi He U3
TeKyled nupektopuu. OTMETHM Takxke, yTo B Maple He mpemycMOTpeHO
pasznesipHOE MOJb30BaHUE (paliaMH TPU YTEHHWH, OITOMY JIBE MPOTPAMMBI
He MOTYT OfHOBPEMEHHO MO0Jb30BaThcs (hailyom draw.m. s pucoBaHus
BEPLIMH HCIOJb30BaH onepatop disk, pucymolui KPyr U MO3BOJSIOUINH
HCII0/Ib30BaTh 3aJUBKY LBETOM. Ec/M MpUMeHHTh circle, To mosyduTcs
OKPYKHOCTb. CTHJIb CTPEJIOK 3aMkCaH B OIMH MapamMeTp q. DTOT NapaMeTp
peryJjaupyer TeOMEeTpHIO M LIBeT CTPeJOK M MOXKeT OblTh M3MeHeH. [lis
YTIpOLLLeHHs] NPOrPaMMbl MHOTHe JIMHeHHble pa3Mepbl B3AThl B aOCOMIOTHBIX
BeJIMUMHAX, [03TOMY [Jsl KaxKIOro cJjyyas HCIOJb30BaHHS MPOrpaMMbl
HeoOX0MMO BPYUHYIO TOA0HMpaTh HEKOTOpEIe 3HaueHus. Hanpumep, usobpa-
JKeHHs] HOMEPOB BepILWH CABUHYTH Ha 4 eUHULBI 0 OCH T U Ha €AWHHULY
no ocu y: [x[kl+4,y[k]+1,r[i][]j]], a HOMepa Ayr — Ha €QUHULY
no ocH y BBepx: (yl+y2)/2+1.
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restart;

Drawl:=proc(S,G)

local gq,k,n,nl,m,ml,i,j,t,v,x,y,x1,x2,yl,y2,c,e,E;
nl:=nops(S):; # Uuciio cTosnbLoB BEepUUH
n:=nops(vertices(G)): # Uucmno BepmuH rpada
E:=ends(G): # CHOMCOK KOHLIOB OYyT
ml:=nops(E): # Umcrno gyr

g:=.5, 2, .05, color=green: # Crumnb CTpeJoOk
for i to nl do
m:=nops(S[i]); # Uucrno BepmuH B cTonbie i
for j to m do
k:=S[i]1[]j]: # Homep BepmMHE
x[k]:=100/nl*i; y[k]:=100/(m+1)*]j; # KoopmuHaTH
c[k]:=disk([x[k],y[k]],0.5,color=blue): # BepmuHu

vV V.V V V V V V V V V V V V

'Bepcuu 8, 9, 9.5 u 10.
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> t[k]:=textplot([x[k]+4,y[k]+1,r[1i][]]], # Iomnucwu
> align={ABOVE,RIGHT}, font=[TIMES, ITALIC,161]);
> od;

> od;

> for i to ml do

> x1:=x[E[i][1]]: yl:=y[E[i][1]]: # KoopmuHaTu
> x2:=x[E[1][2]1]: y2:=y[E[i][2]1]:

> wv[i]:=arrow([x1l,yl],[x2,y2],q9): # Oyru

> e[i]:=textplot([(x1+x2)/2, (yl+y2)/2+1,e]||i],
> align={ABOVE,RIGHT}, # lognucu Oyr

> font=[HELVETICA, OBLIQUE,12],color=red);

> od;

> display(seq(c[i],i=1..n),seq(t[i],i=1..n),

> seq(e[i],i=1..ml),seq(v[i],i=1..ml),
> axes=none, scaling=constrained);

> end proc:

> save Drawl, "C:\\SBDISKR\\MAPLE\\draw.m";

B cienyrouell nporpaMMme NPUBOAMTCS NPUMEp HCIOJNb30BaHMS paspa-
60TaHHOU TpoLenyphl pucoBaHus oprpada. B kauectBe opurnnana 6epercs
rpad ¢ puc. 2.2 (cM. c¢. 31). CHauasa 1Jst cpaBHEHHsI TaeTCsl CTaHIapTHOE
n3o0paxkeHHe, BCTPOEHHOe B NaKeT networks ¢ JIMHeHHON onuuel BHIBOIA
Linear, npepycMmaTpuBaiollell pacrnoJiokeHUe BeplIMH CToJOLaMM cJjeBa
Hanpago.
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> restart;

> with(plots): with(plottools): with(networks):
> G:=void(5): # HNycrom rpad
>E:=[[1,41,[2,11,12,31,13,11,[2,5], # HOyrum

\

[3,5]1,04,3],[4,511:
addedge(E,G): r:=[4,1]1,[3,21,[5]:

%

%

draw(Linear(r),G); # CraHOapTHHN PHUCYHOK
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> read "C:\\SBDISKR\\MAPLE\\draw.m";
> Drawl([r],G); # PucyHokx oprpada

1 e7 2
e3
£2 el £8 5
3
€5

5.11. Kparuaimuii nyTh B oprpade

5.11.1. Omepartopsr shortpathtree u allpairs. Paccmorpum rpad ¢
puc. 4.2 (cm. c. 58). Buumcaum Kpardadiiuit myTh B rpade, moJib3ysich
CTaHAApTHBIMHU Tpolenypamu Maple. B mporpamme 14 He3aBUCHMO UCMOJb-
3ytoTcs oba omnepatopa, shortpathtree n allpairs.
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> restart: with(networks):

> new(G): n:=6:

> addvertex(i$i=1..n,G); # BepmuHe ucxogHoro rpada
1,2,3,4,5,6

> addedge([seq([i,i+3],i=1..3),[1,2],[2,31,1[4,51,
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> [5,6],[1,5]1],weights=[12,16,20,11,15,13,14,26]1,G):
> draw(Linear([1,4]1,[2,5],[3,6]),G);

4 5 6

> T:=shortpathtree(G,1): # [JepeBO MHHHMAJILHHX NYTEH

> W:=vweight(T); # Tabnuua BecoB (paccTOSHUHN)
W :=table(sparse, [l =0,2=11,3=26,4=12,5= 25,6 = 39)])

> draw(T); # PHCYHOX OepeBa
3 2
4 1
5 3
> MinPath:=W[6]; # OrBeT. MHUHMHMAJIBHHE OYTb 1 - 6
MinPath = 39
> allpairs(G)[1,6]; # Opyrom cmocob pemeHus 3agauu
39

5.11.2. BeruucieHne MMHUMaJbHBIX IMyTel. B npuk/agHbx 3agadax
Ha rpadax MHPOKO NPUMEeHSIETCs] BBIUMCIEHHE KpaTUaHIIuX yTel MeTOfOM
JlefikcTpbl. AJTOPUTM BHIYHCJIEHHS] TpHBeleH Ha c. 58. B cuenyromed
nporpaMMe peann3oBaH 3TOT anroputM. OTBeT 3aHOCHUTCS B NepeMeHHYIO
MinPath. Asnroput™ 3akaHuHBaeT CBOK paboTy, korga flag mpuHUMaeT
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3HaueHHe true, T.e. KOHeUHas BepluHHa (target) mpuobpeTaeT MOCTOSHHYIO
MeTKy. B KauectBe npumepa B3sT rpad ¢ puc. 4.2 (cm. c. 58).

[Tocse 3aBepiieHHst pabOTHl MPOrpaMMbl CIHCOK MOCTOSIHHBIX METOK
MOXHO TOCMOTpPeThb, PacKphiB mepeMeHHy V: evalm(V). CHoHcOK cOB-
najiaeT ¢ pe3yJbTaToOM, MOJyYeHHBIM BPy4YHYI0 Ha c. 60.

IIporpamma 15

> restart:with(networks):

\

new(G) :n:=6:

\

addvertex(i$i=1..n,G);
1,2,3,4,5,6
addedge([seq([i,1+3],i=1..3),I[1,2],12,31,1[4,5]1,
[5,6]1,[1,5]],weights=[12,16,20,11,15,13,14,26],G):
V:=Vector(l..n):
for i to n do V[i]:=infinity; od:
s:=1: target:=6: k:=s: V[k]:=0: U:=[0$3*n]:
flag:=false:
for i while not flag do
U[i]:=k:
d:=outdegree(k,G):
z :=departures(k,G):
for j to d do
CWl:=eweight(op(edges([k,z[]j]],G)),G):
1if((V[z[j]1]1=0) or (V[z[j]]>CW1l+V[k])) then
V[z[]j]]:=eweight (op(edges([k,z[]j11,G)),G)+V[k]:

fi;
end do;
Next:=n;

for j from 2 to n do
if not member(j,U) and V[]j]<V[Next] then

vV V.V V V V V V V V V V V V V V V V V V V V.V

Next:=j;
fi;
end do:
k:=Next;
> flag:=is(k=target);
> end do:

> evalm(V);
[0, 11, 26, 12, 25, 39]



112 Maple-npoepammol [naBa 5

> MinPath:=V[6];
MinPath := 39

5.12. Ilentpoun agepesa

[TakeT networks He comepXKHUT omeparopa OIpefeseHHs LEHTPOUAA
nepeBa. Hamnuinem crenuaibHyto mporpaMmy, pacCMOTPEB B KayecTBe MpH-
mepa rpad ¢ puc. 3.2 (cM. ¢. 42). JlJasi HAJIOCTPAlHK BCEX BO3MOMXKHOCTERH
networks HCroJ/b3yeM ellle OfMH CMOCO6 BBOia AaHHBIX o rpade . ITpu-
MeHUM omnepatop void co3naHus IycToro rpaga ¢ nocaenymoluum 1o6asJe-
HUeM pebep B BHIE OTAEJIbHBIX pebep WM 1enbiX BeTBel (Path). Onepatop
nops (edges (G) ) 3afelCTBOBaH AJ9 KOHTPOJIS YUCJa BBEEHHBIX pedep.
Jns nepeBa uncyo pebep Ha eMUHUILY MEHbIIIE UHAC/IA BEPIMH: m = n — 1.

B uuk/ae OJMHON n MO YKMCAY BEPLIMH MPOHUCXOIHUT MOCJENOBATENbHOE
UX ypnajneHve u3 konuu rpaca. [lpu ynmaneHuu Kaxkmoé BeplIMHBI rpadg
pacrnanaetcsi Ha OTAeJbHble AepeBbsi (ec). Tak Kak BMecTe ¢ BepIIHHOH
ynansietcss U pebpo, yucao pebep (nops(edges(induce(K[j],G))))
B KaXX[IOM IOJIyUUBLIeMCSl [epeBe Ha eIWHULY MeHblle peajibHOH AJUHBI
COOTBETCTBYIOILIEH BeTBH. UHUC/IO TaKUX IePeBbeB PABHO CTENEHH BepIIUHBI,
BBIUKMCJIEHHOH onepaTopoM nops (K).
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V:=Vector (DL, []):

for i to n do #### Luxn Onsa pacueTa BECOB BEPIUH
H:=duplicate(G): # Ypanenwe BepmuH u3 Konuu G
H:=delete(i,H):

Di:=vdegree(i,G); # CreneHb BEpPIUHE

> restart; with(networks):

>n:=16:

> G:=void(n): # IycToi rpad

> addedges({{13,14},{11,12},{15,16},{6,7},

> {7,8},{8,4}},G):

> addedges(Path(1,5,9,10,14,15,11,7,3,2),G):
> nops (edges(G)) : # Uwucro pebep

> r:=seq([seq(l+j+4*i,i=0..3)],3=0..3):

> draw(Linear(r),G): # PucyHoOx

> DL:=maxdegree(G) : # MakxcumanbHas CTENEeHb BEpPIUH
>

>

>

>

>

'Tlpa npyrux crnocoba HCIOJb30BaHE paHee — ornepartop new (cM. c. 111) u
oneparop graph (cm. c. 99).



5.13. Hecamuunas KoOuposxka 113

K:=components(H); # CHucOX BepmHH KaXgoW BETBHU
for j to nops(K) do
V[j]l:=nops(edges(induce(K[j],G)))+1:# Bec BeTBH
od:
W[i]:=max(seq(V[k]l,k=1..Di)); # Bec BepmuHH

od: #### KoHel uukia OJig pacueTa BECOB BepIHH

vV V. V V V V V

W:=convert (W, array); # MaccuB BecoB
VV:::H5,15,14,15,14,15,10,14,13,12,8,15,15,10,8,1&
Tlocmpoenue yerumpouda

vV

minW:=min(seq(W[i],i=1..n)); # HauMeHbmUI BecC
minW =10
print ("leHTpoun COCTOUT M3 CJIEAVIOMWX BepmuH:"):
C:={}:
for i to n do
if W[i]l=minW then C:=C union {i}; fi;
od:
print(C);

vV V. V V V V

[{eHTPOUA COCTOUT U3 CJIeNYIOLIUX BEpLIMH:
{11, 15}

5.13. [lecaTuuHas KOTUPOBKA

[Tporpamma 17 HamucaHa B COOTBETCTBHU C HHCTPYKIHMEH KOAMPOBKH,
naHHo#t Ha c. 42. Tak kak B JepeBe C 7n BepIIMHAMU HMeeTCs 1 —
— 1 pebpo, a Kaxaoe pebpo B npoliecce KOAHPOBKH MPOXOAUTCS ABAXKIbI
(Komupysich eNHHHILIEH, a 3aTeM HYJeM), yucao Uudp B Koge n2=2*n-2.
B uukse c orpaHuyeHueM Ha 4Mca0 LM(P B KOJAe COAEP:KATCs JBe YacTH.
CHayaJsia U3 BepLIMHBI, OMEUYEHHOH KaK KOPeHb [epeBa, OCYLIECTBJSAETCS
MOUCK B TIJyOMHY BIJIOTb [0 JIMCTA, Y KOTOPOro cTerneHb vdl paBHa |
(Bucsiuast BepuirHa). [IpaBU/IbHBEIN BEIOOP MYTH Ha pPa3BUJKAX OCYLIECTBJS-
eTca OJarojapsi NpuMeHeHHIo orneparopa min. B mpoluecce xona B nepe-
MEHHOH S HakalJuBaeTCs MHOXECTBO NMPOHAEHHBIX BEPIIMH U 3aHOCATCS
eIMHUIBl B crnucok KOD. [lpu 3aBepuieHnH Xoja K BHCsSYeH BeplLIMHe
ee HOMep coxpaHsieTcss B nepeMeHHOH v1. C 3ToH BepLIMHBI HaYMHAETCS
XOL Hasal C MOMETKOH HyJAMM M yAajJeHHeM BceX IPOHAEHHBIX pebep
YTO TpeAyNpexKaaeT BOSMOXKHOCTb TOBTOPHOTO TPOXOXKIEHNUS KAKOT0-JH60
pebpa. J[BHXKeHHe Ha3aj BO3MOXKHO TOJbKO IO TeM BepLIMHaM, KOTOpble
y»Ke ObLIM TPOHIEHBl B MepBOH YacTH. 3a 3TO OTBeYaeT AOMOJHHTENbHOE
ycioBue nops (vl intersect S)<>0 B ycioBHOM onepartope. Onepartop
intersect BblUMCIsET NepeceyeHre MHOXKeCTB. Ec/iM BO3MOXKHOCTD 114
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IBUXKEHHUS] Hasal HucyepliaHa, NepeMeHHoH v1 mNpucBaWBaeTCsl 3Ha4yeHHe
TOH BepLUMHBI, OTKyAa Obl1a OCYyILeCTBJEHa IOCJ/eNHss MONbITKA HaHTH
CMEeXHYIO C Hell BepIIMHY C MOAXOISLIMMH YCJOBUSIMH, U LUKJ LOCPOUHO
[pepuiBaeTCs onepaTopoM break.

B koHue mnporpaMMbl MOJMyUeHHBIH ABOWYHBIA KON, HMEIOLUH THUI
table, KOHBepTHpPYyeTCsl B CIIMCOK, a 3aTeM B [eCATHYHOE YHUCJIO.

AHajorn4Hyl [porpamMMy, HCIOJb3YIOLUIYI0 —ONepaTop OIlpefeJe-
HUS MaTpuLl paccTossHUMU allpairs, MOXHO HalTHM Ha caliTe
http://vuz.exponenta.ru.

