
����������	 
�
��� ��
��
�
����
����

�������� �������
��� 
������ ���

�������
��

�������� �� �!  "# �$"! %&'()*+�,-

'. /0���12 &3'( 4�

566789:;<= >?9@;A898;BCAD;E DF;8CF;E G9H7867?9IJCA8CF;D7?9
?KLMB;?96;< A8CFN6CE ? MAO7?;; L7O@MBCA8; 7H7HP9C8A< 69 ?KAQ;C
LF7;@?7R6KC ?7@SMPC6;< LF7T;H9= U7OMBC66KE FC@MOV898 6C @9?;A;8
78 69B9OV67T7 LF7T;H9 A8CFN6< ; 7LFCRCO<C8 @9?;A;S7A8V SCNRM LF;I
O7NC667E 69TFM@D7E ; ?FCSC6CS ?KLMB;?96;<=

W XYZ[\]^Z^\_`]a\b ac\^`c\b

dR6;S ;@ LCF?Ke DF;8CF;C? ?KLMB;?96;< LF; L7O@MBCA8; HKO DF;I
8CF;E G9H7867?9IJCA8CF;D7?9 fgh= UFCRO9T9O9AV 7:C6;?98V DF;8;BCI
ADMi A;8M9:;i L7 69F9A896;i ;O; MHK?96;i LF7T;H9 A8CFN6< ? LCFI
?KE S7SC68 ?7@SMPC6;<= j R9667E F9H78C ;6RMD8;?6KS SC87R7S k878
DF;8CF;E F9AQ;F<C8A< 69 ?KAQ;C LF7;@?7R6KC= lC@MAO7?67m A8CLC6V
7L9A67A8; S7SC689m R7 D787F7T7 N I< LF7;@?7R69< ?7@SMPC6;< LF7T;IH9 MHK?9C8m 9 L7AOC k87T7 S7SC689 69B;69C8 F9A8;m 6C <A69= dR69D7m
LFC6CHFCT98V 89D7E ;6n7FS9:;CE 6COV@<=

o XYZ[\]^Z^\_`]a\b ac\^`c\b

lMRCS F9AAS98F;?98V A8CFN6;m ?KL7O6C66KC ;@ FC7O7T;BCAD7T7 S98CI
F;9O9 A 7LFCRCO<iP;S A77867QC6;CS

ṗ h(p) = f(σ),

σ p 69LF<NC6;Cm p = ε−σ/E p RCn7FS9:;< L7O@MBCA8;mh(p) p nM6DI:;< MLF7B6C6;<m B9A87 A8CLC669<m nM6D:;< f p MA8969?O;?9C8 @9?;A;IS7A8V 78 MF7?6< 69LF<NC6;Em 89DNC 7HKB67 A8CLC669<= j fgh L7OMBC67

qrq



FCQC6;C RO< 9SLO;8MRK LF7T;H9 A8CFN6<

U(p) =
1

1− ω

eλp

h(p)

(

C0

(

h(p0)e
−λp0 +

∫ p

p0

h′(p)e−λpdp

)

+

+W0h(p0)e
−λp0

)

,
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TRC λ = (f ′/f)Eω/(1 − ω)m ω = σ/σ0
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Ω

∆σzdΩ = −T∆v,
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T p LF;O7NC669< D A8CFN6i LF7R7OV69< AN;S9iP9< A;O9m ∆v pLF;F9PC6;C LF7T;H9m Ω p LO7P9RV ACBC6;<�m T;L78C@9 LO7AD;e ACBCI6;E

∆ε = z(∆v,yy −∆v0,yy ),
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; LFCRA89?OC6;C

∆v = U(p) sinµy, ∆v0 = C0 sinµy, ∆w = W (p) sinµy,
���

TRCm AOCRM< fghm v0 p 69B9OV6KE LF7T;
H �6CA7?CFQC6A8?7 ;@T787?OCI

6;<�m w p 69B9OV6KE LF7T;Hm ?K@?966KE 6C7R67F7R67E L7 ACBC6;iL7O@MBCA8Vi= �9?;A;S7A8V �g� L7@?7O<C8 7:C6;8V L7?CRC6;C LF7T;H9
A8CFN6< L7AOC ?7@SMPC6;<= jKB;AO;S AD7F7A8V LF7T;H9

U̇ =
ṗeλp

(1− ω)h(p)



(λ− k)



C0



h(p0)e
−λp0+

+

∫ p

p0

h′(p)e−λpdp

)

+W0h(p0)e
−λp0

)

+ C0h
′(p)e−λp

]

,
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TRC
k(p) = h′(p)/h(p).