B nporpamme 17 paccMmoTpeHo nepeso ¢ puc. 3.9 (cm. c. 45).
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> restart:with(networks):

> new(G): n:=9: V:={$1..n}:

> n2:=2*n-2: # Uucrno uudp B Kome

> addvertex(V,G) :

> addedge (Path(7,4,1,2,3,6),G):

> addedge (Path(2,5,8),G):

> addedge({5,9},G):

> draw(Linear([1,4,71,[2,5,8],[3,6,9]),G):
> vl:=3: # KopeHb

> V0:={vl}: # MHOXECTBO BEpPIUH

> 1:=0: # CueTumk DJIEMEHTOB KoZa

> S:={vl}: # MHOXECTBO NIPOMOEHHHX BEPIMNH
> while i<n2 do

Heusicerue om KopHs, KOOUpoBKa eOuHULAMU

> vdl:=0:
> while vdl<>1 do
> vl:=min(op(neighbors(vl,G) minus S));
> vdl:=vdegree(vl,G):
> i:=i+1; KOD[i]:=1;
> S:=S union {vl};
> od:
Bosspauwenue nazad, KoOUpoBKa HYAIMU
> V0:={vl}:
> while nops(vl)=1 do
> v10:=vl:
> vl:=neighbors(vl,G) minus VO0;
> if nops(vl)=1 and nops(vl intersect S)<>0
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> then

> V0:=V0 union {v1[1]1}:

> i:=i+1: KOD[i]:=0:

> delete(edges({op(v1l0),op(vl)},G),G):
> else v1:=v10: break;

> fi;

> od;

> vl:=op(vl);# HauanpHasi BepmuHA
> od:# Konell nukmna i
> Z2:=convert (KOD, list);
z2:=1[1,1,1,1,0,0,0,1,1,0,1,0,0, 0, 1, 0]
Ilepesod & decamuurnyro cucmemy
> Z10:=add(z2[1]1*2"(n2-1),1i=1..n2);
Z10 := 61858

5.14. PacnakoBka DeCcATUYHOIO Koaa

CHauasia JeCITHUHBIA KOJ TpeoOpasyeTcss B CHHCOK HYJeH M eIWHHLL,
COOTBETCTBYIOIIME NBOMUHOH 3alKCH YMCJ/A CIpaBa HajeBO. 3aTeM BbIUMC-
JsleTcsl IJMHA CIIMCKa M CIIMCOK obpallaeTcs, NpeBpallasch B MPUBBIYHYIO
3anMch JBOMYHOro yucaa. [lepeMeHHast Z ©MeeT THI MOCJeNOBaTeIbHOCTH
exprseq .

B mnpouecce paboTel LMKJa MO BCEM 3JeMeHTaM IOCJeI0BATENbHOCTH
pasJauualTcs ABa Caydas: TeKyIHH 3jeMeHT paBeH | uaum 0. B cayuae,
KOTJla 3JeMeHT paBeH 1, B MHOXecTBO pebep rpada mobasisieTcsi pe6po
{vl,v2}, roe HoMep V2 BCAKHH pa3 yBeJHUMUBaeTcs, a vl NPHUHHUMAaeT
KaXIbl}l CcJlenyloluil pa3 3HaueHHe V2 JMOO0 BBIUMC/SETCS NPH BCTpeue
Hyasi (WA Hyne#) B psiny 3JeMeHTOB. [Ipu OBUXKeHHH Bhepen, Koraa
CIHCOK pebep pacTeT, pacTeT M BpeMeHHBIH CIIMCOK MPOHAEHHBIX BEpLIHH
F. Ilpu nBukeHuu Hasan (K KOPHIO) CIHCOK pebep He MEHSIeTCs, a CITHCOK
MPOHAEHHBIX BEPIIMH F yMeHbIIAeTCsl MOCPENCTBOM YAaJeHHs MOC/IeTHEro
aneMeHTa. OYHKINIO yoajeHHUsl BBINOJHSET MpUcBauBaHue F:=F[1..-2]
C mepevyucJeHHeM 3JeMEHTOB OT TepBOro 10 mpeanocnaenHero. [Tocaennuii
3JIeMeHT CIIHCKa OJWHOM n uMeeT BuA F[n] uau F[-1]1. Tlocaenusas
3anuch ynobHa B TOM Cjy4ae, KOTAa HEM3BeCTHa JJIMHA CIHMCKa.

[TonyyenHbl#t cniucok pebep BHOCUTCS OOBIUHBIM 06pa3oM B rpad), U3ob-
paxkeHue rpada BbHIBOAMTCA Ha 3KpaH. Kak BHAHO M3 Hallero npuMepa,
H300paXkeHHe OTNHYaeTcst OoT HcxomHoro (cm. puc. 3.9 Ha c. 45). 3mech

'Yauate tun nepeMeHHOH MOXKHO C TOMOILBI onepatopa whattype, Ha-
npumep whattype(Z). IlpoBepuTb THIN MOXKHO JIOTHYECKHM OIEPAaTOPOM
type(Z,exprseq) .
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NpOsIBJsieTCs] 0COOEHHOCTh aJrOPUTMa NEeCATHUYHOH KONUPOBKH, B KOTOPOH
He cOXpaHsieTcsl HyMepauus BepiinH. [ coxpaHeHUsI HyMepaluuH BEpPIINH
JlepeBa HeoOxoquMa Apyras KOAHPOBKa, MeHee KOMIAKTHAas M NPUHLHIH-
aJIbHO TOYTH He OTJHYalollascs oT AeCATHUHON. B Takoll KooupoBKe BMECTO
e[IMHHUL HY>KHO CTaBUTb HOMepa BepLIHH.
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> restart:with(networks):
Jlecamuunolli K00
> KOD10:=61858:
> Z:=convert (KOD10,base, 2):
> n2:=nops(Z):
Jlsouunsiil K00
> Z:=seq(Z[n2-i+1],1=1..n2);
Z:=1,1,1,1,0,0,0,1,1,0,1,0,0,0,1,0

> El:={}: # MHoxecTBO pebep
>vl:=1l: v2:=1:
> F:=[1]: # [lepeMeHHH} CIHCOK BEpIUH
> for i to n2 do
> if Z[i]=1 then
> v2:=v2+1:
> F:=[op(F),v2];
> El:=El1 union {{vl,v2}};
> vli:=v2:
> fi;
> if Z[i]=0 then
> F:=F[1..-2]: # Crupaem HOCJIEOHUN D3JIEMEHT
> vl:=F[-1]; # IocrnemHuy S3JIEMEHT ChOucka F
> fi;
> od;
> El;
{{1, 2}, {2, 3}, {2, 6}, {3, 4}, {4, 5}, {6, 7}, {6, 8}, {1, 9}}
> new(G) :

>n:=n2/2+1: V:={$1..n}:
> addvertex(V,G): addedge(E1l,G): draw(G);
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5.15. Konunposka Ilprocdepa

YeqoBue 3amauu naHo Ha c. 47. B Hauase nporpammel (popMupyeTcs 3a-
naHHoe nepeBo (cM. puc. 2.11). Oco6eHHOCTbIO 31eCh SBJsIETCS TPUMEHEHHE
onuuu Path B onepartope addedge, KoTopas 1Mo3BOJIIET 3a7aBaTh Liesble
BEeTBU fepeBa. B mapamerpe r (opmupyeTcsi CIHCOK M3 BEPTHUKAJTbHBIX
CIHMCKOB BEpPIIHH, MPOPUCOBLIBAEMBIX OrnlepaTopoM draw ¢ onuued Linear
JINHEHHOr0 PUCOBAHUS.

Kon ¢opmupyercst TouHo no anroputmy. CHauasa HieTcs BUCsAYas Bep-
1KHa (BeplinHa ¢ HaUMeHbLIeH CTeNeHblo B lepeBe BCeraa BUcsdasi), 3aTeM
B Koi T 3alHCLIBAETCsl HOMep BepLIMHBI, CMeXHOH ¢ Hell (departures),
a cama BepllUMHa ynajsercs onepatopoM delete. 3aMeTHM, 4TO CKOOKH
IJIs1 3aMUCH KOHEUHOro 3HayeHHWs (n-2) TepeMeHHOH uuk/aa B Maple
00513aTeJIbHBI.
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> restart;with(networks): new(G):n:=16:
> addvertex($ 1..n,G): # BepmuHH
> addedge(Path(1,2,3,4,8,12,11),G): # BerBu
> addedge (Path(2,6,5,9,13),G):
> addedge (Path(6,10,14,15,16),G):
> addedge({3,7},G):
> r:=seq([seq(l+j+4*i,i=0..3)],3=0..3):
> draw(Linear(r),G):

> T:=[0$(n-2)1]:

> for i to (n-2) do

> mindegree (G, sm[i]):
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z:=sm[i]:

>
> z1l:=departures(z,G):
>

T[i]:=z1[1]:
> delete({z},G):
> end do:

> "Kogn Ipwdepa:", T;
Kon Iprodepa:, [2, 3, 12, 8,4, 3, 2,6, 9, 5, 6, 10, 14, 15]

Cuienyroliasi mporpaMma CJIYXKUT TeM Ke LeJisiM, Ho o6xonuTtces 6e3 ore-
patopa departures, UCIO/Nb3yd IPOBEPKY COOTBETCTBYIOLLETO 3JIEMEHTA
MaTpHulbl cMexXHocTH A[i, j]=1. Bmecro omnepatopa mindegree 3pech
ucroJb3yercs ycaosue vdegree (i,G)=1. B nporpamme Tako#l ke BBOJ
JNAHHBIX, YTO W B NpelblAYylLIeH, U 3aluCbiBaeTCS OHA IOCJe OllepaTopa
draw(Linear(r),G).
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> k:=0: # CueTuMKk B3JIEMEHTOB Komna
> for i while k<n-2 do
> A:=adjacency(G) : # MaTpuia CMEeXHOCTH

> if vdegree(i,G)=1 then

> k:=k+1;

> for j to n do if A[i,j]=1 then T[k]:=j; fi; od;
> delete(incident(i,G),G);i:=0;

> end if;

> end do:

> PruferCode:=evalm(Vector(k,T)):

5.16. PacnakoBka koxa Ilprogepa

[To samannomy komy Ilpiodepa (cMm. c. 47) mporpamma ompenensieT
MHOXECTBO pebep U pUCYeT 3aKOIUPOBAHHOE AEPEBO.

CHayaJsia omepaTop NOps BHIYHMC/ISET YHUCJAO BepUIMH (MX Ha 2 GoJblile
yucaa 3JeMEHTOB KOfa), 3aTeM, B COOTBETCTBHUM C AJTOPUTMOM, B IHKJe
no i nmpousBoautcs Habop pedep. [locenHee pedpo cocTaBasieTCss U3 IBYX
yuces (HOMEPOB BePIIKH), OCTABLUIMXCS BO BCIIOMOTaTeJbHOM MHOXecTBe N,
COCTOSILIIEM H3HAUaJbHO M3 BCEX BEPIIMH jepeBa. 3amuch P:=P[2..-1]
03Hayaer, UTO CIIHUCOK P yKOpauuBaeTcsl Ha OAMH MepPBHIH asneMeHT. Munyc
OIMH B KayecTBe IOCJEIHEr0 3dJeMEeHTa B Mepeurc/]eHHH 03HayaeT KOHeL
CIIMCKaA.
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OtnesbHO paccMOTPUM CTPOoKy x1:=N minus convert (P, set).
Kon Ilpiocepa He sB/sieTcss MHOXKECTBOM, 1A U He MOXKeT ObITb UM, Tak
KaK B HEM eCTb MOBTOPSIIOIIHeCs 3eMeHThl. [loaToMy nepen BBIMOJTHEHHEM
BBIUMTAHUSl minus NpoM3BOAWUTCS KOHBepTauus. Jlpyrod BapuaHT 3TOH
CTpOKH UMeeT BUI x1:=select(sq,N), rae BBeleHa I10Jb30BaTENbCKASA
(hyHKIUS IPOBEPKHU HaJHW4YHUsl apryMeHTa (DyHKLUH B P:

sq:=x->is(not member(x,T)).

®yHKUUA select NpPou3BOAMUT BHIGOP M3 N BceX TexX 3JeMeHTOB, KO-
TOpble YIOBJIETBOPSAIOT 3TOMY ycJjoBHio. Habmionaercs HekoTopas Heecre-
CTBEHHOCTDb MCIOJ/Ib30BAHUS (PYHKLUH «Oe3 apryMeHTa», OflHaKO 9TO Xapak-
TepHo 1714 Maple B TakuXx onepauusix.
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> restart: with(networks):

> p:=[2,3,12,8,4,3,2,6,9,5,6,10,14,15] :# Kon Ilpwdepa
> n:=nops(P)+2:# Uucno BepmuH rpada

> N:={$ 1..n}: # BcrnoMoraresibHOE MHOXECTBO

> i:=1: E:={}: # IlycToe MHOXeCTBO pebep

> while i<(n-1) do

> x1:=N minus convert (P, set);

> E:=E union {{P[1],x1[1]}}:

> N:=N minus {x1[1]};# Onepanus N*

> P:=P[2..-1]; # Onepauus P*
> i:=1+1;
> end do:

> E:=E union {N}:

> new(G) :

>n:=16:

> r:=seq([seq(l+j+4*i,i=0..3)]1,3=0..3):
> addvertex($ 1..n,G) :# BepumuHu

> addedge(E,G) : # BeTBu

> draw(Linear(r),G); # PucyHox
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13 14 15 16
9 10 11 12
5 5 7 8
1 2 3 4

5.17. Kopg I'anira

B caenylome#l nporpaMme peliaercsl 3ajgada cocTaBjeHus Kopa lanta
I0Jst nepeBa ¢ puc. 3.22 (cMm. c¢. 54). I'pad 3amaeTcs oOBIUHBIM 06pa3oOM:
CHavaJsa Co3aeTcs CIMCOK BEPLIMH, 3aTeM B ollepaTope connect ykasblBa-
10TCs coefiiHeHus. JJ1s1 TOro 4To6Bl He MOBTOPSITh CIIMCOK BEPILIMH-JHUCTHEB,
ucrnoJbayercss o6o3HayeHre v:=5$5. .12. Hekotopoii oco6eHHOCThIO BBOAA
NAHHBIX SBJsIeTCS 0003HaYeHNe YAaCTH BepIIMH OyKBaMH, a 4acTH — uudpa-
MH. DTO BIOJIHE N0NycTUMO. BoJsiee Toro, 6ykBbl B Maple MOTryT BBINOJIHSITh
poJib UAEHTU(DUKATOPOB, UM MOXKHO NPHUCBAUBAaTh 3HAUEHHs, B TOM UHCJe
naxe caosa. Hanpuwmep, ecsiu B Hauase nporpaMMsl, cpady nocje restart,
3ajaTh A:=‘KOpeHb ', TO MporpaMMma He BOCIPHMET 3TO KakK OLIMOKY
oTBeT OyIeT TOT XK€, a Ha PUCYHKe BeplIMHA A OyeT MoaNucaHa.

Oneparop shortpathtree anroputma [efKcTpbl HCIIOIb3YeTCS 3LECH
He coBceM no HazHadeHWio. OH TOJBKO MpeBpallaeT rpad B KOpHEBOE
nepeBo ¢ KopHeM B BepiirHe A. OCHOBOH MporpamMMbl SIBJISIIOTCS ONIEPATOp
daughter, onpenensomMi CIHCOK CHIHOBEH BEPUIMHBL IepeBa, U ONepaTop
nops, BHYUCASAOMINN JJIHHY Z CIHCKA. DTa [IJIMHA U 3alHCBIBAETCS CJIeBa
B Koj ['anra: kod:=z, kod.

IIporpamma 22

restart:with(networks) :new(G):

v:=5$5..12:

addvertex(A,B,C,D,v,G):

connect (A, {B,C,D},G): connect(D, {5,6},G):
connect(C, {7,8,9},G): connect(B, {10,11,12},G):
draw(Linear([A],[D,C,B1,[V]),G);

vV V. V V V V
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12

11

9
A 8
b 7
6
5
> T := shortpathtree(G,A): z:=A: ss:={A}: # KopeHb
> kod:=""': # "Iycrou" kopn IanTa
> for k while (z<>0) do a:=ss: ss:={}:
> for i in a do
> z:=nops(daughter(i,T)) :# Uucno CHHOBEN BEpPHHHH 1
> 1if z<>0 then kod:=z,kod; fi:
> ss:=ss union daughter(i,T)
> od;
> od:
> kod; # OrBer. Kop TanTa

2,3, 3,3,

5.18. PacnakoBska koga I'anrta

Jlasi pacakoBku koma [amra Gepercst kon [3, 1, 1, 1, 1, 4, 2, 1, 2, 3, 3,
3] HEeKOTOpPOro HEeM3BECTHOTrO AepeBa.

JInvHy BeKTopa Koja ompefeaser omnepatop Dimension ! naxera
LinearAlgebra. OH paer 3HaueHue 12. Mcnosb3oBaB omnepatop nops,
nosyyaem 4 — MOLIHOCTb MHOXecTBa. CHayasa nporpaMma AaeT CIHUCOK pe-
6ep rb M CIMCOK BepLIMH VI, a 3aTeM PUCYeT MmoJydyuBlleecs aepeBo. IIpu
HCIIO/Ib30BAHHUHM CTaHAAPTHOTO JMHeHHOro H3o6paxeHus ¢ onured Linear
usobpaxkeHre noJsyyaercs nosepHyTeiM Ha 90°. IIpy Heo6XoaHMOCTH HM306-
paxkeHHe MOXHO ToBepHYTb. Ilisl 3Toro B Maple ecTh onepatop rotate
nakera plottools. Ecnn He ykasbiBaTb LEHTP BpallleHHs, TO JOCTaTOYHO

'3ror orepaTop MOXKHO NPHUMEHSITh U K BEKTOPY, M K Marpule. B mocsiennem
clydae OH JaeT YHCJIO CTPOK M UHCAO CToJ6IOB. MMmeloTcss TakKe omepaTopsl
BbIUMC/IeHUsl uhcaa CcTpoK (RowDimension) u cron6uos (ColumnDimension).
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3anucath rotate (draw(Linear(vr),G),-Pi/2). TekcToBble NOAMHU-
CH TIPH 3TOM He TOBEPHYTCs, T.e. W300paxKeHHWe He MOBOpayMBaeTcs Kak
1eJI0e, MPOCTO MEHSIIOTCS HAINpaBJeHHs OCel.

IIporpamma 23

> restart;with(LinearAlgebra) :with(networks):

> kod:=<3,1,1,1,1,4,2,1,2,3,3,3>: # Kong Tanta

> nl:=Dimension(kod) : # [OnuHa BeKkTOpa kona

> n:=add(kod[i],i=1..nl)+1: # Uucrio BepmuH OepeBa

> new(G) : # CosmaHue HoBOro rpada

> addvertex(seq(i,i=1..n),G) :# OobaByeHne n BepmUH

> rb:=seq([1l,1+i],i=1..kod[nl]): # Cnucok pebep

> Jj:=1: t:=1: s:=1:

> for m from 0 while nl-s-j+1>0 do

>  J:=s+j-1:

> for s to kod[nl-m] do

> tl:=seq(kod[nl]+i+t,i=1..kod[nl-s-j+11);
Yseruuernue cnucka pebep

> rb:=rb, seq([j+s,kod[nl]+i+t],i=1..kod[nl-s-j+11);

> t:=t+kod[nl-s-j+1];

>  od:

> od:

> rb; # OreBer. Cnucok pebep

[1,2], [1, 3], [1, 4], [2, 5], [2, 6], [2, 7], [3, 8], [3, 9], [3, 10], [4, 11], [4, 12],
[5, 13],[6, 14], [6, 15], [7, 16], [7, 17], [7, 18], [7, 19], [8, 20], [9, 21],

[10, 22], [11, 23], [12, 24], [12, 25], [12, 26]
Cnucok sepuiun OAs pUCYHKA

>vr:=[1]:

> c[l]:=1: # OgHa BepmuHa B sApyce 1
> t:=0: h:=1:

> for z while nl-t>0 do

> t:=t+cl[z]:

Yucno sepuun apyca
c[z+1l]:=add(kod[nl-t+i],i=1..c[z]);
h:=h+c[z+1]; vr:=vr, [seq(]j,j=h+l-c[z+1]..h)]1;

od:

vr; # OrBer. CHHCOK BEPIHH

vV V. V V
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1], 2, 3, 4], [5, 6, 7, 8, 9, 10, 11, 12],

[13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26|
> addedge([rb],G): # IDobammenue x rpady pebep
> draw(Linear(vr),G); # PucyHox rpada

12 23

22

4 21

20

1 19
2 18

17

S 16

5.19. Ilotok B cetmn

B nmporpamMe onHoBpeMeHHO fAaHbl fABa crocoba  BBIUHCJEHHS
MaKCHMaJIbHOTO ToTOoka B ceTH (cM. puc. 4.4 Ha c. 62). Omneparop
flow(G,vl,v2,edgsatur) u3 nakera networks Bo3Bpallaer
HauOONBIINY MTOTOK 10 CETH OT UCTOYHHUKA V1 B CTOK V2, a B IepEMEHHYI0
edgsatur nomelaeT CIUCOK HACBHILEHHBIX pedep I

IIporpamma 24

> restart: with(networks):

> new(G):V:=$1..8: addvertex([V],G):

> vl:=1:# HCcTOUHHK

> v2:=8:# Crok

> E:=[[1,3]1,13,51,[5,71,[7,81,1[1,21,[2,41,1[4,6],

!B cayuae oprpapos  omepatop flow nyTaer pe6pa M AYTH,
naBas B oTBeTe JMIIHHe peGpa. Hanpuwmep, nmas cetw ¢ jgyramu
(r1,31,103,51,15,61,[1,21,[2,41,[4,61,[2,5],[3,4]1]1, umeowumMu

9 4 OJMHAKOBYIO [POIYCKHYIO CIIOCOGHOCTD, PABHYIO 10 YMOJI-

yaHuio 1, ¢ ucTokoMm B BepiurHe 1 U cTokoM B 6 (puc. 5.3)

orepaTop LaeT MPaBHJIbHBEIA OTBET: MAKCHMAJbHBIH OTOK

paBed 2. OmHaKo MPH TOM ONEPATOP BO3BPALLAET CEMb

HacbllleHHbIX pebep (He nyr): {1, 3}, {2, 4}, {4, 6},

3 5 {1, 2}, {2, 5}, {5, 6}, {3, 4}, rae pebpo {2, 4} sBHO
Puc. 5.3 JHIIHEE.

—
(=2}
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> [6,81,[3,21,1[2,51,105,41,14,7]1,17,611:
[Iponyckras cnocobrocmo
>w:=[6,9,7,4,6,4,4,7,5,2,8,2,11]:
> addedge (E,weights=w,G) :
> draw(Linear([1]1,[3,21,[5,41,[7,61,[81),G):
> [NoTox=flow(G,vl,v2,edgsatur);
> edgsatur; # HachmeHHHE OyI'u
[ToTok = 11
({1, 2}, {2, 5}, {4, 7}, {7, 8}, {2, 4}, {4, 6}, {6, 8}}
m:=nops (edges(G)):
H:=duplicate(G):
potokl:=table([seq(e]||i=0,i=1..m)]) :# Hau. moTok
while (vl in vertices(G)) do
s:=[]: d:={vl}: d2:=vl:
cl:={vl}: ndepl:=vl:
while d2<>v2 and ndepl<>0 do
dl:=d[1l]: # Hauano crnepgywomer Oyru
d:=departures(dl,G) : # MHO®ECTBO BO3MOXHHX KOHIIOB
ndepl:=nops(d) ;
if ndepl=0 then delete(dl,G); else
d:=d minus cl; # HcximouaeM NPONIOEHHHE BEPIHWHH

d2:=d[1]: # Kowmen myrwu
nd:=op(edges([dl,d2],G));
cl:= cl union {d2}; # IomosjHseM CHIOMCOK
s:=[op(s),nd]: # Cnucox DpPOMOEHHHX OYI'
fi;
od:

if v2 in cl then # Ecnu obpasoBanach Lelb
nl:=nops(s); # [nuHa Uenu
pt:=[potokl[s[j]1]1$j=1..nl1];

sp:=[op(eweight(s,H))]1;
Hacoiwaen yeno
potok2:=map(‘+',pt,min(op(sp-pt))):
for i to nl do potokl[s[i]]:=potok2[i];
if potokl[s[i]]=eweight(s[i],H) then
delete(s[i],G); end;# YparnseMm HaCHMEHHEE LOYTH
od:
fi:

vV V.V V V V V V V V V V V V V V V V V V VYV

vV V. V V V V
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> end:# while

[lepepacnpedenenue

H2:=duplicate(H):

while (vl in vertices(H2)) do
cl:={}: # MHOXECTBO MNPONOEHHHX BEPIUH
in2:={}: # MHOXECTBO BXOOAMUX OYI
out2:={}: # MHOXECTBO BHXOOAMUX OYI
dl:=vl: # IepBas BepmuHa
notupikl:=true;

while d1<>v2 and notupikl do
out0:=departures(dl,H2) minus cl;
outl:={};

He paccmampusaem noanvie svixodsujue dyau

vV V.V V V V V V V V

for i in out0 do
nd:=op(edges([dl,i],H2));
if eweight(nd, H2)<>potokl[nd] then
d2:=i; outl:=edges([dl,i],H2) end;
od;
out2:=out2 union outl;# MHOXECTBO NPAMEX OYI' LU
in0:=arrivals(dl,H2) minus cl;
inl:={};
He paccmampusaem nycmote sxodaujue dyau
for i in in0 do
nd:=op(edges([i,d1l],H2));
if potokl[nd]<>0 then
d2:=i; inl:=edges([i,dl],H2); end;
od;
in2:=in2 union inl;# MHOXecTBO OOPATHHX LYI

vV V. V V V V V V

if nops(inl union outl)=0 then # Ecnu dl - Tynux
delete(dl,H2); # Ypamnsem BepmuHy dl
notupikl:=false; # HauwmHaeMm NOOHCK 3aHOBO

vV V.V V V V V V V V

else
Tlpucoedurnsiem dI K npoiiOeHHvIM BepLlLLHAM

> cl:=cl union {dl};
Koney, (Hauano) nocaedreti Oyeu — HOBAs BEPUILHA OASL NOUCKA

dl:=d2;
fi;
> od;

vV Vv
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> prl:=(x)->eweight(x,H)-potokl[x]; # Ipouemypa 1
> pr2:=(x)->potokl[x]: # Mpouenypa 2
> if notupikl then # IlepepacnpenenseMm IIOTOK
> ml:=min(op(map(prl,out2)));
> m2:=min(op(map(pr2,in2)));
> ptk:=min(ml,m2);
> for i in in2 do
> potokl[i] :=potokl[i]-ptk;
> od:
> for i in out2 do
> potokl[i] :=potokl[i]+ptk; od:
> fi;
> od: # while
> edg2:=incident(v2,H,’'In’ ) :# Oyru, BxXOoOsmue B CTOK
> [loTok=map( ‘+',op(eweight([op(edg2)],H)));
> saturl:=[]:
> for x in edges(H) do
> if prl(x)=0 then saturl:=[op(saturl),x];fi;
> od;
> saturl; # HachHmeHHHE OYI'U
ITotoxk = 11
[e4, €5, e6, e7, el0, e12, e8]

5.20. Tonosoruyeckasi COpTUPOBKA CETHU

Beoxsitcst nanubie cetu ¢ puc. 4.9 (cM. c. 65). B anroputme ucnosbsy-
eTca ynooHas ¢yHkuus delete, nospossiolias yaaifaTh CIHCOK BepLIMH
U cooTBeTcTBylolwMe Ayru. Kaxkablii ypoBeHb opraHusyeTcs B BUIE CIIHCKa
1715 TOTO, YTOOBI HCII0JIb30BaTh pe3yJibTaThl B onepaTtope Linear Tonosoru-
4yeckH yrnopsiioueHHoi cetu. Ilocse dopMupoBaHHs CIUMCKA BEpPLIMH OfHOIO
YPOBHSI 3TH BepLUMHBI yaanasioTcs u3 rpada. Pabora unkia while NV<>0
do npopoJKaeTcs 10 TeX 10p, 10Ka MHOXKECTBO BEPIINH He CTaHEeT MYCThIM.
CuyeTuuk uucaa BepiiiH — NV. Konus rpada H BBIBOAMUTCS Ha 3KpaH MO
MOJTy4eHHBIM YPOBHSIM.

Ecau rpag comepKUT LMKJ, TO Ha OUYEPENHOM 3Talle IOHCKa BEepLIHHbI
C HYJEBOH MOJYyCTeleHbI0 3aXOfa CHUCOK YPOBHSI OKaXKeTCsl MYCTbIM H
NPOXU30HIeT NOCPOUHBIM BEIXOJ M3 LMKJa C NOMOLIbI onepatopa break.
K rpady Ha puc. 4.9 nocratouno no6aBuTh, Hanmpumep, ayry [3,41, nis
TOro YTOObl 00pa30BaJCs KOHTYP M TOIMOJIOTHYecKasi COPTHPOBKa OKa3aJsach
HEBO3MOXKHOH.
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IIporpamma 25

restart: with(networks):
new(G):vV:=$1..9: addvertex([V],G):
E:=[[1,2]1,[1,31,[1,71,[2,71,13,7]1,1[4,11,14,51,
[(4,81,[5,21,[5,31,[5,61,[6,71,(8,61,[8,31,1(8,21,
[9,11,19,51,109,71,1[9,81]:# Oyru
addedge (E,G) :draw(G) :H:=duplicate(G):
SO0:=[1]:
while NV<>0 do
Sl:=[]:
for v in vertices(G) do
if indegree(v,G)=0 then
Sl:=[op(S1l),v];
fi; # MHOXeCTBO BepmNMH OOHOI'O YPOBHS

vV V.V V V V V V V V V V V V V V V VV V VYV

od;
if nops(S1)=0 then print("CeTr comepXuT KOHTYP");
break

fi;
SO0:=[op(S0),S1]; # HobamrsieM ypOBEHb
delete(S1,G): # Ypansiem BepmUHH
NV:=nops(vertices(G)) # Uucno BepmuH

od:

S0;

(14, 9], [1, 5, 8], [2, 3, 6], [7]]
> draw(Linear(op(S0)),H);

8
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5.21. Ilapocoueranue

Pazbepem Ha npuMepe alropuTM pelleHHs 3afaud O MapocoyeTaHH-
X B AByHoJbHOM rpade. Hafinem Haubosbllee napocouetaHue B rpage
(puc. 5.4).

Puc. 5.4
Martpuua cmexXHOCTH rpada UMeeT BUJ
11 1 1 11
1100 00
101 0 00
101 1 11
10 0 0 00
0 00 001

Brinesum oTaesbHBIE 1IaTH aJTrOpPUTMA.