���
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m ;SCCS AD7F7A8V

U̇(p0) = ṗ0
C0λ+W0(λ − k)

1− ω
.
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λ = k.
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UF; λ − k < 0
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6;C LF7T;H9 LF; p = p0

= �;nnCFC6:;FM< ���m L7OMB;S

Ü(p0) = p20
C0λ(λ − 2k) +W0(λ

2 − 3kλ+ 2k2 − k′)

1− ω
,
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TRC k′ = dk/dp = �M6D:;; k(p) ; k′(p)m ?e7R<P;C ? ���m ?KB;AOC6K LF;
p = p0

= �9R9?9< 69B9OV6KC MAO7?;< C0 6= 0 mW0 = 0
�69B9OV69< RCn7FI

S9:;< L7O@MBCA8; 78AM8A8?MC8�m L7OMB;S MAO7?6KE DF;8CF;Em A?<@96I
6KE A 7HF9PC6;CS ? 6MOV MAD7FC6;< ?7@SMPC667T7 R?;NC6;<= �778I
?C8A8?MiPCC @69BC6;C λ 7H7@69B;S λ1

= �7 R7A8;NC6;< DF;8;BCAD7E
87BD; λ1 = 2k LF7T;H F9A8C8 @9SCROC667m L7AOC p MAD7FC667= 569O7IT;B67m @9R9?9< 69B9OV6KC MAO7?;< C0 = 0 m W0 6= 0 m L7OMB;S RFMT7EDF;8CF;Em 89DNC A?<@966KE A MAD7FC6;CS= �O< L9F9SC8F7? DF;8;BCI
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λ2 − 3kλ+ 2k2 − k′ = 0.
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�@ R?Me FCQC6;E k87T7 MF9?6C6;< ;SCC8 ASKAO D9D DF;8;BCAD7C �?
ASKAOC DF;8CF;< f�h� O;QV 87m LF; D787F7S @69D DF;?;@6K SC6<C8A< A
S;6MA9 69 LOiA p DF;?9< LF7T;H9 H7OCC FC@D7 ;RC8 ??CFe= �B;8K?9<87m B87 k > 0 m 69ERCS

λ2 =
3k +

√

k2 + 4k′

2
.
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kλ3 − 2k2 + k′ = 0.
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U (N)(p0) = ṗN0 (C0DN +W0BN)/(1 − ω), N = 0, 1, 2...,
�gr�

TRC DN
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@69BC6;E N = UF;?CRCS 6CAD7OVD7 L7O;67S7?

D0 = 1,

D1 = λ,

D2 = λ(λ− 2k),

D3 = λ(λ2 − 5λk + 3(2k2 − k′)),

D4 = λ(λ3 − 9λ2k + λ(26k2 − 9k′) + 4(7k′k − k′′ − 6k3)),
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B0 = 1,

B1 = λ− k,

B2 = λ2 − 3λk + 2k2 − k′,

B3 = λ3 − 6λ2k + λ(11k2 − k′) + 7k′k − k′′ − 6k3,

B4 = λ4 − 10λ3k + 5λ2(7k2 − 2k′) + 5λ(9kk′ −

− k′′ − 10k2) + 7k′2 − 46k′k2 + 11k′′k − k′′′ + 24k4.
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A8F7<8A< L7 FCDMFFC686KS n7FSMO9S

DN = λDN−1 −

N−1
∑

i=1

DiC
N
i FN−i, N = 2, 3..,
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BN = λBN−1 −

N−1
∑

i=0

BiC
N
i FN−i, B0 = 1, N = 1, 2, 3...,
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TRC
CN

i = N !/(i!(N − i)!)
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p H;67S;69OV6KC D7knn;:;C68K=�M6D:;; FN
??CRC6K AOCRMiP;S;

A77867QC6;<S;
F1 = k, F2 = k′, F3 = k′′ − kk′,

F4 = k′′′ − 3k′′k − k′2 + 2k2k′,

F5 = k(4) − 5k′k′′ − 6kk′′′ + 7k′2k + 11k2k′′ − 6k3k′, ...

FN+1 = F ′

N − (N − 1)FNF1, N = 1, 2, ..,

�g��

>7F6; L7O;67S7? DN
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7H7@69B;S A778?C8A8?C667 λD,N
;

λB,N
= d6; <?O<i8A< 7H7HPC6;CS DF;8CF;C? λ1

; λ2
= �9D;S 7HF9@7Sm

λD,2 = λ1
m λB,2 = λ2

= �SCCS ?KF9NC6;<

λD,2 = 2k, λD,3 =
(

5k ±
√

k2 + 12k′
)

/2,
�q��

λB,1 = k, λB,2 =
(

3k ±
√

k2 + 4k′
)

/2.
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569O7T;B67 7H7HP9C8A< DF;8CF;E λ3
m L7OMB9CSKE LF; 69B9OV6Ke

MAO7?;<eW0 = −C0
= U7RA89?O<< k87 A77867QC6;C SCNRM 69B9OV6KS;

9SLO;8MR9S; ? �gr�m L7OMB;S

U (N)(p0) = ṗ
(N)
0 C0HN/(1− ω),
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TRCHN = DN−BN
L7O;67SK LCFCSC667E λ ;SCi8 A8CLC6V 69 CR;6;:MSC6VQMim BCS DN
; BN

= jKL;QCS 6CAD7OVD7 LCF?Ke L7O;67S7?

H1 = k,

H2 = λk + k′ − 2k2,

H3 = λ2k + λ(k′ − 5k2)− 7kk′ + k′′ + 6k3,

H4 = λ3k + λ2(k′ − 9k2) + λ(26k3 + k′′ − 17k′k)− 7k′+

+ 46k′k2 − 11k′′k + k′′′ − 24k4.
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HN = FN + λHN−1 −

N−1
∑

i=1

HiC
N
i FN−i, N = 2, 3...
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; H3

;SCi8 969O;8;BCAD;C ?KF9NC6;<

λH,2 = 2k − k′/k,

λH,3 =
(

5k − k′/k ±
√

(k′/k)2 + 18k′ − 4k′′/k + k2
)

/2.
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