1. CocraBuM Tabsuly ¢ pa3MepaMd MaTpPUIbl CMeXHOCTH. [lomeTum
HeJONMyCTUMbIE /ISl TAPOCOUETAHHUS JJIEMEHTHI, IPOCTABUB KAKOU-ITHO0 CUM-
BOJI, HATIpUMep 3BE3[0YKY, B T€X MecTax, Tie CTOAT Hysad MaTpuubl. [losy-
YUM

By

K| K| K| *

*

2. JIBurasch no marpuille B B KakKOM-J1u0O MOpsiike, HAapUMep cJjeBa
HanpaBo, CBepPXy BHHU3, MPOCTAaBUM Ha [OMYCTHUMble MOJS E€IUHHLEBI, He
nornyckasi 6oJsiee OMHOH eNUHHIBI B CTPOKe W cToJsbue. Tak Mbl MOJYyUHUM
TIepBBIF BapHAHT MapocoyeTaHus. DTo OyIeT MakCHMasbHOe (HO He 00si3a-
TeJIbHO HanboJIblilee) MapocoYeTaHHUe:

1

B, =

XXX x|
| ¥ | %] %
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3. Eciu Bo Bcex cTpokax MOSIBUJIMCH €AMHHUIBI, TO 3aJaua pelleHa,
HalieHo HauboJiblilee MapocoueTaHue. B Hamem mpumepe B MSITOH CTpPOKe
HeT eAWHHULEBL. [loMeTHM Takue CTPOKH B CIIENMaJbHOM CTOJIOLE, HATPUMED
CrpaBa OT MaTpPHLBL:

Bs

E S I o W
* | ¥ [ %] %

4. B nomeueHHOH CcTpOKe (MJIM CTPOKAX) HalileM He3alpelleHHbEe MecTa
B HeIIOMeUYeHHbIX cTos01ax. B crennanbHol cTpoke (HHXKe MaTpPHILEL) ITOMe-
CTHM B 3THUX CTOJOLAX HOMepa MOMeYeHHOH CTPOKH. 3/eCh 3TO O-5 CTPOKaA,
a HesalpelleHHOe MeCTO HaXOAMUTCs B nepBoM croJbue. Ilostomy craBum
HOMep 5 B MepBHIH cToJI0el] B crelHanbHyI0 CcTpoky. [lepBblii cTosberr
cyuTaercs nomeyeHHbM. [Tonyyaem

By

I
E I B G
| K| %] ¥

5. MiuieM equHHUIB B TOMeYeHHbIX cTo/161aX. [lomeuaem (cmpasa) cTpo-
KW, B KOTOPBIX HAaHAEHBl eUHHIIbI:

1 *
1 x| | x| %
* | 1] %
B5: * 1
* * * *
* | % * | x| 1
5

[lepBasi cTpoka okaszasach nomedeHnHoi. [asee Bo3Bparnaemcs K mary 4.

4’. B mepBo#i (MOMEeYEHHOF) CTPOKe eCcTh MATh He3ampelleHHbIX (6e3
3Be3JI0YKH) MeCT B HelOMeYeHHbIX cToabuax. [IpocraBiseM ee HoMmep
(t.e. 1) B criennabHON CTPOKE:
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Bs =

= %

*

5

% | %% ]| %=
Ll IR IR e O
*

Jlasiee Hao MepeiTH K ATy 5 ¥ UCKATb €MHUIIL B TIOMEUEHHBIX CTOJI01AX,
[oOMeyaTh CTPOKH, B KOTOPBIX HaMfeHbl eIUHHUIIbI, IePeXONUTh K wary 4 u
T.I. 3eCb Mbl IPUXOAHUM K CHUTYallMH, KOTJA B MSATOM MOMEYEHHOM CTOJIOIE
HeT eMHUL. DTO CUTHAJ K CJeAYIOLIEMY 3Taly pellieHHs 3afauH.

6. [IpocTaBasieM eIHHUIY B HalIeHHBIH CTOJIGEL B MepBYI0 CTPOKY. [IpH
3TOM OOHAapyKHBaeM, YTO B 3TOH CTPOKe ykKe eCTb eIHHHLA — B [E€PBOM
cronbue. Ee Hamo Kynma-To mepecTaBHTb. YKasaTeseM MJIs Te€PeCTaHOBKH
CYKHUT CllelaibHasi cTpoKa BHU3y. OHa naeT ajgpec: 5-st CTPoOKa 3TOrO XKe
cronbua. [Tonyyaem

*
1] | *
T N T B
B; = * 1
* * | ok | % *
* | x| x| ok 1
5 1 1 1 11

Ecsin ata cTpoka TOXe 3aHsTa, TO eIMHHILY, KOTOpasi CTOsJId B CTPOKE
pasblie (B IPyroM CTOJOLE), ABUTAEM [0 ee CTOJOLY TYAA, Kyla YKa3blBaeT
HOMep B CHelUanbHON cTpoke BHU3Y. ONHAKO B HAIIEM CJydae TOrO HET.
Bosiee Toro, yGexaaemcsi, 4TO Mbl HAlLIH pellieHHe — COBeplueHHoe (To-
KpBIBAIOIIlee BCe BepIIKHBI) MOKpbITHE. CTPOUM rpad, sIBASIOUUHCS OTBETOM
Ha nocTaBJeHHY0 3anauy (puc. 5.5).

1 7
2 8
3 9
4 10
5 11
6 12

Puc. 5.5
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Bbluncisis nepMaHeHT MaTpuLbl A, o6HapyxKuBaeM, YTO HalJeHHOe Co-
BeplleHHOe [TapocoyeTaHHe — JIUIIb OJHO M3 ABYX BO3MOXKHBIX. O4eBHIHO,
ecld Ha wware 6 CTaBUTh eAMHUIY He B IepBYI0, a B APYIylo, TakKxe
CBOOOJHYI0, CTPOKY 4, TO Moc/e[0BaTe/IbHO MOMYYHM

1 1 1

1 %] %] % 1] % ¥ | ok 1| * *

* | 1| % | % x| 1 * x| 1 *

* 11 ’ * 1 ’ * 1

* x| x| % * * | % * x| %
* | | x| 1 * | % * |1 * | ok * 1

CHauaJsia TepenBHraeM eIMHHIy H3 YeTBEPTOro crosbua TyAa, Kyaa yKa-
3bIBaeT CrelHajbHasi CTPOKa (3Mech OHA He H300pa)keHa), T.e. B MEPBYIO
ctpoky. EnuHuny, cTosIBIIYIO B IEPBOM CTPOKE W MEPBOM CTOJOLE, TBUTaEM
OMSATh BHU3, HA MATYI0 CTPOKY. BHOBb MmoJsiyuaeMm coBeplIeHHOe MapocoyeTa-
Hue rpada.

[pad mMoxeT U He MMeTb COBeplIeHHOTO MapocoderaHus. [lostomy B
nporpaMMe MpefiyCMOTPeH BBIXOJ MO YCJOBHIO, KOTAA JIOTHYecKas epeMeH-
Hasg Usl cTaHeT JIOXKHOH, a 9TO NPOU30HeT, KOraa ClelHanbHbll cTos0er
nepecTaHeT MEHSTHCS.

IIporpamma 26

> restart: with(networks):with(LinearAlgebra):
[Ipoyedypa noucka mampuysvL napocouemanus

BipartCard:=proc(A)

global B;

local i,3j,X,Y¥,nxt,Usl,elsel,C,Cl,R,Jl,nj,nfl,
noflr,islc,cnvl;

IIpoyedypa nodcuema 1 8 cmpoke x

vV V. V V

> noflr:=proc(x) local i,j;
> i:=0: for j to n do
> if B[x,j]=1 then i:=i+1 fi:
> od: 1i;
> end proc:
IIpoyedypa noucka nomeuerrnozo cmorbya 6e3 1
> jislc:=(x)->not is(1l in convert(Column(B,x),set))

and R[x]<>0:
[Ipoyedypa npeobpasosanus 8 mampuyy

> cnvl:=(x)->convert(x,Matrix) :
X:={$1..n}: Y:={$1..n}:

%
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> for i to n do

> for j to n do

> if A[i,j]1=0 then B[i,jl:=‘*‘: fi;
> if i in X and j in Y and A[i,j]=1
> then B[i,j]l:=A[i,j]:

> X:=X minus {i}: Y:=Y minus {j}: fi:
> od;

> od:

> nxt:=true:

> while nxt do

> C:=[seq(0,i=1..n)]:

> R:=[seq(0,i=1..n)]:

> Usl:=true;

vV V. V V

VvV V.V V V V V V

vV V. V. V V V V

\

Ilepsornanarvrole memKu cmpok
while Usl do
for i to n do
if noflr(i)=0 then C[i]:='*'; fi;
od;
Memxku cmoabuyos

for i to n do
if C[1]1<>0 then
for j to n do
if B[1,j]=0 and R[Jj]=0 then R[j]:=1;
od;
fi;
od;
Cl:=C;

Memxu cmpok
for j to n do
if R[j]<>0 then
for i to n do

if B[i,j]=1 and C[i]=0 then C[i]:=3;

od;
fi;
od:
[Iposepka 3ayukiusarus
Usl:=not Equal(cnvl1l(C),cnv1(Cl));

> od:

fi;

fi;
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>

vV V.V V V V V V V V V V V V V VYV VYV VYV V VYV V.V V.V VYV

nxt:=false:
[louck nomeuennoeo cmorbya 6es I

for j to n do
if islc(j) then nxt:=true: jl:=j; fi;
od;
if nxt then
j:=jl; i:=0; nj:=0; elsel:=true;
while elsel do
i:=i+1:
while B[i,j1]<>0 do i:=i+1;o0d;# Iouckx 0 no cTomnbuy
B[i,jl]:=1; # BmecTo O
nfl:=noflr(i);
while nfl=2 do # B HOBOM CTPOKE HaxXOOUM OpPyryio 1
j:=1: while B[i,j]<>1 or j=jl do j:=j+1; od;
nj:=R[j];
if nj=0 # Ecnu cromnben 6e3 meTKH
then
B[i,]J1]:=0;# BmecTo ommbounonm 1
nfl:=1;# [Ona BHXOOa U3 LKKIAa
else
B[nj,jl:=1; # [epenoc 1 mo agpecy us R[]]
B[i,j]:=0; # BmecTo 1
nfl:=noflr(nj);
i:=nj;
elsel:=false;
fi;
od;
od;
fi;#if nxt
od:
B:=subs('*'=0,B); # 3amMeHa * Ha HYJH
end proc:

save BipartCard, "C:\\SBDISKR\\MAPLE\\bipart.m";

[TapameTp r nuHe#HOro U306paXkeHus rpada 3anucal Kak QPyHKIUS YU-

cJla BEepLUUH /151 TOro, UTOOB! MPOrpaMMy MOXKHO ObLJIO JIETKO MepecTpoOUTh
Ha rpad Apyroro nopsaka.
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IIporpamma 27

addvertex(V,G):
addedge([{1,4},1{2,4},{2,5},{2,6},{3,5}]1,G):
draw(Linear(r),G);

> restart: with(networks):

> new(G) :

> n:=3: # Uuciio BepmuH B Kaxgoy LoOJIe

> V:=$1..2*n:4 BepmuHH

> r:=[seq(n+l-i,i=1..n)], [seq(2*n+l-i,i=1..n)]:
>

>

>

1 4
2 5
3 6

> A:=Matrix(n):
> for x in edges(G) do # MaTpuua OBymonbHOro rpada
> Alends(x,G)[1],ends(x,G)[2]-n]:=1;
> od:
> read "C:\\SBDISKR\\MAPLE\\bipart.m";
> B:=Matrix(n):
> BipartCard(A): B_=B;

1 0 0

B_=]10 01

0 1 0
> E:={}:4 Pebpa mna rpada Haubosnbmero mapocoueTaHUs
> for i to n do
> for j to n do
> if B[i,j]=1 then E:=E union {{i,j+n}} fi:
> od;
> od;

Hauboavuiee napocodemarue
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> new(Gl): addvertex(V,Gl):
> addedge (E,Gl): draw(Linear(r),Gl);

1 - - 4
2 -5
3 6

Yucro cogepuleHHvlx napoco%emaﬂuﬂ

> LinearAlgebra[Permanent] (A);
1

5.22. 3agaya 0 Ha3HAYEHUAX

OnHHM M3 NIPOCTBIX pelleHUH 3a4ayy O HasHauyeHHUSX SBJSETCS NpSMOH
nepe6op BapuaHTOB. B KayecTBe HEKOTOPOro Ha3HaueHHs MOXKHO B3SITb
TaKHe 3JeMeHTbl MaTpHUlbl, YTO B KaxKIOM CTO/I0Le U B KaxKIOH CTpoke
OyLeT colepxKaThCsl TOJbKO OAMH 3J1eMeHT. BJloskeHHble LUKJIbI epe6uparoT
Bce n'* KOMOMHALIMH, a YCJIOBHbBIH onepaTop oToéupaeT w = n! KOMOUHAUUH,
NP KOTOPbIX YAOBJETBOPSIETCSl YCJIOBHEe HecoBNaleHHs. B kaxmoMm oro-
OpaHHOM cJyyae BBIUMC/SETCS CyMMa 3JeMeHToB. MuHMMa/jbHas cymMma
COOTBETCTBYET HCKOMOMY pelieHuto. OTMETHM KOHCTpPyKUHio i| |k, mos-
BOJIAIIOLILYIO obpalatbcsi K WHAekcam il, 12, 13, i4 u mpocTo 3amucarhb
cyMmmy onepatopoM add. HemocrtaTtkoMm mporpamMMmbl SIBJASIIOTCS 3HAUHTEJb-
HOe BpeMs BBIMOJIHEHHs, 0COGEHHO UyBCTBHTeNbHOE A/ 6OJBbIMX 1 |, 1
HeoOXOAHMOCTb MEHATb €€ KOJ, BPYUHYI0 100aB/sisl WM yMeHblIas YHUCJIO0
LIUKJIOB [IPU U3MEHEHHH n.

BXofHBIMH JaHHBIMH [IPOrpPaMMbl SIBJISIIOTCS aHHble 3aJa4y Ha c. 72.

IIporpamma 28

> restart: n:=4:
>A:=[[1,7,1,3],[1,6,4,61,[17,1,5,1]1,[1,6,10,4]1]:

'Vxe nput m = 10 BpeMs cyeTa CTAHOBUTCS HEPEANbHO GOJIBIIHM.
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> w:=0:

> for il to n do

> for i2 to n do

> for i3 to n do

> for i4 to n do

> if 1i1<>i2 and il1l<>i3 and il<>i4

> and i2<>1i3 and i2<>i4 and i3<>i4
> then w:=w+l;

> S[w]:=add(A[i| |k, k], k=1..n);

> fi;

> od;

> od;

> od;

> od;

> MinSum:=min(seq(S[i],i=1..w));

MinSum =7

OnHUM M3 caMBIX PacHpOCTPAaHEHHBIX AJTOPUTMOB pEILeHHs 3aJaud O
Has3HayeHHUsX siBJseTcs airopuT™M KyHa, UM BEHrepCcKUH ajnropuTM, Omu-
CaHHBIH Ha c. 72.
B cienyouleil nporpamme Takxe peliaeTcss NpuMep, pasoOpaHHbIH Ha
c. 72. lns onpepesieHUst HAUGOJbIIEr0 MAPOCOYETAHUS UCIOJIb3YETCs MPO-
rpamMma BipartCard. Berpoennyto noanporpammy £1low NpUMeHHTb He yna-
eTcsl, TaK KaK OHa 4acTo JaeT HelpaBHJIbHYI0 HH(POPMALHIO O HAChILLEHHbIX

yrax.
IIporpamma 29

> restart: n:=4:

> N:=1..n:

> with(LinearAlgebra) :

> A:=Matrix([[1,7,1,3],[1,6,4,61,[17,1,5,11,

> [11611014]]):

> AQ:=A:

> Al:=Matrix(n):

>
>
>
>

H3 kaxcdoti cmpoku soluumaem min
for i to n do

m:=min(op(convert (Row(A,i),list)));

R[i] :=convert(map(‘'-‘',Row(A,i),m),list);
od:
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> A:=Matrix([seq(R[1],1=N)]):

H3 kaxmcdoco cmorbuya sviuumaem min
> for i to n do
> m:=min(op(convert(Column(A,i),list)));
> C[i]:=convert(map(‘-",Column(A,i),m),list);
> od:
> A:=Transpose(Matrix([seq(C[1],i=N)])):
>nl:=1:
> while nl<>n do # I[loka mapocoueTaHHEe HECOBEPIEHHOE
> for i to n do # Marpuna Al gByOoJbHOI'O rpada

> for j to n do

> if A[i,3]1=0 then Al[i,j]:=1
> else Al1[i,]]:=0:f1i;
> od:

> od:

Cuumuoigarue noonpoepammel BipartCard us bipart.m (cm. c. 133)

> read "C:\\SBDISKR\\MAPLE\\bipart.m";
> B:=Matrix(n):
> BipartCard(Al): # MaxcuMarnbHOEe NapoCcoueTaHUue
> nl:=nops(op(B)[3]):# Uucmo 1 B maTpuue B
> C:=Al-B: # Marpuna rpada c gyramm or X x Y
> XM:={}:YM:={}:
Mmuosxcecmsa sepuiun, He 8x00AULUX 8 NAPOCOYEMAHUE
> for i to n do
> if not 1 in convert(Row(B,i),list)
> then XM:=XM union {i} £fi;
> if not 1 in convert(Column(B,i),list)
> then YM:=YM union {i} fi;
> od:
Mmnoxecmesa sepuiur, docmuscumolx us XM
> Xs:=XM: Ys:={}:
> L12:=1;
> while L12<>0 do# Iloka He yCTaAHOBMUTCS IIPOLIECC
> Ll:=nops(Xs):
> for k in Xs do
> for j to n do
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for i to n do
if C[k,i]=1 then
Ys:=Ys union {i};
if B[j,i]1=1 then Xs:=Xs union {j};fi;
fi;
od;
od;
od;
L12:=Ll-nops(Xs):
od:
Y0:={$N} minus Ys:
Toomampuya u3 cmpok Xs u cmoabyos Y0
sbm:=SubMatrix (A, [op(Xs)], [op(Y0)]):
Munumanroroiti aremerm noomampuubl

vV V.V V V V V V V V V

%

> m:=min(op(convert (sbm, set))):;

> for i to n do

> for j to n do

> if i in Xs then A[i,jl:=A[i,j]l-m; £fi;
> if j in Ys then A[i,j]l:=A[i,]l+m; fi;
> od;

> od;

> od:

> MinSum=add(add(B[i,j]1*A0[i,j],1i=N),j=N);

MinSum =7

5.23. OcToB HauMeHBIIEr0 Beca

[puBeseM aBe He3aBHCHMble MPOrPaMMbl PellleHHs 3agadd. B mepsoi
M3 HHX CHayaja OMpeIessieTCsl YHCJAO OCTOBOB, 3aTeM [Jisi OTHICKaHUs
OCTOBa HWCIIOJIb3YEeTCsl OrepaTop M3 mnakera networks. Bo Bropoii 3a-
[POTrPaMMHUPOBAH AJTOPUTM OJIMXKAHIIEro COCela C HATJISIAHON aHHMalued
npoliecca MoCTPOeHUst ocToBa. B KauecTBe mpumMepa paccMaTprBaeTcs rpad
¢ puc. 4.34 (cm. ¢. 76).

5.23.1. Yucao ocToBoB. B crenuanusupoBaHHOM NakeTe networks
uMeeTcs (YHKUHSA counttrees(G) mjas omnpeleseHHs 4ucja OCTOBOB
rpada. Hpyro# cnoco6® — BblYMC/IeHHe ajare0pauyecKkoro AOMOJHEHHS JI0-
6oro sJjeMeHTa MaTpuibl Kupxroda, monydenHo# no ¢opmyne (4.1) co
c. 77. Jliist BBITIOJIHEHHST OTIepalMi ¢ MaTPHLAMH (TTIEPEMHOKEHHUSI, YMHOXKe-
HHSl Ha YHCJIO, BBIYMTAHUS, TPAHCIIOHHPOBAHHUS) HEOOXOAUMO MOAKJIOUHTE
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naker LinearAlgebra. Uro6el He ny6/aHMpoBaTh BBIBOI pe3YJbTATOB,
y2Ke MpPUBENEHHBIX Ha C. 77, omepaTopbl BBIYHCJEHHS MATPHL MHIHUIEHT-
HocTH (incidence) W cMmexHoctH (adjacency) 3aBeplialTcs JIBOe-
ToureM. IlepeMHOXHTb MaTpulibl B Maple MOXHO ¢ MOMOLIbIO TOUKH !
(In.Transpose(In)-2*A), cpasy MOJYYHB MaTpHULy, JUOO C TTOMOIIBIO
KOMOMHALMHU 3HaKOB &* M (PyHKUUHU evalm:

> B:=evalm(In&*Transpose(In)-2*A);

B nocnenHem ciaydae pe3ysnbraT He u©MeeT THN Matrix, B
yeM MOXHO yOeiWTbCsl, [IpUMeHsid onepatop type(B,Matrix)
npoBepkyd Tumna. [losToMy n/isi panbHEHIIMX [eHCTBUH HeobXoouma
KOHBepTauus: B:=convert(B,Matrix). KpOMe TOro, JJs [mepe-
MHOXeHHUs1 MaTpul, A U B B mnakere LinearAlgebra ecTb omneparop
MatrixMatrixMultiply (A, B).

Ecnu marpuna Kupxroda crpoutest o dopmyse (4.2), To cHauasa Hamo
MOJIYYUTb KaKylo-Jubo opueHTaluio rpada. DTo nenaercss 3aMeHOl (Uryp-
HBIX CKOGOK { } MHOXeCTBa Ha KBajpaTHble CKOOKH [ | ymopsimoueHHO#H
napsl B onucaHuu pebep. OnepaTop op CHHMaeT QUIYpHBIE CKOOKH, MOCJ/e
yero pe3ysbTaT 3aKJI4yaeTcsl B KBajpaTHble CKOOKH. Bce 3To BbINosHseTCS
B LMKJe mo i: El:=seq([op(ends(edges(G)[i],G))],i=1..n).
Hwmes cnucok ayr E1 ¥ BeplIMH, MOXHO CO3[aTh HOBBIH (y»Ke OpHEHTHPO-
BaHHBIH) rpad U 1Js HEero MoJyYUTh MATPULY UHUUAEHTHOCTH.

[TapameTp r BBemeH A/ onucaHus opmaTa BBIBOAA PUCYHKa rpada B
omnepartope draw.

OtmetuM, yto B 10-# Bepcun Maple onepaTtop Minor no yMoJ4aHHIO
BblJaeT 3Ha4YeHHe OlNpelesUTeNs, 103TOMY AOMOJHUTENbHOIO HCI0Jb30Ba-
Husl Determinant He Tpebyercs.

IIporpamma 30

restart:

with(networks) :

with(LinearAlgebra):

new(G): # Hosu# rpad

addvertex(seq(i,i=1..7),G): # CeMmb BepmuH

r:=[41,15,31,[71,16,21,[1]:

addedge([{3,7},{1,2},{6,1},{5,6},

{3,4y,{2,7},{4,7},{1,7},{4,5},{6,7}1,

weights=[27,19,24,29,21,14,16,13,22,18]1,G);
el, e2, e3,e4,ed, eb, e7, e8, eI, el

> draw(Linear(r),G); # PucyHox ucxomHOro rpada

vV V.V V V V V V V

'Tax HasbiBaemas dot-omepamus.
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> In:=incidence(G) : # MaTpuua HHIUOEHTHOCTH
> A:=adjacency(G): # MaTpulla CMEXHOCTH
> B:=In.Transpose(In)-2*A:# Marpuna Kupxroda
> Minor(B,1,1): # UMCIJIO OCTOBOB
79

Yucso octoBoB (number of maximum spanning forests) rpada MOXHO
MONyUUTh Takxke U mo nosnHomy Tarra (Tutte W.T.), nosioxxus o6a ero ap-
rymMeHTa paBHbIMHU l: tuttepoly (G, 1, 1), UK UCNOJb3YS PAHT-MOJHHOM
rankpoly (G, 0, 0) ¢ HyJeBbIMH apryMeHTaMu (cM. c. 22).

5.23.2. Ucnoab3oBanue omeparopa spantree. B oneparo-
pe spantree u3 mnakera networks 3asnoxeH anaroputm Ilpuma.
Onepatop edges(T) pnaer cnucok uMeH pebep rpada, a ¢GyHKIUS
eweight (Ed[1i],T) ofpamaercs K HMeHH 1i-ro pebpa rpada T
(HanpuMep, el uAH e2) U OaeT ero BecC, 3alaHHBIM paHee B OIIIHH
weights onepatopa addedge.

O6o3HaveHre 1/ BBIBOAA pe3y/ibTata — MinW. 3amMeTHM, 4TO eCJiH B
3ajade TpebyeTcs HAUTH TOJIBKO CYMMY BECOB OCTOBA, TO JIy4llle IPUMEHUTD
onepatop spantree (G, v,MinW) ¥ cpasy MoJy4YUTb OTBET B IepeMeHHOH
MinW. 31ech v — BepllMHA, HAUHHAsh ¢ KOTOPOH CTPOMTCS MHHHMMAJbHBIH
OCTOB.

Jlais pellleHUs] aHAJIOTHUHOK 3aa4M B MakeTe networks MMeeTcs olle-
patop shortpathtree, B KOTOpOM HCIOJb3yeTCsl aAropuT™M JleHKCTpHI.

[IporpamMma 31 siBisieTcss mpopoJikeHueM nporpammbl 30, B KOTOpoO#
3aiaHbl rpad G ¥ napameTp JHHEHHOTO BBIBOJA .

IIporpamma 31

> T := spantree(G): # OCTOB MHHHMAJILHOI'O Beca
> Ed:=edges(T); # Pebpa ocrToBa
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> MinW=add(eweight (Ed[i],T),i=1..6); # Cyumma BecoOB
> draw(Linear(r),T);
Ed :={e5, eb, e7, €8, 9, el0}
MinW = 104

5.23.3. AaropuTM MUHMMAJBHOrO cocefa. B KadecTBe HayasbHOU
MOXKHO B34Tb I[POMU3BOJBHYIO BEPLUIMHY W; B JAaHHOM MpHMepe w = 1.
[Tepen nauasom moucka cospaercs Marpuua BecoB C. HecylecTByromum
pebpam mpunuceiBaeTcsi 6eckoHeuHblil Bec. Omneparop edges({i,j},G)
JlaeT MHOXKeCTBO pebep, coeMHSOLMX BepIluHbl 1 U j rpada G. [as Toro
4YTOOBI CHAATh (PUTYPHBIE CKOOKH, 0603HAYAIOIIe MHOXKECTBO, UCIIOJNb3YeTCs
ornepaTrop op.

[louck BepmeTcs M3 MHOxecTBa W, KOTOpoe BCSIKMH pa3 mocje Haxo-
JKJIEHHS ouepelHOro pe6pa HaUMeHbIIEro Beca yMeHblIaeTcs C IOMOLIbIO
onepauuu minus.

Jloruueckas (yHKUHs member (j, W) omnpenesseT HaJW4yle BepLIMHBI
J B MHOXecTBe W.

Hapsiny ¢ pemieHueM 3amadd 151 HarJsiAHOCTH MOXKHO MMOKas3aThb I10-
CJIeI0BaTeIbHOCTb MOCTPOEHHS OCTOBA, CO31aB cpenctBaMu Maple gif anu-
MaLuio npouecca. JIjs 3TOro Ha KaxKOM lLiare Mocje HaxoXIeHHUs oye-
penHoro pebpa omepatopoM draw co3jnaetcs OTAe]bHBIH Kaap ris[i].
[TocienoBaTeIbHOCTD KaIpoB MPOUTPEIBaETCs onepatopoM display nake-
Ta plots ¢ onuuell insequence=true. [losy4yeHHbl}l aHUMHPOBAHHBIH
PHUCYHOK, WJIJIOCTPUPYIOILHH MTOCIe0BaTENbHOCTh HAX0XKAEHNUS 0CTOBA MU-
HUMAaJIbHOTO Beca, MOXeT ObITh coxpaHeH B (hopMaTte gif.

IIporpamma 32

> restart: with(networks): with(plots): new(G):
> n:=7: new(Ost): addvertex(seq(i,i=1..n),0st):
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> addvertex(seq(i,i=1..n),G):

> addedge([{3,7},{1,2},{6,1},{5,6},

> {3,4}y,{2,7},{4,7},{1,7},{4,5},{6,7}1,

> weights=[27,19,24,29,21,14,16,13,22,181,G);

> for i to n do # MaTpuila BecoB

> for j to n do

> if(edges({i,j},G)<>{})

> then C[i,]j]:=eweight(op(edges({i,j},G)),G);

> else C[i,]J]:=infinity,; fi;

> od;

> end do;

> V:=vertices(G): w:=1l: W:=V minus {w}: T:={}:

> for v to n do near[v]:=w; d[v]:=C[v,w]; od:

> for i while i<n+l do # OCHOBHOH LMKII

> addedge (T, Ost):

> ris[i]:=draw(Linear([4]1,[5,3],[71,[6,2]1,[11),0st);

> dmin:=infinity;

> for j to n do

> if d[j]<dmin and member(j, W)

> then v:=j; dmin:=d[]j];

> end if;

> end do;

> T:=T union {{near[v],v}}; W:=W minus {v};

> for u to n do

> if d[ul>C[u,v] and member (u, W)

> then near[u] :=v; d[u]:=C[u,Vv];

> end if;

> end do;

> end do: # KoHel] OCHOBHOTI'O LHKJa

> MinW=add(eweight (op(edges(T[i],G)),G),i=1..n-1);
MinW = 104

> display(seq(ris[gq]l,g=1l..n),

> insequence=true, thickness=1, axes=none);
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5.24. ®PyHaaMeHTAJIbHbIE UKJbI

Hns  HaxoxpaeHUss (QyHOAMeHTaJbHBIX LHKJIOB rpada B Ia-
KeTe networks umerorcs oneparopel  fundcyc({ e },G) wu
cyclebase(G). [lepBbifi U3 HUX omnpepessieT UUKJ rpada G aas 3anaH-
HOTO MOAMHOXecTBa pebep rpada B MpennoJioKeHHH, UTO 3TO MHOXKECTBO
COOTBeTCTBYeT rpady ¢ omHuM uukjaoM. Onepatop cyclebase(G) maer
BCE MHOXKECTBO HUKJOB. LIuK/ibl 0603HaualOTCs B BHAE MHOXeCTBa pebep.
JlocTyn K OTHeNbHOMY LMKJY MOXKHO TOJYYHUTh, OOPAaTHUBIIMCH K HEMY MO
HHIEKCY, HanpuMep cyclebase (G) [1].

IIporpamma 33

> nl := nops(edges(G) minus Ed); # Uucrno xopn
> for i to nl do
> e:= op(i,edges(G) minus Ed): # i-s xopma
> print(e, fundcyc(Ed union { e }, G)):
> od:
nl =4
el, {el, e7, e5}
e2, {e2, e8, e6}
e4, {el0, e7, €9, e}}

e3, {el0, e8, e3}

> cyclebase(G);

{{e10, e8, e3}, {e2, €8, e6}, {el0, €7, €9, e/}, {el, e7, e5}}

5.25. 'aMUJIBTOHOBBI LMKJIbI

Hcnosbsyem anre6panyeckuil MeTol, OCHOBAHHBIM Ha yMHOXKEHHH Mar-
PHLBI CMEXKHOCTH.

B sTol nporpaMme BeplLIMHE! BliepBble 0603Ha4eHb! OYKBaMH, a He LUp-
pamu. 3ameyeHo, yTo Maple nocJie BBofa rpada nepectaBJsieT ero BepLIMHbI
B al()aBUTHOM Mopsinke. B pesysbraTe LMKJbl OKa3bIBAIOTCS OLIMOOUHBIMH.
[TosToMy Jydlle 3ajaBaTh BepLIMHBI Cpa3y B an(aBUTHOM MOPSIKE.

J1a1sl nepeMHOXKeHHUs] MaTpHULL, UCIIOJb3yeTCsl Olepalusl HeKOMMYTaTHBHO-
ro yMHOXeHHs (omepalsi 06BIYHOIO YMHOKEHHST KOMMYTaTHBHA), TaK Kak
B IMKJaxX BePUIMHB MOTYT pacloJiaratbCs MPOHU3BOJBHO, & He TOJBKO B
aJi(paBUTHOM MOPSIIKeE.

[TosnemeHnTHOe npucBauBaHue C[1i,j]:=P[1i, j] NpULLIOCH UCIIONB30-
BaTb M3-3a TOTO, YTO NpHcBauBaHUe C:=P, IpelycMOTpPeHHOe 1/ paboTkl
C MaTpHULlaMH, paboTaeT HeHaJeXKHO U 4acTo fBJSeTCS NPUYHUHON OLIMOOK.
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IIporpamma 34

vV V.V V V V V VV V V V VVVV VYV VYV V VYV VYV VVV VYV YV VYV V VYV

restart: with(networks): new(G):
V:=[a,b,c,d,g]: n:=nops(V):
addvertex(V,G):
addedge({{a,c},{a,d}, {b,g}, {b,c},
{c,d}, {d,qg},[a,g],[a,b]l},G):
B:=Matrix(n):
A:=adjacency(G) : # MaTpuila CMEXHOCTH
for i to n do
for j to n do
if A[i,j]=1 then B[i,j]:=V[j];£fi;
od:
od:
C:=A:
for k to n-1 do
for i to n do
for j to n do
P[i,]J]:=expand(subs(V[i]=0,V[]j]=0,
add(B[i,m]&*C[m,Jj],m=1..n)));
od;
od;
for i to n do
for j to n do
Cli,j1:=P[i,31;
od;
od;
od:
S:={}:
for i to n do
if C[1,1]1<>0 then
S:=S union {expand(C[i,i]l&*V[i])};£fi;
od:
F:={}:
for g in S do
if whattype(qg)='+' then F:=F union {op(q)}
else F:=F union {qg}:
fi;
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od;
S:=map(x -> convert(x,list),F):
for g in S do # Ybupaem KOPOTKHE KOHTYPEH
if nops(g)<>n then S:=S minus {q};fi;
od;
k:=nops(S) : # UuCIIO IIOMEUEHHHX KOHTYPOB
H:={}:
Bepuwuny 1 cmasum na nepsoe mecmo 8 Konmype
for j to k do
for i to n do #m-e MmecTo 1-I1 BEpmWMHH B KOHTYypE
if S[j][i]=VI[1l] then m:=i;fi;
od;
for i to n do
Z[1]1:=S[j][(i+m-2 mod n)+1];
od;
H:=H union {convert(Z,list)}:
od:
H;

vV V. V V V V V

VvV V. V. V. V V V V V V

{[a" b’ g’ d7 C]7 [a7 d’ g’ b? c]’ [a" C’ b? g’ d]7 [a7 g’ b? c7 d]}

B cienylouell mporpamme pellaeTcsl 3ajadya KOMMHBOsiKepa € IIOMO-
mwbto anroputma Nva, onucanHoro Ha c. 86. O6xox rpada HauuHaeTcs C
NPOM3BOJIBHON BepIIUHBI, HanpuMep b. OT Bei6opa 3TOH BepIIMHBI 4ACTO 3a-
BUCHT pe3ysibTaT. [IBHKeHHe N0 rpady MPOUCXOAUT MO MUCXOAALUM (OMLHs
Out) ayraM MHHHMaJbHOIO Beca C MOCAEAYIOUUM YaleHHeM MPOiIeHHON
BeplIMHBL. [losToMy mepen HauajoM mpoliecca HeoOXOLUMO 3armacTHCh 1y-
6nuKaTtoM rpada, U3 KOTOpPOro 3aTeM MNpHUAeTCS U3BJeKaTbh HUH(OPMALHUIO O
JJIMHe TIpoiieHHoro MapupyTa: Gl :=duplicate(G).

Oneparop break H0CPOUHOro BbIXOJA M3 LIMKJA BBelleH MJS cjydas
IBYX HJH Oojlee ONHMHAKOBBIX AYT MHHHMAJbHOTO Beca, BHIXOASILIMX H3
TeKYIIeH BepIIMHBL.

HecMoTpst Ha mpenesibHYIO NIPOCTOTY a/rOPUTMa, AJs1 HeGOJBIINX Tpa-
(OB OH JaeT JOCTATOYHO OJIM3KHE K TOUHOMY DPElIeHHIO OTBETHI.

IIporpamma 35

> restart: with(networks): new(G):

> V:=[a,b,c,d,f,g]: n:=nops(V):

> addvertex(V,G): addedge({[a,b], [b,c],[c,d], [d, f],
> [f,al,[a,£],[£,d],[d,c],[c,b], [b,al,
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lg,al,lg,b], [g9,c],[g,d],[9,£],[b,g],[c,gl},
weights=[3,8,1,1,3, 1,3,8,3,3,
3,3,3,5,4,3,11,G):
Gl:=duplicate(G):
a0:=b:# HauanbHas BepmuHA
al:=al: sw:=0:
s:=[al]:
for k to n-1 do
for v in incident(al,G1l,0ut) do
if eweight(v,Gl)=
min(op(eweight([op(incident(al,G1,0ut))]1,Gl)))
then u:=v; sw:=swteweight(v,Gl);break;fi;
od;
a2:=ends(u,Gl)[2];
delete(al,Gl):
al:=a2: s:=[op(s),a2]:
od:
sw:=sw+eweight (op(edges([a2,a0],G)),G); # Cyumma

vV V.V V V V V V V V V V V V V V V V V

s; # KouTyp

sw =19
[b7 a, f7 d7 C, g]

Eme onuH cnoco6 pellieHHsl 3aaud KOMMMBOsKEpPa OCHOBAaH Ha HC-
M0JIb30BaHUM NPOrpaMMbl 34, B KOTOPOH OTBHICKMBAJHUCh BCE FaMUJIbTOHOBHI
Kbl CHauaJsa Hy»KHO BBECTH B3BellleHHbIH I'pad), BHIYUCIUTL KOJUUECTBO
nl:=nops(H) raMHUJbTOHOBBIX I[UKJOB W HAaHTH MHUHHMAaJbHBIA W3 HUX.
Jis aToro BBOAMM TIPOLENYPY BBIYMCJAEHHS Beca OYTH U-V B LHUKJE k!

> L:=(u,v,k)—>
> eweight (op(edges([H[k][u],H[k][Vv]],G)),G)

U HUCIONb3yeM CTaHAAPTHYIO (PYHKIMIO OTBICKAHHWS MHHHUMyMa MOCJeN0Ba-
TeJbHOCTH:

> min(seq(add(L(i,i+1,k),i=1..n-1)+

> L(n,1,k),k=1..nl1))

[Tocnennee cnaraemoe, L(n, 1, k), ecTh Bec 3aMblKatwllel nyru. Bpems
BBIUMCJIEHUS [P 3TOM OyleT B HEeCKOJNBbKO pa3 6oJblile, U C yBeJHYEHHEM
nopsiika rpada pasHocTb B ObICTpoeHCTBUH NporpaMM Oynet pactu. Heco-
MHEHHO€ JIOCTOMHCTBO a/JTOPUTMa — €ro TOYHOCTb M NPOCTOTA
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5.26. MypaBbUHBII AJTOPUTM

PaccmMoTpuM BapuaHT NMporpaMMHON peasn3al{y aaropuTMa, OlHUCaHHO-
ro Ha c. 87.

PemnM 3agayy KOMMHBOSIKEpa JJss N TOPOIOB, KOOPAMHATHI
x[1i],y[1] xoTopeiXx 3amaHbl. /s TNPOCTOTH 3agafuM HUX CJAydalHBIM
00pa3oM, HUCNONb3Ysl BCTPOEHHYIO (DYHKIHUIO FeHepaTopa LeJbX CaydalHbIX
ynces rand (0. .n) u3 uHrepsasna [0, n|. Ing HHHLKAIU3ALHUH [eHepaTOpa
CAy4alHBIX 4HCeJ MOXHO IPHUMeHUTb (yHKUMI0 randomize(),
NPUBSI3aHHYIO K CHCTEMHBIM yacaMm. VHade reHepaTop BblIAeT CJaydaiHble
qycJa, MOBTOPSIOMIKECs NMPH Kaxkaod ceccun Maple. 3nech ata (yHKUHA
He MpHMeHsieTCs], TOCKOJbKY [J5 OTNadKU W aHajJW3a NporpaMMbl Jyylle
HUMeTb MOCTOSIHHBIH Ha60p KOOPAMHAT TOPOJIOB.

B navase nporpammbl BBOAATCS KOHCTAHTBI 3aJaUl. DMIUPHUECKHE KOH-
CTaHThl @ = o, b = U 0 < p < 1 BHIOMPAIOTCS NPOU3BOJbHO. Y/y4dlleHHe
CXOOVMOCTH BO MHOTOM 3aBHCHT OT HX 3HadeHHH. Uucao Lmin Tpeby-
eTcsl ISl CpaBHEHMs NPH BbIOOpe MUHMMAaJIbHOTO MapllpyTa, MacluTabHas
KOHCTaHTa Q TOpsifiKa IJIMHBl MapuipyTa BbIOMpPAETCs MPOMOPLHUOHAJNBHOH
nopsiaky rpada. Ilpy BbIUMC/IEHHH PacCTOSHUH Yy4MUTbIBAeTCs CUMMeETpHSs
MaTpHIBI.

OyHKUHUS P BEPOSITHOCTH Mepexoia HMeeT B KaueCTBe apryMeHTa CITUCOK
u3 urcen x[1]. Beruncsasercs cymma sm=>_ x[i]. Orpesok npsimoii ot O 10
| pasbuBaercs Ha n ydacTkoB [Beg[i], End[i]] c mauHamu x[1]/sm,
roe Beg[1]=0, End[n]=1. 3arem cayy4aitoe uyucsao 0 > s > 1 ykasbiBaer
BBIMTPBILIHBIA HOMEpP — HOMep BEpLUUHBI [/ JajbHeHIlero ABUXKeHHUs.

B uwukJse, 3ajmawlieM BpeMsi KH3HH KOJOHWH (mnas mpumepa — 100
LIMKJIOB), N MypaBbeB pa3MellaloTcsi MO BepliMHAM rpada, u HauuHaetcs
nBuKeHue. [lepBoHayanibHO ()epOMOH pacpefesieH Mo AyraM paBHOMEpPHO,
3aTeM, TOCJ€e 3aBeplleHHUs] MypaBbsSIMH CBOMX MaplIPyTOB, YPOBEHb (epo-
MOHa yBeJHMUYUBaeTCs TaM, Tie MypaBbHU XOAMJH Halle.

PesysbraT oTOOpa)kaeTcss rpaduyecku. Ha puc. 5.6 mosyueH uukJa
IJWHOM Lmin=62.443 npu ¢ = 8, b = 0,5, p = 0,7. Ha puc. 5.7
npefcTaB/eH cCaMblil KOPOTKMH LUK/ — Lmin=60.855 —npua =1, b = 3,
p = 0,5. Haubosee nnuHHbIN UUKJI, Imin=67.666, NoJy4eHHbIH NIpH @ =
=1,b=9, p=1, uzo6paxen Ha puc. 5.8. TonuuHa JuHUH, rIe hepoMoHa
NoJy4yusoch GoJbllle, MPONOPLHOHANBHO yBesandeHa. MaciitabHbili Ko3d-
¢uuueHt — 1/20 — nonbupaercs BpyuHylo. OH 3aBUCHT OT YHCJA LUKJIOB,
BpPeMEHH KHU3HHU KOJIOHHH U OT Ko3adduuueHTa ucnapeHus. PyHKUUA z
BBeJleHa TOJIbKO [JIs COKpalleHus 3anucd. Homepa BeplIHH BBIBOASTCS Ha
PUCYHOK co caBuroMm nmo x U y Ha 0,5 xapakrtepHblM nss Maple npremoM:
map(‘+',z(1i),0.5), T.e. HOMepa BeplLUUHBl i YKA3bIBAIOTCS B TOYKE C
KoopavHatamu x[1]+0.5, y[i]+0.5. Packpacutb myTH MOXHO C TIO-
Molbio onuud COLOR (HUE, (Wt[i,j]+Wt[j,1])/10). Koaddpuuuent
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1/10 non6upaercs oNbITHEIM NyTeM. B 1BeToBOM pexxime HUE ! mapamerp
MmeHsietcst ot O mo 1.

[Ipy HeoOXOOMMOCTH  BEpPIIMHBl MOXKHO HM300pa3uTb  KpyXKKa-
MU: sl:=plot([seq([x[i],y[i]],i=1..n)],style=point,
symbol=circle).

Bun matpuubsl W, 3/7eMeHTbl KOTOPOH YIpaBJ/SIOT HalpaBJeHUeM [BH-
JKeHUsI MypaBbsi, MOKA3blBaeT, UTO B pe3yJbTaTe CJAyUaHHBIX OJayXKIaHUH
MYpaBbeB H3HAuyalbHO CHMMETPHYHasi MaTpuUla CTAHOBUTCH HECHMMeET-
puuHo#i. CrenoBaTesbHO, Telepb HANpaBJeHHEe NBHXKEHHUS HMeeT 3Haye-
Hue. [pap mpuobperaer opueHtauuio. ViMeHHO mo3aTomy mJsi HU306pake-
HUS TyTed TOJILUMHA JHUHHUH yCJOBHO OepeTcsl MPONOPLHUOHANBHON CyMMe
Wt[i,j1+Wt[]j,1i]. OuyeBunHo, NEUCTBUTENBHO MUHUMAJbHBIA MyTh MO-
XKeT (A MaJoro BpeMeHH >KM3HHU KOJIOHHH) HE COBMAaAaTh C OTMEUeHHOH
TOJICTOH JINHHEH.

IIporpamma 36

> restart;

> with(LinearAlgebra) :with(plots):
Koncmanme: 3a0auu

>n:=7: Q:=5*n: Lmin:=1000:

> a:=9: b:=5: p:=0.7:
Mampuya npupaujenuti caeda

> DWt:=Matrix(n):
Cred

> Wt:= Matrix(l..n,1..n,0.1):
Koopdunamer sepuiun

> m:=rand(0..20):

> for i to n do

> x[il:=m():y[i]:=m():

> od:
Cummempuunas mMampuua paccmosHu

> W:=Matrix(n, shape=symmetric):

> for i to n do

> for j from i to n do

> W[i,jl:=evalf(sqrt((x[1i]-x[J])"2+(y[i]l-y[]1)"2));

> od;

> od;

> ###

'Kpome Toro, cymectByioT pexumsl RGB u HSV ¢ tpems napamerpamu, ot O
10 1 KaxKIbIH.
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> for 1 to n do W[i,i]:=infinity:do:
[Ipoyedypa svibopa Haubosee 8eposmHO0 HANPABACHUS
P:=proc(x)
local n,sm,i,Beg,End,c,s,m,j;
n:=nops(x):
sm:=0: for i to n do sm:=sm+x[i]: od:
c:=0:
for i to n do
Beg[i]:=c: End[i]:=c+x[i]/sm; c:=End[i]:
od:
m:=rand(0..100):
s:=m()/101:
for i to n do
if (Beg[i]<=s) and (End[i]>=s)
then j:=i: fi:
od:
return j;
end proc:
for kO to 100 do # OCHOBHOM ILIMKII
for ant to n do # Lukyn 1o MypaBbaAM
s:={$ 1..n }: # CoMCOKX HeEIOCEemeHHHX BEpIWH
j:=ant: # HauarnbHas BepmKHa OJIs MypaBbs ant
for jl to n-1 do
s:=s minus {j}; # Tabu list yBenuuusncs
sp:=[]:k1:=0:
for i in s do # KaxmgoW BepmuHe — CBOH BecC
sp:=[op(sp),1/W[j,1]1"b*Wt[j,i]1"a]:
kl:=k1l+1: nn[kl]:=1i;
od:
jO:=nn[P(sp)]; # Bubop HampaBieHHUs
v[jl]l:=30; r[jl]:=W[j,]joO1];
j:=j0: # Hauaryo Oyru = KOHel] NpenHOyleH

vV V.V V V V V V V V V V V V V VV V VYV VV VYV VYV V V.V VYV

od: # HUukn jl mo BCeM BepmMHAM LJis MypaBbs ant
Hobasasem nocaredwnroro dyey

> L:=add(r[i],i=1..n-1)+W[op(s),ant];

> v[0]:=ant; v[n]:=ant; # Hauano ¥ KOHel NyTHU
> vl:=seq([v[m],v[m+1]],m=0..n-1): # Oyru

>

for i to n do # IomeTka Oyr $epoOMOHOM
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> DWt[op(v1[i])]:=DWt[op(v1[i])]1+Q/L;
> od:
> if L<Lmin then Lmin:=L:fi: # Bubop min
> od: # ant
> Wt:=Wt+DWt*p: # JobaBreHHe HOBHX CJIENOB
> Wt:=Wt*(1l-p): # Hcnapernue QepomMoHa
> od: # kO
> Lmin;
62.44332567
z:=1 ->[x[i],y[i]]:
ris:=seq(seq(PLOT(CURVES([z(1),z(J)]),
THICKNESS (round( (Wt[i,j1+Wt[j,11)/20))),i=1..n),
j=1..n):
Ver :=PLOT (seq(TEXT (map(‘+',z(i),0.5),
convert (i, symbol)),i=1..n),FONT(TIMES,BOLD, 14)):
display(ris,Ver);

vV V. V V V V V

0 2 4 6 8 10 12 14 16 18

Puc. 5.7
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o0 2 4 6 8 10 12 14 16 18

Puc. 5.8

OTmeTHM, 4TO 3ajaya KOMMHBOSIXKepa SIBJSETCS ONLHOH M3 OCHOBHBIX
TECTOBBIX 3ajia4 /s Pa3/HUHbIX aJropUTMOB. KpoMe yxKe OMHMCaHHBIX CIIO-
co00B, 3ajia4a MOXKET OBITh pellleHa MeTOAAMH LeJI0UHCJIEHHOTO JHHEHHOT0
nporpaMMHUpoBaHus [12] u ¢ momomnibio HelipoHHBIX ceTedl Xonduana [18].

5.27. AaroputM oTxKHra

ANTOpUTM OTXKHUTa SIBASETCS ONHHUM H3 COBPEMEHHBIX METONOB, MpUMe-
HSIEMBIX B TEOPHH HCKYCCTBEHHOTO WHTeJJeKTa. Ero omucaHue naHo Ha
c. 89 [7].

[IpuBenem mporpamMMy, KOTOpasi peliaeT MEeTOAOM OTXKHTa Ty XKe 3ajauy
U TIPU TeX Ke YCJOBUAX, YTO U NpelbAylias. TO MO3BOJUT COMOCTABUTh
MeTozbl. Oneparopbl CayyalHOro 3alaHusi KOOPAMHAT IOPOAOB U BBIUHCIE-
HHUSl MaTpPHUIBl BECOB BO3bMEM Te K€, UTO M B Hauase nmporpammel 36. Bee
onepartopbl IporpaMmbl 37 UAYT MOCJ/e CTPOKHU-MeTKH ### mporpammsl 36.

Canenyer o6paTUTh BHHMaHHe Ha HECKOJIbKO HEOXKHAAHHYIO OMEpaIHio
MO3/IeMEHTHOr0 YMHOXKeHHs1 BeKTopa Ha | VO:=map(‘**‘,Z,1). Bmecto
TOro, YTo6Bl MpOCTO 3anucatbh VO :=Z, MPUILIOCH OHTH HA TaKoe MPHUCBO-
eHHe [J15 CHSTUS 3aBUCHMOCTH MeXAY HAEHTH(OUKATOPaMH MacCHBOB U HX
cozepkuMbIM. Jlesio B ToM, uTo B Maple nocsie BoimosnHeHust VO : =Z n3MeHe-
HHe MaccHBa Z TIOBJeYeT HeMelseHHOoe H3MeHeHHe VO, YTO HeXKeJaTesbHO,
TaK KaK Mbl XOTHM 3alOMHHTb pacloJjioKeHHe TOPOLOB B ONTHMAJbHOM
Mmapupyte. JIpyroil BapuaHT pellleHHs NpoOseMbl — KJACCHUYECKHH LHKJ
for i to n do VO[i]:=Z[i] od mo3/ieMeHTHOrO NPUCBAUBAHHUS.

[lepBelll MapuIpyT 3amaetcs caydaiiHeiM o6pa3oM. He HamHOro noJiblie
6yner paboraTb Gosiee mpocToit BapuaHT: Z[k]:=k. [lockonbKy ropoxa-
BEPLIMHBl 3aHYMepOBaHbl 63 OIpeleseHHOrO MpaBHJa, TAaKOW MapIipyT
TOXE B KaKOM-TO CMBICJIE C/yYaeH.

B otBeTe BekTOp VO TpaHCMOHHUPYETCS TOJNBKO 1J ynoOCTBAa BbIBOLA B
CTPOKY.
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IIporpamma 37

>

vV V.V V V V

Y vV V.V V V V V

vV Vv

| 8.48526 20.1246 9.84886 7.81025 17.4642 10.7703 00

for i to n do W[i,i]:=infinity: od: W;

00 12.3693 15.1327 1. 16.4012 4.47214 8.48526
12.3693 00 22.8036 13.3417 16.1245 9.43398 20.1246
15.1327 22.8036 00 15.0333 12.1655 14.3178 9.84886

1. 13.3417 15.0333 00 17.0294 5.38516 7.81025
16.4012 16.1245 12.1655 17.0294 00 12.5300 17.4642
4.47214 9.43398 14.3178 5.38516 12.5300 00 10.7703

Cayuatinvle uucia 045 nepecmaHo80K eopo0dos
m:=rand(1l..n):

Cayuatinvle wucaa 015 8olb60pa peuierus
p:=rand(1l..100):

Tenepamop nepsoeo cayuatinoeo mapuwpyma

S:={}: k:=1:
while k<n+1 do

Z[k]:=m();

if not(Z[k] in S) then

S:= S union {Z[k]};k:=k+1; fi;
od:

Hauanrenas oruna mapwpyma u mavwarvwas memnepamypa
LO:=infinity: T:=100.:
alpha:=0.9:# Koa>@dPUIIMEeHT CHUXKEHUS TeMIIepaTypH
Z0:=Z: # HauaJybHHN MapmpyT
k:=0: # CueTumk CHUXEHUH
for i to 500 do # OCHOBHOM LMK
il:=m(): i2:=m(): # CrnyuamlHme ropoga
Z:=70:
Mensem mecmamu 8 mapuipyme eopooda il u i2
z:=Z[11]: Z[il]:=Z[12]: Z[i2]:=z:
Boiuucasem 0auny nosyuusulecocs mapuipyma
Ll:=add(W[Z[i],Z2[i+1]],i=1..n-1)4W[Z[n],Z[1]1]:
Ecau Oruna mapuipyma ymeHbulUAACh, 8bl0UpaemM IMOM MApULpym
if L1<LO then LO:=Ll: Z0:=Z: k:=k+1:TT[k]:=T:
L[k]:=Ll: VO:=map(‘*‘,Z,1);
Boavuwiutl mapupym svibupaem 8 3asucumocmu om P u p()
else PO:=p()/100.: # Cr;yuanHOE UHCIIO
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Beposmmnocmo svibopa xyduieeo peuierus
> P:=exp(-(L1-L0)/T):
> if PO<P then Z0:=Z: fi:
>  fi:
Yepes kascdvie decamv 4UKA08 YMeHbUIQEM MEMNEpamypy
> 1if (i mod 10) = 0 then
> T:=alpha*T:
> fi;
> od:
Omeemot. [{auna yukaia u nocaedo8amesbHOCMb 20p0008

\%

L[k],Transpose(VO0);
60.85526512, [7, 3, 5, 2, 6, 1, 4]

> plot([[seq([i,L[i]],i=1..k)],
> [seq([i,TT[i]],1i=1..k)1],
> linestyle=[1,3], thickness=[1,3]);

PellleHre 3aBUCUT OT HECKOJBKHX MapaMeTpoB. MeHsiss UHUCIO0 LUKJIOB,
YacTOTY M XapakTep MOHMXKEHHs TeMIlepaTypbl, MOXKHO IOJyd4aTb pas-
JuuHble OoTBeThl. [IpM MeHblleM 4YucJie LMKJIOB MHOTJA MOJYy4aroTcs 4yTh
OoJiblllasl OJHHA:

62.44332567, [3, 5, 2, 6, 4, 1, 7]

W IPyroit xapakTep U3MeHeHHsI TemmepaTyphl (puc. 5.9).
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Puc. 5.9

HaiineHHoe pelieHue COBMajaeT ¢ OfHHM W3 PELUEHHH, MOJyYeHHBIX C
TIOMOIIBI0 MYPaBbHHOTO ajroputMma (cM. puc. 5.6 Ha c. 150).

5.28. OcHoBHbIe (pyHKUMHU MaKeTa networks

BrizoB makera npousBoguTcs komanao# with (networks). Ilpusenem
OCHOBHbBIE €r0 (PYHKIUH:

e addedge([{1,2},[3,411,G) — nob6aButh B rpad G pebpa uiu
nyru. Pe6pa B Heorpade 3agaroTcsi Kak MHOXKECTBA — C BepLIMHAMHU
B (pUTypHBIX CKOOKax, a Ayru B oprpaje — CIOHUCKOM BEpUIMH B
KBagpaTHbIX cKobkax. Eciu TpebyeTcs 3amath Bec AYrd B oprpade,
TO AYrd Hago o603HauaTh TOJbKO KBaApaTHBIMU cKoOkamu. Ecgu
BeC MOXHO He yKas3blBaTh, TO MIJsl COKpalleHHs BBOAA [Be MLYTH,
COEeIMHAOIINE BePLIMHEl B Pa3HbIX HalpaBJeHHAX, NIPOILe BBECTH KakK
pebpo;

e addvertex(seq(i,i=1..n),G) — nob6aBuTh K rpady G BepuIH-
HBl 1,2 , ..., n. B onuun weights MOXHO B CIHMCKe YyKasaTb
Beca BepiirH. [1o yMo/suaHuio Beca HyJIeBbIE;

e adjacency(G) — maTpHlla CMeXHOCTH rpada G. JJaHHbIH onepaTtop
NpaBUNbHO paboTaeT B cjayuae MyJbTUTpacdoB, HO A5 MceBrorpagos
OH He mpurofieH. [laBHAas AHAaroHajb 3TOH MaTpPHLbl HYyJeBas;

e allpairs(G) — wMaTpuua nap pacCTOSHUH MeXAYy BepLIMHAMHU
rpaga G;

e ancestor(n,T) — BeplIMHA-OTeLl BEPIUUHB N B OPUEHTHPOBAHHOM
nepese T,

e arrivals(v,G) — MHOXecTBO pefep, BXOASIIMX B BEPLIMHY V

oprpaga G;



5.28.

OcHosHole Qynkyuu nakema networks 155

bicomponents (G) — BblIeJeHHe MHOXECTB pebep, COCTaBJISIOLINX
6n0ku | Heorpacda G. MocThl MOMEIIAIOTCS B OTAeNbHOE MHOXECTBO
BIIepey KOMIIOHEHT;

charpoly (G, X) — XapaKTepUCTHUYeCKH# mojuHoM rpada G (me-
peMeHHasl x);

chrompoly (G, x) — xpoMmarHuecKuil mosuHoM rpada G (mepemeH-
Hasi X);

complement (G) — nonosHeHue rpaca G. Hanpumep, nomnonHeHneM
K rpady Ha puc. 1.2 (cM. c. 10) siBasieTest rpad Ha puc. 5.10;

Puc. 5.10

complete(n) — mosHbl# rpad Ky
complete(n,m) — NONHBIE ABYAOJbHHIH rpad Ky, m;
components (G) — CIIHCOK BEPLIKH B CBS3HBIX KOMIIOHEHTaX rpada;

connect({u,v},’weights’=L1, ’names’=L2, 'directed’,
G) — COEeNMHHTb JBe BepliMHH — u ¥ v. MOXHO yKasaTh Bec,
uMsi ¥ BbOpaTh oprpad (directed) uam Heorpag. Omnepartop
M03BOJISIET COEMHUTh CPas3y HECKOJbKO BEPIIMH C ONHOH, HampuUMep
connect(1,{2,3,4},G);

connectivity(G) — uucao A(G) peGepHOH CBSA3HOCTH (HaUMeHb-
mee yucsao pebep rpada G, ynasneHHe KOTOPBIX MPUBOAWUT K HeCBS3-

HOMY rpady);

contract(u,v,G) — coBMelleHHe BepLIMH, WJH CTATMBaHHUe pe-
6pa, CoeqMHSIOLIEr0 BEPLIMHBI U U v rpada G;

counttrees (G) — BBUHC/IEHHE KOJUYECTBO OCTOBOB rpada G;

'Bepmnna HasbiBaeTcs TOUKOH couneHeHus rpada, ecau ee ylajeHHe NPHBOIHT
K yBEJMYEHHIO YHUC/Ia KOMIIOHEHT rpada. MakcHMasnbHBIH 110 BKIIIOYEHHUIO CBA3HBIH
noarpadg, He comepKallMi TOUEK COYJIEHEHHUs!, Ha3bIBAETCA GJIOKOM.
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e cube(n) — mn-MepHb# Ky6 @, [10]. Hywmepauus Bep-
IIMH T0 BJIOXKEHHBIM KBajipaTaM MpPUHHMaeTcss B  MOpPSIKe
[2k,2k + 1,2k + 3,2k + 2], k = 0,..,2""2 — 1. Hanpu-

Mep, a8 G:=cube(3) wuMeeM cienywoollee H300pakeHHe:
draw(Concentric([0,1,3,2],1[4,5,7,61),G);

e cycle(n) — UUKJIWYECKHUH rpag ¢ n BeplLIMHAMH;

e cyclebase(G) — MHOXeCTBO (pyHIaMeHTaJbHBIX LUKJOB rpaja G;
e daughter(n, T) — CcbiH ' BepuUIMHB N B OPUEHTHPOBAHHOM JePEBE;
e degreeseq(G) — cTemneHHas NOCJeN0BaTeNbHOCTb rpaga G;

e delete(z,G) — ynasnenue pebpa WM BeplIUHBI z U3 rpada G;

e departures(v,G) — MHOXecTBO pebep, BBIXOAAIINX U3 BepIUHHBI
v oprpada G;

e diameter(G) — nuamertp rpaga G;

e dinic(G,1,2,eset,comp) — omnpeneneHue MakKCUMaJbHOIO I0-
Toka B ceTH (cM. £low);

e djspantree(G) — pasbuenue rpada Ha peGepHO-HemepeceKaounecs
JlepeBbs, TaK, YTOOL! GOJBIIMHCTBO H3 HUX OBLIO OCTOBAMHU (2/JrOPHTM
SnmMonzca 2);

e dodecahedron() — co3naHHe NoaeKa’spa, T.e. peryaspHoro (on-
HopopHoro) rpada mnopsiaka 20 crenenu 3;

e draw(G) — pHUCYHOK rpaga G;

e draw3d(G) — TtpexmepHoe H3006pakeHue rpada G. KoopauHathl
BEepIUMH [PUHUMAIOTCS B COOTBETCTBHM C COOCTBEHHBIMHM BEKTOpaMH
MaTpHULbl CMEXKHOCTH;

e duplicate() — co3nanue konuu rpada. MiameHenue opuruHana He
BJIMSIET Ha KOIHIO;

e edges(G) — mHOxecTBO pebep rpada G;

e ends(G) — MHOXeCTBO map KOHLOB peGep rpada G (uau
ends(el, G) — KoHUH pebpa el);

' Noc/i0BHO — 0B,
2Edmonds J.
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flow(G, s, t, eset, comp, maxflow=f) — omnpenejeHue
MaKCHMaJbHOTO MOTOKA B CETH W3 BEPIUIMHBI S (MCTOUHHK) B BEPLIMHY
t (crox) rpada G. [locse BBIMOMHEHHS POLENYPhl CIIMCOK HACHIIIEH-
HBIX YT NOMeLlaeTcs B NepeMeHHYI0 eset, a B IepeMeHHYI0 comp
MIOMeLlaloTCs BepLUMHbI, BXOASIIME B HacblllleHHY0 ceTb. Heobs-
3aresibHag onuusa maxflow=f orpaHuuuBaeT MOTOK 3HayeHHeM £.
3ameueHa omnbka Maple: B nepeMeHHyl0 eset yacTo IOMeLIAIOTCS
JIMLIHNE OYTH;

fundcyc (e, G) — omnpeneneHue LKKJIA U3 MOAMHOXKECTBa e pebep
rpaga G. I[lpennonaraercsi, 4To € COAEPKHUT TOJNBKO OIUH LIMKJI;

getlabel (G) — ompeneseHre NOPsSAKOBOrO HoMepa rpada;

girth(G, scyc) — omnpefeseHue AJMHBI KpaTyadllero LHKJAa B
rpage G HUIM BO3BpalleHHe «OeCKOHEUHOCTH», €CJH LHUKJOB HeT.
Howmepa pebep unk/ia nomeunianTcsi B NepeMeHHYI0 SCYC;

graph(V,E) — rpad, 3agaHHbIH CIIUCKOM BepliuH V U pebep E;

graphical ([sp] — mnpoBepka rpaUYHOCTH CTeNeHHOH mMmocJ/eno-
BaTeJbHOCTH SpP. Ec/M 3a1aHHOMN TOC/Ie10BaTEIbHOCTH COOTBETCTBYET
rpad, To ormepaTop Co3jaeT CIUCOK pebep. MoKHO 3amaTh MYJbTH-
rpa¢: graphical([sp], 'MULTI');

gsimp(G) — cosgaHMe npocToro rpada U3 mncesgorpada UaH MyJb-
tTurpada G. ¥najeHue KpaTHbIX pebep U MeTedb;

gunion(G,J,’ SIMPLE’) — o0beauHeHHe ABYX rpacos. B moay-
YeHHOM rpade MHOXKEeCTBO BEpLIMH SBJsSeTCS 00beIHHEHHeM MHO-
JKecTB BepwMH rpagos G u J. Ecau omyctuth onunio SIMPLE, ToO
B MOJy4eHHOM rpacde H0MmycKalTcs KpaTHble pebpa (MyabTurpad);

head(el, G) — koHel Ayru el (HampaB/eHHOro peGpa) oprpaga G;

icosahedron — co3naHue HKOCA3Apa, T.e. PeryJsipHOro (OXHOPOX-
Horo) rpada nopsinka 12 crenenu 5;

incidence(G) — MaTpula HHUUAEHTHOCTH rpada G (CTPOKH —
BEPILIHHBI, CTOJONB — pebpa);

incident(v,G,In) — MHOXeCcTBO pebep, UHUUIEHTHBIX Bep-
wuHe v. B oprpage MoxHO yTO4HHTH: incident(v,G,In) —
BXOAfILME NyrH, incident (v, G, Out) — ucxopslue AYTH;

indegree (v, G) — MOJyCTeNeHb 3aX0a BEPLUHHBI V;

induce(Eset, G) — coanaHue noarpada rno JaHHOMY MHOXKECTBY
BepUIMH UJH pebep rpada G;
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isplanar(G) — npoBepka NJaHapHOCTH rpaga G;
maxdegree (G) — MakcHUMaJ/bHasl CTeleHb BepLIUH rpada G;

mincut(G, s, t, vf) — MUHUMaJbHBIA paspe3, OTAEJSIOLUN
BeplIUHB S U t. B mepemeHHoll v — BeJUYMHA MTOTOKA,

mindegree (G) — MHHUMaJbHasl CTelleHb BepUIMH rpada G;

neighbors(v,G) — MHOXeCTBO BeplIMH rpaga G, COCENAHHX C
BEPLIMHOH V;

new(G) — cosgaHue HOBOro rpaga G;
nops (edges (G)) — uuncyao pebep rpada;

octahedron() — co3naHue OKTa’apa, T.e. pery/spHoro (0QHOPOA-
Horo) rpada mopsinka 6 cremnenu 4;

outdegree(v,G) — MosycTelneHb UCX0Ja BEPLIKHH V,
petersen() — rpad [letepcena, ! T.e. peryaspubiii (ofHOPONHBIE)
rpad nopsinka 10 crenenu 3 (puc. 5.11);

Puc. 5.11

random(n) — co3jaHue cay4yalHOro rpacga ¢ n BeplIHHAMY;

rank(E1l,G) — paur noarpada G ¢ MoAMHOXeCTBOM pebep E1, T.e.
n—=k, rne n = |V| — nopsigok rpada G(V,E), k — 4KCI0 KOMIOHEHT
CBSI3HOCTH rpaa G(V,E1);

rankpoly(G, x, y) — paHr-nojuHoM rpada G c nepeMeHHBIMU
X UY;

"Petersen J.
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shortpathtree(G,v) — BblieseHHe U3 rpada G mepeBa MHHHU-
MaJIbHBIX MTyTed U3 BepLUHHBHl V;

show (G) — nH(popMauHus o rpade: Ha3BaHUs BepIIUH, pebdep, Tabau-
a BecoB pebep M T.o.;

shrink(vset,G,u) — cTArMBaHHe MHOXECTBA BEPILUUH vset rpa-
¢ba G ¢ obpasoBaHHEM M3 HUX HOBOH BepLUWHH (y3/1a) u;

span(eset, G) — onpeneseHrHe MHOXecTBa pebep rpada G, KOHIbI
KOTOPBIX NPUHAaJJ/IeKaT MHOXKeCTBY eset KOHLOB pebep rpada G;

spantree (G, s, w) — onpejeseHHe 0OCTOBA HAHMEHbIIIEro Beca rpa-
¢a G. KopeHb nepeBa — B BeplIMHE S, CyMMapHbI BeC OCTOBa — B
nepeMeHHOH! w;

tail(el, G) — Hauaso nyru el oprpada G;

tetrahedron() — cosgaHue TeTpasapa — pery/spHoro (0QHOPOA-
Horo) rpada mopsiika 4 cTeneHd 3, WM, YTO TO XKe CaMoe, TOJHOTO
rpada Ky;

tuttepoly (G, i, j) — co3maHue moJuHOMa TaTTa mo i u j;
vdegree (v, G) — CTeleHb BepLIUHBI,
vertices(G) — MHOXeCTBO BeplUIMH rpada G;

void(n) — cosgaHue mycroro rpada ¢ n BepUIMHAMH. Bo03MOXHO
o6pameHHe N0 CHUCKY BeplUMH, Hanpumep void({$1l..n}) wuu
void({a,b,cl,c2});

vweight (G) — ompeneneHue BecoB BepwiMH rpada. BoamoxkHo
obpallleHHe MO CIKCKY BepUIMH, Hanpumep vwelght([1,2],G),
UK obpallleHHe K OTAeJbHOH BepluHHe. 3[ech [0J BECOM BepLIMHBI
[IOHMMAaeTCsl 4YUCJIO, BBeleHHoe omnepaTopoM addvertex B oNUUHU
weights, a He Bec BeplIMHB JepeBa IPU ONpeleJeHUH LeHTPouaa
(cm. c. 40).
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Bporukos 10.A., 17

Benrepckuit anropurm, 72
BepuivHa
Bucsuas, 40, b4
BHyTpeHHs4, 40
NOCTHXUMast, 36
nepudepuitnas, 8
Bec
BepuiuHbl, 40, 159
pebep, 9
BetBb k Bepuuute, 40
Bucsuas Bepuiuna, 40, 54
BHewnuit uentp, 29
BHyTpenHuii uentp, 29
BpemeHHas meTka, 58
Beicora nepesa, 40, 52

TamuabToH, 80
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I'pag
[Terepcena, 158
ALUKJINYeCcKUH, 98
B3BellIeHHbIH, 9
raMHJIbTOHOBHIH, 81
IBYLOJBHBIH, 66, 69
eBKJINUI0B, 9, 81
3Be3na, 43
OIHOPOIHBIH, 157
OpUeHTUpyeMbli, 37
OpcBsi3HbIi, 37
nosHblf, 17, 21, 98, 155
MOJIHBIH IBYAOJIbHBIH, 43, 66, 155
MOJyTaMHJIbTOHOBBIH, 81
nycroit, 20, 159
pebepHbii, 14
peryJisipHbli, 158
CBSI3HBHIH, 7, 13
caydaiHbii, 158
CMeKHOCTHBIH, 14
TPaH3UTUBHBIH, 32
sitnepos, 9

Iyiisi-Ypu, 81

Heiikerpa E., 58
JlepeBo
KopHeBoe, 40
cBoGoxnoe, 40, 52
Jxouc M.T., 151
Huawmerp, 8, 11, 156
JuamerpanbHas emns, 8
JIU3bIOHKIIHS
matpul, 34, 35
CTPOK, 35
Hupak, 81
Honexasap, 156
Tonosxenue rpada, 155
Hopuro Mapko, 87
Hdyra, 157

EBkannoB rpag, 9
Escrurnees B.A., 46

KoppaHn, 41
3anaua o keHUrcOepreckux mMocrax, 8

H3zo6paxenue oprpada, 107

HzonvpoBanHas Bepuuna, 23, 67
Hkocasnp, 157

HckycerBeHHbIH HHTeEKT, 87, 151
Hcrok, 60, 157

Kanonuueckoe coorBercTBHE, 36
Kacesnos B.H., 46
Kenurc6eprckue mMocThl, 8
Kon
lanra, 120, 122
[Iproepa, 47
eCATUYHBIH, 45
Kommosuuus otHowedui, 32
KommoHneHTa cBS3HOCTH, 8
Kontyp, 29, 31, 126
Kopanr, 22, 40
Kopens, 40
Kouukauyeckuit paur, 8
Kpackan Ix., 78
Kparuaiiuit nyte, 58
Ky6, 156
K»sau, 45

Jlemma o pykomoxatusix, 7

Jlec, 40

Jluct, 40, 113

JlokaJsibHble cTeneHH BepliuH, 29

Mapuues O.U., 17

Mapupyr, 7

Martpuna
Kupxroda, 76, 138, 140
nBynosbHOro rpada, 67, 70
noctuxuMoctH, 38, 103
WHUMAeHTHocTH, 8, 28, 100, 157
KoMIosuuuu, 34
HecuMMeTpuuHasi, 103
paccrosinui, 11, 154
pet/IeKCHBHOIO OTHOLLIEHHUs, 33
cMexxHocTH, 7, 11, 38, 154
(yHIaMeHTaJNbHBIX LHKJOB, 28

Marpounsi, 160

MeTtka
BpeMeHHas, 58
rocTosiHHas, 58

Merton
anrebpaunveckui, 11, 31, 143
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JIMHEHHOTO MPOTrpaMMHPOBAHHS, [Terepcen IIx., 72, 158
151 Iletns, 7
orxwura, 89 [TnanapHocts rpada, 158
TOIOJIOTHUECKOH COPTHPOBKH, 31 [onrpad, 8
MuHuManbHbIH paspes, 158 [Nonunom
MHoxecTBO Tarra, 140
BepuIxH, 159 XapaKTepUCcTHYeCKHUH, 155
pebep, 156 Xpomarudeckui, 155
(yHIaMeHTalbHBIX LHUKJIOB, 156 [TosHblii rpad, 98
Mocr, 106 [TonycTenenb
Mornocts MHOXKecTBa, 121 3axofa BeplIKHbI, 157
MorHOCTE MHOXeECTBA BepIIUH, 7 UCXofla BepluinHbl, 158
Myuabrurpag, 7, 100, 157 [onystineposa uens, 7

[TomeuenHoe nepeBo, 46

Heitponnnle cety, 151 Ilopsinkosast dyHkuus, 64
Heorpad, 7 [opsinok rpada, 7
HepaBeHcTBo TpeyrosbHuKa, 81 [locnenoBaresbHOCTE cTeneHHas, 14
Heco6ctBennsie noarpadsl, 98 locrosinnas merka, 58
ITortok, 157
[Toxrammep, 17
[IpenuectBeHHUK, 29
[Ipeemuuk, 29
I1 AIl, 17
Ope O., 81 PYIHUKOB
0 (ba, 36, 78 Hpiogep, 45
pueHTauusa rpaga, s I , 7Y 100Y 157
OcnoBanue oprpadga, 29, 36, 106 cesaorpac
OcroB rpaga, 24, 74
OcroBHbi#i oarpad, 8

O6benunenue rpagos, 157
Oxkrasnp, 158
Oneparop nosTopenus $, 91

[IyTb
B oprpade, 29
Kpartuaimui, 58

OTHolleHne
aHTHpedekcuBHoe, 31, 34
aHTHCHUMMeTpHuHoe, 31, 33 Panuyc rpada, 11
acumMmerpuuHoe, 31, 33 Pasmep rpaca, 7
Gunapsoe, 31 Paspe3 munnmanbHbi#, 158
HHIUIEHTHOCTH, 7 Paunr
pedaexcrBHoe, 31, 33 rpada, 8, 22, 158
cumMeTpuuHoe, 31, 33 matpuuel Kupxroga, 76
TPaH3UTHBHOE, 32 MaTpHULbl CMEXKHOCTH, 92
OueHka Paur-nosnunom, 22, 98, 140, 158
aJqropuTMa Packpacka rpada, 16
6auxaiero cocena, 86 PeGepHas cBsizHOCTB, 155
6auXKaked BcTaBku, 87 Pe6epHo-Henepecekatomuecs uend, 13
XPOMaTHUeCcKoro uucJa, 16, 21 Pe6pa kpatHble, 7
Peryasipubiii rpad, 157
[Tapocoyeranue
MakcHMaJjbHOe, 66 Ceob6onHoe nepeBo, 40
HauboJbliee, 66, 69 Ces3Hblll Tpad, 7
coBepleHHOoe, 66 Cetn, 60, 62, 157
[lepudepuiinas BepiuHa, 8 CumBon [Toxrammepa, 17

[lepmanenT, 67 Cnen matpuusl, 27, 99
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CmexHOCTHBIH rpad, 14
Cnektp rpaga, 12
Cnucok pebep, 122, 157
CreneHHasi MOCJeNOBATENbHOCTD, 7,
14, 157
CreneHb
BepuikHbl, 13, 159
thakTopuasbHas, 17
Crupaumr, 18
Crok, 60, 157
Crsiruanue pebpa, 17, 19, 155

Teopema

Bpykca, 16

I'yiia-Ypu, 81

Hupaka, 81

Kopnana, 8, 41

Kenura, 66

Kupxroda, 76

Ksau, 45

Ope, 81

Diinepa, 9
Terpasup, 159
Tonosoruueckas coptuposka, 126
Touka counenenus, 155
TpansutuBHOe 3ambIKaHue, 32, 33

Yopuenn, 35, 94
YpoBeHb BeplinHbl, 64
YpoBeHb cetH, 65

®daxkropuasnbHas cTenens, 17

Dasnkepcon, 62, 69

Dioiin, 94

dopx, 62, 69

dynnameHTanbHbIN LUK, 24, 28, 143,
156

®dynkuusa B Maple, 119

Xangurep, 17

Xongwuan, 151

Xopna, 24, 28, 143
Xpomarnueckas penykuus, 98
XpomaTnueckuil mosuHom, 97
Xpomaruueckoe yucso, 16, 21

Llentp

rpada, 8, 11
Mmacc, 40
Lentpoun, 40, 42, 112
Llens, 7
raMHJIbTOHOBA, 81
nuaMeTpasbHas, 8
Luka, 24, 143, 157
raMuJbTOHOB, 80
¢dbyHnaMeHTaNbHbIH, 24
sitnepos, 9
Hukanueckuit Mapuipyt, 24
ukaoMaTH4ecKui paHr, 22

Yuco
[prodepa, 45
Crupaunra, 18, 97
Xapsurepa, 17
BeplIuH, 122
BHEILIHero pasnenenus, 29
BHYTPEHHero pasjeneHus, 29
BOCbMepHYHOEe, 45
KOMIIOHEHT CBSI3HOCTH, 8
KOMIIOHEHT CHJIbHOH CBfI3HOCTH,

106

MapLIpyTOB AJHHOH TpH, 31
HeueTHoe, 92
0CTOBOB, 76, 138
napocoyetaHui, 67
MOMeUeHHbIX JepeBbeB, 45
packpacok, 97
pebep, 100, 158
pebGepHoii cBA3HOCTH, 155
xopx, 143
Xpomarudeckoe, 16
yeTHoe, 92

Anmonac, 156

Ditnep J1., 8, 9

Diineposa uens, 13, 93
dkcTpemanbHoe nepeBo, 76, 77
OKCUEHTPUCHTET BeplunHbl, §, 11
OnuTHbIe MypaBbH, 89

Spyc, 40, 52, 55
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